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We consider the noncommutative Standard Model that contains Lorentz symmetry violation as a subset
of the Standard Model extension. We introduce a constant electromagnetic field as a background to derive
mutual relations between the free parameters of both theories. As the Lorentz violation parameters of the
Standard Model extension are extensively explored in different experiments and many stringent bounds on
these parameters are available, we can find new bounds on the scale of noncommutativity of the order of a
few to tens of teraelectron volts.
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I. INTRODUCTION

The Standard Model of particle physics has achieved a
remarkable phenomenological success through the past
decades, but there are still unresolved various issues. Such
issues are often discussed in the context of new physics or
beyond the Standard Model theories. Meanwhile, the
Standard Model of particle physics as well as many other
theories for describing beyond the Standard Model respect
the Lorentz symmetry that is supported by many exper-
imental inspections. Although in the lower energy limit the
Lorentz symmetry is an almost exact symmetry of nature, it
is natural to study theories involving Lorentz symmetry
breaking. In fact, in the Planck scale, the Lorentz symmetry
violation arises through quantum gravity. However, irre-
spective of the underlying fundamental theory, there is an
appropriate prescription for considering both Lorentz and
Charge conjugation-Parity-Time reversal (CPT) violation
in the minimal Standard Model [1]. In the so-called
Standard Model extension (SME) the Lorentz violation
is assumed to be induced by a spontaneous Lorentz
symmetry breaking. Therefore, the Lorentz violated terms
in the SME contain Lorentz violated (LV) parameters that
are Lorentz quantities and act as constant backgrounds.
Furthermore, the SME preserves the observer Lorentz
symmetry, whereas the particle Lorentz symmetry is
violated. Meanwhile, the phenomenological aspects of
the SME have been extensively considered by many
authors [2] that have been led to very tight bounds on
the LV parameters [3]. Furthermore, noncommutative (NC)
space-time intrinsically breaks the Lorentz symmetry that
in many works has resulted from considering the NC effects
on the deviation in Lorentz symmetry invariance [4].
Moreover, the Lorentz symmetry violation in the non-
commutative Standard Model (NCSM) may be systemati-
cally compared with the SME to find various relations
between the LV parameters and the parameter of

noncommutativity θμν. Although the NC field theories
and their phenomenological aspects have been studied
for many years [5], the obtained tight bounds on the LV
parameters can provide new bounds on the value and even
the components of θμν. Actually, such relations in the QED
and Higgs parts of NCSM and the SME have resulted in
more restricted bounds on the NC parameter [6,7]. Here, we
will study the Lorentz violation in the electroweak part of
NCSM to find the corresponding relations between the LV
and NC parameters. In this article, we briefly introduce the
Lagrangian of the SME and NCSM, respectively, in Secs. II
and III. The mutual relations among the parameters of both
theories are explored in Sec. IV. We study the components
of LV parameters to find new bounds on the value and also
the components of the NC parameter in Sec. V. Moreover,
we examine the time and location dependence of LV
parameters to give the location dependence of the NC
parameter in different experiments. In Sec. VI, we give a
summary and some concluding remarks.

II. STANDARD MODEL EXTENSION

The Standard Model extension provides a framework for
considering the violation of Lorentz symmetry via a
spontaneous symmetry breaking (SSB) at a fundamental
level. Regardless of the fundamental theory, it can be
constructed by taking all possible Lorentz violating terms
into account that preserve the gauge symmetry of the
Standard Model and to be power-counting renormalizable.
These additional terms are combinations of the ordinary
SM fields and parameters with Lorentz indices acting as
constant backgrounds that lead to particle Lorentz sym-
metry violation [1]. To this end, the Lagrangian density for
the electroweak part of the Standard Model in natural units
ℏ ¼ c ¼ ϵ0 ¼ 1 can be introduced as follows:

LSM
Fermion ¼

1

2
iL̄Aγ

μDμ

↔
LA þ 1

2
iR̄Aγ

μDμ

↔
RA; ð1Þ*s.aghababaei@ph.iut.ac.ir
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LSM
Gauge ¼ −

1

2
TrðWμνWμνÞ − 1

4
BμνBμν: ð2Þ

LSM
Higgs ¼ ðDμϕÞ†Dμϕþ μ2ϕ†ϕ −

λ

3!
ðϕ†ϕÞ2; ð3Þ

LSM
Yukawa ¼ −½ðGLÞABL̄AϕRB� þ H:c:; ð4Þ

where Dμ denotes the appropriate covariant derivative in

each term, A∂μ

↔
B≡ Að∂⃗μBÞ − ð∂⃗μAÞB, and Wμν and Bμν

are the field strengths for the gauge groups SUð2Þ andUð1Þ
with the gauge fields Wμ and Bμ, respectively. In the
Higgs and Yukawa parts, ϕ shows the Higgs doublet
representation with coupling λ and GL’s are the Yukawa
couplings. Meanwhile, the left- and right-handed fermions
are defined as

LA ¼
�
νA

lA

�
L

; RA ¼ ðlAÞR; ð5Þ

for leptons and

L0
A ¼

�
UA

DA

�
L

; R0
A ¼ ðQAÞR; ð6Þ

for quarks where A ¼ 1, 2, 3 labels the flavors for each
generation, andQ is up- or down-type quarks. Now, we add
all possible Lorentz violating terms to the SM-Lagrangian
that preserve the gauge symmetries and are power-counting
renormalizable. These additional terms can be categorized
intoCPT-even that preserves theCPT symmetry andCPT-
odd with the CPT symmetry violation. Therefore, the SME
Lagrangian can be introduced as follows: The fermion
sector

LCPT−even
Fermion ¼ i

1

2
ðcLÞμνABL̄Aγ

μDν
↔
LBþi

1

2
ðcRÞμνABR̄Aγ

μDν
↔
RB;

ð7Þ

and

LCPT−odd
Fermion ¼ −ðaLÞμABL̄Aγ

μLB − ðaRÞμABR̄Aγ
μRB; ð8Þ

where the free parameters cL and aL show the LV
parameters in the fermion sector for the leptons.
Meanwhile, the quark terms can easily be found by
replacing L and R, respectively, with L0 and R0 in an
appropriate manner [1].
The gauge sector

LCPT−even
Gauge ¼ −

1

2
ðkWÞμνρσTrðWμνWρσÞ

−
1

4
ðkFÞμνρσBμνBρσ; ð9Þ

and

LCPT−odd
Gauge ¼ ðk2ÞκϵκλμνTr

�
WλWμν þ

2

3
igWλWμWν

�

þ ðk1ÞκϵκλμνBλBμν þ ðk0ÞκWκ; ð10Þ

where the LV parameters in this sector are kW , kF, and k0;1;2
and Tr mean the trace with respect to the SU(2) group.
Nevertheless, the real parameters k0;1;2 are associated with a
negative contribution to the energy, which leads to some
instability in the SME, and one may assume them to
be zero.
The Higgs sector

LCPT−even
Higgs ¼ 1

2
ðkϕϕÞμνðDμϕ

†ÞDνϕþH:c:

−
1

2
ðkϕBÞμνϕ†ϕBμν−

1

2
ðkϕWÞμνϕ†Wμνϕ; ð11Þ

for CPT-even and for CPT-odd one has

LCPT−odd
Higgs ¼ iðkϕÞμϕ†Dμϕþ H:c:; ð12Þ

where H.c. shows the Hermitian conjugate and kϕϕ, kϕB,
kϕW , and kϕ denote the LV parameters in the Higgs sector.
Finally, the Yukawa sector can be cast into [1,8]

LCPT−even
Yukawa ¼ 1

2
ðKLÞμν∂μϕ∂νϕ − ðhÞABL̄AϕRB

− iγ5ðh0ÞABL̄AϕRB

−
1

2
ðHLÞμνABL̄Aϕσ

μνRB þ H:c:; ð13Þ

for the CPT-even part, and the CPT-odd part can be
written as

LCPT−odd
Yukawa ¼ −ðILÞμABL̄AγμϕRB

− ðJLÞμABL̄Aγ5γμϕRB þ H:c:; ð14Þ

where KL, h, h0, HL, IL, and JL are the LV parameters in
the Yukawa sector. The LV parameters that are introduced
in (7)–(14) are sensitive to different experiments. The
current bounds on the values of different LV parameters
are available in Ref. [3].

III. NONCOMMUTATIVE STANDARD MODEL

In noncommutative space-time, the coordinates are
operators that in the canonical version obey a noncommu-
tative relation as follows:

½xμ;� xν�≡ xμ⋆xν − xν⋆xμ ¼ iθμν ¼ iϵμν
Λ2
NC

; ð15Þ

where ΛNC denotes the NC scale of energy, and θμν is a real
constant antisymmetric matrix that can be realized as two
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distinct constant vectors in a four-dimensional space-time.
These constant vectors obviously violate the particle
Lorentz symmetry that in turn relates the NCSM to a
subset of the SME.Meanwhile, based on theWeyl-Moyal ⋆
product that can be defined as

ðf⋆gÞðxÞ ¼ exp

�
i
2
θμν

∂
∂xμ

∂
∂yν

�
fðxÞgðyÞ

����
y→x

; ð16Þ

which in the leading order leads to

f⋆g ¼ f · gþ i
2
θμνðxÞ∂μf · ∂νgþOðθ2Þ; ð17Þ

one can construct the NCSM by two different approaches.
As in the NC space only for a unitary group does one have a
closed Lie algebra for generators of the group; therefore, in
the first approach the SM gauge group has been achieved
through a two steps spontaneous symmetry breaking from

the Uð3Þ ×Uð2Þ ×Uð1Þ symmetry group [9]. In the
second approach, by extending the algebra [10], one can
consider the SUðnÞ gauge group via Seiberg-Witten (SW)
maps [11]. However, to find the relation between NCSM
and SME, we consider the second approach in which
the symmetry group, the number of particles, the couplings,
and the gauge fields are the same as the SM in the
commutative space. To this end, one can define the whole
gauge potential Vμ in the noncommutative Standard
Model as

Vμ¼g0BμðxÞYþg
X3
a¼1

WμaðxÞTa
LþgS

X8
b¼1

GμbðxÞTb
S; ð18Þ

where Y, Ta
L, and Tb

S are the generators of Uð1ÞY , SUð2ÞL,
and SUð3ÞC with the corresponding nonphysical gauge
fields Bμ, Wμ, and Gμ, respectively. Therefore, the full
NCSM action can be written as follows:

SNCSM ¼
Z

d4x
X3
i¼1

¯̂ΨðiÞ
L ⋆i=̂DΨ̂ðiÞ

L þ
Z

d4x
X3
i¼1

¯̂ΨðiÞ
R ⋆i=̂DΨ̂ðiÞ

R −
Z

d4x
1

2g0
tr1F̂μν⋆F̂μν −

Z
d4x

1

2g
tr2F̂μν⋆F̂μν

−
Z

d4x
1

2gS
tr3F̂μν⋆F̂μν þ

Z
d4xðρ0ðD̂μΦ̂Þ†⋆ρ0ðD̂μΦ̂Þ − μ2ρ0ðΦ̂Þ†⋆ρ0ðΦ̂Þ − λρ0ðΦ̂Þ†⋆ρ0ðΦ̂Þ⋆ρ0ðΦ̂Þ†⋆ρ0ðΦ̂ÞÞ

þ
Z

d4x

�
−
X3
i;j¼1

Wijðð ¯̂LðiÞ
L ⋆ρLðΦ̂ÞÞ⋆êðjÞR þ ¯̂eðiÞR ⋆ðρLðΦ̂Þ†⋆L̂ðjÞ

L Þ
�

−
X3
i;j¼1

Gij
u ðð ¯̂QðiÞ

L ⋆ρQ̄ð ˆ̄ΦÞÞ⋆ûðjÞR þ ¯̂uðiÞR ⋆ðρQ̄ð ˆ̄ΦÞ†⋆Q̂ðjÞ
L ÞÞ

−
X3
i;j¼1

Gij
d ðð ¯̂QðiÞ

L ⋆ρQðΦ̂ÞÞ⋆d̂ðjÞR þ ¯̂d
ðiÞ
R ⋆ðρQðΦ̂Þ†⋆Q̂ðjÞ

L ÞÞÞ; ð19Þ

where the hat denotes the field in the NC space that
can be obtained in terms of the corresponding field in the
ordinary space via the SW map. For the fermion fields,
Higgs field, gauge potentials, and the field strengths on
the NC space-time the corresponding relations can be
found in Refs. [10,12]. The matrices Wij, Gij

u , and Gij
d

show the Yukawa couplings and tri’s, and i ¼ 1, 2, 3 show
traces with respect to Uð1ÞY , SUð2ÞL, and SUð3ÞC, re-
spectively, as is defined in [10]. Now we would like to
explore the Lorentz violation in the electroweak (EW) part
of the NCSM (NCEW). For this purpose, the electroweak
part of NCSM should be expanded up to the first order of θ.
To this end, one can introduce the corresponding action as
follows:

SNCEW ¼ SNCFermion þ SNCGauge þ SNCHiggs þ SNCYukawa: ð20Þ

As (19) shows, one can easily see that

SNCFermion ¼
Z

d4x

�X
A

¯̂ΨðAÞ
L ⋆i=̂DΨ̂ðAÞ

L þ
X
A

¯̂ΨðAÞ
R ⋆i=̂DΨ̂ðAÞ

R

�
;

ð21Þ
where Ψ̂ðAÞ

L and Ψ̂ðAÞ
R are the left-handed SUð2Þ doublets

and the right-handed SUð2Þ singlets for the flavor A,
respectively. To find the fermion part of action up to the
first order of θ the star product should be expanded in terms
of θ and the NC fields should be replaced by the ordinary
fields up to the first order of θ via the SW map. For
instance, for the first generation of the lepton fields ΨA ¼
LL; eR and up to the leading order Ψ̂A ¼ ΨA þ Ψð1Þ

A where

for the ith generation Ψð1Þ
A can be obtained as

LðiÞ1
L ½B;W� ¼ −

1

2
g0θμνBμ∂νL

ðiÞ
L −

1

2
gθμνWμ∂νL

ðiÞ
L

þ i
4
θμνðg0Bμ þ gWμÞðg0Bν þ gWνÞLðiÞ

L ; ð22Þ
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for the left-handed leptons and

eðiÞ1R ½B� ¼ −
1

2
g0θμνBμ∂νe

ðiÞ
R ; ð23Þ

for the right-handed ones. Therefore, the leptonic part of the action can be rewritten as

SNCLepton ¼
Z

d4x

�X
i

ðL̄ðiÞ
L þ L̄ðiÞ1

L Þ ⋆ ið=DSM þ =ΓÞ ⋆ ðLðiÞ
L þ LðiÞ1

L Þ þ
X
i

ðēðiÞR þ ēðiÞ1R Þ⋆ið=DSM þ =ΓÞ⋆ðeðiÞR þ eðiÞ1R Þ
�

þOðθ2Þ; ð24Þ

in which for the vector potential in the NC space we have defined V̂μ ¼ Vμ þ iΓμ where up to the first order of θ through the
SW map one has

Γμ¼ i
1

4
θαβfg0BαþgWα;g0∂βBμþg∂βWμþg0BβμþgWβμg; ð25Þ

with the field strengths Bμν and Wμν corresponding to the gauge groups Uð1Þ and SUð2Þ, respectively. By replacing (22),
(23), and (25) in (24) and expanding the star product up to the first order of θ and after a little algebra one can find the lowest
NC corrections on the leptonic action as follows:

SNCLepton ¼
Z

d4x
X
i

L̄ðiÞ
L i=DSMLðiÞ

L −
1

4
θμν

Z
d4x

X
i

L̄ðiÞ
L ðg0Bμν þ gWμνÞi=DSMLðiÞ

L

−
1

2
θμν

Z
d4x

X
i

L̄ðiÞ
L γαðg0Bαμ þ gWαμÞiDSM

ν LðiÞ
L þ

Z
d4x

X
i

ēðiÞR i=DSMeðiÞR

−
1

4
θμν

Z
d4x

X
i

ēðiÞR g0Bμνi=DSMeðiÞR −
1

2
θμν

Z
d4x

X
i

ēðiÞR γαg0BαμiDSM
ν eðiÞR þOðθ2Þ; ð26Þ

where DSM shows the covariant derivative in the ordinary
Standard Model. The quark part of the fermionic action has
a similar structure to the leptonic part, which can easily be
obtained by inserting ΨA ¼ L0

A; R
0
A for the left- and right-

handed quarks with the appropriate SW map in the action
(21) [10].
In (19) the gauge part of the EW action is

SNCGauge¼−
Z

d4x
1

2g0
tr1F̂μν ⋆ F̂μν−

Z
d4x

1

2g
tr2F̂μν ⋆ F̂μν;

ð27Þ

with the following expansion for the field strength:

F̂μν ¼ Fμν þ F1
μν þOðθ2Þ; ð28Þ

where

Fμν ¼ g0Bμν þ gWμν; ð29Þ

and

F1
μν ¼

1

2
θαβfFμα; Fνβg −

1

4
θαβfVα; ð∂β þDβÞFμνg: ð30Þ

By inserting the field strengths up to the lowest order in
(27) and expanding the star products one finds the EW
gauge action up to the first order of θ in the NC space as

SNCGauge ¼ −
1

4

Z
d4xBμνBμν −

1

2
Tr

Z
d4xWμνWμν

− gθμνTr
Z

d4xWμρWνσWρσ: ð31Þ

The NC action for the Higgs field in ([10]) is

SNCHiggs ¼
Z

d4xðρ0ðDμΦ̂Þ†⋆ρ0ðDμΦ̂Þ − μ2ρ0ðΦ̂Þ†⋆ρ0ðΦ̂Þ

− λðρ0ðΦ̂Þ†⋆ρ0ðΦ̂ÞÞ⋆ðρ0ðΦ̂Þ†⋆ρ0ðΦ̂ÞÞÞ; ð32Þ

where up to the lowest order of θ one has

ρ0ðΦ̂Þ ¼ ϕþ ρ0ðϕ1Þ þOðθ2Þ; ð33Þ

with
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ρ0ðϕ1Þ ¼ −
1

2
θαβðg0Bα þ gWαÞ∂βϕþ i

1

4
θαβðg0Bα þ gWαÞðg0Bβ þ gWβÞϕ: ð34Þ

By retaining all terms in the action (32) at the leading order of the expansion in θ one can easily find

SNCHiggs ¼
Z

d4xððDSM
μ ϕÞ†DSMμϕ − μ2ϕ†ϕ − λðϕ†ϕÞðϕ†ϕÞÞ þ

Z
d4xððDSM

μ ϕÞ†
�
DSMμρ0ðϕ1Þ þ 1

2
θαβ∂αVμ∂βϕþ Γμϕ

�

þ
�
DSM

μ ρ0ðϕ1Þ þ 1

2
θαβ∂αVμ∂βϕþ Γμϕ

�†
DSMμϕ

þ 1

4
μ2θμνϕ†ðg0Bμν þ gWμνÞϕ − λiθαβϕ†ϕðDSM

α ϕÞ†ðDSM
β ϕÞÞ þOðθ2Þ: ð35Þ

For the NC-Yukawa action, we only consider the leptonic part while the quark part can be obtained by replacing the
corresponding fields with the leptonic ones. In this case, the action is

SNCYukawa ¼
Z

d4x

�
−
X3
i;j¼1

Wijðð ¯̂LðiÞ
L ⋆ρLðΦ̂ÞÞ⋆êðjÞR þ ¯̂eðiÞR ⋆ðρLðΦ̂Þ†⋆L̂ðjÞ

L ÞÞ
�
; ð36Þ

where by keeping only terms up to the first order of θ and using the appropriate representation for ρL [10] the action (36)
leads to

SNCYukawa ¼ SSMYukawa −
Z

d4x

�X3
i;j¼1

Wij

�
ðL̄i

LϕÞe1jR þ ðL̄i
LρLðϕ1ÞÞejR þ ðL̄1i

LϕÞejR þ i
1

2
θαβ∂αLi

L∂βϕe
j
R þ ēiRðϕ†L1j

L Þ

þ ēiRðρLðϕ1Þ†Lj
LÞ þ ē1iR ðϕ†Lj

LÞ þ i
1

2
θαβ∂αēiR∂βϕ

†Lj
L

��
; ð37Þ

which SSMYukawa is defined in (4) and L
ð1Þ
L and eð1ÞR are given in

(22) and (23). The total action through the NC-parameter
θμν violates the particle Lorentz symmetry, which can be
considered as a subset of SME. Now we are ready to
explore the mutual relations between the LV parameters
and the NC parameter.

IV. LORENTZ VIOLATING PARAMETERS
IN TERMS OF NC PARAMETER

In the previous section, the electroweak part of the
NCSM has been introduced up to the first order of the NC-
parameter. Since the parameter of noncommutativity is a
constant tensor, consequently each sector of the action
violates the Lorentz symmetry. Therefore, it is sensible to
have some relation between the NCSM and the SME. In the
following subsections, we explore the mutual relations
among the parameters of both theories in each sector.

A. Fermion sector

In the fermion sector, the Lagrangian density for the
CPT-even part of the SME is

LCPT−even
F ¼ i

1

2
ðcLÞμνL̄γμDν

↔
Lþ i

1

2
ðcRÞμνR̄γμDν

↔
R; ð38Þ

where with respect to the left- and right-handed fields
L ¼ ð1−γ5

2
Þψ and R ¼ ð1þγ5

2
Þψ , one has

LCPT−even
F ¼ i

1

2
cμνψ̄γμDν

↔
ψ − i

1

2
dμνψ̄γμγ5Dν

↔
ψ ; ð39Þ

where

cμν ¼
1

2
ðcLÞμν þ

1

2
ðcRÞμν; ð40Þ

dμν ¼
1

2
ðcLÞμν −

1

2
ðcRÞμν: ð41Þ

Meanwhile, the fermion part of the NCSM Lagrangian
density up to the first order of θ can be written as

LNC
F ¼ i

1

2
ðcLÞμν½B;W�L̄γμDν

↔
L

þ i
1

2
ðcRÞμν½B�R̄γμDν

↔
RþOðθ2Þ; ð42Þ

in which in terms of the flat space metric ημν

ðcLÞμν½B;W� ¼ −
1

2
θαβðg0Bαβ þ gWαβÞημν

− θανðg0Bμα þ gWμαÞ; ð43Þ
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and

ðcRÞμν½B� ¼ −
1

2
θαβg0Bαβημν − θανg0Bμα; ð44Þ

or in a similar way as is defined in Eq. (39),

cμν½B;W� ¼ −
1

4
θαβð2g0Bαβ þ gWαβÞημν

−
1

2
θανð2g0Bμα þ gWμαÞ; ð45Þ

dμν½W� ¼ −
1

4
θαβgWαβημν −

1

2
θανgWμα: ð46Þ

It should be noted that cμν½B;W� and dμν½W� as defined in
(45) and (46) are not the usual LV parameters c and d,
respectively. In fact, they depend on the dynamical fields B
and W, which are the gauge fields before spontaneous
symmetry breaking. Therefore, to find the appropriate LV
parameters from (45) and (46) one should perform the
following steps:
(1) Replace the gauge fields B and W with the physical

fields A and Z as follows:

W�
μ ¼ W1

μ ∓ iW2
μffiffiffi

2
p ; Zμ ¼

−g0Bμ þ gW3
μffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g2 þ g02
p ;

and Aμ ¼
gBμ þ g0W3

μffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p ; ð47Þ

and for the field strength tensors

Bμν ¼ cos θωAμν − sin θωZμν; ð48Þ

W3
μν ¼ sin θωAμν þ cos θωZμν; ð49Þ

where θω is the Weinberg angle.
(2) Introduce a background electromagnetic field Ab

μν

via Aμν → Ab
μν þ Aμν in (45) and (46), which leads to

cμν½Ab� ¼ g sin θω

�
−
3

4
θαβAb

αβημν −
3

2
θανAb

μα

�
;

ð50Þ

and

dμν½Ab� ¼ g sin θω

�
−
1

4
θαβAb

αβημν −
1

2
θανAb

μα

�
;

ð51Þ

where the LV parameters are obtained in term of the
NC parameter through the electromagnetic back-
ground field Ab. In fact, (50) and (51) show that
in the presence of the NC background the LV

parameters in the fermion sector arise only when
there is a background electromagnetic field. Mean-
while, as the NCEW respects the CPT symmetry,
the coefficients aμðL; RÞ in this sector are absent.

B. Gauge sector

There are two versions for the gauge sector of the NCSM
as is given in (27). The origin of freedom in the gauge
sector is due to the fact that the commutator of two gauge
parameters does not form a closed Lie algebra in non-
commutative space. The only exception is the fundamental
representation of the U(N) group. Therefore, for the gauge
group of the Standard Model one needs to extend the
algebra, which leads to an infinite number of undefined
parameters. They can be limited to the right number of
fields and parameters via Seiberg-Witten maps, which
themselves cannot be uniquely determined in the model.
However, these many degrees of freedom lead to a freedom
in the kinetic term of the gauge fields. In fact, gauge
invariance alone is not enough to pick one of the possible
choices [13]. In the minimal noncommutative Standard
Model (mNCSM), which has minimal modification with
respect to the ordinary Standard Model, there is no cubic
self-interaction term for photons. In this case, where
tr1Y3 ¼ 0, there is not any LV coefficient for the gauge
sector from mNCSM in comparison with the SME.
However, if one uses the freedom in the choice of trace
for the gauge fields, as a nonminimal version of NCSM
(nmNCSM) one has [13]

SnmNCEW
Gauge

¼ SmNCEW
Gauge þ g03κ1θρσ

Z
d4x

�
1

4
BρσBμν−BμρBνσ

�
Bμν

þ g0g2κ2θρσ
Z

d4x

��
1

4
BρσWa

μν −BμρWa
νσ

�
Wμν;aþ c.p.

�
;

þOðθ2Þ; ð52Þ

where κ1 and κ2 are constant parameters, c.p. denotes the
cyclic permutations of field strength tensors with respect to
the Lorentz indices, SmNCEW

Gauge is given in (31), and the field
strengths Bμνð¼BμνYÞ and Wμνð¼Wa

μνTa
LÞ are

Bμν ¼ ∂μBν − ∂νBμ;

Wa
μν ¼ ∂μWa

ν − ∂νWa
μ þ gϵabcWb

μWc
ν: ð53Þ

Now, the triple photon coupling can be extracted from (52)
by rewriting Bμν and Wμν in terms of the physical fields as

LnmNCGauge
γγγ ¼ e

4
sin 2θωKγγγθ

ρσðAμνAρσ − 4AμρAνσÞAμν;

ð54Þ
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with

Kγγγ ¼
1

2
gg0ðκ1 þ 3κ2Þ: ð55Þ

Meanwhile, ZZγ and WWγ interactions can be obtained as

LnmNCGauge
ZZγ ¼ e

4
sin 2θWKZZγθ

ρσ½2Aμνð2ZμρZνσ − ZμνZρσÞ
þ 8AμρZμνZνσ − AρσZμνZμν�; ð56Þ

with a similar expression for LnmNCGauge
WWγ by replacing Z by

W and KZZγ by KWWγ where

KZZγ ¼
−1
2gg0

½g04κ1 þ g2ðg2 − 2g02Þκ2�; ð57Þ

and

KWWγ ¼ −
g
2g0

½g02 þ g2�κ2: ð58Þ

Therefore, in the presence of the electromagnetic back-
ground, Aμν → Ab

μν þ Aμν in each NC Lagrangian term,
which in comparison with the CPT-even gauge part of the
SME as

LCPT−even
Gauge ¼−

1

4
ðkWÞμνρσWμνWρσ−

1

4
ðkFÞμνρσAμνAρσ; ð59Þ

where W ¼ ½Z;W��, one finds all appropriate LV coef-
ficients for this sector as follows:

ðkFÞμνρσ½Ab� ¼ −8εθρσðAbÞμν þ 16εθνσðAbÞμρ
þ 32εθλσðAbÞμληνρ; ð60Þ

where by rewriting (60) as

ðkFÞμνρσ½Ab� ¼ −2εθρσðAbÞμν þ 4εθνσðAbÞμρ þ 8εθλσðAbÞμληνρ þ 2εθρσðAbÞνμ − 4εθμσðAbÞνρ − 8εθλσðAbÞνλημρ
þ 2εθσρðAbÞμν − 4εθνρðAbÞμσ − 8εθλρðAbÞμληνσ − 2εθρσðAbÞνμ þ 4εθμρðAbÞνσ þ 8εθλρðAbÞνλημσ; ð61Þ

one can see that the tensor kF has the properties of the Riemann curvature tensor and zero double trace. Meanwhile, in a
similar way one has

ðkZÞμνρσ½Ab� ¼ 8ε0θρσðAbÞμν − 16ε0θνσðAbÞμρ − 32ε0θλσðAbÞμληνρ;
¼ 2ε0θρσðAbÞμν − 4ε0θνσðAbÞμρ − 8ε0θλσðAbÞμληνρ − 2ε0θρσðAbÞνμ þ 4ε0θμσðAbÞνρ þ 8ε0θλσðAbÞνλημρ
− 2ε0θσρðAbÞμν þ 4ε0θνρðAbÞμσ þ 8ε0θλρðAbÞμληνσ þ 2ε0θρσðAbÞνμ − 4ε0θμρðAbÞνσ − 8ε0θλρðAbÞνλημσ; ð62Þ

and

ðkW�Þμνρσ½Ab�¼8ε00θρσðAbÞμν−16ε00θνσðAbÞμρ−32ε00θλσðAbÞμληνρ;
¼2ε00θρσðAbÞμν−4ε00θνσðAbÞμρ−8ε00θλσðAbÞμληνρ−2ε00θρσðAbÞνμþ4ε00θμσðAbÞνρþ8ε00θλσðAbÞνλημρ
−2ε00θσρðAbÞμνþ4ε00θνρðAbÞμσþ8ε00θλρðAbÞμληνσþ2ε00θρσðAbÞνμ−4ε00θμρðAbÞνσ−8ε00θλρðAbÞνλημσ; ð63Þ

where ε ¼ e
4
sin 2θωKγγγ, ε0 ¼ e

4
sin 2θωKZZγ , and ε00 ¼ e

4
sin 2θωKWWγ . One should note that by replacing q → 32ε in (60)

the result given in [6] for the QED part of SME can be rederived. As one expects, the kAF parameter in this sector is absent.

C. Higgs sector

In this sector the NC-Higgs action is

SNCHiggs ¼
Z

d4xððDμϕÞ†Dμϕ − μ2ϕ†ϕ − λðϕ†ϕÞðϕ†ϕÞÞ þ
Z

d4x

�
ðDμϕÞ†

�
Dμρoðϕ1Þ þ 1

2
θαβ∂αVμ∂βϕþ Γμϕ

�

þ
�
Dμρoðϕ1Þ þ 1

2
θαβ∂αVμ∂βϕþ Γμϕ

�†
Dμϕþ 1

4
μ2θμνϕ†ðg0Bμν þ gWL

μνÞϕ − λiθαβϕ†ϕðDαϕÞ†ðDβϕÞ
�

þOðθ2Þ; ð64Þ

where after a little algebra by inserting Γμ from (25) and ρoðϕ1Þ from (34) in (64) one has
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LNC
Higgs ¼

�
−
1

2
θαν∂αBμ − iλθμνϕ†ϕ

�
ðDμϕÞ†Dνϕ

þ
�
1

4
μ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g02 þ g2

q
θμν

�
ϕ†ϕBμν

þ
�
−

ffiffiffi
2

p

2
gμ2θμν

�
ϕ†Wμνϕ: ð65Þ

By replacing W and B in (65) with A and Z and by
comparing the obtained Lagrangian with (11), one can
easily read the LV parameters in this sector as

ðkSϕϕÞμν½Ab� ¼ −θαν∂αAbμ; ð66Þ

ðkAϕϕÞμν½ϕ� ¼ −2λv2θμν; ð67Þ

ðkϕBÞμν ¼ −
1

2
μ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g02 þ g2

q
θμν; ð68Þ

and

ðkϕWÞμν ¼ −
ffiffiffi
2

p

2
gμ2θμν; ð69Þ

where we have written kϕϕ in terms of symmetric and
antisymmetric parts as ðkϕϕÞ½A;ϕ� ¼ ðkSϕϕÞ½A� þ iðkAϕϕ½ϕ�Þ.
We also set hϕ†ϕi≡ v2 where v is the vacuum expectation
value of the Higgs field after SSB. These parameters have
already been introduced in [7].

D. Yukawa sector

For the Yukawa sector, we first substitute (22) and (23) in
the NC Yukawa action. Then, by using the SW map given
in [10] and after some manipulations, the action up to the
first order of θ leads to

SNCSMYukawa¼SSMYukawa−
Z

d4x
X3
i;j¼1

Wij
�hi

4
θμνig0Bμν

i
ðL̄i

Lϕe
j
RÞ

þ
hi
2
θμν

i
ðDμL̄i

LDνϕe
j
RÞþ

h1
4
θμνg0Bν

i
ðDμL̄i

Lϕe
j
RÞ

þ½θμνð−3g0Bνþ2gWνÞ�ðL̄i
LDμϕe

j
RÞ
	
þH:c:;

ð70Þ

for leptons and a similar relation for quarks. As (70) shows,
only the first term in the NC corrections can be cast into a
power-counting renormalizable form and can be compared
with its counterpart in the SME. By comparing (70) after
SSB with (13), one can find the coupling constant h in the
NC space as follows:

h½Ab� ¼ 1

4
θμνg0 cos θωAb

μν; ð71Þ

where Ab
μν is not a dynamical field and it should be

considered as a constant background the same as the other
LV parameters. Therefore, for a constant magnetic field
about 1G and Λ ∼ 1 TeV, the LV parameter h ∼ 10−27 that
is minuscule is the same as the other LV parameters.

V. THE COMPONENTS OF LV PARAMETERS

In the previous section, we have found the LV parameters
in the electroweak part of the SME in terms of the NC
parameter. These relations can be used to find new bounds
on the value of free parameters of each theory from the
existing bound on the other theory. However, the SME free
parameters are extensively examined, and there are strin-
gent bounds on each component or some combinations of
LV parameters [3]. Therefore, by studying these compo-
nents new bounds on the NC parameter is expected. To this
end, we define the electromagnetic background Ab

μν where
the Lorentz indices are T and I ¼ X, Y, Z as follows:

Ab
TI ¼ ðAb

TX; A
b
TY; A

b
TZÞ ¼ ðEX; EY; EZÞ;

Ab
IJ ¼ ðAb

YZ; A
b
ZX; A

b
XYÞ ¼ ðBX; BY; BZÞ; ð72Þ

and for the θμν

θt ¼ ðθTX; θTY; θTZÞ;
θs ¼ ðθYZ; θZX; θXYÞ; ð73Þ

where θt and θs are the time-space and space-space compo-
nents of the NC parameter, respectively. Consequently, for
instance, cXX, cYY , and cZZ from (50) are

cXX ¼ α½−θTYEY − θTZEZ þ θYZBX�; ð74Þ

cYY ¼ α½−θTXEX − θTZEZ − θXZBY �; ð75Þ

cZZ ¼ α½−θTXEX − θTYEY þ θXYBZ�; ð76Þ

and a suitable combination of the LV parameters for the LV
experiment as cQ ¼ cXX þ cYY − 2cZZ, which lead to

cQ ¼ α½θTXEX þ θTYEY − 2θTZEZ

þ θYZBX − θXZBY − 2θXYBZ�; ð77Þ

whereα ¼ − 3
2
g sin θω. The other important components and

their relevant combinations for the fermion part are given in
Table I and for the other sectors are found inAppendixA. As
Table I shows, the bounds on the components of θμν can
easily be obtained as shown in the third column of Table I.
The Lorentz violating parameters are defined in a non-
rotating frame. Since the laboratory frame rotates with the
Earth’s rotation, the LV components should be time and
location dependent. Therefore, similar experiments in
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different places should lead to some discrepancy that is
caused by the noncommutativity. To this end, one needs
some relation between the nonrotating basis ðX; Y; ZÞ and
the rotating one ðx; y; zÞwhere Z is along the north direction
parallel to the Earth’s axis and z is normal to surface of the
earth, as follows:

0
B@

x

y

z

1
CA ¼

0
B@

cos χ cosΩt cos χ sinΩt − sin χ

− sinΩt cosΩt 0

sin χ cosΩt sin χ sinΩt cos χ

1
CA
0
B@

X

Y

Z

1
CA;

ð78Þ

whereΩ≃ 2π=ð23 h 56 minÞ is the Earth’s sidereal rotation
frequency and χ is the angle between Z and z [14,15]. By
transforming the timelike and spacelike vectors of the
tensors θμν and Ab

μν as are given in (72) and (73), one has

Ab
yz ¼ Bx ¼ cos χ cosΩtBX þ cos χ sinΩtBY − sin χBZ;

Ab
zx ¼ By ¼ − sinΩtBX þ cosΩtBY;

Ab
xy ¼ Bz ¼ sin χ cosΩtBX þ sin χ sinΩtBY þ cos χBZ;

ð79Þ
and

Ab
tx ¼ Ex ¼ cos χ cosΩtEX þ cos χ sinΩtEY − sin χEZ;

Ab
ty ¼ Ey ¼ − sinΩtEX þ cosΩtEY;

Ab
tz ¼ Ez ¼ sin χ cosΩtEX þ sin χ sinΩtEY þ cos χEZ;

ð80Þ
with similar relations for the θμν components. Meanwhile,
the components of LV parameters depend on the time and
location via θμν and Ab

μν dependency. For instance, the
combination cYZ þ cZY leads to

cYZ þ cZY ¼ αf−θtxEx sin 2χ sinΩt − θtxEy sin χ cosΩt − θtxEzðcos2 χ − sin2 χÞ sinΩtþ θtzExðcos2 χ − sin2 χÞ sinΩt
þ θtzEy cos χ cosΩtþ θtzEz sin 2χ sinΩt − θtyEx sin χ cosΩtþ θtyEz cos χ cosΩtþ θyzBx sin 2χ sinΩt

− θyzBzðcos2 χ − sin2 χÞ sinΩt − θxyBxðcos2 χ − sin2 χÞ sinΩt − θxyBz sin 2χ sinΩtþ θzxBx sin χ cosΩt

− θzxBz cos χ cosΩtþ θyzBy sin χ cosΩt − θxyBy cos χ cosΩtg; ð81Þ

TABLE I. The LV components in the fermion sector. α ¼ − 3
2
g sin θω and β ¼ − 1

2
g sin θω.

Parameter NC correspondence Bound System

ceXX α½−θTYEY − θTZEZ þ θYZBX� 10−15 Astrophysics [16]
ceYY α½−θTXEX − θTZEZ − θXZBY � 10−15 Astrophysics [16]
ceYZ α½θTZEY − θXZBZ� 10−15 Astrophysics [16]
ceZY α½θTYEZ þ θXYBY � 10−16 Astrophysics [16]
ceZZ α½−θTXEX − θTYEY þ θXYBZ� 10−15 Astrophysics [16]
ceTT α½−θXYBZ þ θXZBY − θYZBX� 10−15 Collider Physics [17]
ceTY α½θXYEX − θYZEZ� 10−15 Collider Physics [17]
ceYT α½θTXBZ − θTZBX� 10−15 Collider Physics [17]
ceTZ α½θXZEX þ θYZEY � 10−13 Collider Physics [17]
cνTY α½θXYEX − θYZEZ� 10−27 IceCube [18]
ceYZ þ ceZY α½θTZEY − θXZBZ þ θTYEZ þ θXYBY � 10−29 Comagnetometer [14]
ceXZ þ ceZX α½θTZEX þ θYZBZ þ θTXEZ þ θXYBX� 10−29 Comagnetometer [14]
ceXY þ ceYX α½θTYEX þ θYZBY þ θTXEY − θXZBX� 10−29 Comagnetometer [14]
ceXX − ceYY α½−θTYEY þ θYZBX þ θTXEX þ θXZBY � 10−29 Comagnetometer [14]
cnQ α½θYZBX − θXZBY − 2θXYBZ� 10−25 Cs=Hg clock comparison [19]
cnQ α½θYZBX − θXZBY − 2θXYBZ� 10−25 Be clock comparison [19]
deXX β½−θTYEY − θTZEZ þ θYZBX� 10−14 Astrophysics [16]
deYZ β½θTZEY − θXZBZ� 10−15 Astrophysics [16]
deZZ β½−θTXEX − θTYEY þ θXYBZ� 10−15 Astrophysics [16]
deTX β½−θXYEY − θXZEZ� 10−14 Astrophysics [16]
deTY β½θXYEX − θYZEZ� 10−15 Astrophysics [16]
deTZ β½θXZEX þ θYZEY � 10−17 Astrophysics [16]

LORENTZ VIOLATION PARAMETERS AND … PHYSICAL REVIEW D 96, 075017 (2017)

075017-9



where its time average is zero as sinΩt ¼ cosΩt ¼ 0. All
time and location dependence of the LV components and
their relevant combinations are given in Appendixes B
and C. However, the nonzero parameters after the time
averaging for the fermion and Higgs sectors are presented
in Tables II and III. In Table II, for simplicity, the NC
location dependence is given in terms of the physical
parameters in the rotating frame. For this purpose, the
magnetic vector in the rotating frame is B⃗≡ ðAb

yz; Ab
zx; Ab

xyÞ
which is obtained from (79) and similarly for the vector
θ⃗≡ ðθyz; θzx; θxyÞ in the same frame as

θ1¼θyz¼cosχcosΩtθYZþcosχsinΩtθZX−sinχθXY;

θ2¼θzx¼−sinΩtθYZþcosΩtθZX;

θ3¼θxy¼sinχcosΩtθYZþsinχsinΩtθZXþcosχθXY; ð82Þ

which leads to θ⃗ · B⃗ ¼ θ1Ab
yz þ θ2Ab

zx þ θ3Ab
xy in

Table II.
Nevertheless, to find the bound on the components of

θμν, one should precisely examine how the electromagnetic
background field affects the system under consideration.
One of the experiments that leads to valuable bounds on the
NC parameter is the clock comparison test. In such a
system:
(1) The background electric field is usually of order

of 10 V=cm ∼ 10−22 GeV2, which is much smaller
than the background magnetic field of order of
0.1–1 T ∼ 10−17–10−16 GeV2 [14]. Therefore, the
electric field can safely be ignored.

(2) Although the parameter of noncommutativity θ is
fixed, the magnetic field rotates with respect to the
fixed frame,

BX ¼ cos χ cosΩtBx − sinΩtBy þ sin χ cosΩtBz;

BY ¼ cos χ sinΩtBx þ cosΩtBy þ sin χ sinΩtBz;

BZ ¼ − sin χBx þ cos χBz; ð83Þ

where χ ≃ 118° is the angle between the magnetic
field and the Earth’s axis of rotation in the Cs/Hg
clock comparison test [19]. In this experiment
the time average B̄X ¼ B̄Y ¼ 0 while B̄Z ¼
−0.88Bx − 0.46Bz. Therefore, for ðBx; By; BzÞ ¼
ð0; 0; BÞ, one has B̄Z ¼ −0.46B, which puts a
bound on θXY as cQ ¼ αð0.92BÞθXY ∼ 10−25 or

TABLE IV. NC bounds from the clock comparison experiment for the fermion’s LV parameters j ~beJj<10−27GeV and j ~deJj<10−22GeV
where J ¼ X, Y as is given in [3]. The corresponding nonzero parameters in the NC space lead to ~bJ ¼ −mdJT and ~dJ ¼ mðdTJ þ 1

2
dJTÞ

where m is the mass of the fermion.

Parameter NC correspondence Experimental bound Bound on θ

deXT β½−θTYBZ − θTZBY � 2 × 10−24 jθTY j < ð10 TeVÞ−2
deYT β½θTXBZ − θTZBX� 2 × 10−24 jθTXj < ð10 TeVÞ−2
deTX þ 1

2
deXT β½−θXYEY − θXZEZ� þ 1

2
β½−θTYBZ − θTZBY � 2 × 10−19 jθTY j < ð10 GeVÞ−2

deTX þ 1
2
deXT β½−θXYEX − θYZEZ� þ 1

2
β½θTXBZ − θTZBX� 2 × 10−19 jθTXj < ð10 GeVÞ−2

cnQ αðθYZBX − θXZBY − 2θXYBZÞ 10−25 jθXY j < ð10 TeVÞ−2

TABLE II. Location dependence of the nonzero LV parameters in the fermion sector. Here, α ¼ − 3
2
g sin θω and

the electric field has been ignored.

Parameter NC location dependence

c̄TT αf−ðθ · BÞx − ðθ · BÞy − ðθ · BÞzg
c̄XX αf1

2
cos2 χðθ · BÞx þ 1

2
ðθ · BÞy þ 1

2
sin2 χðθ · BÞz þ 1

4
sin 2χðθxBz þ θzBxÞg

c̄YY αf1
2
cos2 χðθ · BÞx þ 1

2
ðθ · BÞy þ 1

2
sin2 χðθ · BÞz þ 1

4
sin 2χðθxBz þ θzBxÞg

c̄ZZ αfsin2 χðθ · BÞx þ cos2 χðθ · BÞz − 1
2
sin 2χðθxBz þ θzBxÞg

c̄XY αf1
2
sin χðθ × BÞx − 1

2
cos χðθ × BÞzg

c̄YX αf− 1
2
sin χðθ × BÞx þ 1

2
cos χðθ × BÞzg

c̄Q αfðcos2 χ − 2 sin2 χÞðθ · BÞx þ ðθ · BÞy þ ðsin2 χ − 2 cos2 χÞðθ · BÞz
þ 3

2
sin 2χðθxBz þ θzBxÞg

TABLE III. Location dependence of the nonzero LV parameters
in the Higgs sector. Here, α ¼ − 1

2
μ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g02 þ g2

p
, β ¼ −

ffiffi
2

p
2
gμ2,

and γ ¼ −2λv2.

Parameter NC location dependence

ðkϕBÞTZ αf− sin χθtx þ cos χθtzg
ðkϕBÞXY αf− sin χθyz þ cos χθxyg
ðkϕWÞTZ βf− sin χθtx þ cos χθtzg
ðkϕWÞXY βf− sin χθyz þ cos χθxyg
ðkAϕϕÞTZ γf− sin χθtx þ cos χθtzg
ðkAϕϕÞXY γf− sin χθyz þ cos χθxyg
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jθXY j < ð10 TeVÞ−2 for B ∼ 1 T. For the other clock
comparison tests available in Ref. [3], one can put
new bounds on different components of the NC
parameters as is given in Table IV.

VI. CONCLUSION

We considered NCSM as a subset of SME to find the
mutual relations between the parameters of both theories.
For this purpose, the electroweak part of the NCSM up to
the first order of the NC parameter has been expanded by
using the SW maps. Although θ-dependent terms violate
particle Lorentz symmetry, except in the Higgs sector, they
have not any counterparts in the SME. Consequently,
NCSM is considered in the presence of a constant electro-
magnetic field as a background. Subsequently, a lot of
relations between the LV parameters and the NC parameter
in each sector of the SME have been found in Sec. IV. For
the Yukawa sector, we found a power-counting renorma-
lizable term that violates Lorentz symmetry and is propor-
tional to the NC parameter. This term in a background field
about 1G and for Λ ∼ 1 TeV leads to the corresponding LV
parameters of the order of 10−27, which is very small like
the other LV parameters. In Ref. [3] the latest bounds from
many precise measurements on the components or some
combinations of LV parameters is collected, which led to
new bounds on the components of NC parameter or some
combinations of θμν components as is given in Tables I and
IV. For instance, in the clock comparison test a bound of
order ð10 TeVÞ−2 can be found on the jθXY j. We also
explored the time and location dependencies of the LV
parameters to obtain the location dependence of different
experiments on the NC parameter as is found in Tables II
and III.

APPENDIX A: THE COMPONENTS
OF LV GAUGE PARAMETERS

In this appendix, we derive all the LV parameters in
the gauge sector that are related to the kF in terms of
the NC-parameter and the electromagnetic background
fields.

~κtr ¼ −
2

3
½ðkFÞTXTX þ ðkFÞTYTY þ ðkFÞTZTZ�

¼ −
176

3
½θTXðAbÞTX þ θTYðAbÞTY þ θTZðAbÞTZ�

¼ −
176

3
½θTXEX þ θTYEY þ θTZEZ�; ðA1Þ

k1 ¼ ðkFÞTYXZ
¼ −8εθXZðAbÞTY þ 16εθYZðAbÞTX
¼ −8εθXZEY þ 16εθYZEX; ðA2Þ

k2 ¼ ðkFÞTXYZ
¼ −8εθYZðAbÞTX þ 16εθXZðAbÞTY
¼ −8εθYZEX þ 16εθXZEY; ðA3Þ

k3 ¼ ðkFÞTYTY − ðkFÞXZXZ
¼ 24εθTYðAbÞTY þ 24εθZXðAbÞXZ − 32εθZTðAbÞTZ
þ 32εθYXðAbÞXY

¼ 24εθTYEY − 24εθZXBY þ 32εθTZEZ − 32εθXYBZ;

ðA4Þ

k4 ¼ ðkFÞTZTZ − ðkFÞXYXY
¼ 24εθTZðAbÞTZ − 24εθXYðAbÞXY − 32εθYTðAbÞTY
þ 32εθZXðAbÞXZ

¼ 24εθTZEZ − 24εθXYBZ þ 32εθTYEY − 32εθZXBY;

ðA5Þ

k5 ¼ ðkFÞTXTY þ ðkFÞXZYZ
¼ 24εθTYðAbÞTX þ 24εθYZðAbÞXZ − 32εθXYðAbÞXY
¼ 24εθTYEX − 24εθYZBY − 32εθXYBZ; ðA6Þ

k6 ¼ ðkFÞTXTZ − ðkFÞXYYZ
¼ −8εθTZðAbÞTX − 8εθYZðAbÞXY
¼ −8εθTZEX − 8εθYZBZ; ðA7Þ

k7 ¼ ðkFÞTYTZ þ ðkFÞXYXZ
¼ −8εθTZðAbÞTY − 8εθXZðAbÞXY
¼ −8εθTZEY − 8εθXZBZ; ðA8Þ

k8 ¼ ðkFÞTXXY þ ðkFÞTZYZ
¼ −24εθXYðAbÞTX þ 24εθYZðAbÞTZ
¼ −24εθXYEX þ 24εθYZEZ; ðA9Þ

k9 ¼ ðkFÞTXXZ − ðkFÞTYYZ
¼ 8εθXZðAbÞTX − 8εθYZðAbÞTY
¼ 8εθXZEX − 8εθYZEY; ðA10Þ

k10 ¼ ðkFÞTYXY − ðkFÞTZXZ
¼ −8εθXYðAbÞTY þ 8εθXZðAbÞTZ
¼ −8εθXYEY þ 8εθXZEZ; ðA11Þ

where ε has been introduced in the gauge subsection
of Sec. IV.
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APPENDIX B: TIME DEPENDENCE ON LV PARAMETERS

In Sec. V, θμν and Ab
μν were introduced in terms of their electric- and magnetic-like components and, subsequently, their

time and location dependence. Here, by using these relations we give the time dependence of the LV parameters in the
fermion and Higgs sectors of the SME.

(i) Fermion sector
The time dependence of all components and some of their important combinations in the fermion sector are as follows:

cTT ¼ αf−θyzAb
yz − θxyAb

xy − θzxAb
zxg; ðB1Þ

cXX ¼ α



−θtxAb

txðsin2χ þ cos2χsin2ΩtÞ− 1

2
θtxAb

ty cos χ sin2Ωtþ
1

2
θtxAb

tz sin2χcos2Ωt−
1

2
θtyAb

tx cos χ sin 2Ωt

− θtyAb
tycos2Ωt−

1

2
θtyAb

tz sin χ sin 2Ωtþ
1

2
θtzAb

tx sin2χcos2Ωt−
1

2
θtzAb

ty sin χ sin 2Ωt− θtzAb
tzðcos2χ þ sin2χsin2ΩtÞ

þ θyzAb
yzcos2χcos2Ωt−

1

2
θyzAb

zx cos χ sin2Ωtþ
1

2
θyzAb

xy sin2χcos2Ωt−
1

2
θzxAb

yz cos χ sin2Ωtþ θzxAb
zxsin2Ωt

−
1

2
θzxAb

xy sin χ sin 2Ωtþ
1

2
θxyAb

yz sin 2χcos2Ωt−
1

2
θxyAb

zx sin χ sin 2Ωtþ θxyAb
xysin2χcos2Ωt

�
; ðB2Þ

cYY ¼ α



−θtxAb

txðsin2χ þ cos2χcos2ΩtÞ þ 1

2
θtxAb

ty cos χ sin2Ωtþ
1

2
θtxAb

tz sin 2χsin2Ωtþ
1

2
θtyAb

tx cos χ sin2Ωt

− θtyAb
tysin2Ωtþ

1

2
θtyAb

tz sin χ sin 2Ωtþ
1

2
θtzAb

tx sin2χsin2Ωtþ
1

2
θtzAb

ty sin χ sin2Ωt− θtzAb
tzðcos2χ þ sin2χcos2ΩtÞ

þ θyzAb
yzcos2χsin2Ωtþ

1

2
θyzAb

zx cos χ sin2Ωtþ
1

2
θyzAb

xy sin2χsin2Ωtþ
1

2
θzxAb

yz cos χ sin2Ωtþ θzxAb
zxcos2Ωt

þ 1

2
θzxAb

xy sin χ sin 2Ωtþ
1

2
θxyAb

yz sin2χsin2Ωtþ
1

2
θxyAb

zx sin χ sin2Ωtþ θxyAb
xysin2χsin2Ωt

�
; ðB3Þ

cZZ ¼ α



−θtxAb

txcos2χ −
1

2
θtxAb

tz sin 2χ − θtyAb
ty −

1

2
θtzAb

tx sin 2χ − θtzAb
tzsin2χ þ θyzAb

yzsin2χ −
1

2
θyzAb

xy sin 2χ

−
1

2
θxyAb

yz sin 2χ þ θxyAb
xycos2χ

�
; ðB4Þ

cTX ¼ αfθyzAb
tx sin 2χ sinΩtþ θyzAb

ty sin χ cosΩtþ θyzAb
tzðsin2 χ − cos2 χÞ sinΩtþ θxyAb

txðsin2 χ − cos2 χÞ sinΩt
− θxyAb

ty cos χ cosΩt − θxyAb
tz sin 2χ sinΩtþ θzxAb

tx sin χ cosΩt − θzxAb
tz cos χ cosΩtg; ðB5Þ

cXT ¼ αfθtxAb
yz sin 2χ sinΩtþ θtyAb

yz sin χ cosΩtþ θtzAb
yzðsin2 χ − cos2 χÞ sinΩtþ θtxAb

xyðsin2 χ − cos2 χÞ sinΩt
− θtyAb

xy cos χ cosΩt − θtzAb
xy sin 2χ sinΩtþ θtxAb

zx sin χ cosΩt − θtzAb
zx cos χ cosΩtg; ðB6Þ

cTY ¼ αfθyzAb
ty sin χ sinΩt− θyzAb

tz cosΩtþ θxyAb
tx cosΩt− θxyAb

ty cos χ sinΩt− θzxAb
tx sin χ sinΩtþ θzxAb

tz cos χ sinΩtg;
ðB7Þ

cYT ¼ αfθtyAb
yz sin χ sinΩt− θtzAb

yz cosΩtþ θtxAb
xy cosΩt− θtyAb

xy cos χ sinΩt− θtxAb
zx sin χ sinΩtþ θtzAb

zx cos χ sinΩtg;
ðB8Þ

cTZ ¼ α



θyzAb

txcos2χ sin 2Ωtþ θyzAb
ty cos χðcos2Ωt − sin2ΩtÞ þ 1

2
θyzAb

tz sin 2χ sin 2Ωtþ θzxAb
tx cos χðcos2Ωt − sin2ΩtÞ

− θzxAb
ty sin 2Ωtþ θzxAb

tz sin χðcos2Ωt − sin2ΩtÞ þ 1

2
θxyAb

tx sin 2χ sin 2Ωtþ θxyAb
ty sin χðcos2Ωt − sin2ΩtÞ

þ θxyAb
tzsin2χ sin 2Ωt

�
; ðB9Þ
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cZT ¼ α



θtxAb

yzcos2χ sin 2Ωtþ θtyAb
yz cos χðcos2Ωt − sin2ΩtÞ þ 1

2
θtzAb

yz sin 2χ sin 2Ωtþ θtxAb
zx cos χðcos2Ωt − sin2ΩtÞ

− θtyAb
zx sin 2Ωtþ θtzAb

zx sin χðcos2Ωt − sin2ΩtÞ þ 1

2
θtxAb

xy sin 2χ sin 2Ωtþ θtyAb
xy sin χðcos2Ωt − sin2ΩtÞ

þ θtzAb
xysin2χ sin 2Ωt

�
; ðB10Þ

cXY ¼ α



1

2
θtxAb

txcos2χ sin 2Ωt − θtxAb
ty cos χsin2Ωtþ

1

4
θtxAb

tz sin 2χ sin 2Ωtþ θtyAb
tx cos χcos2Ωt −

1

2
θtyAb

ty sin 2Ωt

þ θtyAb
tz sin χ cos 2Ωtþ

1

4
θtzAb

tx sin 2χ sin 2Ωt − θtzAb
ty sin χsin2Ωtþ

1

2
θtzAb

tzsin2χ sin 2Ωt −
1

2
θyzAb

yzcos2χ sin 2Ωt

− θyzAb
zx cos χcos2Ωt −

1

4
θyzAb

xy sin 2χ sin 2Ωtþ θzxAb
yz cos χsin2Ωtþ

1

2
θzxAb

zx sin 2Ωtþ θzxAb
xy sin χsin2Ωt

−
1

4
θxyAb

yz sin 2χ sin 2Ωt − θxyAb
zx sin χcos2Ωt −

1

2
θxyAb

xysin2χ sin 2Ωt
�
; ðB11Þ

cYX ¼ α



1

2
θtxAb

txcos2χ sin 2Ωt − θtyAb
tx cos χsin2Ωtþ

1

4
θtzAb

tx sin 2χ sin 2Ωtþ θtxAb
ty cos χcos2Ωt −

1

2
θtyAb

ty sin 2Ωt

þ θtzAb
ty sin χ cos 2Ωtþ

1

4
θtxAb

tz sin 2χ sin 2Ωt − θtyAb
tz sin χsin2Ωtþ

1

2
θtzAb

tzsin2χ sin 2Ωt −
1

2
θyzAb

yzcos2χ sin 2Ωt

− θzxAb
yz cos χcos2Ωt −

1

4
θxyAb

yz sin 2χ sin 2Ωtþ θyzAb
zx cos χsin2Ωtþ

1

2
θzxAb

zx sin 2Ωtþ θxyAb
zx sin χsin2Ωt

−
1

4
θyzAb

xy sin 2χ sin 2Ωt − θzxAb
xy sin χcos2Ωt −

1

2
θxyAb

xysin2χ sin 2Ωt
�
; ðB12Þ

cXZ ¼ α



−
1

2
θtxAb

tx sin 2χ cosΩtþ θtxAb
ty sin χ sinΩt − θtxAb

tzsin2χ cosΩtþ θtzAb
txcos2χ cosΩt − θtzAb

ty cos χ sinΩt

þ 1

2
θtzAb

tz sin 2χ cosΩt −
1

2
θyzAb

yz sin 2χ cosΩtþ θyzAb
xycos2χ cosΩtþ θzxAb

yz sin χ sinΩt − θzxAb
xy cos χ sinΩt

− θxyAb
yzsin2χ cosΩtþ

1

2
θxyAb

xy sin 2χ cosΩt
�
; ðB13Þ

cZX ¼ α



−
1

2
θtxAb

tx sin 2χ cosΩtþ θtyAb
tx sin χ sinΩt − θtzAb

txsin2χ cosΩtþ θtxAb
tzcos2χ cosΩt − θtyAb

tz cos χ sinΩt

þ 1

2
θtzAb

tz sin 2χ cosΩt −
1

2
θyzAb

yz sin 2χ cosΩtþ θxyAb
yzcos2χ cosΩtþ θyzAb

zx sin χ sinΩt − θxyAb
zx cos χ sinΩt

− θyzAb
xysin2χ cosΩtþ

1

2
θxyAb

xy sin 2χ cosΩt
�
; ðB14Þ

cYZ ¼ α



−
1

2
θtxAb

tx sin 2χ sinΩt − θtxAb
ty sin χ cosΩt − θtxAb

tzsin2χ sinΩtþ θtzAb
txcos2χ sinΩtþ θtzAb

ty cos χ cosΩt

þ 1

2
θtzAb

tz sin 2χ sinΩtþ
1

2
θyzAb

yz sin 2χ sinΩt − θyzAb
xycos2χ sinΩtþ θzxAb

yz sin χ cosΩt − θzxAb
xy cos χ cosΩt

þ θxyAb
yzsin2χ sinΩt −

1

2
θxyAb

xy sin 2χ sinΩt
�
; ðB15Þ
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cZY ¼ α



−
1

2
θtxAb

tx sin 2χ sinΩt − θtyAb
tx sin χ cosΩt − θtzAb

txsin2χ sinΩtþ θtxAb
tzcos2χ sinΩtþ θtyAb

tz cos χ cosΩt

þ 1

2
θtzAb

tz sin 2χ sinΩtþ
1

2
θyzAb

yz sin 2χ sinΩt − θxyAb
yzcos2χ sinΩtþ θyzAb

zx sin χ cosΩt − θxyAb
zx cos χ cosΩt

þ θyzAb
xysin2χ sinΩt −

1

2
θxyAb

xy sin 2χ sinΩt
�
: ðB16Þ

cXY þ cYX ¼ αfθtxAb
tx cos2 χ sin2Ωtþ θtxAb

ty cosχðcos2Ωt− sin2ΩtÞ þ 1

2
θtxAb

tz sin2χ sin2Ωt

þ θtyAb
tx cosχðcos2Ωt− sin2ΩtÞ− θtyAb

ty sin2Ωtþ θtyAb
tz sinχðcos2Ωt− sin2ΩtÞ þ 1

2
θtzAb

tx sin2χ sin2Ωt

þ θtzAb
ty sinχðcos2Ωt− sin2ΩtÞ þ θtzAb

tz sin2 χ sin2Ωt− θyzAb
yz cos2 χ sin2Ωt− θyzAb

zx cosχðcos2Ωt− sin2ΩtÞ

−
1

2
θyzAb

xy sin2χ sin2Ωt− θzxAb
yz cosχðcos2Ωt− sin2ΩtÞ þ θzxAb

zx sin2Ωt− θzxAb
xy sinχðcos2Ωt− sin2ΩtÞ

−
1

2
θxyAb

yz sin2χ sin2Ωt− θxyAb
zx sin χðcos2Ωt− sin2ΩtÞ− θxyAb

xy sin2 χ sin2Ωtg; ðB17Þ

cXZ þ cZX ¼ αf−θtxAb
tx sin 2χ cosΩtþ θtxAb

ty sin χ sinΩtþ θtxAb
tzðcos2χ − sin2χÞ cosΩtþ θtzAb

txðcos2χ − sin2χÞ cosΩt
− θtzAb

ty cos χ sinΩtþ θtzAb
tz sin 2χ cosΩtþ θtyAb

tx sin χ sinΩt − θtyAb
tz cos χ sinΩt − θyzAb

yz sin 2χ cosΩt

þ θyzAb
xycos2χ cosΩtþ θzxAb

yz sin χ sinΩt − θzxAb
xy cos χ sinΩtþ θxyAb

yzðcos2χ − sin2χÞ cosΩt
þ θxyAb

xy sin 2χ cosΩtg; ðB18Þ

cYZ þ cZY ¼ αf−θtxAb
tx sin 2χ sinΩt − θtxAb

ty sin χ cosΩt − θtxAb
tzðcos2χ − sin2χÞ sinΩtþ θtzAb

txðcos2χ − sin2χÞ sinΩt
þ θtzAb

ty cos χ cosΩtþ θtzAb
tz sin 2χ sinΩt − θtyAb

tx sin χ cosΩtþ θtyAb
tz cos χ cosΩtþ θyzAb

yz sin 2χ sinΩt

− θyzAb
xyðcos2χ − sin2χÞ sinΩt − θxyAb

yzðcos2χ − sin2χÞ sinΩt − θxyAb
xy sin 2χ sinΩtþ θzxAb

yz sin χ cosΩt

− θzxAb
xy cos χ cosΩtþ θyzAb

zx sin χ cosΩt − θxyAb
zx cos χ cosΩtg; ðB19Þ

cXX − cYY ¼ α



−θtxAb

txcos2χðcos2Ωt − sin2ΩtÞ − θtxAb
ty cos χ sin 2Ωtþ

1

2
θtxAb

tz sin 2χðcos2Ωt − sin2ΩtÞ

− θtyAb
tx cos χ sin 2Ωt − θtyAb

tyðcos2Ωt − sin2ΩtÞ − θtyAb
tz sin χ sin 2Ωtþ

1

2
θtzAb

tx sin 2χðcos2Ωt − sin2ΩtÞ
− θtzAb

ty sin χ sin 2Ωt − θtzAb
tzsin2χðcos2Ωt − sin2ΩtÞ þ θyzAb

yzcos2χðcos2Ωt − sin2ΩtÞ − θyzAb
zx cos χ sin 2Ωt

þ 1

2
θyzAb

xy sin 2χðcos2Ωt − sin2ΩtÞ þ 1

2
θzxAb

yz cos χ sin 2Ωt − θzxAb
zxðcos2Ωt − sin2ΩtÞ − θzxAb

xy sin χ sin 2Ωt

þ 1

2
θxyAb

yz sin 2χðcos2Ωt − sin2ΩtÞ − θxyAb
zx sin χ sin 2Ωtþ θxyAb

xysin2χðcos2Ωt − sin2ΩtÞ
�
; ðB20Þ

cQ ¼ α



θtxAb

txðcos2χ − 2sin2χÞ þ 3

2
θtxAb

tz sin 2χ þ θtyAb
ty þ

3

2
θtzAb

tx sin 2χ þ θtzAb
tzðsin2χ − 2cos2χÞ

þ θyzAb
yzðcos2χ − 2sin2χÞ þ 3

2
θyzAb

xy sin 2χ þ θzxAb
zx þ

3

2
θxyAb

yz sin 2χ þ θxyAb
xyðsin2χ − 2cos2χÞ

�
; ðB21Þ

where α ¼ − 3
2
g sin θω. The components of dμν are also the same as cμν components except for replacing α by β, which is

equal to − 1
2
g sin θω.

(ii) Higgs sector
In this sector the time dependence of the LV parameters are

ðkϕBÞTX ¼ αθTX ¼ αfcos χ cosΩtθtx − sinΩtθty þ sin χ cosΩtθtzg; ðB22Þ
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ðkϕBÞTY ¼ αθTY

¼ αfcos χ sinΩtθtx − cosΩtθty þ sin χ sinΩtθtzg;
ðB23Þ

ðkϕBÞTZ ¼ αθTZ ¼ αf− sin χθtx þ cos χθtzg; ðB24Þ

ðkϕBÞYZ ¼ αθYZ

¼ αfcosχ cosΩtθyz − sinΩtθzx þ sinχ cosΩtθxyg;
ðB25Þ

ðkϕBÞZX ¼ αθZX

¼ αfcos χ sinΩtθyz − cosΩtθzx þ sin χ sinΩtθxyg;
ðB26Þ

ðkϕBÞXY ¼ αθXY ¼ αf− sin χθyz þ cos χθxyg; ðB27Þ

where α ¼ − 1
2
μ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g02 þ g2

p
. The components of ðkϕWÞμν

are the same as ðkϕBÞμν but replacing α with β ¼ −
ffiffi
2

p
2
gμ2.

APPENDIX C: LOCATION DEPENDENCE
OF LV PARAMETERS

The time averaging of the obtained LV parameters in
Appendix B leads to their location dependencies as follows:

(i) Fermion sector

c̄TT ¼ cTT; ðC1Þ

c̄XX ¼ α



−θtxAb

tx

�
sin2χ þ 1

2
cos2χ

�
þ 1

4
θtxAb

tz sin 2χ

−
1

2
θtyAb

ty þ
1

4
θtzAb

tx sin 2χ

− θtzAb
tz

�
cos2χ þ 1

2
sin2χ

�
þ 1

2
θyzAb

yzcos2χ

þ 1

4
θyzAb

xy sin 2χ þ
1

2
θzxAb

zx

þ 1

4
θxyAb

yz sin 2χ þ
1

2
θxyAb

xysin2χ

�
; ðC2Þ

c̄YY ¼ α



−θtxAb

tx

�
sin2χ þ 1

2
cos2χ

�
þ 1

4
θtxAb

tz sin 2χ

−
1

2
θtyAb

ty þ
1

4
θtzAb

tx sin 2χ

− θtzAb
tz

�
cos2χ þ 1

2
sin2χ

�
þ 1

2
θyzAb

yzcos2χ

þ 1

4
θyzAb

xy sin 2χ þ
1

2
θzxAb

zx

þ 1

4
θxyAb

yz sin 2χ þ
1

2
θxyAb

xysin2χ

�
; ðC3Þ

c̄ZZ ¼ cZZ; ðC4Þ

c̄XY ¼ α



−
1

2
θtxAb

ty cos χ þ
1

2
θtyAb

tx cos χ þ
1

2
θtyAb

tz sin χ

−
1

2
θtzAb

ty sin χ −
1

2
θyzAb

zx cos χ þ
1

2
θzxAb

yz cos χ

þ 1

2
θzxAb

xy sin χ −
1

2
θxyAb

zx sin χ

�
; ðC5Þ

c̄YX ¼ α



−
1

2
θtyAb

tx cos χ þ
1

2
θtxAb

ty cos χ þ
1

2
θtzAb

ty sin χ

−
1

2
θtyAb

tz sin χ −
1

2
θzxAb

yz cos χ þ
1

2
θyzAb

zx cos χ

þ 1

2
θxyAb

zx sin χ −
1

2
θzxAb

xy sin χ

�
; ðC6Þ

c̄Q ¼ cQ: ðC7Þ

It should be noted that the other components and their
combinations have vanished with time averaging.
(ii) Higgs sector

In the Higgs sector, the nonvanishing location dependen-
cies can be obtained as follows:

ðkϕBÞTZ ¼ ðkϕBÞTZ; ðC8Þ

ðkϕBÞXY ¼ ðkϕBÞXY; ðC9Þ

in which α ¼ − 1
2
μ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g02 þ g2

p
. The location dependence of

the other Higgs coefficients ðkϕWÞ and ðkAϕϕÞ are the

same as ðkϕBÞ except replacing α with β ¼ −
ffiffi
2

p
2
gμ2 and

γ ¼ −2λv2, respectively.
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