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Spin correlations between top-quark and anti-top-quark in pair production are sensitive to physics
beyond the standard model. A complete set of observables, that can be used to measure all independent
parameters of the production spin density matrix, is necessary to search for anomalous interactions in the
production dynamics. In this paper, we provide a set of asymmetry observables for measuring all the
density matrix elements. These observables are defined regardless of the production mechanism, and can be
specified in any desired reference frame, particularly the laboratory frame in which the first evidence of
spin correlation was observed experimentally. Our method can be used to find an optimal Lorentz frame in
which the sensitivity to the density matrices is high for given production process and experimental
environment, or to test possible correlations among the matrix elements.

DOI: 10.1103/PhysRevD.96.071501

Even through the observed scalar particle having mass
∼125 GeV [1] is likely the standard model (SM) Higgs
boson, understanding the origin of electroweak symmetry
breaking is still the main task of fundamental physics.
Many extensions of the SM predict that the heavier the
particle the stronger the interactions with unknown sector,
which may shed light to the hierarchy problem [2] or the
vacuum stability [3,4]. The top-quark being the heaviest
particle that has been observed, is hence a natural probe of
new physics above the electroweak scale [5–7]. Observable
deviation of the top-quark property from the SM is,
however, often constrained to be small [6,7]. Therefore,
model-independent observables with high observability
and discriminating power are desired.
The production rate of spin-polarized top-quark, which

is predicted to be essentially zero in SM [7], is one of the
most sensitive probes to deviation from the SM, and can be
measured by studying the polar angle [8] as well as the
azimuthal angle distributions [9] of the decay products,
particularly the lepton. On the other hand, the production
spin correlations between the top-quark and anti-top-quark
provide much more richer physics for probing anomalous
interactions in the production dynamics [10]. The azimu-
thal angle difference between the two charged leptons in the
laboratory frame was predicted in Ref. [11] to be a sensitive
observable, and has been observed in first in Ref. [12], and
soon after in Refs. [13,14]. In Refs. [13–17], the helicity
correlation proposed in Ref. [18] was also observed by
measuring the correlation between the polar angle distri-
butions of the leptons. In addition, the observable “S ratio”
predicted in Ref. [11] was also studied in Ref. [14]. There
are also other related observables, for instance, the charge
asymmetry proposed in Refs [19,20] as well as the charge
lepton asymmetry in Refs. [21–23].

However, in order to get enough number of observables
to extract possible new physics in the top-quark pair
production dynamics, a complete set of observables,
that can be used to measure all the production spin
density matrix elements, is necessary. By choosing differ-
ent quantization axes of the top-quarks, the authors in
Ref. [24] obtained 15 independent observables for a
complete measurement. Even through these observables
have been studied experimentally in Ref. [25], the require-
ment of momenta reconstruction for top-quarks can heavily
dilute their sensitivity. For instance, it is the laboratory
frame in which the first conclusive evidence of the
production spin correlation was observed [11,12], however,
the corresponding observable can not be predicted directly
by using the approach in Ref. [24]. On the other hand, at the
e−eþ collider, the reconstruction efficiency is much better
in hadronic decay channels [26], but there is not too much
improvement in lepton-jet channels [27] and lepton-lepton
channels [28].
In view of the above situation, it is promising to find a

new complete set of observables, which can be directly
accessible in the laboratory frame or any other desired
reference frames that can be defined properly. In this paper,
we provide a novel and systematic solution to this problem.
In contrast to the method in Ref. [24], the spins of both the
top-quark pair and the lepton pair systems are projected
along a common direction that can be defined in any
desired reference frame. Spin correlations along other
directions in the same or different reference frames can
be easily obtained by direct Lorentz transformations.
For a general top-quark pair production process,

i → Xtt̄, where i stands for the initial state of the colliding
particles and X is a set of other particles in addition to the
top-quark pair, the production spin correlations can be
affected in various ways. In this paper we confine ourselves
to following extended interactions,*makainca@yeah.net
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L ¼ LSM −
X
α;i

ψ t ΓαOαðYiÞψ t þ H:c:; ð1Þ

where Yi are possible new particles beyond the SM content,
and Γα describes possible top-quark currents coupling to Yi
through contractions with OαðYiÞ which in general can
involve derivatives of the fields Yi. Yi can also be particles
of the set X. Neglecting higher order effects of the
interactions in (1), the decay properties of the top-quark
are completely described by the SM. While our method can
be applied equivalently for all decay channels (in SM), we
consider only dileptonic decay channels, i.e., t → blþνl
and t̄ → b̄l−ν̄l, other channels will be briefly discussed at
the end of this paper.
No matter what is the dynamics in the top-quark pair

production, by employing the narrow width approximation
which while keeping the production spin correlations is an
excellent simplification method, the transition amplitude of
the above process can be written as a product of the
production term and the decay term as follows,

M ¼
X

s1;s2¼�1=2

MPðs1; s2ÞMDðs1; s2Þ; ð2Þ

where the narrow width approximation factors have been
suppressed for convenience, and s1 ¼ �1=2, s2 ¼ �1=2
are helicity of top-quark and anti-top-quark, respectively.
Correspondingly, the amplitude squared can also be fac-
torized into production and decay density matrices,

jMj2 ¼
X

s1;s2;s01;s
0
2

Ps1;s2
s0
1
;s0
2
Ds1;s2

s0
1
;s0
2
: ð3Þ

Spin correlations are encoded in the production spin
density matrix Ps1;s2

s0
1
;s0
2
, and can be measured by studying

angular distributions of the leptons which are determined
by the decay density matrixDs1;s2

s0
1
;s0
2
. However, apart from the

machine-dependence of Ps1;s2
s0
1
;s0
2
, both the production and

decay spin density matrices are also functions of the
momenta of the top-quark pair, unless Ds1;s2

s0
1
;s0
2
are calculated

in the rest frames of top-quark and anti-top-quark simulta-
neously. Therefore, momenta reconstruction is unavoidable
in this formalism. Furthermore, this mixture property also
makes the optimization for getting as large as possible
Ds1;s2

s0
1
;s0
2
hard.

In this paper, we provide a novel approach to absorb the
momenta dependence of the decay density matrix into the
production density matrix by using spin projection along
only one direction Q⃗ defined in a common reference frame
R for all particles. In a chosen reference frame R, the top-
quark pair and the lepton pair can be treated as two single
systems whose spin can be either 0 or 1. The helicities of
these two systems along the direction Q⃗ are equal, and can

have values λf ¼ s; 0;�1, where λf ¼ s means that the
total spin is zero. After the spin projection, the amplitude

squared jMj2 can be decomposed as follows

jMj2 ¼
X

λf;λ0f¼s;0;�1

ePλf
λ0f
eDλf
λ0f
; ð4Þ

where eDλf
λ0f
are functions of only the angular variables of the

leptons measured in a chosen reference frame R. The
advantage of this factorization is that, as long as the relative
direction of Q⃗ in R is fixed, angular correlations determined

by eDλf
λ0f
are universal in any reference frame. Hence, we can

scan ePλf
λ0f
in all proper reference frames to obtain the most

sensitive one. Alternatively, we can also change the
projection direction Q⃗. In this paper, in addition to
providing a complete set of observables, the novel idea
also facilitates the optimization. Our approach to the spin
projection is explained as below.
The decay helicity amplitude MDðs1; s2Þ can be written

at leading order as a product of helicity amplitudes
MD1

ðs1Þ and MD2
ðssÞ for top-quark and anti-top-quark

decays, respectively, which can be obtained directly
according to the Feynman rules of the SM,

MD1
ðs1Þ ¼

g2W
2DW1

fuνlγμPLvl̄gfubγμPLutðs1Þg; ð5Þ

MD2
ðs2Þ ¼

g2W
2DW2

fulγνPLvν̄lgfvt̄ðs2ÞγνPLvb̄g; ð6Þ

where DW1
and DW2

are denominators of the propagators
of W bosons. Spin correlations between the antilepton
(lepton) and the top-quark (anti-top-quark) can be clearly
observed by applying Fierz transformations after replacing
wave functions of the antilepton (lepton) and the neutrino
(antineutrino) by the ones of their antiparticles,1

MDðs1Þ ¼ −g2WD−1
W1
ful̄PLutðs1ÞgfubPRvνlg; ð7Þ

MDðs2Þ ¼ −g2WD−1
W2
fvt̄ðs2ÞPRvlgfuν̄lPLvb̄g: ð8Þ

Factorization of the lepton pair system from top-quark pair
system can be realized by simply applying the Fierz
transformation one more step. Then we find,

Mðs1; s2Þ ¼ Hμðs1; s2ÞKμXX ; ð9Þ

where

1Note that the charge conjugation for leptons give ūl̄ and vνl
spinors for the final state l̄ and νl, respectively, and similarly for
the lþ ν̄l final state for t̄ decays.

KAI MA PHYSICAL REVIEW D 96, 071501(R) (2017)

071501-2

RAPID COMMUNICATIONS



Hμðs1; s2Þ ¼ vt̄ðs2ÞγμPLutðs1Þ; ð10Þ

Kμ ¼ −
1

2
ulγμPLvl̄; ð11Þ

X ¼ g2WD
−1
W2
½ubPRvνl �; ð12Þ

X ¼ g2WD
−1
W1
½uν̄lPLvb̄�: ð13Þ

One can observe that, apart from the factors X and X , the
decay helicity amplitude is written as a Lorentz contraction
between the currents generated by the top-quark pair and
lepton pair. Spin projection along chosen direction Q⃗ in a
reference frame R can be easily obtained by inserting a
complete projection relation,

gμν ¼
X

λf¼s;0;�
ηλfϵ

�
μðQ⃗; λfÞϵνðQ⃗; λfÞ; ð14Þ

where ηs ¼ 1 and ηλf¼0;�1 ¼ −1, into the helicity ampli-
tude (9). Then we find,

Mðs1; s2Þ ¼
X

λf¼s;0;�
eHλfðs1; s2ÞeKλf ; ð15Þ

where the scalar functions eHλfðs1; s2Þ and eKλf are
defined as

eHλfðs1; s2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
E1E2

p
XXHμðs1; s2Þϵ�μðQ⃗; λfÞ; ð16Þ

eKλf ¼
1ffiffiffiffiffiffiffiffiffiffiffi
E1E2

p ηλfK
νϵνðQ⃗; λfÞ; ð17Þ

with E1 and E2 are energy of the antilepton and lepton in R,
respectively. The spin-projected decay density matrix is
simply given as

eDλf
λ0f
¼ eKλf

eK†
λ0f
: ð18Þ

And the spin-projected production density matrix can be
obtained by summing up the helicity s1 and s2,

ePλf
λ0f
¼

X
s1;s2;s01;s

0
2

Ps1;s2
s0
1
;s0
2

eHλfðs1; s2ÞeH†
λ0f
ðs01; s02Þ: ð19Þ

Clearly, nontrivial angular distributions of the lepton and
antilepton are completely encoded in the projected density

matrix eDλf
λ0f
. Spin correlations of the top-quark pair coming

from either the SM dynamics or the anomalous interaction

in (1) are described by the projected density matrix ePλf
λ0f
, and

then affect the angular distributions the lepton and anti-
lepton, and therefore can be measured by observing the
angular distributions.
Explicit expressions of eDλf

λ0f
can be obtained in a

straightforward way once R and Q⃗ are given. Without loss
of generality, we can set Q⃗ ¼ ð0; 0; 1Þ, i.e., it is the unit
vector along the z direction in R, then we find

eKλf ¼

8>>>>><
>>>>>:

−
ffiffiffi
2

p
c1s2eiϕþ λf ¼ þ1ffiffiffi

2
p

s1c2e−iϕþ λf ¼ −1

c1c2eiϕ− − s1s2e−iϕ− λf ¼ 0

c1c2eiϕ− þ s1s2e−iϕ− λf ¼ s

; ð20Þ

where θ1 (ϕ1) and θ2 (ϕ2) are the polar (azimuthal) angles
of the antilepton and lepton in the reference frame R,
respectively; and ci ¼ cosðθi=2Þ, si ¼ sinðθi=2Þ, and the
phases ϕ� ¼ ðϕ1 � ϕ2Þ=2.
Spin correlations between the lepton and top-quark

systems are encoded in the following density matrix,

ρ
λf
λ0f
¼ ePλf

λ0f
eDλf
λ0f
; ð21Þ

whose matrix elements are given as,

ρþþ ¼ 1

2
ePþ
þð1þ cos θ1Þð1 − cos θ2Þ; ð22Þ

ρ−− ¼ 1

2
eP−
−ð1 − cos θ1Þð1þ cos θ2Þ; ð23Þ

ρ00 ¼
1

2
eP0
0ð1þ cos θ1 cos θ2 − sin θ1 sin θ2 cosð2ϕ−ÞÞ;

ð24Þ

ρss ¼
1

2
ePs
sð1þ cos θ1 cos θ2 þ sin θ1 sin θ2 cosð2ϕ−ÞÞ;

ð25Þ

Re½ρþ− � ¼ −
1

2
jePþ

− j sin θ1 sin θ2 cosð2ϕþ þ δþ−Þ; ð26Þ

Re½ρþ0 � ¼
1

2
ffiffiffi
2

p jePþ
0 jfð1 − cos θ2Þ sin θ1 cosðϕ1 þ δþ0 Þ − ð1þ cos θ1Þ sin θ2 cosðϕ2 þ δþ0 Þg; ð27Þ

Re½ρþs � ¼
−1
2

ffiffiffi
2

p jePþ
s jfð1 − cos θ2Þ sin θ1 cosðϕ1 þ δþs Þ þ ð1þ cos θ1Þ sin θ2 cosðϕ2 þ δþs Þg; ð28Þ
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Re½ρ−0 � ¼
1

2
ffiffiffi
2

p jeP−
0 jfð1þ cos θ2Þ sin θ1 cosðϕ1 − δ−0 Þ − ð1 − cos θ1Þ sin θ2 cosðϕ2 − δ−0 Þg; ð29Þ

Re½ρ−s � ¼
1

2
ffiffiffi
2

p jeP−
s jfð1þ cos θ2Þ sin θ1 cosðϕ1 − δ−s Þ þ ð1 − cos θ1Þ sin θ2 cosðϕ2 − δ−s Þg; ð30Þ

Re½ρ0s � ¼
1

2
jeP0

s jfðcos θ1 þ cos θ2Þ cosðδ0s Þ − sin θ1 sin θ2 sinð2ϕ−Þ sinðδ0s Þg; ð31Þ

where δ
λf
λ0f

are phases of the projected density matrix ePλf
λ0f
,

and in general depend on both the production dynamics and
kinematics. From the above matrix elements, we can
directly obtain the desired angular distributions, and hence
nontrivial angular correlations. For instances, the observ-
able proposed in Ref. [9] is related to the elements ρ�0 and
ρ�s ; the observable predicted in Ref. [11] and measured
in Refs. [12–14] is related to the diagonal elements ρ00 and
ρss, as well as the off-diagonal element ρ0s ; the helicity
correlation in Ref. [18] are given by the diagonal elements;
the CP violation observables proposed in Ref. [29] are
related to the elements ρ�0 and ρ�s , as well as the element ρþ−
(in the tt̄ rest frame).
Most interestingly, the 15 independent observables

proposed in Ref. [24] are related to the diagonal elements
projected along three different directions in the tt̄ rest
frame. In contrast, our approach can provide 15 indepen-
dent observables by using only one projection direction.
First of all, the production cross-section, which is spin-
independent, is given by the diagonal elements,

σ ¼ 1

2
ðePs

s þ eP0
0 þ ePþ

þ þ eP−
−Þ; ð32Þ

where the over line “—” means summing up PDFs of the
initial state and integrating over phase space of the final
states except for the angular variables of the lepton pair
which have been integrated out explicitly with following
normalization convention,

dΦ2 ¼
1

16π2

Z
1

−1
d cos θ1

Z
2π

0

dϕ1

Z
1

−1
d cos θ2

Z
2π

0

dϕ2:

ð33Þ
For the spin-dependent observables, we define following
two kinds of asymmetries. The general definition of the first
kind of observables, that we call them even asymmetries, is
given as

A½fðςÞ� ¼ σ½gþðςÞ > 0� − σ½gþðςÞ < 0�
σ½gþðςÞ > 0� þ σ½gþðςÞ < 0� ; ð34Þ

where fðςÞ is a function of the angular variables ς ¼
fθi;ϕig, and gþðςÞ ¼ fðςÞ þ fð−ςÞ. We call the second
kind of observables as odd asymmetries, and the general
definition is given as

C½fðςÞ� ¼ σ½g−ðςÞ > 0� − σ½g−ðςÞ < 0�
σ½g−ðςÞ > 0� þ σ½g−ðςÞ < 0� ; ð35Þ

where g−ðςÞ ¼ fðςÞ − fð−ςÞ. The instances of these two
kinds of asymmetries can be obtained by studying the

matrix elements ρ
λf
λ0f
.

Even asymmetries: The simplest observables are Aθi ¼
A½cos θi� for the single side distributions, which measure
the polarizations of top-quarks inclusively,

Aθi ¼
1

4σ
fQiðP−

− − Pþ
þÞ þ 2P0

s cos δ0sg; ð36Þ

where Qi¼1;2 are electric charges of the antilepton and
lepton, respectively, in units of jej. There are also single
side even asymmetries for the azimuthal angles, Aϕi

¼
A½cosϕi� having following explicit expressions,

Aϕi
¼ −1

2
ffiffiffi
2

p
σ

X
λ¼�1

fλPλ
s cos δλs þQiPλ

0 cos δ
λ
0g: ð37Þ

Aθ1θ2 ¼ A½cos θ1 cos θ2� is the simplest double side even
asymmetry, and measures helicity correlation,

Aθ1θ2 ¼
1

8σ
fPs

s þ P0
0 − Pþ

þ − P−
−g: ð38Þ

Furthermore, linear combinations of the azimuthal angles
can also be used to define double side asymmetries as
Aϕ� ¼ A½cosð2ϕ�Þ�. And the explicit expressions are,

Aϕþ ¼ π

4σ
Pþ

− cos δþ− ; ð39Þ

Aϕ−
¼ π

8σ
fP0

0 − Ps
sg: ð40Þ

There are also double side even asymmetries involving
polar and azimuthal angles of oppositely charged leptons,
Aθiϕi0 ¼ A½cosðθiÞ cosðϕi0 Þ� with i ≠ i0,

Aθiϕi0 ¼
1

4
ffiffiffi
2

p
σ

X
λ¼�1

fQiPλ
s cos δλs − λPλ

0 cos δ
λ
0g: ð41Þ

In total we have 9 even asymmetry observables, and it is 10
when the total cross-section is included. In case of that all
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the phases are (averagely) zero, the above observables are
enough to determine the matrix elements. However, in
general odd asymmetry observables are we necessary to
determine the phases.
Odd asymmetries: Similarly, there are both single side

and double side odd asymmetries. The simplest single side
odd asymmetries are Cϕi

¼ C½sinϕi�,

Cϕi
¼ 1

2
ffiffiffi
2

p
σ

X
λ¼�1

fPλ
s sin δλs þQiλPλ

0 sin δ
λ
0g: ð42Þ

In contrast, there are no single side odd asymmetry for
polar angles. On the other hand, linearly combinations of
the azimuthal angles can give two double side asymmetries
Cϕþ ¼ C½sinð2ϕþÞ� and Cϕ−

¼ C½sinð2ϕ−Þ� as follows,

Cϕþ ¼ −
π

8σ
Pþ

− sin δþ− ; ð43Þ

Cϕ−
¼ π

8σ
P0

s sin δ0s : ð44Þ

In addition, there are two more double side odd asymme-
tries involving azimuthal and polar angles of oppositely
charged particles, Cθiϕi0 ¼ C½cosðθiÞ sinðϕi0 Þ� with i ≠ i0,

Cθiϕi0 ¼
1

4
ffiffiffi
2

p
σ

X
λ¼�1

fPλ
0 sin δ

λ
0 −QiλPλ

s sin δλsg: ð45Þ

In total, there are 6 odd asymmetry observables. Together
with the 9 even asymmetries, 15 independent observables
are obtained, and correspond to 15 independent parameters
of a normalized Hermitian density matrix.
However, the 15 matrix elements (16 before normaliza-

tion) may not be independent in general. If the top-quark
pair are generated in pure quantum state, the production
density matrix can be obtained by using transition ampli-
tude, ePλt

λ0t
¼ fMPðλtÞfM†

Pðλ0tÞ. Then there are only 4 inde-

pendent magnitudes jMPðλtÞj, and following relations
have to be hold exactly,

jePλt
λ0t
j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiePλt
λt
ePλ0t
λ0t

q
: ð46Þ

Note that this number reduce to 3 after normalization.
Furthermore, the number of independent phases is reduced
to 3 (after an overall phase is removed), and following
relations are also exact,

δλtλ0t ¼ δðλtÞ − δðλ0tÞ ¼ δλtλ00t − δ
λ00t
λ0t
; ð47Þ

where δðλtÞ are phases of the production helicity ampli-
tudes fMPðλtÞ. At hadron collider, for instance LHC, the
colliding protons are mixed states, and the mixture are

described by the PDFs. As a result the top-quark pair are
not in pure state, and hence the relations (46) and (47) can
be violated. However, if only one kind of the subprocess
dominates the transition under considering, then the rela-
tions should be hold approximately. At LHC, the top-quark
pair are produced dominantly through the gg subprocess.
Therefore, it is interesting to test the relations (46) and (47)
by using spin correlation observables. Comparing to the
observables proposed in Ref. [24] that are defined in three
different spin polarization directions, it is more easier to use
our observables to test above relations.
In summary, we have provided a novel method to study

the spin correlations between top-quark and anti-top-quark
in top-quark pair production, and can be easily used to test
the SM and probe possible new physics in the production
dynamics. Our method is model-independent under the
assumption that decays of top are completely described by
the SM. Possible non-SM physics contribution in the decay
part can be treated as a part of uncertainties of our
asymmetry observables in all the measurements on new
physics effects in the production part. Because measure-
ments on the top decay properties are improving rapidly, it
is expected that the uncertainty due to potential non-SM top
decays will become smaller in the future. Based on a simple
factorization of the decay helicity amplitude, the top-quark
pair and the lepton pair can be treated as two single
systems, and hence the production spin correlations can
be studied easily by using angular distributions of the
leptons. We have proposed 15 independent asymmetry
observables to completely measure the production spin
density matrix. All these observables are referring only one
spin polarization direction in a chosen reference frame
which can be the laboratory frame or any other desired
reference frame that can be defined properly. Therefore,
optimization of the observables for concrete models can be
easily done. On the other hand, in order to precisely
measure the physical property of top, the SM prediction
on these observables has to be calculated accurately. We
leave this part of the study to future works. Furthermore, in
case of that theWs decay hadronically, our calculations are
still valid, and hence similar asymmetries can also be
defined in principle. Since measuring electric charge of the
QCD jet is very hard, sensitivity of these observables can be
strongly diluted, but is expected to be not too worse in case
of that only one of the Ws decay into jet.
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