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Defining a new r-matrix compatible with the scalar product at the basis of the Chern-Simons action for a
particle coupled to (2+ 1) Lorentzian gravity with cosmological constant, I show how deformed
symmetries of x-de Sitter and, in the vanishing cosmological limit, of x-Poincaré kind, arise naturally
as quantum deformation of three dimensional gravity. I obtain, moreover, the noncommutative spacetime

associated with these kinds of symmetries.
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I. INTRODUCTION

The possibility for relativistic symmetries to be
deformed at the Planck scale (1/M, ~107" GeV/c?)
has attracted much attention in the last 15 years particularly
for its implications in quantum gravity phenomenology.
Models of quantum spacetime relying on this assumption
have been indeed at the basis of the so-called DSR (doubly
special relativity, or, in a more general connotation,
deformed relativistic symmetries) approach [1-3] to quan-
tum gravity phenomenology [4], whose main goal is to find
experimental opportunities to test Planck scale modifica-
tions of relativistic laws of motion. In this approach the
relativistic symmetries are modified at the Planck scale in a
way that preserves the relativity principle, in the sense that
no preferred reference frame needs to be introduced [1].

Even if still at its dawn, this research program has
obtained several results especially concerning the oppor-
tunity to observe Planck scale signatures in the propagation
of ultrahigh energy particles from transient astrophysical
sources [4] (see [5] for the most recent results), where the
cosmological distance traveled acts as an amplifier for the
tiny Planck-scale effects. In this context the interplay
between Planck-scale effects and the ones due to spacetime
curvature/expansion of cosmological models becomes
crucial [6-8]. This puts the construction and study
of models of quantum spacetimes with nonvanishing
cosmological constant at the top of the quantum gravity
phenomenology agenda.

k-Poincaré symmetries [9,10] and their generalization to
k-de Sitter' provide one of the most interesting frameworks
on which to realize these kinds of quantum spacetime
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'The k-Poincaré Hopf algebra has been originally derived as a
contraction of a specific ¢ deformation, in the Hopf algebraic
sense, of the de Sitter group known as g-de Sitter [9]. In this
manuscript I refer to k-de Sitter symmetries to indicate a generic
class of g deformations of de Sitter symmetries that reduce to
k-Poincaré in a suitable limit for vanishing cosmological
constant.
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models. The mathematical formalism at the basis of these
constructions is the one of the Hopf algebraic approach to
quantum groups (see for instance [11]), which allows a
description on the same footing of the deformed symmetry
group and its (deformed) algebra. It is relevant for the
arguments presented in this manuscript to notice that these
structures are characterized by a “quantum duality princi-
ple” establishing a correspondence between quantum
universal enveloping algebras (i.e. Hopf algebras) and
quantum dual (Lie-Poisson) groups [12—14]. This duality
can be expressed in terms of a classical r-matrix encoding
the coalgebraic properties of a given Hopf algebra in its
“semiclassical” limit given by the related bialgebra.

Whether or not quantum spacetime models based on
these kinds of deformed symmetries arise from more
fundamental approaches to quantum gravity remains still
an open question. Some hints that four dimensional
quantum gravity could give rise, at low energy limit, to
an effective description of quantum spacetime of the kind
above mentioned, have been put forward in the literature
[15-17] (see also [18] for some recent results). For three
dimensional quantum gravity the situation is closer to an
assessment. The fact that in three dimensions gravity
[19,20] can be described by a topological field theory,
which has no dynamical degrees of freedom, renders the
theory, and the study of its symmetries, much more
manageable. It follows that three dimensional quantum
gravity can be used as a toy model for testing some of the
features that are presumed to characterize a (four dimen-
sional) physical theory of quantum gravity. In such a
framework, an effective theory can be achieved both for
particles [21,22] and for quantum fields [23] coupled to
gravity. The study of the symmetries characterizing these
effective theories has brought some evidence in favor of a
description of an emerging quantum spacetime in terms of
k-deformed symmetries [15,23,24] (see also [25,26] for a
k-deformed Carrollian limit of these theories).

However these preliminary results are still mostly based
on semiheuristic arguments, and most importantly they are
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missing a complete derivation of the full k-Poincaré or x-de
Sitter Hopf algebra (that includes the coalgebraic sector).
On the other side it has been argued in more systematic
analyses relying on a Chern-Simons formulation of 3D
gravity coupled to particles that k-Poincaré symmetries are
indeed not compatible with 3D gravity [27]. Such a
conclusion is reached by noticing that the r-matrix used
in the literature to characterize the x-Poincaré (and x-de
Sitter) Hopf algebras is not compatible with the Ad-
invariant bilinear form (the Killing form) associated with
the Lie algebra of the gauge group of the Chern-Simons
action with cosmological constant, as instead required for
the construction of the phase space of particles, described
as punctures on the space of Chern-Simons theory [27-29].

The aim of this work is to show on the contrary that x-de
Sitter and x-Poincaré symmetries arise naturally in Chern-
Simons formulation of (2 4 1)D gravity with cosmological
constant coupled to particles. The results I obtain, which
seem to contradict the previous results [27], are achieved
through the definition of a new r-matrix which is compat-
ible with the scalar product of Chern-Simons 3D gravity.
The new r-matrix proposed in this paper turns out to be the
implementation for the Lorentzian case of an r-matrix
obtained in a recent work by the author where loop
quantum gravity (LQG) quantization techniques have been
applied to 3D Euclidean gravity [30].

The manuscript is organized as follows: In Sec. II 1
define the notation for the symmetry group underlying the
Chern-Simons action for (Lorentzian) (2+ 1)D gravity
with cosmological constant: the Lie group generated by the
three dimensional de Sitter algebra. I show how the group
can be recast as SO(3,1), whose Lie algebra can then be
split into two mutually commuting 81(2) Lie algebras with
complex conjugated parameters. In Sec. III I briefly outline
the Chern-Simons action and construct the new r-matrix
from the Killing form associated with the Lie algebra of its
gauge (symmetry) group. The splitting of the group
described in Sec. II sets the stage for the following analysis
of Sec. IV, where I implement the method proposed in [14],
which relies on the quantum duality principle, to construct
the Hopf algebra U ,(811,) from the quantization of the dual
group associated with the bialgebra of each of the two
31(2) copies. The Hopf algebra obtained by recombining
together the two U, (81,) copies as U, (31,) @ U,-1(31,)
will describe the deformed symmetry generators for the
effective particle theory, the x-de Sitter symmetries. In
Sec. V I construct the Hopf algebra dual to x-de Sitter, by
calculating the Sklyanin Poisson brackets from the invari-
ant vector fields on the two 8u(2) copies and their
associated r-matrix, and then recombining the two spaces.
The space obtained in this way can be interpreted as the
coordinate space for the action of x-de Sitter symmetries,
i.e. the generalization for A # 0 [Lambda being the
(positive) cosmological constant] of the three dimensional
k-Minkowski space. Finally, in Sec. VI, I study the A — 0
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limit of the x-de Sitter Hopf algebra, showing how it
contracts to (2 + 1)D k-Poincaré. It is important to notice
that for the coalgebra not to diverge in the A — 0 limit it is
crucial that the new r-matrix constructed in Sec. III has the
property that it generates two deformed 81(2) copies
whose deformation parameters are inverse with respect
to each other: g, = ¢3! =

In the following I assume units for which the speed of
light ¢ as well as the Planck constant 7 are set to 1.

II. ALGEBRA OF SYMMETRIES IN
DE SITTER SPACETIME

In four dimensional gravity, the de Sitter algebra arises as
the algebra of spacetime symmetry generators for a solution
of FEinstein equations describing a homogeneous and
isotropic empty universe with positive cosmological con-
stant A. Indeed in this case the spacetime is maximally
symmetric and admits, in four dimensions, 10 symmetry
generators that can be identified with the generalization, to
a spacetime expanding with a constant rate” H=a Ja~v/A,
of the special relativistic generators of translations, boosts,
and rotations. A thorough description of “de Sitter special
relativity” can be found in [31], where the construction of
the algebra is mostly based on the study of [32]. In this
manuscript I rely on this physical definition, and define the
three dimensional de Sitter group as the reduction to three
dimensions of the one reported in [31].

Denoting time translation, space translations, boosts, and
rotation, respectively, as E, P,, N,, and M, with a = (1,2),
the (2 + 1)D de Sitter group can be described by the Lie
algebra3

[E,P,] = AN, [P, Py] = AM,
[NavE]:_Pav [NavPb}:_(SabE’ [Nl’Nﬂ:_M’
[M,Na] = eabNb? [M,Pa] = €abe’ [M,E] = O’ (1)

where A > 0 has dimensions of an inverse length squared.
The de Sitter group in three dimensions is the Lorentz
group SO(3,1). By means of the maps

E=—VAK;, P,=—VAe,J,.
M:J?n Na:_Ka’ (2)

the algebra (1) is explicitly written as 80(3, 1)

[Jis J;] = €ijpd ks i, Kj| = €ijx Ky,

K, Kj] = —€ijid g (3)

*Where H is the Hubble parameter defined in terms of the
derivative with respect to time of the universe scale a.

Here and in the following, unless otherwise specified,
repeated indexes are intended to be summed.
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€;jx being the Levi-Civita symbol, with sum over repeated
indexes, and i, j = (1,2,3). A finite dimensional repre-
sentation can be explicitly obtained in terms of 4 x 4 real
skew-symmetric matrices

(Mup)kr = NakOL — NexOaL
where 17,5 = diag{1,-1,-1,-1} (4)

with A,B = (0,1,2,3), as

1

P(Ji) = §€ijijk7 P(Ki> = M. (5)

The matrices M, satisfy the commutation rules [80(3, 1)]

[Mag. Mcp]
= {napMpc+ngcMap =nacMpgp —nppMac}.  (6)

One can then define an element of SO(3,1) through the
exponential map4

g = exp (%aABMAB> =exp (jip(J;) + kip(K;)). (7)

Here j' and k' are real parameters associated respectively
with the “rotation” and “boost” part of the Lorentz group.
As explicitly shown by the matrices (4)—(5), in their finite
dimensional representation, J; is anti-Hermitian, while K;
is Hermitian, accordingly to the fact that the K; sector is
noncompact, differently from the J; sector:

Ji=—J,,

1

Exploiting the isomorphism’ 80(3,1)c ~ 81(2) ®¢

3u(2) we complexify the Lie algebra 30(3, 1) and choose
the basis

1
Li=5(J; +ikK;), R; :§<Ji_iKi)~ )

NSRR

These generators satisfy the 81(2) algebra

[Lth] = eijkLkv [Riij] = eiijk’ [Li’Rj] =0.

(10)

Thus we have split 80(3, )¢ in two mutually commuting
81(2) copies, which we call “left” and “right” copies. The
group element (7) becomes

*Notice that for 80(3, 1) the exponential map is surjective and
covers the whole SO(3,1) group.

It can be proved indeed that 80(3,1)c ~80(4,C)~
311(2) D¢ 31(2).
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9=ag9- =exp{lip(L;)} exp{rip(R;)}  (11)

with the two sets of parameters for the left and right copies
being related by complex conjugation:

li = ji— ik;, ri = Jji + ik, li=ri. (12)

We further reexpress the left and right 81(2) copies in
Cartan-Weyl basis as

H: =L,
HR = iR;,

XL =i(Ly +iLy),
XE =i(R £ iR,), (13)

closing the algebra

[HI’HJ} =0, [Hlei] - i5uX:jt,
(X', X1] =28,;H, 1,J=L,R. (14)
From (8) we find the reality conditions
H=H, X.=X- (15)

The left and right group elements become, respectively,

g1 = exp (hp(HY) + XL p(XL) + ZLp(XL)),

g, = exp (W' p(H®) + Bp(X%) + Xp(XE)),  (16)
where
L — _1(11 —il%), xt= —1(11 +i?), ht=-iP
—+ ’ - £ )
2 2
iR = —i(r1 —ir?), k= —i(r' +ir?), K =-ir.
2 2
(17)

The notation for the coordinate set {/,%,.%_} will be
clarified in the following.

To make contact with the notation used frequently in the
3D gravity literature, we introduce also the generators

\70:_]3? ja:Ka’

Py =VAK;,  P,=VAJ, (18)
satisfying the algebra
[\7 > ju] = eﬂupjp7 [j ’/Pv} - 6/41//)7)/)»
[P P] = —Aew,J7, (19)

where u,v = (0,1,2) and here the indexes have to be
raised and lowered through the Lorentzian metric
n = diag(1,—1,—1). The algebra (19) admits two Casimir
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C,=P,P-AT,J"  C,=PJ" (20)

and satisfies the reality conditions [using (19) and (8)]

\73:_&709 jj;:jav
Py=Py  Ph=—P, 21)

III. THE CHERN-SIMONS PARTICLE ACTION
WITH COSMOLOGICAL CONSTANT
AND A NEW r-MATRIX

A model of (2 + 1)D gravity with cosmological constant
coupled to particles can be formulated [19,27,28] in terms
of a Chern-Simons action with de Sitter as gauge group G,
where, assuming the manifold M to be decomposed as the
Cartesian product £ x R of a 2D Riemannian surface
(space) and a segment of the real line (time), the particles
are described as punctures (conical defects) on X. We
consider only the case of a single particle and define
coordinate x” = ¢ on R and local coordinates x = (x!, x?)
on X, denoting X’ the puncture coordinates on X.

The gauge field is defined as the Cartan connection on
the de Sitter group, i.e. the algebra valued one-form A € g

A=w,J"+e, P (22)

with w, = w;dx, and e, = ejdx,, respectively, the spin
connection and the dreibein. The Chern-Simons action for
the gauge field A is

2
SCS:K/ <AAdA+—A/\A/\A>. (23)
M 3 B

Here k = 1/(4zG) plays the role of the gravity coupling
constant, and in (2 + 1)D has dimensions of a mass. The
brackets (-), indicate the inner product [19] between
all the generators T, of g in the action with respect to
the bilinear form corresponding to the second Casimir (20),
explicitly
B(j ’PU) =M

B(J,.J,)=0, B(P,.P,)=0.

(24)

so that for instance the quadratic term in (30) is

/ (A AdA)y =B(T,.T,) / (AF A dAY).  (25)
M M

Decomposing the connection accordingly to the product
structure M = X x R as A = Aydt + Ay, and introducing
the spatial curvature Fy = dAy + Ay A Ay, the action (31)
can be decomposed as

SCS = K'/ dl/ <8tAE A\ AZ +A0F2>B. (26)
R z
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The time component of the connection A, acts as a
Lagrange multiplier constraining the curvature to vanish
outside the puncture at x'.

A puncture in M is decorated [27,28] with the action of
a free relativistic particle. The particle’s degrees of freedom
are encoded in an element &, of the Lie algebra g* dual to
the Lie algebra g of G, defined by the coadjoint orbits of G.
Explicitly, in terms of the generators dual to (18),

& = m750 + S-70,
E=Ad g = p'P, + T, (27)

&, fixes the orbit by giving the values of the rest mass m and
spin s of the particle, while &, obtained through the
coadjoint action of G on &, encodes a generic state of
motion characterized by momentum p# and angular
momentum j¥. The generators 7~3ﬂ, J , form a basis {e;}
of ¢*, satisfying the canonical duality relations (¢;,e;) =
8;; with the basis set P,, J, = {e;} of g. The coadjoint
action of an element g € G is defined by the relation
(Ad}Y,X) = (Y,g7'Xg) for X € g, ¥ € ¢*. The dual gen-
erators are mapped to g by the map ¢:g* — g, which must
be compatible with the Ad-invariant bilinear form on g,
B:gx g — C, so that (Y,X) = B(¢(Y),X). From (24) it
follows

¢(jﬂ) = P/w 45(75/4) = Jw (28)

and the free particle action is

A (&) g™ D19) (29)

The particle action is minimally coupled to the gauge field
[27,28] so that the total action is

S = / dtLl,
R

L=x / (OAs A Ashy — (P(E0)a™D10)
+ / (Ao(kFs — YOS (= T)dx' A dx2)y.  (30)

It can be shown (see for instance [33] for an explicit
derivation) that this action reduces in its metric formulation
to the action of (24 1)D gravity with cosmological
constant coupled to a point particle.

In this construction the particle phase space variables
corresponding to momenta’ are described [28] by elements

°[ refer in general to particle momenta denoting the whole
set of energy, spatial momentum, angular momentum, and
boost charges corresponding to translations and Lorentz
transformations.
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of the Poisson-Lie group G* associated with the coadjoint
orbit (27). The deformation quantization of the algebra of
momenta can be obtained (see [13], Chap. 8 of [11], and
also [14,27]) by relating the Poisson-Lie group to the
corresponding (coboundary) Lie bialgebra (g, &), where § is
the cocommutator obtained from the r-matrix r associated
with g as’

3(X) = (Xrp)) ® 1+1® [X.rp)).  (31)

The r-matrix must be compatible with the bilinear invariant
form (24) so that its symmetrical part r, is proportional to
its (tensorized) Casimir r, 3 B'¢; ® e;. Fixing the anti-
symmetrical part r_ of r so that the classical Yang-Baxter
equation (CYBE) is satisfied, the associated Lie bialgebra
is coboundary and quasitriangular, and is the semiclassical
limit of a quantum group of symmetries in the sense of
Hopf algebras (see e.g. [11], Chap. 8.1).

In the basis (J,,P,) the Casimir is C, of (20) and the
symmetric part of the r-matrix must be proportional to
(remember that indexes are raised and lowered with the
metric 7,, = diag(1,—1,—1) and repeated indexes are
summed)

r.=J,8P'+P,®J" (32)

The CYBE® [[r, ]| = [ria, r13] + [ri2, 23] + [r13, 73] = 0
is satisfied if the antisymmetric part of the r-matrix is

r_=im,e”(J, P, +P,®T,), (33)
with m,, a unit timelike vector m*m, = 1, that can be fixed
to m, = (1,0,0).

The r-matrix is deformation quantized by introducing a
quantum deformation parameter (see e.g. [34]) z so that the
r-matrix becomes r, = z(r, + r_). The explicit form of
the deformation parameter is determined by the following
requirements:

(1) Since we are working with real Lie bialgebras, we
want the antisymmetric part of the r-matrix to be
real, so that the cocommutators are also real and they
generate a real dual Lie algebra (see next section). It
follows that z must be purely imaginary.

(2) The dimension of the deformation parameter is
determined [34,35] by the “primitive,” in the sense
of nondeformed, time-translation generator P,, so
that [z] = [Py]~1, as it will become clearer in the
following sections. Thus z must have dimensions of
a mass, i.e. it must be proportional to x. This

{7

"The notation is r =5 ;r\"@r? = S rD@r® with the
summation indexes omitted.
The notation is such that ri=>1Q-- RrRI® - ®

r2®---®1 is r in its ith and jth factor.
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corresponds with the definition of a “timelike”
r-matrix in the language of [34,35].
Substituting then z = i/k the deformed r-matrix is

ro==(J, 8 P'+P, 8 J")
1 ..
—;Glj(ji®77j+73i®jj)~ (34)

Notice that the hermiticity of the generators (21) are such
that the r-matrix satisfy a well-defined reality condition
r*®) — 7(r), where 7 is the flip operator [7(a ® b) =
(b ® a)]. This means [11] that the corresponding quantum
R-matrix is “real,” and the associated “quantum inverse
Killing form” Q = R, R is self-adjoint.

We can now use the splitting of the algebra defined in the
previous section to rewrite the r-matrix in terms of the two
copies of 31, generators. Combining (18) with (9) and (13)
we obtain

:—2\/K(HL ® H- — H® @ HR
K

r;

+ Xt @ XL - X% @ xK). (35)

Due to the fact that the two 8u(2) copies are mutually
commuting, this r-matrix is the sum of the contributions of
the r-matrices for the two 8u(2) copies: r, = r; + rpg
where R = R,/R,, and we can consider them separately.
Notice that for each of the two copies it has the form

rLrR = ZL,R(HL’R ® HER +X<LFR ® XI:),

2 = —2r = 2VA/k. (36)
From (15) it follows that r\"®") = z(r) and z is real. These
reality conditions coincide with the ones for U,(3u(2)),
where ¢ = exp z is real and RU®) =7(R) (see [11],
Chap. 3). We will see indeed in the next section that we will
recover these Hopf algebras upon quantization.

The r-matrix (35) turns out to be the Lorentzian version
of the r-matrix obtained in [30] for the 3D Euclidean case
through LQG quantization techniques. In [30] it was
underlined how the opposite sign of the deformation
parameters of the two quantized 81(2) copies, which in
that context arose from the quantization of the holonomy
relative to each of the two copies, is necessary for the
convergence of the contraction limit A — 0 of the Hopf
algebra of symmetries. We will obtain an analogous result
for the Lorentzian case in Sec. VL

IV. DERIVATION OF THE x-DE SITTER
ALGEBRA OF SYMMETRIES

As stated above, in the approach outlined in the previous
section, once the coadjoint orbit of G is fixed by the values
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of the particle’s mass and spin, the particle’s momenta (and
angular momenta) are the parameters of the dual Poisson-
Lie group G*. Its infinitesimal counterpart is the Lie
bialgebra (g*,5*) obtained from the deformed r-matrix
r.. As explained in detail in [14], by virtue of the quantum-
duality principle, which establishes a correspondence
between a quantum universal enveloping algebra (a Hopf
algebra) and a quantum dual group, the quantization as a
Hopf algebra of G* together with its Poisson structure
provides the Hopf algebra (U_(g), A.). Finally, this will be
the (Hopf) algebra of the symmetry generators correspond-
ing to momenta and angular momenta of the particle, i.e.
the time and space translation and Lorentz generators. The
aim of this section is then to evaluate this (Hopf) algebra
relying on the splitting of the de Sitter group in two 81t(2)
copies described in the previous sections and in the method
introduced in [14].

A. The dual Lie bialgebra ¢* and the dual group G*

Starting from the r-matrix (36) one can construct the
(coboundary) Lie bialgebra (g; z.6; ) for each of the two
3u(2) copies introduced in the previous sections. Since,
apart from the sign of the deformation parameter, the
r-matrix has the same form for each of the two copies, in
the following I omit the subscript L or R denoting the
structures related to the two 81(2) copies, which however
must not be confused with the structures related to the
de Sitter algebra g and group G used in the other sections.

A Lie bialgebra is defined (see [11], Chap. 8) by the Lie
algebra g and the cocommutators 6 through the structure
constants ¢;;* and £, as

q: [e,-, e]] = Cl'jkek, o 6(61') = fijke,- ® e, (37)
For the case under consideration the structure constants
c,-jk are given by (14), while from (14) and (36) we find,
using (31),
6(H) =0,

5(X,)=1zX, ANH, &8(X_)=zX_AH,

(38)

where a A b =a ® b — b @ a. The fact that the bialgebra
is coboundary is guaranteed by the Ad invariance of the
symmetric part of its r-matrix.

The dual Lie bialgebra (see [11] Chap. 8) (g*,5*) with
basis {e¢'} = {e;} is defined by dualization according to

(leiej]. ex) = (e; ® €, (ey)).
(0(ex). e; ® ) = (ex. [ei e)]). (39)
This amounts, considering the canonical dualization

(e;.e;) = &;;, to interchanging the role of the structure
constants:

j°
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g*: [ef, el] = fi ek, 5 55 (e') = cplel @ ek (40)

In the basis {e'}: {H,X ,X_} we thus find

[H.X,] = —2X_, X,.X_]=0, (41)

F(Xy) =+HAX.. (42)

Following the line of reasoning of [14], in order to know
if (g*, 56) is a coboundary, we must check if there exists an
r-matrix 7 whose skew-symmetric part generates the
cocommutators (42) through Eq. (31). It is easy to show
by parametrizing

P afl AKX+ PH AR R AR (43)
that the equation
5 (') =Tagy @ [€ . Fa)] + [ Ta)] ® Fapy  (44)

with &*(e’) given by (42) has no solution. Thus the
bialgebra (g*,5*) is noncoboundary. This implies that, in
order to evaluate the Poisson structure on G*, one cannot
use the definition of the Sklyanin bracket, which, for an
r-matrix r = r'i/e; ® e; in a basis {e;} of a Lie algebra g is

{a.b) =3 (XEAXE-XEAXD)a® D). (43)

where XX and X% are, respectively, right and left vector
fields for the generator e;.

In [14] an alternative method was proposed to evaluate
the Poisson structure on G*. For the case under consid-
eration the problem can be solved algebraically. Starting
from the adjoint representation of g* (p(2;))] = —f",,
from which we get

000 0 -z 0

pH)=|0 z 0|, pk)=]0 0 0],
0 0 z 0 0 0
0 0 —z

p(X)=10 0 o0 [, (46)
00 0

a generic group element of G* can be constructed as the
ordered product of exponentials

g = exp (hp(H)) exp (x,p(X ) exp (x_p(X_))

1 —zx, —zx_
=0 " 0 . (47)
0 0 eh
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Notice that we could consider a different ordering pre-
scription, corresponding to a different parametrization of
the group, as for instance

g = exp (p(H)/2) exp (£p(R..)
x exp (¥_p(X_)) exp (hp(H)/2)

1 —zet2%, —zeh/2%_
=10 e 0 : (48)
0 0 eh

The two sets of coordinates are connected by the map

h=h, ¥, o= e 2y, (49)

In order to define the Hopf algebra on G* we must
construct the coproduct Ags- (I omit in the following the
subscript G*). This can be derived solving a set of func-
tional equations which reflect the fact that the coproduct
map for coordinate functions on G* is the pullback of the
group multiplication law in (dual) algebraic form, so that
the coassociativity of the coproduct is the associativity of
group multiplication (see [14] for the details). In our case
this amounts to solving the equation

Al —zAx, —zAx_
0 Aeh 0
0 0 Aeh
1®1 —-zx, ®1 -zx_® 1
= 0 e @1 0
0 0 " @1
1®1 —z1®@x, —-z1Q®x_
X 0 1 ® e 0 (50)
0 0 1 ® e

from which we get
Al=1®1, Ah=hQ@1+1Q h,

Axy =x, Qe +1Q xy. (51)

Notice that in the alternative parametrization of G* defined
in (48) we would have

Al=1®1, Ah=h®1+1Q®h,
A.;C:t = ii ® eZﬁ/z + e_z;l/2 ® ii' (52)

B. The Poisson structure on G*

The Poisson structure 4 on G* has to satisfy two
requirements:

PHYSICAL REVIEW D 96, 066027 (2017)
(1) The group (co)multiplication has to be a Poisson
map with respect to 1
Ya,beG*.
(53)

{Ag(a), Ag: (D)}, = Ag-({a, b}))

(ii) The linearization of A should coincide with the Lie
algebra defined by the structure tensor c,»j" defin-
ing &*.

First we assume that the brackets are of the form

{xi’xj}g =0 = ZﬁijkszFz (54)
k.l

where f3;;; are arbitrary coefficients and F; are among the
set of functions appearing as matrix entries of group
elements of G* and in the coproducts for the coordinates x;:

{Fi} = {1 h.x x_ e}, (55)
i.e. the Poisson brackets are homogeneous quadratic in

terms of functions included within the set {F;}. The
homomorphism condition (53) becomes

. dAx,  OAx;
k;l<(Q"’®1><6(xk®1)'a(x,®1>>
OAx; OAx; B
+(1®0u) (3(1®xk)'6(1®x1)>> =AQ;. (56)

Let us consider the equation term by term. For the terms
Qo+ and Qy_ we have

AQy = Qo ® ¢ +1® Q.
AQy-=Qp- ® e +1® Q. (57)

These are easily solved by
Qoy = apy (e = 1) + forxy +r0x_,
Qo- = ap_(e”" = 1) + fo_x, +yo_x_, (58)

where I renamed the constant coefficients to be determined.
The term Q,_ gives

AQ, =0, @ +1®0,_
+2x; @ Qe —zx_ ® Qp e, (59)

This is solved by

Q- =a, (" —1)—zap x_ +zap_x,

z z
+ Eﬂo—xi 5

2 Yo4X2 = 2o x X (60)
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and

Yo- = —Po+- (61)

Thus we are left with 6 parameters to be determined. We
must impose now the second condition, the one on the
linearization of the brackets; i.e. we must impose that

400,

=1 axk

xp = ¢k x. (62)
{x;}=0

At linear order, the brackets (58) and (60) become

{h.xi Yo = zagih + Porxy + voix-,
{h,x_}o = zag_h + Po_x; — Posx_,

{-x+, x-}o = 2Z0«'+_h — 20 X + ZQp-_X. (63)
Comparing the brackets with (14) we find

Ay = Yo+ = ap— = Pfo- =0,

1
Por =1, A= 2 (64)

so that we finally obtain

eZzh

-1
{h,xi} = :I:x:t, @ S (65)

{xpx_} =

Together with the coproducts (51), these brackets define
the Poisson-Hopf algebra associated with the dual Lie
bialgebra (g*,5*). In terms of the alternative set of
coordinates x; defined in (49) the Poisson-Lie brackets are

o 3 inh (zh
{h,xe} = £5, = (z )

(.5 1=2 (66)

Even though the calculations were easier in the basis {x;},
the basis {X;}, due to its symmetries, is more suitable for
quantization, as I show in the next section.

C. Quantization as a Hopf algebra

The quantization as a Hopf algebra of the Poisson-Hopf
group (G*, 4, A) consists in promoting the group coordi-
nates to noncommutative generators. In general we have to
face ordering ambiguities. However, contrary to the basis
{x;}, where on the right-hand side of the Poisson-Lie
brackets there appear products of x, and x_, in the basis of
coordinates {X;} the nonlinear terms on the right-hand side
are all functions of coordinates which have vanishing
Poisson brackets between themselves. It thus follows that
in the basis {X;} the quantization is straightforwardly

PHYSICAL REVIEW D 96, 066027 (2017)

obtained by substituting the Poisson brackets {-,-} with
the commutators [-, -] between the Hopf algebra generators.
I choose this basis and indicate the Hopf generators with
the same symbols used for the ones of the starting Lie
algebra (H,X,X_), since they will describe a combina-
tion of the generators of the deformed relativistic sym-
metries for the particle, in the same way the 3u(2)
generators were a combination of the symmetries of de
Sitter spacetime (see Sec. II).

Finally, we have obtained the Hopf algebra of generators

inh (zH
X =X, (X, x ) = 3G
z/2
AH=H®1+1®H,
AXy =X, @2+ e 12 Q X, (67)

Notice that if we rescale the generators as

z/2
—X 68
sinh (z/2)"* (68)
we obtain the SU,(2) algebra in its usual form (as in
Majid’s book)

sinh (zH)
H X, =+X4, X, X |=—77—,
[ i} + [ + ] Slnh(Z/z)
AH=HQ1+1QH,
AX, =X, Q e fe~H2 @ X . (69)

We can now obtain the Hopf algebra of the generators of
time and space translations, boosts, and rotations, combin-
ing the maps (2), (9), and (13) as

E =VA(H--HR), M =—i(H. + HR),

P, :@(xi—xé + XR — xB),

P, _—i\gx(xi+xé+xﬁ+xf),

N, :%(xuxe—xﬁ_xf_%),

N, = —é(xg _ XL — XR 4 XR). (70)

Considering that relations (69) hold for both L and R
copies, but keeping in mind that z; = —zx = 2v/A/k, we
obtain, combining (70) with (69) for the respective L and R
U,(8u(2)) copies,
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[E7Pa]:ANa’ [Nu’E]:_Pa’
i AM
Py Py = ASVAMIN) ),
sinh (v/A/x)
sinh (E/k)
[N, Ppy] = —5ab\/K.700s (VAM k),
sinh (v/A/x)
M
Ny, N = =S sin (VAM/x) (E/x).
sinh (vV/A/k)
[M’Na] :eabNbﬂ [M’Pa] :eabe’ [MvE] = 0. (71)
AE=E®1+1QE, AM=M®1+1QM,
A A
AP, =P, ® e*/* cos \/_ + e 2E/x cos \/—_M ® P,
21< 2K
| A | A
= €ap <\/KN;, ® et/*sin (2£ M) — VAe2E/x sin (2£ M) ® Nb>,
K K
A A
AN, =N, ® ext/*cos £M + /% cos \/—_M ®N,
2k 2k
1 VA 1 VA
€ab <\/—KPb ® e2F/%sin ( e M) —ﬁe“li/’( sin <§M> ® Pb)- (72)
I
These relations define the Hopf algebra, which I denote 1 ij R R L L
k-de Sitter, characterizing the relativistic symmetry gen- {a.b} = 2" ((Xi A Xj = X7 AXT)(a @ b)). (73)

erators of a particle in (2 4+ 1)D (Lorentzian) gravity with
cosmological constant.

V. THE NONCOMMUTATIVE
x-DE SITTER SPACETIME

In the previous sections we derived the deformed algebra
of symmetry generators, which we denoted as k-de Sitter,
by “quantizing” the Poisson brackets between the coor-
dinates of the dual group Gj  for each of the L and R
copies. Since the Lie bialgebra (g*, §*) is not coboundary,
we followed an analytic procedure to derive the Poisson

Parametrizing a generic element of G, y as (for simpli-
city I omit the subscript L and R in the rest of this section
unless otherwise specified)

g =exp (hp(H) + 5. p(Xy) +3p(X),  (74)

we obtain the left- and right-invariant vector fields defined,
for a basis {e;} of g, by the relations

structure on Gj g. For the coordinates of the group Gy g, R _a4 —te; L _a te;
’ ) ef(9)= fle™g), Xef(g)= flge'), (75
whose Lie bialgebra (g; .8y ) is coboundary, we can S(9) dt|,_o (™) @) dt|,_y (ge™). (75)
obtain the Poisson structure directly from the Sklyanin
bracket (45), which I here rewrite for clarity: as
|
1 pl p) 1 (sinh(1) cosh(2)
XL = —csch( = h( = h — - h?
H =5 CsC <2)sec <2> (xlcos (ﬂ)+4( pe 1 oy,
1 1 — Acoth(2) 1 1 — Acoth(2)
S (S e 2 (12 ,
+5 < +—a )xﬁx+ +5 < S x_0,
1 — Acoth(4) 1 1 — Acoth(2) 1 —Acoth(4) /1 coth
X§(+ = <<—1 +Th>x_>8h + (ﬁCOth(i) +§l’l +TX_X+ 0, LT
1 — Acoth(4 1 — Acoth(4 1 1—/1 th
XL — ((1 +%(>h>x+> ) + <%()xi> 0, + <ﬂcoth(i) —Sh+ 0 ( ) x >a (76)
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cosh(4)

1 A
Xk = —Ecsch< )sech(§> Acosh (1

1
* 22
1 l—Acoth )

1-2 th 1
X§+:—<<1 © h>x >a,1 2coth(2) —5h+

h
— Jcoth(2) xg) d,, — (;1coth(/1) +5h+

1 — Acoth(4
(( Lot Y, - (1ieontd

Substituting these vector fields together with the com-
ponents r=r"/e¢; ® e; of the r-matrix (36) in (73) we obtain

{h,5+} = —zx, {x;,x_}=0. (78)
Notice that, as a consequence of the choice of parametri-
zation (74), the Poisson brackets (78) coincide exactly with
the Lie brackets (41) of the dual algebra g*, and not just
to linear order in the generators as it is true for any
parametrization.

We can trace back the Poisson brackets between the
coordinates (z, x?, 6, &%) associated (“dual”) with the physi-
cal symmetry generators (E,P,,J,N,), considering the
group element of de Sitter

as = eXp(tpE + xpP, + OpJ +EpN,) = grgr.  (79)

Combining the maps (12), (17), and (2) one obtains

t::isii(ﬁL-ﬁRy 0 =2 (" + ).
\1/_(56{;—5& 1R R,

X2 = 2\/_(x+—|—x + X8+ xF),

&l = ;(er—l-x — xR —xR),

&= é(;ﬂ; — 5L — xR +3R). (80)

Using these relations and (78) we find

a __1 a a __l a
{rxt}=——x {rgf)=——-¢,
1 A
{9’ xa} — —;€ab§b, {9’ ga} — _;eabxb
{0.0} = {&.8" = (k. = {&.x"} =0 (81)

We see that the Poisson brackets are linear in the
coordinates exactly. It follows that the quantization can
be performed trivially by substituting the Poisson brackets

(smh(/l) B

i)

lcoth(/l) )x 9

1 —Acoth(4) 1 —Acoth(4)
2l2x_x+) 8x+ - <2/12x% a)L

1 1 — Acoth(4
T“x_x_,_) 8)(7. (77)

with commutators promoting the coordinates to noncom-
mutative coordinates

2 sal — 1 ~a 2 Za) _ 1 za
[t’x } - K‘x ’ [1’5 ] - K_g )
A | A ng A
[0, 3] = —;€“b§b’ 0,8 = € b
0.7 = [6%,&") = [z, 3] = [&. 3] = 0. (82)

These relations can be understood as the ones defining
the noncommutative spacetime on which the x-de Sitter
symmetries defined in the previous section act covariantly.
The subset of commutation between the coordinates (7, )
“dual” to the translation generators (E, P,) can be iden-
tified with the ones of xk-Minkowski spacetime

1
1,89 =—-=%,  [%3%]=0. (83)

However we see that we have also nonvanishing commu-

tators between § and & that depend on the cosmological
constant and are peculiar of the spacetime associated with
k-de Sitter.

VI. CONTRACTION TO x-POINCARE AND
k-MINKOWSKI AND BICROSSPRODUCT BASIS

In this last section I show how the contraction limit for a
vanishing cosmological constant is well defined, and leads
to x-Poincaré [9,10]. Taking the limit A — 0 in Egs. (71)
and (75), we find

[E,P,|]=0, [P,P]=0, [N, E|=-P,,
[N, Py = =6 pksinh (E/k), [N,N,] =—Mcosh(E/x),
[M,N,]=¢,"N,, [M,P,|=¢,'P,, [M.E]=0. (84)

AE=EQ1+1QE,
AM=M®1+1®@M, AP,=P,® &t/ +eE/xQP,,

AN,=N,Q et/ L e2E/kQ N,

1
——e(Pp @ eE/FM — e EISM @ P)). (85)
K
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It is important to stress how, in order to have a convergent
limit in the contraction A — 0, it is crucial that the
deformation parameters z; and zz for the two
U,(8u(2)) copies (¢, = expz,g) have opposite sign,
a feature that was also noticed in [30] in a different
quantization scenario for the Euclidean case.

The noncommutative coordinates become, in the limit
A—=0,

3= -zt (L&) ==& B3 =—_ed
0.7 = [&°, &) = [3*.5"] = 2. 2"] = [0.&] = 0.  (86)

The algebra (84), (85) is the x-Poincaré algebra in
standard basis [9]. It is well known that it is possible to
redefine the generators in order to obtain the so-called
bicrossproduct basis [10]. The change of basis can be
performed (see for instance [36] for the AdS case) at the
k-de Sitter level, before taking the limit A — 0, through the
maps

~ | A A
) — 2 <cos <£M>Pa — €5V Asin <£M>Nb>,
2K 2K
~ A 1 A
N, = e cos £M N, — €4, ——=sin £M P, ).
2K VA 2K
(87)
We find the algebra
[E,P,] = AN,, N,.E] = -P,,
S Asin (2v/AM /x)
[Pr. P =5 ————F—="—.
2 sinh (VA/k)
_ 1 sin (2v/AM /x)
NNy = —5—————F—=",
2 sinh (v/A/x)
- 5 5 A 1= —ZE/K A -~
[N, Py = — VA ( ¢ — sin? <£M>)
sinh(‘/TK) 2 K
S . 5 - .
_ 2_h (P — AN?) 4+ —(P,P, — AN,N,),
K
[M,Na]zé'abﬁb, [M,i)a}—é‘a Pb? [M’E]:O’
(88)

and coalgebra

PHYSICAL REVIEW D 96, 066027 (2017)

AE=EQ1+1QE, AM=MQ®@I1+1Q M,

- . ~ ~ A -
AP, =e¢t*® P, + P, ® cos <£M)
K
- A -
- \//_\eabNb ® sin <£M>
K

N . L A -
AN, =e¢**®@ N, + N, ® cos <£M>
K

- A ~

— Ve, P, @ sin <£ M) (89)
K

which reduces to the standard x-Poincaré Hopf algebra in

bicrossproduct basis [10] for A — 0.

VII. CONCLUSIONS

In this paper I have shown how the deformation-
quantization of the Chern-Simons action for three dimen-
sional Lorentzian gravity with cosmological constant
coupled to a point particle leads to relativistic symmetries
of k-de Sitter type. These are defined as the Hopf algebra of
symmetry generators which tends, in the limit of vanishing
A, to the three dimensional version of the x-Poincaré
symmetries [9,10] both in standard and bicrossproduct
basis.

This result seems to contradict some previous observa-
tion [27] asserting that the x-Poincaré symmetries are not
compatible with 3D gravity. The difference with respect to
previous approaches resides in the implementation of a
new r-matrix encoding the deformation-quantization,
compatible with the scalar product at the basis of the
Chern-Simons action.

In order to obtain the result presented in this paper, I took
advantage of a splitting of the three dimensional de Sitter
algebra in terms of two mutually commuting 81(2), and I
applied the methods proposed in [14], based on the
“quantum duality principle.”

I obtained, moreover, the noncommutative spacetime
associated with this set of deformed symmetries. Having at
disposal both the set of symmetries and the defining
spacetime commutators, it would be interesting to study
the kinematical implications of the construction here
presented for a particle living in such a three dimensional
scenario. This would provide a toy model on which to test
some of the implications of k-deformed relativistic sym-
metries with nonvanishing cosmological constant.

At the same time it would be worth investigating
the possibility of generalizing the results here presented
to the four dimensional case. Even if a Chern-Symons
formulation of 4D gravity is not available, the construction
of mutually dual Poisson-Lie groups is possible, as for
instance shown in [37]. It would be interesting to perform a
similar construction for a 4D generalization of the r-matrix
proposed in this manuscript.
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