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In the context of loop quantum gravity (LQG), we study the fate of Thiemann complexifier in
homogeneous and isotropic Friedmann-Lemaitre-Roberston-Walker (FLRW) cosmology. The com-
plexifier is the dilatation operator acting on the canonical phase space for gravity and generates the
canonical transformations shifting the Barbero-Immirzi parameter. We focus on the closed algebra
consisting in the complexifier, the 3d volume and the Hamiltonian constraint, which we call the CVH
algebra (for Complexier-Volume-Hamiltonian constraint algebra). In standard cosmology, for gravity
coupled to a scalar field, the CVH algebra is identified as a suð1; 1Þ Lie algebra, with the Hamiltonian
as a null generator, the complexifier as a boost and the suð1; 1Þ Casimir given by the matter density.
The loop gravity cosmology approach introduces a regularization length scale λ and regularizes the
gravitational Hamiltonian in terms of SU(2) holonomies. We show that this regularization is
compatible with the CVH algebra, if we suitably regularize the complexifier and inverse volume
factor. The regularized complexifier generates a generalized version of the Barbero’s canonical
transformation which reduces to the classical one when λ → 0. This structure allows for the exact
integration of the actions of the Hamiltonian constraints and the complexifier. This straightforwardly
extends to the quantum level: the cosmological evolution is described in terms of SU(1, 1) coherent
states and the regularized complexifier generates unitary transformations. The Barbero-Immirzi
parameter is to be distinguished from the regularization scale λ, it can be rescaled unitarily and
the Immirzi ambiguity ultimately disappears from the physical predictions of the theory. Finally, we
show that the complexifier becomes the effective Hamiltonian when deparametrizing the dynamics
using the scalar field as a clock, thus underlining the deep relation between cosmological evolution
and scale transformations.
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I. INTRODUCTION

Loop quantum gravity (LQG) proposes a background
independent framework to quantize general relativity, with
a kinematical Hilbert space of quantum states of geometry
[1,2] and dynamics defined by spinfoam amplitudes. Its
starting point is the Ashtekar-Barbero reformulation of
general relativity (GR) as a SU(2) gauge theory, where the
gravitational degrees of freedom are encoded in a canonical
pair of conjugate fields, a suð2Þ-connection Aγ and the
triad E. These are derived by a canonical transformation of
the standard canonical pair of the first order formulation of
GR given by the extrinsic curvature K and the triad E.
Indeed the Ashtekar-Barbero connection is defined as
Aγ ¼ Γ½E� þ γK, where Γ½E� stands for the Levi-Civita
connection (or rotational spin connection) and γ is
the Barbero-Immizi (BI) parameter. The generator of this
canonical transformation is called the Thiemann

complexifier [3] and the BI parameter γ is a priori free
to take any complex value [4]. The LQG program then
proceeds to the quantization of these phase space in terms
of wave-functions of the Ashtekar-Barbero connection Aγ ,
with the triad field quantized as a differential operator.
Trying to find a consistent and clear interpretation of

the Barbero-Immizi (BI) parameter in LQG has been
challenging. Its status as a new fundamental constant
still remains unclear and its puzzling role in the
dynamics of quantum geometry has generated a debate
concerning its interpretation which is still open. The BI
parameter was initially set to a purely imaginary value,
γ ¼ �i, defining the Ashtekar connection as the (anti-)
self-dual Lorentz connection. This nevertheless leads to
reality conditions, which we still do not known how to
implement at the quantum level. It then appeared
that taking real values for the BI parameter, γ ∈ R,
allows us to develop quantum theory without reality
conditions but at the price of foliation-independence.
Indeed, contrary to the self-dual connection, a real
suð2Þ-connection Aγ is not anymore a true space-time
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connection.1 [20]. This is the standard choice for defining
loop quantum gravity.
Pinning down one specific role for the Barbero-Immirzi

parameter is impossible. Generated by a canonical trans-
formation, it appears as a coupling constant in the Holst
action [21]. It can be interpreted as the θ-ambiguity of
QCD [22,23]. It controls the coupling of fermions to
the gravitational background [24–26] and more generally
the quantum fluctuations of the torsion field [27]. On the
one hand, it sets the value of the area and volume minimal
eigenvalues: these area and volume gaps define the funda-
mental scale of the quantum geometry. This is reinforced by
its role of a (extrinsic) curvature cutoff which appears to
regularize the theory [28]. On the other hand, as a coupling
constant, we naturally expect it to run with the renormal-
ization group flow [29]. It enters explicitly the spinfoam
path integral amplitudes (through the simplicity con-
straints) [16] while it has been argued to drop out of the
symplectic structure after a careful analysis of the LQG
discretization scheme [30]. Finally, most predictions from
LQG or effective loop gravity models are all γ-dependent,
best illustrated by the maximal density of the bouncing
universe in loop quantum cosmology (LQC) [31–33] or the
entropy of isolated horizon [34] and the resulting black hole
thermodynamics [35].
The many faces of the BI parameter suggests two

scenarios. Either γ plays the technical role of a regulator
in the quantization process and disappear from the physical
predictions at the end of the day. Or γ is a fundamental new
constant signaling an anomaly, or physically meaningful
deformation, of the quantum algebra of constraints. In the
path to resolving this dilemma, some concrete questions are
to be addressed:

(i) Are we restricted to real values γ ∈ R or should we
allow for arbitrary complex values γ ∈ C? In par-
ticular, should we wick-rotate the theory back to the
self-dual case γ ¼ �i as proposed in [36–38].

(ii) Is the Barbero canonical transformation to be imple-
mented in a nonunitary way as in the standard
LQG formulation [39] or should we look for a
unitary representation?

(iii) Since γ fixes the fundamental gap of the geometric
observables, it is hard to envision how it could be
renormalized. But should the dynamics relax this
situation (see e.g., the discussion in [40,41]) and let
the Immirzi parameter γ run with the renormaliza-
tion group and possibly get washed out ?

The highly symmetry-reduced context of cosmology
provides a perfect arena to analyze in detail the role(s)
of γ. So the goal of this paper is to study the relevance of the
BI parameter and test its various meanings in the simplified
context of loop quantum cosmology (LQC). Actually, the
path from LQG to LQC is not straight. Despite recent
progress [42–46], LQC has not yet been defined as a
cosmological sector of the full quantum theory in LQG. It is
constructed as a LQG-inspired polymer quantization of the
symmetry-reduced classical phase space, combined with a
coarse-graining argument (to motivate the μ̄-scheme over
the initial μ0-scheme). In this context, the BI parameter γ
appears in various effective parameters in LQC, the volume
gap, the matter density at bounce, and so on. Although
these effective parameters all descend from the unique
fundamental BI parameter, the LQC phenomenology can
vary them and adjust them independently due the flexibility
of the derivation of LQC from LQG. Here we propose to
investigate precisely the canonical transformations gener-
ating the BU parameter, by properly defining the Thiemann
complexifier and analyzing its flow on the cosmological
phase space.
Our starting point is the CVH algebra (for Complexier-

Volume-Hamiltonian constraint algebra) of canonical gen-
eral relativity, formed by the complexifier C, the 3d volume v
and theHamiltonian constraintH, as identified by Thiemann
[3,47] (see details in Appendix A). We consider it as a
fundamental algebra underlying loop quantum gravity. It
intertwines the scale transformation generated by the com-
plexifier C and the dynamics generated by the Hamiltonian
constraintH. Our goal is to implement this algebra in LQC.
In particular, we will show that, subtly adjusting the LQC-
regularization, the CVH algebra remains closed and forms a
suð1; 1Þ algebra. First, this allows us to exponentiate exactly
the flow of both the Hamiltonian constraint and of the
complexifier on the cosmological phase space. Then, it
allows for a group theoretic quantization, along the lines
sketched in [48], in terms of SU(1, 1) coherent states, where
the regularized complexifier implements shifts in the BI
parameter as unitary transformations in the quantum theory.
We believe that it is crucial to respect as much as possible

the algebraic structure of observables during the quantiza-
tion. From this perspective, it seems essential to keep a
closed CVH algebra at the quantum level, especially since
the Hamiltonian constraint and the complexifier are fun-
damental bricks of the LQG framework. Breaking this
algebra would probably signal deeper quantization anoma-
lies. In the present finite-dimensional setting of homo-
geneous cosmology, there is absolutely no reason to break

1The choice of gauge fixing, breaking the local Lorentz
invariance under SLð2;CÞ down to its SU(2) subgroup, is very
well understood [5]. There has been extensive work on the
definition of SLð2;CÞ connections and their relation to the
Ashtekar-Barbero connections [6,7] as well as investigation on
how to embed them back in an explicitly covariant setting [8–15].
This interplay between SU(2)-invariant quantum states and
SLð2;CÞ-invariant space-time structures is actually at the heart
of the construction of the EPRL spinfoam path integral for the
LQG dynamics [16–18]. Note also that, recently, a new formu-
lation of GR based on timelike hypersurfaces, and using SU(1, 1)
as gauge group, has been developed [19], underlining the
independence between the Immirzi ambiguity and the initial
choice of gauge fixing.
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this SU(1, 1) algebra at the quantum level. In the more
general setting of full LQG (or midi-superspace LQG
models with inhomogeneities), the fate of the CVH algebra
is likely related to the possibility of conformal anomalies.
The paper is organized as follows. The first section starts

with a review of the Hamiltonian analysis of the classical
Friedmann-Lemaitre-Roberston-Walker (FLRW) cosmol-
ogy for gravity coupled to a massless scalar field. We
define the Thiemann complexifier and exponentiate it to
rescaling transformations. We show the CVH algebra forms
a closed suð1; 1Þ Lie algebra and we compute its Casimir in
terms of the matter density. The second section introduces
the regularization scheme of loop quantum cosmology,
introducing a fundamental volume scale λ. Applying the
LQC regularization scheme to the complexifier, we show
that it generates canonical transformations that rescale the
Hamiltonian constraint without modifying the volume
regularization scale. It is rather surprising to get such a
simple definition of a dilatation operator compatiblewith the
scale truncation of the phase space. Further similarly
regularizing the volume, the CVH algebra still closes and
we compute the suð1; 1Þ Casimir in terms of the matter
density and volume scale λ. This leads us to a corrected ansatz
for the effective classical Hamiltonian for LQC.
The third section shows how to exponentiate the

Hamiltonian constraint and solve the dynamics exploiting
the SU(1, 1) group structure. The Hamiltonian constraint is
identified as a null generator while the complexifier is a
pure boost. We derive the corrected Friedman equations
corresponding to our fully regularized ansatz. Furthermore
we show that the complexifier generically becomes the
deparametrized Hamiltonian when deparameterizing the
theory in terms of the scalar field time. This hints toward a
deeper relation between the evolution for (quantum) gravity
and scale transformations.
The fourth section is devoted to the quantization. The

phase space is quantized in terms of SU(1, 1) representa-
tions and the complexifier operator Ĉ generates unitary
transformationsW. An important feature is that the volume
gap is now independent from the Barbero-Immirzi param-
eter. Shifting the BI parameter is more subtle than a
straightforward rescaling of the geometric observables:
the initial volume operator v̂ and its Immirzi-rescaled
version v̂0 ¼ Wv̂W−1 do not commute and thus do not
share the same eigenvectors basis. This situation is similar
to the area operator and boosted area operator not commut-
ing with each other in LQG [49]. It allows us to implement
Immirzi boosts unitarily without changing Hilbert space
and begs the question of how the CVH algebra extends to
full LQG and spin network states.

II. THE CLASSICAL SETTING:
STANDARD FLRW COSMOLOGY

We place ourselves in the setting of the flat FLRW
cosmological model (k ¼ 0), that is we restrict general

relativity to a spatially flat, homogenous and isotropic
spacetime. We consider the corresponding symmetry
reduced gravitational phase space coupled to a massless
scalar field.

A. Classical phase space for homogeneous
and isotropic cosmology

We consider gravity coupled to a massless scalar field.
Considering homogenous and isotropic fields, the
Hamiltonian formulation of the coupled system simplifies
drastically. The canonical variables are given by the scalar
factor a and its momentum πa, as well as by the scalar
field ϕ and its momentum πϕ. This defines the phase space
structure, provided with a Hamiltonian constraint corre-
sponding to the Einstein equations applied to this symmetry-
reduced setting:

fa; πag ¼ 1; fϕ; πϕg ¼ 1;

H0 ¼ π2ϕ
2a3

−
2πG
3

π2a
a

¼ 0: ð2:1Þ

The superscript 0 underlines that we are dealing with the
standard FLRW cosmology Hamiltonian and not yet the
loop cosmology modified Hamiltonian as we will see in
the next section. This phase space can then be written in
terms of the homogenous and isotropic Ashtekar-Barbero
connection Ai

a ¼ cδia and its conjugated momentum Ea
i ¼

pδai where we have the following relation between the two
kind of cosmological variables

a ¼ ffiffiffiffi
p

p
; πa ¼ −

3

4πGγ
ffiffiffiffi
p

p
c: ð2:2Þ

Note that since we are working within the flat FLRW
framework, the spin-connection vanishes and only the
extrinsic curvature term survives in the Ashtekar-Barbero
connection. Its expression reduces to A ¼ Γþ γK ¼
γK ¼ c ¼ γ _a. In this specific framework, the Ashtekar-
Barbero connection is thus directly proportional to the BI
parameter γ. Using the new set of canonical variables ðc; pÞ
and ðϕ; πϕÞ, the phase space becomes

fc; pg ¼ 8πGγ
3

; fϕ; πϕg ¼ 1;

H0 ¼ 1

16πG

�
8πG

π2ϕ
p3=2 −

6

γ2
ffiffiffiffi
p

p
c2
�
¼ 0: ð2:3Þ

Finally, we can introduce yet another set of canonical
variables, which is most convenient to formulate loop
quantum cosmology (LQC). We introduce the 3d volume
v and its conjugate momentum b. This new pair of canonical
variables ðb; vÞ further simplifies the phase space and
absorbs the numerical prefactors in the Poisson bracket.
The change of variable between ðc; pÞ and ðb; vÞ is
given by:
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p ¼ ð4πGvÞ2=3; c ¼ γð4πGvÞ1=3b; ð2:4Þ

4πGv ¼ p3=2 ¼ a3; b ¼ γ−1cp−1=2 ¼ −
4πG
3

a−2πa:

ð2:5Þ

Using these new canonical variables, the homogeneous
cosmology phase space takes the final following form:

fb; vg ¼ 1 fϕ; πϕg ¼ 1 H0 ¼ π2ϕ
8πGv

−
3

2
vb2 ¼ 0

ð2:6Þ

The BI parameter γ appears in the phase space and
Hamiltonian constraint only when we use the loop gravity
connection-triad variables ðc; pÞ. It disappears from the
kinematics and dynamics of the theory if we work in the
original scale factor variables ða; πaÞ or volume variables
ðv; bÞ. This makes explicit that the BI parameter does not
appear in the physical predictions of the theory at the
classical level as expected.

B. Cosmological dynamics from CVH algebra:
the underlying sl2 structure

For our purpose, we rescale the Hamiltonian constraint
by a 1

3
-factor and distinguish its gravitational component

from its matter part:

H0 ¼ H0
g þH0

m ¼ −
1

2
vb2 þ π2ϕ

24πGv
ð2:7Þ

where the matter field energy-momentum contains an
inverse volume factor.
Let us first focus on the gravitational part. Following the

definitions of the full theory, the Thiemann complexifier
can also be introduced as the integral over a spacelike
region Σ of the trace of the extrinsic curvature K. Its
symmetry reduction to flat FLRW geometry leads to

C≡ 1

4πGγ

Z
Σ
d3xEa

i K
i
a ¼

V0

4πGγ
pc ¼ V0vb; ð2:8Þ

where V0 is the volume of a fiducial space cell. Considering
a unit fiducial volume V0 ¼ 1, we obtain C ¼ vb. This
means that the complexifier is the dilatation in the ðb; vÞ
phase space, exactly the same way that it is the dilatation in
the ðKi

a; Ea
i Þ phase space for the full theory.

Further following the structures developed for full loop
gravity, the complexifier can also be derived as the Poisson
bracket of the volume v with the Hamiltonian constraint:

C ¼ fv;H0
gg ¼ vb: ð2:9Þ

Reversing the logic, this relation can be actually considered
as the definition of the Thiemann complexifier C and it is

the point of view that we will take when turning to loop
cosmology in Sec. III. Moreover, the three observables C, v
and H0

g actually form a closed Lie algebra:

fC; vg ¼ v; fC;H0
gg ¼ −H0

g: ð2:10Þ
This is the gravitational CVH algebra in the cosmological
setting, translating the CVH algebra of the full theory [3]
(see Appendix A for more details) to the highly symmetric
context of FLRW cosmology. We recognizes it as a sl2
algebra with vanishing Casimir:

Csl2 ¼ −2vH0
g − C2 ¼ 0: ð2:11Þ

We can reorganize the generators to set the algebra in its
usual presentation. We define the linear combinations:

C ¼ ky; v ¼ 1

2
ðjz þ kxÞ; H0

g ¼ kx − jz; ð2:12Þ

jz ¼ v −
1

2
H0

g ¼ v

�
1þ b2

4

�
;

kx ¼ vþ 1

2
H0

g ¼ v

�
1 −

b2

4

�
; ky ¼ C ¼ vb; ð2:13Þ

which leads to the standard form of the suð1; 1Þ Lie algebra
(with correct reality conditions), with a two boost gen-
erators and a spatial rotation:

fjz; kxg ¼ ky; fjz; kyg ¼ −kx; fkx; kyg ¼ −jz;

Csl2 ¼ j2z − k2x − k2y ¼ 0: ð2:14Þ
The vanishing Casimir means that the system will be
represented at the quantum level by a null representation
of SU(1, 1).
A crucial remark is that we can extend this CVH algebra

to the full Hamiltonian constraint and take into account the
matter field contribution:

Cfull ≡ fv;H0g ¼ vb ¼ C; fC;H0g ¼ −H0;

fC; vg ¼ v: ð2:15Þ
This allows to describe the whole system gravity plus
matter field at the dynamical level through the same
SU(1, 1) structure. We define similarly the suð1; 1Þ
generators, using capital letters to distinguish them from
the definitions of the pure gravitation sector:

Jz ¼ v −
1

2
H0; Kx ¼ vþ 1

2
H0; Ky ¼ C ¼ vb:

ð2:16Þ
This shows that the evolution flow generated by the
Hamiltonian constraint can be exactly integrated as a
Lorentz transformation. What changes compared to the
pure gravitation sector is that the matter term affects the
value of the Casimir:
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Csl2 ¼ −2vH0 − C2 ¼ −
π2ϕ

12πG
< 0; ð2:17Þ

where πϕ is a constant of motion. This means that due to the
matter energy term the system will be represented at the
quantum level by a space-like representation of SU(1, 1).
This is slightly different from the group quantization
framework for loop quantum cosmology introduced in
[48] where the deparameterized dynamics of the quantum
space-time with respect to the scalar field clock was
described in terms of time-like SU(1, 1)-representations.

C. Immirzi transformations and geometry rescaling

As in the full theory, we expect the observable C to play
the role of the Thiemann complexifier, that is, generate the
canonical transformations shifting the value of the BI
parameter. First of all, the BI parameter does not appear
when using the ðv; bÞ variables, so the Hamiltonian con-
straint should be invariant under the flow generated by C.
On the other hand, if we switch back to the ðc; pÞ variables,
we should see how transformations generated byCmodifies
the canonical bracket and the Hamiltonian constraint.
Let us start with the ðv; bÞ variables. The complexifier C

is simply the dilatation vb and it is direct to exponentiate its
action:

v → ~v ¼ eηfC;·gv ¼ eηv; b → ~b ¼ eηfC;·gb ¼ e−ηb:

ð2:18Þ
Both matter and gravitational parts of the Hamiltonian
constraint transform homogeneously under these trans-
formations:

H0 → ~H0 ¼ eηfC;·gH0 ¼ e−ηH0: ð2:19Þ

Such rescaling clearly does not affect the constraintH0 ¼ 0
and the theory is as expected invariant under dual rescaling
of the volume v and its conjugate variable b.
Let us check how the complexifier works on the

Ashtekar-Barbero variables ðc; pÞ. The complexifier C
also generates a straightforward dilatation of the variables
c and p:

C ¼ vb ¼ 1

4πGγ
cp;

p → ~p ¼ eηfC;·gp ¼ e
2
3
ηp

c → ~c ¼ eηfC;·gc ¼ e−
2
3
ηc

ð2:20Þ

The usual way to proceed in loop gravity is to keep the
same triad variable p and change only the connection
variable, c to ~c. This leads to a modified Poisson bracket:

fc; pg ¼ 8πGγ
3

→ f~c; pg ¼ 8πG~γ

3
with ~γ ¼ e−

2
3
ηγ;

ð2:21Þ

with a rescaled BI parameter ~γ. This modification of the
kinematical phase space structure leads to a similar trans-
formation of the Hamiltonian constraint:

H0
γ ½c; p� ¼

π2ϕ
2p3=2 −

3

8πGγ2
ffiffiffiffi
p

p
c2

→ ~H0½~c; p� ¼ eηfC;·gH0 ¼ π2ϕ
2 ~p3=2 −

3

8πGγ2
ffiffiffiffi
~p

p
~c2

¼ e−η
�

π2ϕ
2p3=2 −

3

8πG~γ2
ffiffiffiffi
p

p
~c2
�

¼ e−ηH0
~γ ½~c; p�: ð2:22Þ

This shows how Thiemann complexifier, given by the
dilatation on the volume phase space ðb; vÞ, does indeed
generate shifts in the BI parameter as claimed.

III. THE IMMIRZI GENERATOR
FOR LOOP COSMOLOGY

A. Regularized Hamiltonian
for loop quantum cosmology

We would like to start by studying the Thiemann
complexifier for loop quantum cosmology and the fate
of the BI parameter at the classical level. For this purpose,
we consider the effective classical framework for LQC.
This can be seen for two dual, but ultimately equivalent
perspectives:

(i) One starts with LQC, as the polymer quantization of
classical cosmology obtained from a symmetry-
reduction of classical general relativity. This quan-
tization procedure follows the same techniques as
used for loop quantum gravity, but LQC can not be
directly derived as a symmetry-reduction of LQG at
the quantum level. We then compute the effective
classical dynamics of peaked wave packets, i.e.,
coherent states, which shows how quantum gravity
effects regularize the curvature observables for
general relativity.

(ii) Alternatively, again starting with classical cosmol-
ogy, one can directly implement the regularization
scheme at the classical level and define a deformed
classical cosmology theory, which can then be
straightforwardly canonically quantized into LQC.

Both ways to proceed lead to loop quantum cosmology.
The crucial point is the regularization of the observables
entering the Hamiltonian constraint algebra, which relies on
replacing the curvatureF½A� by the holonomyU½A� around a
tiny but finite loop, as in lattice gauge theory. The difference
between the two viewpoints is whether this regularization
scheme is a consequence of the quantization procedure or a
prerequisite that allows for the loop quantization.
So the fundamental idea underlying LQC is to quantize

the theory in a different representation than the usual
Schrödinger one and instead base the quantum theory on
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the now-called polymer representation. We do not consider
the observable b on the classical phase space but its
exponentiated version eiλb. At the quantum level, the
operator b̂ does not exist anymore, only the “holonomy”deiλb is well-defined2 on the Hilbert space. Only in the limit
λ → 0 one recovers the usual classical phase space out of
the polymerized version. In practice, this implies regular-
izing3 the curvature F½A� ∝ vb2 using a suitable exponen-
tiated version of b. The standard polymer regularization
proceeds to replace the observable b by the simplest
function of the “holonomy” eiλb admitting the correct limit
when the regularization scale λ is sent to 0:

b →
sin ðλbÞ

λ
¼ eiλb − e−iλb

2iλ
: ð3:1Þ

The polymerized cosmological phase space becomes:

feiλb; vg ¼ iλeiλb; fϕ; πϕg ¼ 1;

H ¼ Hm þHg ¼
π2ϕ

24πGv
−
1

2
v
sin2ðλbÞ

λ2
¼ 0; ð3:2Þ

where we have introduced the effective regularized
Hamiltonian constraint H. We have already rescaled the
Hamiltonian constraint by a 1

3
-factor to fit with our choice of

normalization for the standard FLRW cosmology case. This
standard procedure regularizes only the gravitational
Hamiltonian Hg and does not a priori affect the matter
part Hm.
Let us underline that, in this classical effective framework,

the Barbero-Immirzi parameter γ does not appear, neither
in the phase space nor in the regularized Hamiltonian
constraint.4 What matters is the regularization scale λ and
not the BI parameter. If we do not add any input from the full
LQG theory and we simply quantize this phase space using
the polymer representation, there will be no trace of the BI
parameter in the resulting quantum theory. The BI parameter

appears in LQC when we think of it as an effective model
descending from the fundamental LQG theory. Then, assum-
ing as in standard LQC that the regularization scale λ is
related to the kinematical area gap derived in full LQG, theBI
parameter γ reenters in the model since it controls the
kinematical area gap (and volume gap):

λ2eff ¼ 4
ffiffiffi
3

p
πγl2Pl: ð3:3Þ

Plugging this relation in the regularized Hamiltonian con-
straint reintroduces the BI parameter in the theory.
Here we will develop an alternative point of view for

LQC and keep the distinction between the BI parameter γ
and the regularization scale λ. Indeed, we will define below
a regularized complexifier, which turns out to generate shift
in the BI parameter while keeping the regularization scale λ
fixed. We still get a closed CVH algebra. This will lead us
to a group quantization of the regularized phase space,
where the existence of a volume gap is encoded through the
choice of representation. The complexifier then generates
unitary transformations in the quantum theory without
changing the volume spectrum: the BI parameter (as
generated by the complexifier) disappears from the physi-
cal predictions while the regularization scale keeps its
essential role. This underlines the importance of properly
defining what is meant by “BI parameter” and of not
confusing its multiple facets, as a parameter labeling
canonical transformations on the classical phase space or
as a physical parameter determining the fundamental size
of the quanta of geometry. This confusion leads, in the
context of LQG and its related symmetry reduced polymer
models to the so called Immirzi ambiguity. This ambiguity
takes its origin in the fact that the canonical transformation
introduced by Barbero, and generated by the complexifier,
is not mapped to a unitary transformation in the quantum
theory, as one could expect. Because of this unnatural
feature of the current loop quantization, the kinematical and
physical predictions of the related quantum models always
depend on the BI parameter, which does not play any role
in the classical theory.
In the next sections, we will show how the Barbero

canonical transformation can be mapped to a unitary
transformation in the quantum theory, by extending the
regularization scheme of standard LQC with the require-
ment to preserve the CVH algebra. As we shall see, in this
new LQC inspired model, the BI parameter γ and the
regularization scale λ are totally disentangled, and the
Immirzi ambiguity disappears. While γ is rescaled under
the action of the complexifier, the scale λ remains unaf-
fected under the same action. This is one of the main results
of our construction, along with a new exactly solvable
model for LQC and interesting insights on the role of
the complexifier as the generator of the deparametrized
dynamic. In future investigation, it will be interesting to see

2In particular, the operator eiλb is not weakly continuous in λ,
so the operator b̂ cannot be recovered from infinitesimal
variations.

3This procedure is not unique and leads to regularization
ambiguities, which can be understood as using superpositions of
harmonics of the basic regularization scale (see [46] for a recent
study of these ambiguities and their consequences in LQC).
However, the common choice the LQC literature is to regularize
the observable b using the fundamental mode eiλb (see [31] for
details).

4Note that this is a special property of the homogeneous and
isotropic Ashtekar-Barbero phase space. In the full theory, while
one can always rescale the electric field to remove γ from the
canonical bracket, there is no way to remove the BI parameter
from the Hamiltonian scalar constraint unless fixing it to some
specific value. In our symmetry reduced phase space, because of
the Levi-Civita connection vanishes, a simple redefinition of the
canonical variables allows to remove totally the BI parameter
from the phase space, without fixing γ to any specific value.
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if those new features can be extended to the full loop
quantum gravity theory.

B. The gravitational CVH algebra: Immirzi
transformations as boosts

Now that we have defined the regularized phase space
and Hamiltonian constraint, we investigate the action of the
complexifier. One point of special interest to us is the fate
of CVH algebra at the effective level, i.e., after having
introduce the loop regularization, or, in other words, what
are the transformations of the volume and scalar constraint
under the action of the complexifier.
Let us start by considering the action of undeformed

complexifier C ¼ vb on the Hamiltonian constraint Hλ.
It rescales the volume v and its conjugate angle b, which
can be reinterpreted as a rescaling of the regularization
parameter λ:

Hλ ¼
π2ϕ

24πGv
−
1

2
v
sin2ðλbÞ

λ2
→ ~Hλ½ ~v; ~b�

¼ π2ϕ
24πG ~v

−
1

2
~v
sin2ðλ ~bÞ

λ2
¼ Hλ½ ~v; ~b� ¼ He−ηλ½v; b�:

ð3:4Þ

Assuming that λ is directly proportional to γ, this would be
interpreted as a rescaling of the BI parameter, which fits
perfectly with the assumed relation (3.3).
However, from the point of view of the loop (polymer)

quantization, working with the classical expression of the
complexifier C ¼ vb is not well defined. Indeed, when
going to the quantum theory, the operator b̂ is ill-defined in
the framework of loop quantum cosmology. Only its

exponentiated version ˆeiλb has a well defined action. It
seems therefore necessary to also regularize the complexi-
fier C. However, this regularization should not be intro-
duced arbitrarily. In this work, we insist on regularizing the
complexifier such that we preserve the structure of the
classical CVH algebra. This leads to a new canonical
transformation of the regularized phase space (see Sec. C)
which do not change the regularization scale λ, but
nevertheless rescale the volume. In the classical limit,
i.e., when λ → 0, our regularized complexifier coincides
with the classical expression C ¼ vb and give back the
standard Immirzi generator. This constitute our new pro-
posal for the implementation of the regularized Barbero
canonical transformation in loop quantum cosmology.
Let us now compute our regularized complexifier. The

requirement of preserving the CVH algebra structure implies
that we should use, at the effective level, the classical
definition (2.9) of the complexifier as the Poisson bracket
of the gravitational part of the Hamiltonian constraint and
the volume. It reads

C≡ fv;Hgg ¼ v
sin 2λb
2λ

∼
λ∼0

vb: ð3:5Þ

Since C reduces to the classical generator of the Barbero
canonical transformation, i.e., the classical complexifier,
when the regularization scale λ is sent back to 0, it can be
legitimately thought as the suitable regularization of the
complexifier. Yet it does not generate anymore a canonical
transformation on the classical canonical variables ðb; vÞ,
but on a new set of regularized canonical variables ðB; VÞ that
we introduce in the next section, Eqs. (3.17)–(3.19). When
λ → 0, the regularized version of the canonical transforma-
tion generated by our new complexifier (3.5) on ðB;VÞ
reduces to the one generated by the classical complexifier
C ¼ vb on the initial classical canonical variables ðv; bÞ.
In this sense, we have obtain a generalizedBarbero canonical
transformation with the right classical limit. The problem of
the Immrizi ambiguity inLQG, aswe understand it, is that the
Barbero canonical transformation is not mapped to a unitary
transformation in the quantum theory. In this work, we will
show that the generalized Barbero canonical transformation
on the canonical variables ðB;VÞ can be mapped to a unitary
transformation through our quantization procedure. In this
precise sense, we claim that the Immirzi ambiguity is
resolved by our quantization procedure based on the CVH
algebra.
Computing the two other brackets of the CVH algebra,

we obtain a closed system

fC; vg ¼ vþ 4λ2Hg; fC;Hgg ¼ −Hg; ð3:6Þ

with a slight correction compared to the classical FLRW
case. So the sl2 algebraic structure is preserved by the loop
regularization. We introduce the following sl2 generators

jz ¼ ð2λÞ−1v; k� ¼ ð2λÞ−1ve�2λib;

fjz; k�g ¼ ∓ ik�; fkþ; k−g ¼ 2ijz: ð3:7Þ

the volume, complexifier, and scalar constraint being
given by

v ¼ 2λjz;

C ¼ ky ¼
1

2i
ðkþ − k−Þ;

Hg ¼ ð2λÞ−1ðkx − jzÞ ð3:8Þ

Since kþ ¼ k−, this algebra satisfies the reality conditions
of a suð1; 1Þ Lie algebra. Its Casimir vanishes:

Csl2 ¼ j2z − kþk− ¼ j2z − k2x þ k2y ¼ 0: ð3:9Þ

The quantum theory will naturally shift this vanishing
Casimir to a positive Casimir, similarly to the ground
state energy of the quantum harmonic oscillator.
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This nonvanishing Casimir at the quantum level corre-
sponds to a volume gap and defines the lowest possible
volume state. It is also possible to take into account this
volume gap at the classical level and introduce by hand a
minimal volume vm in the definition of the suð1; 1Þ
generators. This actually defines the most general
suð1; 1Þ phase space in our framework, as explained in
detail in the Appendix C.
Moreover, we see that the new complexifier C is also

regularized, with b turned into a periodic trigonometric
function ð2λÞ−1 sin 2λb. Moreover we can use the SU(1, 1)
group structure to integrate the action of the regularized
complexifier C as boost transformations. It is straightfor-
ward to exponentiate the action of the suð1; 1Þ generators
j⃗ ¼ ðjz; kx; kyÞ. The most direct method is to introduce the
2 × 2 Hermitian matrix:

M ¼
�

jz k−
kþ jz

�
∈ H2ðCÞ: ð3:10Þ

for which the determinant give the suð1; 1Þ Casimir.
Computing the Poisson bracket of the generators j⃗ ¼
ðjz; kx; kyÞ with this matrix M, which is simply a rewriting
of the sl2 Poisson algebra, we obtain

fJ⃗;Mg ¼ i
2
ðτ⃗M −Mτ⃗†Þ ð3:11Þ

where the τa are the Lorentzian Pauli matrices:

τz ¼
1

2

�
1 0

0 −1
�

¼ 1

2
σz;

τx ¼
1

2

�
0 1

−1 0

�
¼ þ i

2
σx;

τy ¼
1

2

�
0 −i
−i 0

�
¼ −

i
2
σy: ð3:12Þ

In order to recover the suð1; 1Þ commutation relations
(2.14), one set kx ¼ iτx, ky ¼ iτy and jz ¼ iτz.
This Poisson bracket can be exponentiated into finite
SU(1, 1) transformations:

M → ~M ¼ efη⃗·J⃗;·gM ¼ GMG†;

with G ¼ eiη⃗·τ⃗ ¼
�
α β

β̄ ᾱ

�
∈ SUð1; 1Þ;

jαj2 − jβj2 ¼ 1: ð3:13Þ

Another more systematic way to proceed is to use the
spinorial parametrization of the phase space as explained in
[48] and reviewed in Appendix B. This spinorial formalism
is especially useful to proceed to the coherent state
quantization of the theory.

Now, we focus on the flow generated by the complexifier
C ¼ ky. The corresponding SU(1, 1) transformation is
simply5:

eηfC;·gM ¼ GηMG†
η; Gη ¼

�
cosh η

2
sinh η

2

sinh η
2

cosh η
2

�
¼ G†

η:

ð3:14Þ

Extracting from this formula the transformations for the
volume v and the gravitational component of the
Hamiltonian constraint, we get:

v ¼ ð2λÞjz → ~v ¼ ð2λÞðjz cosh ηþ kx sinh ηÞ
¼ eηvþ 4λ2Hg sinh η

Hg ¼ ð2λÞ−1ðkx − jzÞ → ~Hg ¼ ð2λÞ−1ð~kx − ~jzÞ
¼ e−ηHg: ð3:15Þ

First, the gravitational Hamiltonian constraint gets simply
rescaled, as in the previous case for standard FLRW
cosmology. However, the regularization scale λ does not
get rescaled. Since the complexifier is supposed to generate
rescaling of the BI parameter, this means that we should
distinguish the regularization scale λ from the BI parameter
γ. Second, the volume is not simply rescaled. The action of
the regularized complexifier is not a simple rescaling of the
ðv; bÞ phase space, as before. Actually, the new volume
observable does not commute anymore with the original
volume:

fv; ~vg ¼ 4λ2 sinh ηfjz; kxg ¼ 4λ2 sinh ηC

¼ 4λ2 sinh ηfv;Hgg ≠ 0: ð3:16Þ

5Having in mind a possible Wick-rotation of the theory from a
real BI parameter back to the original self-dual formulation
theory with γ ¼ �i, there is actually absolutely no problem
taking a complex transformation parameter η. Then, for η ∈ C,
the transformation matrix Gη does not necessarily lay in
the unitary group SU(1, 1), but in its complexification
SUð1; 1ÞC ¼ SLð2;CÞ. For instance, in the purely imaginary
case η ¼ �i π

2
, we have:

cosh
η

2
¼ 1ffiffiffi

2
p ; sinh

η

2
¼ � iffiffiffi

2
p ; cosh η ¼ 0;

sinh η ¼ �i; G�iπ
2
¼ 1ffiffiffi

2
p
�
1 i
i 1

�
; detG�iπ

2
¼ 1:

The corresponding rescaling of the volume and the gravitational
Hamiltonian is also complex:

Hg → ~Hg ¼∓ iHg; v → ~v ¼ �iðvþ 4λ2HgÞ:

Note that even though the Hamiltonian constraint is now purely
imaginary, this is only due to the numerical prefactor and it
actually still defines the exact same constraint.

JIBRIL BEN ACHOUR and ETERA R. LIVINE PHYSICAL REVIEW D 96, 066025 (2017)

066025-8



This feature will be carried to the quantum level: the
complexifier boosts the volume operator and volume
eigenstates change under the action of the complexifier.
This is reminiscent of the action of Lorentz boost (as
generated by the Hamiltonian constraint) in loop quantum
gravity on geometrical observables: the boosted area does
not commute with the area in the original reference
frame [49,50].
To summarize, we have a regularized complexifier C,

which forms a closed Lie algebra under the Poisson bracket
with the volume v and the gravitational Hamiltonian Hg.
Since the loop quantization scheme compactifies in some
sense the extrinsic curvature by considering the SU(2)
holonomies of the Ashtekar-Barbero connection, it seems
fair to also regularize the complexifier C, which is actually
the integrated extrinsic curvature. Then this regularized
complexifier generates canonical transformations on the
cosmological phase space, that do not change the regu-
larization scale λ but still rescales both the volume and the
gravitational Hamiltonian. It preserves the suð1; 1Þ struc-
ture and thus allows to develop a group quantization of (the
gravitational sector of) this effective loop cosmology phase
space. This is our proposal for Immirzi transformation in
loop quantum cosmology.
Finally, let us stress that the SU(1, 1) transformations are

linear transformations on the suð1; 1Þ generators and do
not affect the sl2 Casimir, which still vanishes in the
present case. At the quantum level, this will be imple-
mented as unitary transformations on the Hilbert space of
the theory and will not require to change the SU(1, 1)
representation. In particular, Immirzi transformations will
be unitary operators, which is a novel feature compared to
previous LQC models sine it solves in this simplest
framework the so called Immizi ambiguity.

C. The full CVH algebra and consistent
effective LQC Hamiltonian

Up to now, we have focused on the complexifier acting
on the gravitational Hamiltonian. In the case of standard
FLRW, as we showed in the first section, we could extend
this action to the full Hamiltonian with both gravitational
and matter parts.
Unfortunately, a simple glance of the Hamiltonian

constraint shows that the matter part is in v−1 and
does not get simply rescaled under the action of the
complexifier:

v−1 → ~v−1 ¼ ðeηvþ 4λ2Hg sinh ηÞ−1
Hg → ~Hg ¼ e−ηHg:

This can nevertheless be fixed by realizing that the inverse
volume factor should itself probably be regularized and
also acquire a b-dependent correction factor. While it can
seems unusual to add holonomy correction to the volume,

and moreover in the matter sector, it turns out that such
dependence of the volume on the connection b is also
present in spherical symmetry (albeit in the gravitational
sector), as discussed in details in [51]. Moreover, in the
covariant effective approach to scalar perturbations in LQC,
a similar correction, in spirit, is required to preserve the
covariance of the perturbed geometry. Indeed, in this
framework, an additional holonomy correction is intro-
duced in the second order contribution to the matter sector
of the scalar constraint, providing a deformed notion of
covariance for the system gravity plus matter [52,53]. In the
present work, such holonomy corrections allow us to
preserve, at the effective level, the exact structure of the
classical CVH algebra (2.10), even when including matter.
The only way to get the same transformation for the

gravitational Hamiltonian Hg and the inverse volume term
v−1 is to realize that the combination jz − kx gets rescaled
by e−η while the opposite combination jz þ kx gets rescaled
by the inverse factor eη. Thus we introduce a modified, or
regularized, volume:

V ≡ ð2λÞ−1 1
2
ðjz þ kxÞ ¼ vcos2λb ∼

λ∼0
v: ð3:17Þ

It coincides with the usual volume observable as the
regularization scale λ is sent to 0. But it now has a simple
behavior under the exponentiated action of the complexifier
expðηfC; ·gÞ:

V → ~V ¼ eþηV: ð3:18Þ

This regularized volume is therefore the suitable generali-
zation of the classical volume v which preserves the action
of the regularized complexifier. It should therefore corre-
spond to a new set of regularized canonical variables
ðB;VÞ. It is straightforward to obtain its canonically
conjugated variable B which reads

B ¼ tan ðλbÞ
λ

such that fB;Vg ¼ 1: ð3:19Þ

Under the exponentiated action of the complexifier
expðηfC; ·gÞ, it transforms as

B → ~B ¼ e−ηB: hence f ~B; ~Vg ¼ 1: ð3:20Þ

Consequently, the regularized complexifier generates
indeed a canonical transformation on this canonical vari-
ables, acting by dilatation/contraction on each of them. This
canonical transformation is a generalization of the classical
Barbero canonical transformation (2.18) on the classical
variables ðb; vÞ, which shift the BI parameter. It reduces to
(2.18) in the classical limit λ → 0.
From this new viewpoint, we propose a modification of

the effective Hamiltonian ansatz for loop quantum cosmol-
ogy to:
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Hreg ≡ π2ϕ
24πGV

−
1

2
v
sin2ðλbÞ

λ2
¼ π2ϕ

24πGvcos2λb

−
1

2
v
sin2ðλbÞ

λ2
; ð3:21Þ

with a regularization of the inverse volume factor in the
matter Hamiltonian. Note that, although this new regulari-
zation can appear unusual at first, it is actually a simple
rescaling of the scalar constraint, with a renormalization of
the regularization scalar λ → 2λ. Indeed, we can factor out
cos2 ðλbÞ and write:

Hreg ¼ 1

cos2ðλbÞ
�

π2ϕ
24πGv

−
1

2
v
sin2ð2λbÞ
ð2λÞ2

�

The prefactor cos2 ðλbÞ can either be reabsorbed in the
lapse, so as a change of time coordinate. It does not change
the solution of the constraint Hreg ¼ 0 and thus does not
affect the equations of motion of physical trajectories. Note
also that the classical limit λ → 0 is well-defined and one
recovers the standard FLRW Hamiltonian constraint and
phase space in this limit of a vanishing regularization
scale6.
With this extension, the full Hamiltonian constraint, with

both matter and gravitational contributions, now form a
closed CVH algebra:

fV;Hregg ¼ C; fC; Vg ¼ V; fC;Hregg ¼ −Hreg;

ð3:22Þ

where we use both regularized complexifier and volume.
The complexifier is again given by

C ¼ v
sin ð2λbÞ

2λ
ð3:23Þ

The Casimir does not vanish anymore:

Csl2 ¼ −2VHreg − C2 ¼ −
π2ϕ

12πG
; ð3:24Þ

and is entirely fixed by the matter energy density. This fits
perfectly with the case of the standard FLRW cosmology,
where the matter energy density also fixes the value of the
sl2 Casimir in (2.17).

Explicitly, the generators of SU(1, 1) now read:

C ¼ Ky; V ¼ λðKx þ JzÞ; Hreg ¼ ð2λÞ−1ðKx − JzÞ;

Ky ¼ C ¼ v
sin 2λb
2λ

;

Kx ¼
V
2λ

þ λHreg ¼ v
cos 2λb

2λ
þ λπ2ϕ
24πGvcos2λb

;

Jz ¼
V
2λ

− λHreg ¼ v
2λ

−
λπ2ϕ

24πGvcos2λb
: ð3:25Þ

These generators differ from their purely gravitational
counterparts kx, ky, jz by their matter terms. They never-
theless still form a closed SU(1, 1) algebra, which allows us
to integrate the flow generated by the complexifier, but also
the evolution flow generated by the Hamiltonian constraint,
as Lorentz transformations. Finally, note that because we
have introduced a new volume V ¼ v cos2 λb in the matter
sector, a natural question arises. What is the relevant notion
of volume we should investigate in the quantum theory: the
volume experienced by the matter V or the bare gravita-
tional volume v? Intuitively, the new volume V seems to
carry more information since it is the one experienced by
the matter. Indeed, we shall see that using V instead of v is
indeed more suited in the quantum theory.
To summarize, we have a new proposal for a fully

regularized effective Hamiltonian for loop quantum cos-
mology, which leads a closed CVH formula taking into
account both mater and gravitational contribution to the
Hamiltonian. Both the complexifier and the inverse volume
factor are regularized. The CVH algebra is identified as a
SU(1, 1) Lie algebra, whose Casimir is determined by the
matter energy density. This group structure allows to
integrate exactly the flows generated on the phase space
by both the complexifier and the full Hamiltonian constraint.

IV. INTEGRATING THE DYNAMICS
AS A SU(1, 1) FLOW

We can use the SU(1, 1) group structure generated by the
CVH algebra to integrate exactly the dynamics of these
cosmological models. Indeed we can exponentiate not only
the action of the complexifier but also the action of the
Hamiltonian constraint as Lorentz transformations.
This allows to describe the cosmological evolution as a
SU(1, 1) flow.
We will proceed using two methods, which are ulti-

mately equivalent:
(i) Deparametrizing the dynamics in term of the scalar

field:
Using the scalar field as a clock, we solve the

Hamiltonian constraint and show that the evolution
of the geometry is exactly generated by the com-
plexifier. Not only this allows to solve and integrate
the equations of motion, but it also shows the
cosmological evolution as a rescaling of the Bar-
bero-Immirzi parameter and underlines the relation

6Note that our regularization can be further generalized by
considering the new volume V ¼ v cos2 ðλbÞ þ α where α is
some constant. It does not change the different brackets and
allows to avoid divergencies appearing at maximal density in the
inverse volume term of the Hamiltonian due to the cos2 ðλbÞ. This
step makes our new regularization safe at the bounce.
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between dynamics and scale transformation for
gravity.

(ii) Integrating the flow of the Hamiltonian constraint:
We exponentiate directly the action of the Ham-

iltonian constraint, thus describing the evolution in
terms of the coordinate time t defined by the choice
of lapse N ¼ 1. The trajectories vðtÞ and ϕðtÞ for the
geometry and scalar matter can be obtained as a null
SU(1, 1) flow. Finally deparametrizing these trajec-
tories to obtain the evolution vðϕÞ of the scale factor
in terms of the scalar field will lead back to the same
equations as in the previous method.

A. Deparametrizing the dynamics: The complexifier
as effective Hamiltonian

Since we have one Hamiltonian constraint on a 2 × 2-
dimensional phase space, it imposes both a constraint and a
gauge-invariance which reduces the system to a single
physical degree of freedom. In practice, we start with both
pairs of canonical variables, ðv; bÞ and ðϕ; πϕÞ, and we
deparametrize the system to extract the gauge-invariant
physical content of the model: we solve the Hamiltonian
constraint and we compute the trajectory ðvðϕÞ; bðϕÞÞ
using the scalar field ϕ as a clock.
For standard classical FLRW cosmology, we solve the

Hamiltonian constraint (2.7) for the scalar field momentum:

H0 ¼ −
1

2
vb2 þ π2ϕ

24πGv
¼ 0 ⇒ πϕ ¼ �

ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
vb: ð4:1Þ

We get two possible branches. We pick the positive branch
for the sake of simplicity, but both branches are admissible.
This gives the deparametrized Hamiltonian defining the
evolution of the geometry variables ðv; bÞ in terms of the
scalar field clock ϕ. The moot point is that this deparame-
trized Hamiltonian is exactly given (up to a numerical
factor) by Thiemann complexifier:

πϕ ¼
ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
vb ¼

ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
C: ð4:2Þ

First, this means that the effective evolution of the
cosmological volume in terms of the scalar matter is given
by canonical transformations rescaling the Barbero-
Immirzi parameter. This reflects the fact that the cosmo-
logical evolution amounts to scale transformations. Second,
it implies that we can integrate the deparametrized dynam-
ics as the flow of the complexifier C, which we have
already computed in (2.18) and induces a simple rescaling
of the volume and its conjugate momentum:

vðϕÞ ¼ eϕ
ffiffiffiffiffiffiffiffi
12πG

p fC;·gv ¼ eϕ
ffiffiffiffiffiffiffiffi
12πG

p
vϕ¼0

bðϕÞ ¼ e−ϕ
ffiffiffiffiffiffiffiffi
12πG

p
bϕ¼0; ð4:3Þ

describing an expanding phase for the volume v, with the
product C ¼ vb kept constant along each trajectory.

At ϕ → −∞, the volume starts at 0. It then exponentially
increases. The negative branch, defined by πϕ ¼
−
ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
C, would describe the opposite contraction phase.

What is of special interest is that all these features
straightforwardly extend to the effective regularized cos-
mology of LQC. Indeed, considering the fully regularized
Hamiltonian constraint (3.21), with both regularized cur-
vature and regularized inverse volume factor, we find that
once again the deparametrized Hamiltonian is the regular-
ized complexifier:

Hreg ¼ π2ϕ
24πGvcos2λb

−
1

2
v
sin2ðλbÞ

λ2

¼ 0 ⇒ πϕ ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
v
sin ð2λbÞ

2λ

¼ �
ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
C: ð4:4Þ

We have two branches as in the standard case. Analyzing
the positive branch, the deparametrized evolution is again
generated as the flow of the complexifier. This means that
we can integrate the deparametrized dynamics as SU(1, 1)
boosts. This method works even if we forget the inverse
volume regularization and was initially developed in [48].
We have already computed the flow of the regularized
complexifier on the phase space, in Eqs. (3.14) and (3.15):

vðϕÞ ¼ eϕ
ffiffiffiffiffiffiffiffi
12πG

p
v0 −

2λ2C2

v0
sinhϕ

ffiffiffiffiffiffiffiffiffiffiffi
12πG

p

¼
�
v0 −

λ2C2

v0

�
eϕ
ffiffiffiffiffiffiffiffi
12πG

p
þ λ2C2

v0
e−ϕ

ffiffiffiffiffiffiffiffi
12πG

p
; ð4:5Þ

where C is a constant of motion. Since C is constant along
the trajectory, we can deduce the evolution of the conjugate
angle b from the evolution law of the volume:

C ¼ v
sin 2λb
2λ

⇒ bðϕÞ ¼ ð2λÞ−1 arcsin 2λC
vðϕÞ : ð4:6Þ

An important feature of loop quantum cosmology is that the
positive branch is already a superposition of expanding and
contracting phases: as illustrated on Fig. 1, as the scalar
field ϕ grows from −∞ to þ∞, the volume decreases from
∞, reaches a minimal value and then increases back
towards ∞. The negative branch would give the same
formulas.
That the deparametrized dynamics is simply generated

by the (regularized) complexifier seems to be a key insight
in the theory. Mathematically, it implies that the evolution
is exactly integrated in straightforward SU(1, 1) boosts.
Physically, it means that the (relational) cosmological
dynamic is somehow equivalent to a rescaling of the BI
parameter γ, which amounts to a scale transformations of
the geometry. It is tantalizing to investigate how this
generalizes to the framework of full loop quantum gravity.
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We shall come back on this point in the discussion in
Sec. VI.

B. Hamiltonian evolution as null SU(1, 1)
transformations

Here we develop the second method to integrate the
motion of the cosmological model, by directly exponen-
tiating the Hamiltonian constraint. This corresponds to the
evolution for the choice of lapse N ¼ 1. It turns out that
the Hamiltonian constraint is a null generator of the CVH
suð1; 1Þ-algebra, so the trajectory are generated by null
Lorentz transformations.
Let us start with the standard FLRW cosmology case.

The Hamiltonian constraint is

H0 ¼ −
1

2
vb2 þ π2ϕ

24πGv
¼ 0: ð4:7Þ

We compute the Hamilton equations of motion generated
by H:

∂tπϕ ¼ 0; ∂tϕ ¼ fϕ;H0g ¼ πϕ
12πGv

; ð4:8Þ

∂tv ¼ fv;H0g ¼ vb; ∂tðvbÞ ¼ fvb;H0g ¼ −H0:

ð4:9Þ

Since the Hamiltonian constraint vanishes, the dilatation
C ¼ vb is constant along a trajectory and the volume v
grows linearly with the time t:

vðtÞ ¼ Ctþ v0; H0 ¼ 0 ⇒ C ¼ � πϕffiffiffiffiffiffiffiffiffiffiffi
12πG

p : ð4:10Þ

We also integrate the matter sector:

ϕðtÞ ¼ � Cffiffiffiffiffiffiffiffiffiffiffi
12πG

p ln

�
Ctþ v0

v0

�
þ ϕ0: ð4:11Þ

We can write the equation of motion for the volume as a
Friedman equation:

∂tv
v

¼ C
v
⇒

�∂tv
v

�
2

¼ κρ with κ ¼ 8πG
3

;

κρ ¼ π2ϕ
12πGv2

; ð4:12Þ

where ρ is the energy density of the scalar field. Combining
the two evolution laws vðtÞ and ϕðtÞ, we get the depar-
ametrized trajectory, describing the evolution of the volume
in terms of the scalar field time:

v ¼ v0e�
ffiffiffiffiffiffiffiffi
12πG

p ðϕ−ϕ0Þ;
dv
dϕ

¼ ∂tv
∂tϕ

¼ �
ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
v;

ð4:13Þ
with two possible exponential branches. This fits perfectly,
as expected, with Eq. (4.3) and our previous analysis of the
deparametrized dynamics.
We can recover all this from the suð1; 1Þ algebra

structure and derive the Hamiltonian evolution as a
SU(1, 1) flow. The suð1; 1Þ generators are given in terms
of the volume and Hamiltonian constraint:

v ¼ Kx þ Jz
2

; H0 ¼ Kx − Jz; Ky ¼ vb;

Kx ¼
v
4
þH0

2
; Jz ¼

v
4
−
H0

2
: ð4:14Þ

The Hamiltonian constraint is thus a null-like element in the
suð1; 1Þ Lie algebra. Its exponentiated action exp½−tfH; ·g�
easily translates into a null SU(1, 1) transformation:

Gt ¼ e−i
t
2
ðτx−τzÞ ¼ Iþ t

2
ðσx þ iσzÞ ∈ SUð1; 1Þ: ð4:15Þ

We compute the action of this SU(1, 1) transformation on
suð1; 1Þ generators, which leads to the evolution of the
volume v and dilatation Ky:

vðtÞ ¼ vð0Þ þ tKyð0Þ − t2H0ð0Þ;
KyðtÞ ¼ Kyð0Þ − tH0ð0Þ; ð4:16Þ

FIG. 1. Deparametrized dynamics of the volume v and its conjugate angle sin 2λb in terms of the scalar field clock ϕ
ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
following

a hyperbolic evolution, for regularization scale λ ¼ 1 and initial volume v0 ¼ 10 and constant complexifier C ¼ 1. The volume reaches a
minimum around ϕ

ffiffiffiffiffiffiffiffiffiffiffi
12πG

p ≃ −2.3, while b reaches its maximal value. This is the LQC big bounce.
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wherewemust remember to keep theHamiltonian constraint
H0ð0Þ ¼ 0 as initial conditions for all trajectories. So the
volume grows linearly with the time coordinate t and
the complexifier C ¼ Ky ¼ vb remains constant along the
trajectories. And the null SU(1, 1)-flow fits exactly with the
trajectories integrated by hand (4.10).
The efficiency of the SU(1, 1) framework is that the same

group element Gt can now be used to integrate the equations
of motion for the effective Hamiltonian of loop quantum
cosmology. Indeed we have the exact same SU(1, 1)
structure with the same expression of the Hamiltonian
constraint as a null-like suð1; 1Þ generator.
For the usual effective Hamiltonian H, given in (3.2),

this technique only allows us to exponentiate the action of
the gravitational Hamiltonian. Indeed the inverse volume
factor v−1 appearing in the matter Hamiltonian does not
belong to the suð1; 1Þ algebra. It affects the dynamics of
the gravitational sector and precludes the integration of the
Hamiltonian as a SU(1, 1) flow on the phase space.
However, this feature is entirely corrected in our new

proposal for an effective HamiltonianHreg, given in (3.21),
which takes into account the regularization of the inverse
volume factor. The exponentiated action exp½−τfH; ·g� ¼
exp½−tfKx − Jz; ·g�, with the normalized time ð2λÞt ¼ τ, is
computed as above. Imposing that the Hamiltonian con-
straint is satisfiedHreg ¼ 0, we get the following trajectory:

C; πϕ constant; VðtÞ ¼ V0 þ tC; ∂tϕ ¼ πϕ
12πGV

:

ð4:17Þ

The values of the complexifier C and the matter energy
density are related to each other by the Hamiltonian
constraint:

Hreg ¼ 0 ⇒ π2ϕ ¼ 12πGC2; ð4:18Þ

exactly as the standard FLRW case. Again, the cosmo-
logical dynamic is given by the complexifier, generating the
rescaling of the BI parameter. This suggests a nice interplay
between the cosmological dynamic and a renormalization
process of γ. This will be discussed in the last section. From
there, we can compute the volume:

v ¼ V þ λ2C2

V
; V ¼ vþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − 4λ2C2

p

2
: ð4:19Þ

One can integrate for the matter field ϕ in terms of the time
t and express this directly in terms of the regularized
volume V:

ϕ ¼ � Cffiffiffiffiffiffiffiffiffiffiffi
12πG

p ln

�
V
V0

�
þ ϕ0; V ¼ V0e�

ffiffiffiffiffiffiffiffi
12πG

p ðϕ−ϕ0Þ;

ð4:20Þ

which allows us to get the (deparametrized) trajectory of
the volume v in terms of the scalar field time ϕ:

v ¼ V0e�
ffiffiffiffiffiffiffiffi
12πG

p ðϕ−ϕ0Þ þ λ2π2ϕ
12πGV0

e∓
ffiffiffiffiffiffiffiffi
12πG

p ðϕ−ϕ0Þ; ð4:21Þ

with a mixing of the two exponential branches. And we
recover the results (4.5) which we got earlier by integrating
directly the deparametrized Hamiltonian: at the end of the
day, the null flow generated by the Hamiltonian constraint
fits with the boost flow of the (regularized) complexifier
describing the deparametrized dynamics.
We can go further and compute the modified Friedman

equations for the regularized cosmological model:

v ¼ V þ λ2C2

V
⇒

∂tv
v

¼ ∂tV
V

�
V2 − λ2C2

V2 þ λ2C2

�
: ð4:22Þ

The key point is that this derivative can vanish, when
V2 ¼ λ2C2, or equivalently when v ¼ 2λC. This gives a
critical density:

κρc ¼
1

4λ2
; ð4:23Þ

defined simply in terms of the regularization scale. This
typically signals a bounce occurring at a minimal (dynami-
cal) volume, which depends on the matter momentum, as
expected in loop quantum cosmology:

vbounce ¼ 2λ
πϕffiffiffiffiffiffiffiffiffiffiffi
12πG

p : ð4:24Þ

More generally, we can write the exact modified Friedman
equation:

∂tv
v

¼ C
v

�
1 −

λ2C2

V2

�
⇒

�∂tv
v

�
2

¼ κρ

"
1 −

1�
1þ

ffiffiffiffiffiffiffiffiffiffiffi
1 − ρ

ρc

q �
2

ρ

ρc

#
2

; ð4:25Þ

where we get a slight correction to the usual LQC Friedman
equation. Of course, one should keep in mind that we could
always choose a slightly different lapse, and thus time
parameter, to compensate for this deviation. But we insist
that this is an exact result coming straight from the flow of
the Hamiltonian constraint of our regularized effective
Hamiltonian (with both regularized volume and complexi-
fier). Note that at leading order in ρ

ρc
≪ 1, one the following

modified Friedman equation
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�∂tv
v

�
2

¼ κρ

�
1 −

ρ

2ρc
−

3

16

ρ2

ρ2c
þ o

�
ρ3

ρ3c

��
ð4:26Þ

This concludes the classical analysis and we are now
ready to proceed to the quantization of the theory.

V. QUANTIZING THE SU(1, 1) CVH ALGEBRA:
BACK TO LOOP QUANTUM

COSMOLOGY

We now proceed to the quantization of the cosmological
phase space, focusing on the SU(1, 1) group structure
provided by the CVH algebra. So we define the Hilbert
space as the theory as a SU(1, 1) representation. Following
the structures of the classical theory, the volume, com-
plexifier and Hamiltonian constraint will be quantized as
the suð1; 1Þ-generators and the SU(1, 1) representation will
be chosen by the value of the Casimir given in terms of the
volume gap vm and matter energy density πϕ.
We will distinguish two ways to proceed. On the one

hand, we can focus on the gravitational CVH algebra,
thus quantize the gravitational sector separately from the
matter sector: the SU(1, 1) representation will represent
only the gravitational degrees of freedom. This is the
usual route taken by loop quantum cosmology. On the
other hand, we can take a more global point of view
exploiting that the extension of the CVH algebra taking
into account the matter contribution to the Hamiltonian
constraint. This will encode both gravitational degrees of
freedom and matter degrees of freedom mixed together
right from the start in the SU(1, 1) group structure and
generators.
We start by giving the Casimir equation and identify the

irreducible representations of the SU(1, 1) group that we
must use. Then we use coherent states à la Perelomov to
describe the cosmological quantum states, in both schemes.
The complexifier will always become a Hermitian operator
Ĉ generating unitary transformations on the Hilbert space.

A. Selecting the SU(1, 1) representation:
The Casimir equation

Unitary irreducible representation of the suð1; 1Þ Lie
algebra are easy to describe in the standard basis diagonal-
izing both the Casimir operator and the compact rotation
generator Ĵ z. We introduce the basis states jC; mi where C
is the value of the Casimir operator Ĉ and the integer7

m ∈ Z gives the discrete eigenvalues of Ĵz. Then the
suð1; 1Þ-generators are well known to act as:

ĈjC; mi ¼
�
Ĵ 2

z −
1

2
K̂þK̂− −

1

2
K̂−K̂þ

�
jC; mi ¼ CjC; mi

Ĵ zjC; mi ¼ mjC; mi
K̂þjC; mi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðmþ 1Þ − C

p
jC; mþ 1i

K̂−jC; mi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðm − 1Þ − C

p
jC; m − 1i: ð5:1Þ

We distinguish two series of unitary representations. The
spacelike representations have a negative Casimir C < 0
and the discrete label m runs through the whole set of
integers Z. We usually write C ¼ −s2 and these form the
continuous series8 of representations Cs.
The timelike representations have a positive or vanishing

Casimir. The Casimir can only take discrete values, C ¼
jðj − 1Þ ≥ 0 for j ≥ 1. The weights m are not allowed to
run through the whole Z. We distinguish the positive
discrete series Dj

þ whose Hilbert space is spanned by
the basis states with m ≥ j and the negative discrete series
Dj

− whose Hilbert space is spanned by the basis states
with m ≤ −j.
Now the value of the Casimir and thus the choice of

representation will depend on the details of the cosmo-
logical model. Let us start with the case of standard FLRW
cosmology. The CVH algebra for the gravitational sector
already forms a suð1; 1Þ algebra whose generators are:

jz ¼ v

�
1þ b2

4

�
¼ v −

1

2
H0

g; kx ¼ vþ 1

2
H0

g;

ky ¼ vb ¼ C;

and the Casimir vanishes,

C ¼ j2z − k2x − k2y ¼ −2vH0
g − C2 ¼ 0:

We would like to use a null-like representation, which can
correspond either to C → 0 limit of the series of continuous
representations or to the j ¼ 1 case of the discrete series,
which has a vanishing Casimir. Considering that the
generator jz is always positive at the classical level, it
seems natural to opt for the latter and quantize the theory
using the representationDj¼1

þ of the discrete positive series,
for which the eigenvalues of ĵz are always positive m ≥ 1.
Let us however point out that here ĵz is not the volume
operator.

7In fact, we have two cases, either m ∈ Z or m ∈ Zþ 1
2
. Here

we only consider the integer case m ∈ Z for the sake of
simplicity, which actually corresponds to unitary representations
of SOð2; 1Þ. Working with the half-integer representations would
not change anything to our quantization scheme.

8Actually we usually distinguish two series of representations
with negative Casimir. The principal continuous series with C ¼
−s2 − 1

4
< − 1

4
come in the Plancherel decomposition for square-

integrable functions on SU(1, 1), while the representations with
− 1

4
< C < 0 are called the exceptional continuous series. More-

over, there actually exists two continuous series of representa-
tions Cϵs labeled by the parity ϵ¼�, the positive parity ϵ¼þ
corresponding to m ∈ Z and ϵ¼− corresponding to m∈Zþ1

2
.
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Now if we consider the CVH algebra extended to take
into account both the gravitational and the matter sector, the
generator of the suð1; 1Þ algebra acquire a matter term, but
retain a similar definition as previously:

Jz ¼ v −
1

2
H0 ¼ v

�
1þ b2

4

�
−

π2ϕ
48πGv

;

Kx ¼ vþ 1

2
H0; Ky ¼ C;

with a negative Casimir:

C ¼ J2z − K2
x − K2

y ¼ −2vH0 − C2 ¼ −
π2ϕ

12πGv
< 0:

This means that the whole system gravity plus matter field
should be quantized as a spacelike representation from the
continuous series.
Let us now turn to the regularized Hamiltonians for loop

quantum cosmology.
(i) CVH algebra for the gravitation sector:

The CVH algebra for the regularized Hamiltonian
is again written as a suð1; 1Þ-algebra with generators:

jz ¼
1

2λ
v; k� ¼ ve�2iλ;

C ¼ ky ¼
1

2i
ðkþ − k−Þ;

Hg ¼
1

2λ
ðkx − jzÞ; ð5:2Þ

where λ is the regularization scale. The Casimir still
vanishes:

C ¼ j2z − k2x − k2y ¼ −2VHg − C2 ¼ 0;

with V ¼ 1

2
ðjz þ kxÞ; ð5:3Þ

whereV is the regularized volume. Since thevolumev
should remain positive, we must choose representa-
tions from the discrete positive series Dj

þ. The
Casimir gets then naturally regularized to a positive
value, C ¼ jðj − 1Þ ≥ 0, where we can still get a
vanishing Casimir at the quantum level for the
minimal value of the spin j ¼ 1.
Here the volume operator v̂ ¼ 2λĵz has a discrete

positive spectrum 2λmwithm ≥ j. This leads back to
the usual framework for loop quantum cosmology,
which quantizes separately the gravitational and
matter sectors. We will describe in details the action
of the complexifier and the definition of coherent
states in the next section.
So the spin j ≥ 1 encodes the minimal value

possible of the volume, which can never reach 0.

It is actually possible to introduce such a minimal
volume vm directly in the classical phase space,
reflecting more closely the features of the quantum
theory, as explained in Appendix C.

(ii) CVH algebra for the full system, gravity coupled to
matter field:

We have shown earlier that the CVH algebra can
be extended to the whole system by properly
regularizing the inverse volume factor of the matter
term of the Hamiltonian constraint, simply replacing
the volume v by the regularized volume V. This
allows for a homogeneous behavior of the whole
Hamiltonian constraint under the action of the
(regularized) complexifier. The suð1; 1Þ generators
are defined as for the pure gravitation sector:

Ky ¼ C; H ¼ 1

2λ
ðKx − JzÞ; V ¼ λðKx þ JzÞ;

ð5:4Þ

with a Casimir given by the matter energy density,

Csu1;1
¼ J2z − K2

x − K2
y ¼ −

π2ϕ
12πG

: ð5:5Þ

Thus the matter energy produces a negative Casimir
and leads to a quantization using a SU(1, 1)-
representation from the continuous series. Once
the SU(1, 1)-representation is selected, Jz, Kx, Ky

become quantum operators acting on that represen-
tation. It is important to keep in mind that Jz is not
the volume v anymore, but a more complicated
function involving v, b and the matter momentum
πϕ. So at the quantum level, it will not be straight-
forward anymore to identity a volume operator v̂.
The discrete spectrum of Ĵz now corresponds to the
quantization of a more complicated observable
mixing the geometry and the matter.

At this point, we have two important remarks.
First, this quantization scheme involves the gravity
and matter sectors at the same level, mixing them.
From this perspective, a legitimate question is
whether this SU(1, 1)-quantization scheme will lead
back to the same quantum theory as in standard
LQC. For instance, we do not get a straightforward
discrete spectrum for the volume as when quantizing
separately the gravity and matter sectors. Of course,
the volume is not a physical observable (it does not
commute with the Hamiltonian constraint) and it is
not clear that the discrete spectrum of a kinematical
operator stays relevant at the physical level. In fact,
LQC does mix the gravity and matter sectors when
solving the Hamiltonian constraints for physical
states and, at the end of the day, it is likely that
the Hilbert space of physical states for LQC and for
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our SU(1, 1)-quantization will be the same, although
this explicitly remains to be checked. We postpone
this to future investigation and this will be the
necessary next step of this program.
Second, the matter momentum πϕ is a constant of

motion, since it commutes with the Hamiltonian
constraint. So we can fix it and study the dynamics
of the cosmological model at fixed πϕ, therefore
working with a single irreducible representation of
SU(1, 1). Nevertheless, if we would like to define a
Hilbert space for arbitrary quantum states for both
the geometry and the matter field, then we need to
consider a direct sum over all those SU(1, 1)
representations allowing for arbitrary wave func-
tions of the matter scalar field.

B. The gravitational sector: Coherent states and
unitary Immirzi transformations

In this section, we focus on the gravitational sector,
defining the SU(1, 1)-representation encoding the CVH
algebra at the quantum level, introducing the corresponding
coherent states of geometry and deriving the action of the
complexifier on that Hilbert space. This can be considered
as the quantization of the gravitational sector, but also as
the quantization of the deparametrized theory. From that
latter perspective, the complexifier actually defines the
dynamics of the geometry in terms of the scalar field clock.
As we have described above, we consider a SU(1, 1)-

representation from the positive discrete series Dj
þ for an

integer j ≥ 1. The Hilbert space is spanned by basis states
jj; miwithm ∈ N,m ≥ j. The suð1; 1Þ-generators allow to
define the quantum operators corresponding to the volume,
the complexifier and the gravitational Hamiltonian:

v̂ ¼ 2λĵz; Ĉ ¼ k̂y; Ĥg ¼
1

2λ
ðk̂x − ĵzÞ: ð5:6Þ

We also define the regularized volume operator
V̂ ¼ λðĵz þ k̂xÞ. These are all Hermitian operators since
we are working with a unitary representation of SU(1, 1).
In particular, both the complexifier Ĉ and the gravitational
Hamiltonian Ĥg generate unitary transformations.
Moreover the volume v̂ has a discrete spectrum 2λm with
a minimal non-zero volume 2λj. The Casimir operator is
constant on each representation and its value depends only
on the value of j:

Ĉ ¼ ĵ2z − k̂2x − k̂2y ¼ −½V̂Ĥg þ ĤgV̂ þ Ĉ2� ¼ jðj − 1Þ:
ð5:7Þ

It is possible to define coherent states à la Perelomov
[48]. These will be the coherent states for the geometry
in LQC:

jj; zi ¼
Xþ∞

m∈jþN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmþ jþ 1Þ!

ðm − jÞ!ð2jþ 1Þ!

s
ðz1Þm−j

ðz̄0Þmþjþ2
jj; mi ð5:8Þ

Those coherent states are labeled by a spinor z ∈ C2,
whose components z0 and z1 are arbitrary complex num-
bers. The states are well defined as long as jz0j > jz1j and
their norm is

hj; zjj; zi ¼ 1

ð2LÞ2j ; L ¼ 1

2
ðjz0j2 − jz1j2Þ: ð5:9Þ

The key property of those states is that they are covariant
under SU(1, 1) transformations, meaning that a finite
SU(1, 1) group element acts on the quantum state jj; zi
by acting directly on its spinor label as a 2 × 2 matrix:

Ujj; zi ¼ jj; U⊳zi: ð5:10Þ

Moreover these coherent states are semiclassical states with
minimal spread [48] and we know the expectation values of
the suð1; 1Þ generators9
This allows us to compute the expectation value of the

volume operator,

hv̂i ¼ hj; zjv̂jj; zi
hj; zjj; zi ¼ 2λhĵzi ¼ 2λj

jz0j2 þ jz1j2
jz0j2 − jz1j2 ð5:11Þ

as well as of the regularized volume operator, complexifier,
and gravitational Hamiltonian:

hV̂i ¼ λhk̂x þ ĵzi ¼ λj
z0z1 þ z̄0z̄1 þ jz0j2 þ jz1j2

jz0j2 − jz1j2 ð5:12Þ

hĈi ¼ hk̂yi ¼
1

2i
hk̂þ − k̂−i ¼ −ij

z̄0z̄1 − z0z1

jz0j2 − jz1j2 ð5:13Þ

hĤgi ¼ ð2λÞ−1hk̂x − ĵzi ¼
j
2λ

z0z1 þ z̄0z̄1 − jz0j2 − jz1j2
jz0j2 − jz1j2 :

ð5:14Þ

These expectation values also satisfy a semiclassical
Casimir equation, which almost matches the exact quantum
Casimir formula (5.7) up to a subleading term:

9We can compute the expectation values of the suð1; 1Þ
generators by straightforward calculations:

hj;zjJzjj;zi
hj;zjj;zi ¼ j

vz
L
; vz ¼

1

2
ðjz0j2þjz1j2Þhj;zjK�jj;zi

hj;zjj;zi ¼ j
v�
L
;

vþ ¼ z̄0z̄1; v− ¼ z0z1 ¼ v̄þ

with v2z − vþv− ¼ L2 > 0.
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−½2hVihĤgi þ hĈi2� ¼ j2 > 0: ð5:15Þ

Using the transformation law of the coherent states under
the SU(1, 1)-action, we can exponentiate exactly the action
of the complexifier Ĉ. This gives unitary transformations,
implementing shifts in the BI parameter at the quantum
level. Immirzi transformations for a real parameter η ∈ R
are given by pure boosts, as in the classical theory:

Ŵηjj; zi ¼ eiηĈjj; zi ¼ jj;Wη⊳zi ¼ jj; eiητy⊳zi;

eiητy ¼
�
cosh η

2
sinh η

2

sinh η
2

cosh η
2

�
; ð5:16Þ

�
z0η

z̄1η

�
¼ eiητy⊳z ¼

�
cosh η

2
sinh η

2

sinh η
2

cosh η
2

��
z0

z̄1

�
; ð5:17Þ

where one should pay special care to taking the complex
conjugate of the second component of the spinor z. This
action of the complexifier at the quantum level does not
change the representation j and so does not affect the
volume gap. Moreover the flow induced on the spinor z
keeps L ¼ ðjz0j2 − jz1j2Þ fixed, as well as ðz̄0z̄1 − z0z1Þ,
which corresponds to the fact that the action of Ŵη ¼ eiηĈ

as a unitary operator leaves invariant both the norm of the
coherent state hj; zjj; zi and its expectation value hĈi given
by (5.13).
Not only does this give the flow generated by the

complexifier as a SU(1, 1) boost action on the Hilbert
space, but this describes the cosmological evolution of the
geometry in terms of the scalar field clock in the depar-
ametrized formulation. To make this more explicit, we can
actually retrieve the value of the scalar field momentum πϕ
from the coherent state data z. The matter energy density
does not come in the gravitational part of the Hamiltonian
constraint, but balances it out in the full Hamiltonian
constraint:

Hreg ¼ π2ϕ
24πGV

þHg: ð5:18Þ

So the natural proposal recovers πϕ from the expectation
value hVihĤgi given by (5.12) and (5.14) and set at the
quantum level:

π2ϕ
12πG

≡−2hVihĤgi¼ j2
ðz0z1þ z̄0z̄1Þ2− ðjz0j2þjz1j2Þ2

ðjz0j2− jz1j2Þ2 :

ð5:19Þ

Since −2hVihĤgi ¼ j2 þ hĈi2 is constant along the orbits

generated by action of Ĉ, this is indeed a consistent
definition: the scalar field momentum πϕ remains constant

during the (deparametrized) cosmological evolution as
expected.
This also clarifies the classical interpretation of the

spinor label of the coherent states. Out of the four real
components of z ∈ C2, we can remove the norm L which is
simply a normalization factor and we are left with three
components that determine the semiclassical values of the
volume v, the complexifier C, the gravitational Hamiltonian
Hg, and the scalar field momentum πϕ, which are all related
by the Hamiltonian constraint HðregÞ ¼ 0.
We conclude with two remarks. First, the volume v̂ has a

discrete spectrum. It does not simply get rescaled under
the action of the complexifier:

v̂ → v̂η ¼ Wηv̂W
†
η ¼ eηv̂þ 4λ2 sinh ηĤg; ½v̂; v̂η� ≠ 0:

ð5:20Þ

The initial volume operators v̂ and the Immirzi-shifted
volume operator v̂η still have the same spectrum, and in
particular the same minimal eigenvalue, i.e., the volume
gap is not affected by the action of the complefixier.
However they do not commute anymore: the exponentiated
action of the complexifier does not send a volume eigen-
state onto another volume eigenstate. On the other hand, the
regularized volume operator V̂ has a continuous spectrum
and does get simply rescaled under the action of the
complexifier:

V̂ → V̂η ¼ WηV̂W
†
η ¼ eηV̂: ð5:21Þ

A second remark concerns which Hamiltonian constraint
to use. Here we have focused on the regularized
Hamiltonian Hreg which uses the regularized inverse
volume factor V−1 in the matter term. We have seen above
that it this is fully consistent with the action of the
complexifier as deparametrized Hamiltonian for the cos-
mological evolution. We could also follow the usual
procedure used in LQC to keep the standard inverse volume
factor v−1 in the Hamiltonian constraint and define a
Hamiltonian constraint operator Ĥ by defining an inverse

volume operator cv−1 at the quantum level. This is easily
done, without any ambiguity, since the volume operator is
Hermitian with a strictly positive discrete spectrum.
Nevertheless, this would break the elegant relation between
the Hamiltonian constraint for coupled gravity and matter
and the deparametrized Hamiltonian given by the (regu-
larized) complexifier and we believe this relation to have a
deep fundamental meaning.

C. Coupled geometry and matter:
Solving the Hamiltonian constraint

In this last section, we describe the quantization of the
coupled gravityþmatter system as a SU(1, 1) representa-
tion. The CVH algebra is extended to take into account the
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whole Hamiltonian constraint with both gravity and matter
terms. The main goal here is to investigate the conse-
quences of including the matter term and in particular
to understand how to deal with a spacelike SU(1, 1)-
representation from the continuous series.
The suð1; 1Þ generators are given by:

C ¼ Ky; V ¼ λðKx þ JzÞ; Hreg ¼ ð2λÞ−1ðKx − JzÞ:
Both Jz andKx contain a matter term. In particular, Jz is not
simply the volume v anymore, it depends also on its
conjugate angle b and on the scalar field momentum πϕ:

Jz ¼
V
2λ

− λHreg ¼ v
2λ

−
λπ2ϕ

24πGv cos2 λb
: ð5:22Þ

The suð1; 1Þ-Casimir is now negative and its numerical
value depends on πϕ:

C ¼ −2VHreg − C2 ¼ −
π2ϕ

12πG
: ð5:23Þ

At the quantum level, this selects the SU(1, 1)-
representation from the continuous series Cs, such that
the label s is given by the scalar field momentum,
s2 ¼ π2ϕ=12πG. The eigenvalues of Ĵz are unbounded
and the Hilbert space is spanned by states js;mi with
m ∈ Z. So we do not get a discrete spectrum for the volume
v. Actually it is not clear how to define an operator v̂, since
the generator Jz already contains a combination of v and b.
The complexifier Ĉ ¼ K̂y is Hermitian and generates
unitary transformations on the Hilbert space, without
changing the representation label s.
In this context, it is possible to define SU(1, 1)-coherent

states (i.e., that transform covariantly under the SU(1, 1)-
action) for those spacelike representations using a spinorial
reformulation, to similarly the construction already done
for timelike representations in [48] and used above for the
quantization of the gravity sector. The interested reader can
find the relevant spinorial realization of the suð1; 1Þ-
algebra in Appendix B 3. This would provide semiclassical
states transforming in a straightforward fashion under the
exponentiated action of the complexifier Ĉ and of the
Hamiltonian constraint Ĥreg. But here, we are more
interested in identifying physical states, satisfying the
Hamiltonian constraintHreg ¼ 0. This means finding states
jϕi, satisfying ðK̂x − ĴzÞjϕi ¼ 0. Decomposing such a
state on the m-basis, jϕi ¼Pmϕmjmi, leads to a second
order recursion relation on its coefficients:

K̂xjϕi ¼ Ĵzjϕi ⇔ ∀ m;

2mϕm ¼ ϕm−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þmðm − 1Þ

q
þ ϕmþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þmðmþ 1Þ

q
;

ð5:24Þ
or explicitly,

ϕ−1 þ ϕ1 ¼ 0; 2ϕ1 ¼ ϕ0sþ ϕ2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 2

p
;

4ϕ2 ¼ ϕ1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 2

p
þ ϕ3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 6

p
;… ð5:25Þ

So we get a two-dimensional space of physical states
satisfying Ĥregjϕi ¼ 0, labeled by the initial conditions ϕ0

and ϕ1.
We could also look for physical states in the continuous

basis of eigenstates of the generator K̂y, which diagonalizes
the complexifier Ĉ (see, e.g., [54] for details). An important
feature of the quantum theory is that Ĉ commutes with the
Hamiltonian constraint on physical states:

½K̂x − Ĵz; K̂y� ¼ −iðK̂x − ĴzÞ;
which means that Ĥregjϕi ¼ 0 ⇒ ĤregĈjϕi ¼ 0: ð5:26Þ

So Ĉ also acts on the space of physical states. This is the
quantum counterpart of the classical fact that C is constant
along trajectories.
We have therefore obtained a clean quantization which

self-adjoint operators representing both the Hamiltonian
constraint and the complexifier and thus generating unitary
flows on the Hilbert space. A second step should be to
investigate how to deparametrize the quantum theory and
extract semiclassical trajectories. In particular, defining a
suitable Dirac’s observable for the volume and compute its
spectrum would complete the study of this model. We will
address those crucial questions in a next paper.

VI. DISCUSSION

In this work, we have studied the Immirzi generator C in
cosmology at both classical and quantum levels, as well as
the CVH Poisson algebra it forms with the volume and the
Hamiltonian scalar constraint. The interest in considering
the CVH algebra is that it exhibits a suð1; 1Þ Lie algebra
structure which encodes several properties of the classical
theory. Of particular interest for us is that it encodes the
fact that the BI parameter is not a physical parameter at
the classical level, since the scalar constraint is simply
globally rescaled under the Immirzi generator flow, i.e.
fC;Hg ¼ −H. Moreover, because of its suð1; 1Þ Lie
algebra structure, it provides a suitable structure for a
group quantization, free from factor-ordering ambiguities.
Finally, the CVH algebra refers to the full theory, gravity
plus matter. Thus, preserving this structure in the quantum
theory provides a quantization scheme free from factor
ambiguity and in which the BI parameter can be rescaled
freely without affecting the dynamics and the physical
predictions, i.e., here the Immirzi ambiguity disappears.
It is nevertheless important to keep in mind that our

framework distinguishes the Barbero-Immirzi parameter γ,
resulting from the canonical transformations generated by
the complexifier, from the regularization scale λ entering
the Hamiltonian constraints. This is the main difference
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with the standard formulation of loop quantum cosmology,
in which these two parameters are identified. Here, on the
contrary, the regularization scale λ is a physical parameter,
while the Barbero-Immirzi parameter γ is shifted by unitary
transformations which do not affect λ.
More precisely, we have presented a new LQC-inspired

model which preserved the structure of the CVH algebra. In
order to do so, we have generalized the regularization
procedure of standard LQC. We have introduced a regu-
larization of the complexifier, as well as a regularization of
the inverse volume factor, in order to keep a closed CVH
algebra. This regularization mostly account for updating
the connection to a holonomy in the expression of the
complexifier, which is consistent with the prescription used
for the Hamiltonian constraint. As a consequence, the
regularized volume factor also inherits a correction term
depending on the connection b. In this context, one can
proceed to the group quantization of the model. It results in
a quantum theory where the transformations generated by
the regularized Thiemann complexifier are unitary,. This
means that the BI parameter can be rescaled through
unitary transformations, thereby solving the Immirzi ambi-
guity in this very simplified quantum mechanical model.
Preserving the classical CVH algebra structure allows

also to export some appealing properties of the classical
theory in our new LQCmodel. Indeed, at the classical level,
the deparametrized cosmological evolution, with respect to
the scalar field, is given precisely by the complexifier. Our
new regularization preserves this feature in the effective
theory as well as in the quantum theory. The fact that the
relational cosmological evolution can be generated by the
generator of geometry rescaling suggests that there is an
interplay between the scale transformations of the geom-
etry, and the dynamics as seen from the relational clock, if
not an identification. This observation begs the question
concerning the role of the extrinsic curvature as a generator
of the dynamics in symmetry reduced loop models and
more generally in LQG, as already noticed for Gowdy
models in a specific gauge as shown in [55,56].
Another important point of our framework is that the

CVH algebra and the SU(1, 1) structure it generates allows
to integrate exactly the action of the Hamiltonian constraint
and of the complexifier, at the classical and quantum levels.
This must necessarily be compared to the existing exactly
solvable version of loop quantum cosmology, as introduced
in [57]. The main difference is the regularization of the
complexifier and of the inverse volume factor. It is true that
the Hamiltonian constraints only differ by a overall factor.

This modification, which can be reabsorbed in the defi-
nition of the lapse and thus can not change the physics at
the classical level, nevertheless affects slightly the quan-
tization of the constraint and allows to get rid of all factor
ordering ambiguities under the condition that the CVH
algebra is preserved at the quantum level. We can sum-
marize these differences in Table 1.
Let us come back to the Immirzi ambiguity. The main

result on this issue is that, thanks to the suð1; 1Þ structure
of the CVH algebra, one can build a LQC-inspired model
where the BI parameter does not play any physical role in
the quantum theory. In particular, it should not be under-
stood as a new fundamental constant of the model. The
Barbero canonical transformation can be mapped to a
unitary transformation at the quantum level in this con-
struction, solving thus the Immirzi ambiguity present in
standard LQC. While our quantization refers to a very
simplified (quantum mechanical) cosmological system, the
result obtained within this framework provides a first hint
on the status of the Barbero-Immirzi parameter. Whether
this conclusion can be generalized to more complex
systems, such as the loop quantization of spherical sym-
metric space-time or isolated horizons need to be inves-
tigated. We plan to address those questions in future work.
Finally, we have seen that the CVH algebra represents a

powerful structure which allows a straightforward quanti-
zation of the homogenous and isotropic loop phase space. It
would be particularly interesting to investigate this struc-
ture beyond homogeneity, at the level of the cosmological
perturbations. Indeed, the treatment of the cosmological
perturbations in LQC has been developed along two very
different lines, the deformed algebra approach [58] and the
dressed metric approach [59]. While the former is purely
effective, the second provides a quantum theory of the
perturbations over a quantum background, an effective
description being derived from it. If the CVH algebra
structure survive the truncation at second order, one could
investigate the holonomy corrections required to preserve
its classical structure, similarly to what we have done in
Sec. II. It could potentially provide a starting point for a
group quantization of the deformed algebra approach to the
cosmological perturbations in LQC and allow us to inves-
tigate at the quantum level the special features arriving from
this covariant approach, such as the signature change
phenomenon. See [60,61] for details on this point. Yet,
if the CVH algebra fails to close beyond homogeneity, it
could signal interesting sign of conformal anomalies. We
leave this idea for future investigations.

TABLE I. Comparative table on different properties of the sLQC model and the new LQC-inspired model introduced in the
present work.

CVH algebra Input from the full theory Immirzi rescaling Factor ordering issues

sLQC Broken Kinematical area spectrum Non unitary Present
New model Preserved None Unitary None
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Moreover, the framework developed in this paper rep-
resents also a suitable formalism to apply the Wick rotation
program proposed in [3] to LQC, from the standard
Ashtekar-Barbero to the self dual initial formulation.
Since this idea motivated initially the work presented here,
let us briefly mention the reasons for developing the self
dual version of LQC. Recent investigations have shown
that the standard strategy used in polymer quantization of
symmetry reduced loop models can lead to inconsistencies,
due to the introduction of holonomy corrections. While
symmetry reduced model without local degrees of freedom
exhibit a generic deformed notion of covariance [62,63],
the holonomy corrected models with local degrees of
freedom present anomalies and fail to be covariant.
Those no go results were worked out in [64] for spherically
symmetric model coupled to matter, and in [65] for
polarized Gowdy model. They provide strong obstructions
to the development of symmetry reduced loop models with
local degrees of freedom, and in particular to black hole
models and to the study of Hawking radiation in such
models [66]. However, all those conclusions were derived
within the Ashtekar-Barbero formulation. Even more
recently, it was shown that those obstructions disappear
when working within the initial self dual formulation. In
such self-dual symmetry reduced loop models, the holon-
omy corrected hypersurface deformation algebra reprodu-
ces without deformation its classical counterpart, both for
model without or with local degrees of freedom [67,68]. It
indicates therefore that self-dual variables are better suited
to preserve covariance in presence of holonomy corrections
in such models. In particular, it has been shown in [68] that
the inhomogenous self-dual LQC model does not suffer
from the signature change deformation present within the
Ashtekar-Barbero formulation. Because of this recent
observation, it is crucial to develop the self-dual version
of LQC, and investigate its inhomogeneous extensions,
since it provides an inequivalent approach to the cosmo-
logical perturbations in LQC, with potentially different
predictions. For the different reasons advocated here,
developing the self-dual version of LQC is mandatory
and the formalism developed in this paper represent the
natural framework for this purpose. One could then
compare the model obtained with the existing proposals
in the literature such as [69–71].

APPENDIX A: THE CVH ALGEBRA OF
CLASSICAL GENERAL RELATIVITY

In this section, we compute the CVH algebra in full
general relativity. In term of the Ashtekar-Barbero varia-
bles, general relativity can be formulated as an SU(2) gauge
field theory. This phase space is coordinatized by the two
conjugated variables, the Ashtekar-Barbero connection
Ai
adxa and its momentum, the densitized electric field

Ea
i ∂a, which admit the following Poisson bracket

fAi
aðxÞ; Eb

j ðyÞg ¼ κγδbaδ
i
jδ

ð3Þðx − yÞ: ðA1Þ

Those variables are build from the tetrad field eiadxa, the
extrinsic curvature Ki

adxa and the rotational spin connec-
tion Γi

adxa as

Ea
i ¼

1

2
ϵabcϵijke

j
be

k
c ¼ detðeÞeai Ai

a ¼ Γi
a þ γKi

a:

ðA2Þ

The canonical variables ðAi
a; Eb

j Þ are subject to seven
first class constraints (after canonical analysis and having
solve the second class constraints showing up in the
process) given by the Gauss constraint Gi, the (spatial)
diffeomorphism constraint Ha and the scalar constraint H
enforced respectively by the Lagrange multipliers Ai

0, N
a,

and N

Gi ¼ ∂aEa
i þ ϵij

kAj
aEa

k Ha ¼ Eb
i F

i
ab

H ¼ −
1

2γ2
Ea
i E

b
jffiffiffiffiffiffiffiffiffiffiffiffiffi

detðEÞp ðϵijkFk
ab − 2ð1þ γ2ÞK½i

aK
j�
b Þ: ðA3Þ

It is interesting to consider the Euclidean and Lorentzian
contribution to the scalar constraint separately. We intro-
duce thus the notation

H ¼ HE þHK HE ¼ −
1

2γ2
Ea
i E

b
jffiffiffiffiffiffiffiffiffiffiffiffiffi

detðEÞp ϵijkFk
ab

HK ¼ ð1þ γ2Þ
γ2

Ea
i E

b
jffiffiffiffiffiffiffiffiffiffiffiffiffi

detðEÞp K½i
aK

j�
b : ðA4Þ

The spin connection turns out to be related to the electric
field Ea

i by the following expression

Γi
a ¼

1

2
ϵijkEb

k ½∂bE
j
a − ∂aEk

b þ Ec
jE

l
a∂bEl

c�

þ 1

4
ϵijkEb

k

�
2Ej

a
∂b detðEÞ
detðEÞ − Ej

b
∂a detðEÞ
detðEÞ

�
: ðA5Þ

Let us now introduced the following functions on the phase
space

C ¼ 1

γκ

Z
Σ
d3xEa

i K
i
a

V ¼
Z
Σ
d3x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3!
ϵijkϵabcEa

i E
b
jE

c
k

r
H ¼ HE þHK: ðA6Þ

A useful bracket for our purpose is given by

fC;Γi
ag ¼ 0: ðA7Þ
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Let us now compute the (CVH) algebra generated by
the three phase space functions introduced above. The
brackets read

fC; Vg ¼ V fC;HEg ¼ −HE fC;HKg ¼ −HK

fV;HEg ¼ C fV;HKg ¼ 0:

This the CVH algebra of classical general relativity.

APPENDIX B: THE SU(1, 1) ACTION
ON THE ðv;bÞ PHASE SPACE

1. The spinor phase space and the SU(1, 1) action

Following the group theoretic reformulation of loop
quantum cosmology in the deparametrized formulation
in terms of a SU(1, 1) symmetry introduced in [48], we
find it convenient to use a spinorial presentation of the
suð1; 1Þ Lie algebra to exponentiate the action of the
generators and later to define proper coherent states. We
introduce a pair of canonical complex variables, z0 and z1,
provided with the canonical Poisson bracket:

fz0; z̄0g ¼ fz1; z̄1g ¼ −i: ðB1Þ

On this phase space, one can identify a representation of the
suð1; 1Þ Lie algebra with generators:

jz ¼
1

2
ðjz0j2 þ jz1j2Þ; kþ ¼ z̄0z̄1; k− ¼ z0z1;

ðB2Þ

which satisfy the suð1; 1Þ commutation relations

fjz; k�g ¼∓ ik�; fkþ; k−g ¼ 2ijz: ðB3Þ

We can also define the real boost generators:

kx ¼
1

2
ðkþ þ k−Þ; ky ¼

1

2i
ðkþ − k−Þ: ðB4Þ

We can also introduced another observable L which
commutes with the previous generators

l ¼ 1

2
ðjz0j2 − jz1j2Þ fl; jzg ¼ fl; k�g ¼ 0: ðB5Þ

This Casimir observable can actually be understood as the
square root of the quadratic Casimir of the suð1; 1Þ
algebra:

C ¼ kþk− − j2z ¼ −l2 ≤ 0: ðB6Þ

As we see, this spinorial representation only allows for
timelike representation with negative or vanishing Casimir.
It is nevertheless to change the definition of the suð1; 1Þ

generators to reach all possible unitary representations of
SU(1, 1).
It is convenient to repackage the generators as a 2 × 2

Hermitian matrix:

m≡
�
z0

z̄1

��
z0

z̄1

�†
¼
� jz0j2 z0z1

z̄0z̄1 jz1j2
�
;

M≡m −
1

2
ðtrmσzÞσz ¼

�
jz k−
kþ jz

�
: ðB7Þ

We can compute the action of the suð1; 1Þ generators on
the spinor z and thus also on the matrix M. Introducing
η⃗ · j⃗ ¼ ηzjz − ηxkx − ηyky using the Lorentzian signature,
we have:	

η⃗ · |⃗;

�
z0

z̄1

�

¼ i

2
η⃗ · τ⃗

�
z0

z̄1

�
fη⃗ · |⃗;mg ¼ i

2
ðη⃗ · τ⃗m −mη⃗ · τ⃗†Þ; ðB8Þ

where the τa are the Lorentzian Pauli matrices:

τz ¼
�
1 0

0 −1

�
¼ σz;

τx ¼
�

0 1

−1 0

�
¼ þiσx;

τy ¼
�

0 −i
−i 0

�
¼ −iσy: ðB9Þ

Taking into account that the rotation generator τ†z ¼ τz is
Hermitian while the boost generators, τ†x ¼ −τx, τ†y ¼ −τy,
are anti-Hermitian, we deduce the transformation law for
the generator matrix M:

fη⃗ · |⃗; trmσzg ¼ 0; fη⃗ · |⃗;Mg ¼ i
2
ðη⃗ · τ⃗M −Mη⃗ · τ⃗†Þ:

ðB10Þ

This can be directly exponentiated to get the flow generated
by the j⃗’s on the phase space:

efη⃗·j⃗;·g
�
z0

z̄1

�
¼ Gη⃗

�
z0

z̄1

�
;

efη⃗·|⃗;·gM ¼ Gη⃗MG†
η⃗;

with Gη⃗ ¼ e
i
2
η⃗·τ⃗ ∈ SUð1; 1Þ: ðB11Þ

2. The ðv;bÞ phase space from the spinor variables

Since the observable l, measuring the difference in norm
between the two complex variables, commutes with the
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suð1; 1Þ generators, we can fix the value of this Casimir
without affecting the transformation law under the
SU(1, 1)-action. Let us start with the vanishing Casimir
case, l ¼ 0. In this case, the two complex variables
have equal norms, jz0j ¼ jz1j, and we define the variable
v ≥ 0 as that norm and introduce the relative phase b
between them:

v
2λ

¼ 1

2
ðjz0j2 þ jz1j2Þ e−2iλb ¼ z0

z̄1

z0 ¼
ffiffiffiffiffi
v
2λ

r
e−iλbþiφ z1 ¼

ffiffiffiffiffi
v
2λ

r
e−iλb−iφ; ðB12Þ

where λ is a fixed constant and φ is an arbitrary phase
variable. We can check that l commutes with both v and b,
so that they define proper coordinates on the constrained
surface l ¼ 0. And we further check that they form a
canonical pair of variables:

fl; vg ¼ fl; e−2iλbg ¼ 0;	
v
2λ

; e−2iλb



¼ ie−2iλb ⇒ fb; vg ¼ 1: ðB13Þ

In that case, we compute the suð1; 1Þ generators in terms of
this parametrization of the complex variables. They do not
depend on the phase φ and are expressed simply in terms of
the ðv; bÞ variables:

jz ¼
v
2λ

; k� ¼ v
2λ

e�2iλb: ðB14Þ

We can generalize this analysis to the case of a non-
vanishingCasimirl ≠ 0. Let us considerl ¼ ð2λÞ−1vm > 0.
The case l < 0 can be treated similarly. We take the exact
same definition for the volume v and the phase b, which still
form a canonical pair of variables which commute with l.
However, the expression of the complex variables changes
slightly to accommodate the difference in norms:

z0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vþ vm
2λ

r
e−iλbþiφ z1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v − vm
2λ

r
e−iλb−iφ; ðB15Þ

which leads to the following expression for the suð1; 1Þ
generators:

jz ¼
v
2λ

; k� ¼ v2 − v2m
2λ

e�2iλb C ¼ −l2 ¼ −v2m < 0:

ðB16Þ

This provides the regularization of the ðv; bÞ phase space to
account for the existence of a minimal volume vm at the
kinematical level and its embedding in the suð1; 1Þ
phase space.

3. Space-like representations of SU(1, 1)

Let us look into the deformation of the suð1; 1Þ gen-
erators due to the matter Hamiltonian. Start with suð1; 1Þ
algebra generators j⃗ and define new generators:

Ky ¼ ky; Kx ¼ kx þ
β

2ðjz þ kxÞ
;

Jz ¼ jz −
β

2ðjz þ kxÞ
ðB17Þ

fJz; Kxg ¼ Ky; fJz; Kyg ¼ −Kx; fKx; Kyg ¼ −Jz;

ðB18Þ

C ¼ J2z − K2
x − K2

y ¼ ½j2z − k2x − k2y� − β: ðB19Þ
In our framework for cosmological models, the initial
Casimir j2z − k2x − k2y vanishes, so a positive β > 0 produces
a negative suð1; 1Þ-Casimir, leading to a spacelike repre-
sentations. We can introduce the following presentation of
suð1; 1Þ in terms of spinors, which allows for spacelike
representations and which is different from the one used for
timelike representations:

Jz ¼
1

2
ðjz0j2 − jz1j2Þ; Kþ ¼ 1

2
ððz̄0Þ2 − ðz1Þ2Þ;

K− ¼ 1

2
ððz0Þ2 − ðz̄1Þ2Þ ðB20Þ

fJz; K�g ¼∓ iK�; fKþ; K−g ¼ 2iJz ðB21Þ

C ¼ J2z − KþK− ¼ −λ2 < 0; λ ¼ i
2
ðz̄0z̄1 − z0z1Þ ∈ R:

ðB22Þ
Canonically quantizing the two complex variables,

fz0; z̄0g ¼ fz1; z̄1g ¼ −i, as a pair of harmonic oscillators
allows us to recover all the spacelike SU(1, 1)-representa-
tions Cϵs, which have a negative Casimir. The operator Ĵz
becomes half the difference of energy between the two
oscillators, it has a discrete spectrum and its eigenvalues
runs on all possible positive and negative half-integers
m ∈ Z=2. Using this spinorial formulation would allow to
define SU(1, 1)-coherent states for those spacelike repre-
sentation, similarly to what has been developed for the
timelike representation (from the discrete series) in [48].

APPENDIX C: INTRODUCING A MINIMAL
VOLUME vm IN THE CLASSICAL

PHASE SPACE

As already pointed out in [48], the vanishing sl2 Casimir
of the gravitational sector can be naturally regularized into
a nonzero Casimir by accounting for a minimal volume at
the classical level. Indeed, a generalization of the definition
of the suð1; 1Þ generators in terms of the ðv; bÞ variables is
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jz ¼ ð2λÞ−1v; k� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − v2m

q
e�2λi; ðC1Þ

where we have modified the boost generators by introduc-
ing the new parameter vm. This sets a minimal value for the
volume, which can be identified to the volume gap of LQC.
The volume v can vanish no more and it is necessarily
larger than vm. The suð1; 1Þ Lie algebra is not modified,
but its Casimir does not vanish anymore:

Csl2 ¼ j2z − kþk− ¼ v2m > 0: ðC2Þ
At the quantum level, this will select a time-like repre-
sentation of SU(1, 1), chosen by the minimal value of
the volume and whose lowest weight vector will be the
minimal volume state.
This extension leads to a generalized classical

Hamiltonian constraint:

Hm ¼ π2ϕ
24πGv

−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − v2m

q
sin2ðλbÞ

λ2

−
v
4λ2

 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

v2m
v2

s !

¼ H −
1

8λ2
v2m
v
cos 2λbþ… ðC3Þ

This generalization naturally takes into account the volume
gap of loop quantum cosmology and maintains the inte-
grability of the motion based on the SU(1, 1) group
structure. The complexifier also gets slightly modified:

Cm ¼ ky ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − v2m

q
cos 2λb

2λ
; ðC4Þ

but its flow on the suð1; 1Þ generators j⃗ remains the same.
Finally, we can put together the λ-regularization with the

minimal volume regularization:

Hfull ≡ π2ϕ
24πGλðkx þ jzÞ

þ 1

2λ
ðkx − jzÞ with jz ¼

v
2λ

;

kx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − v2m

q
cos 2λb

2λ

¼ π2ϕ

12πG½vþ cos 2λb
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − v2m

p
�

−
1

2λ2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − v2m

q
sin2λbþ 1

2

�
v −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − v2m

q ��
ðC5Þ

This is the most general ansatz for an effective loop
cosmology Hamiltonian leading to a closed CVH algebra
in our framework and accounts of both curvature regulari-
zation by λ and the existence of a volume gap vm. The action
of the regularized complexifier C acts nontrivially on the
variables v and b, but simply rescales thewhole Hamiltonian
constraint without changing its inner structure.

This way of introducing a minimal volume is rather
different fromwhat is commonly done in the LQC literature.
Both approaches share the same regularization of the
curvature. However, the existence of a minimal volume
(or of an area gap) is introduced in a very different way in the
LQC literature and in the present approach. In the LQC
literature [31], the existence of an area gap is introduced as
an ad hoc input, imported from the full LQG theory.
The value of the area gap Δ is directly imported from the
kinematical area spectrum, which is γ-dependent. This value
is then used at the dynamical level in LQC. However, this
spectrum has been computed in the full theory only at the
kinematical level, and using it at the dynamical level in a
symmetry reduced model as LQC can be questionable.
On the contrary, in our approach, the minimal volume is
introduced through an additional step in the regularization
leading to the effective phase space to quantize. In the present
framework, we have imported no ingredient from the full
LQG theory and focused on the regularized phase space for
cosmology on its own, exploring its ambiguities and con-
sistent extensions. As a result, the Barbero-Immirzi param-
eter γ, the regularization scale λ, and the minimal volume vm
are a priori independent and their effect and physical
relevance can be studied separately.
What is especially interesting in this approach is that the

sl2 Casimir now gets opposite contributions from both
regularizations by λ and vm:

Csl2 ¼ −2VHfull − C2 ¼ J2z − K2
x − K2

y

¼ π2ϕ
12πG

þ ½j2z − k2x − k2y� ¼ v2m −
π2ϕ

12πG
: ðC6Þ

This Casimir equation shows a competition between
quantum gravity effects and the matter sector which
determine the Hilbert space to use for the quantum theory.
It is a remarkable fact that both gravity and matter sectors
are involved at the same fundamental level in the con-
struction of the quantum theory. Depending on the relative
values of vm and πϕ, the Casimir will be either positive or
negative, thus leading respectively to a choice of timelike or
spacelike representation. Mathematically, both are possible.
Physically, the minimal volume will be at the Planck scale
and thus the matter energy will dominate the expression,
thus giving a negative Casimir and leading to a quantization
using a representation of the continuous series.
The formula for the Casimir (5.5) suggests that there may

be a more general underlying SLð2;CÞ structure to eluci-
date. Indeed, the Casimir for SLð2;CÞ-representations is
Cslð2;CÞ ¼ 1

2
ðn2 − ρ2 − 4Þ where n ∈ Zþ and ρ ∈ R.

Matching this against our formula, it is tempting to identify
the volume vm as the discrete contribution to the slð2;CÞ-
Casimir n2, while the continuous negative term −ðρ2 þ 4Þ
would correspond to the matter contribution. Such a
SLð2;CÞ complexified structure would be likely also very
relevant to a Wick-rotation to imaginary values of the BI
parameter.
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