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Supersymmetry of Bianchi attractors in gauged supergravity
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Bianchi attractors are near horizon geometries with homogeneous symmetries in spatial directions. We
construct supersymmetric Bianchi attractors in N =2,d =4, 5 gauged supergravity. In d =4, we
consider gauged supergravity coupled to vector and hypermultiplets. In d =5, we consider gauged
supergravity coupled to vector multiplets with a generic gauging of symmetries of the scalar manifold and
the U(1), gauging of the R-symmetry. Analyzing the gaugino conditions, we show that when the fermionic
shifts do not vanish, there are no supersymmetric Bianchi attractors. This is analogous to the known
condition that for maximally supersymmetric solutions, all of the fermionic shifts must vanish. When the
central charge satisfies an extremization condition, some of the fermionic shifts vanish and supersymmetry
requires that the symmetries of the scalar manifold are not gauged. This allows supersymmetric Bianchi
attractors sourced by massless gauge fields and a cosmological constant. In five dimensions in the Bianchi [
class, we show that the anisotropic AdS; x R? solution is 1/2 BPS (Bogomol'nyi-Prasad-Sommerfield).
We also construct a new class of 1/2 BPS Bianchi III geometries labeled by the central charge. When the
central charge takes a special value, the Bianchi ITT geometry reduces to the known AdS; x H? solution. For
the Bianchi V and VII classes, the radial spinor breaks all of supersymmetry. We briefly discuss the
conditions for possible massive supersymmetric Bianchi solutions by generalizing the matter content to

include tensor, hypermultiplets, and a generic gauging on the R-symmetry.
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I. INTRODUCTION

In recent years, intensive research on extremal black
holes in anti—de Sitter (AdS) space have unveiled relations
between seemingly unrelated fields such as gravity and
condensed matter systems. In AdS/CFT, extremal black
holes provide the bulk gravitational description of zero
temperature ground states in strongly coupled field theories
[1]. At the quantum critical point, the field theory descrip-
tion is strongly coupled and exhibits phase transitions at
zero temperature due to quantum fluctuations [2,3]. The
presence of diverse phases in the field theory predict an
equally large number of dual extremal geometries in the
bulk. It is an interesting program to identify and classify
various possible extremal geometries. Some of the earlier
work in this direction have identified extremal geometries
that exhibit Lifshitz and hyperscaling violations [4-9]. Of
more recent research interest are extremal black branes dual
to field theories with reduced symmetries [10-21]. Some of
these examples are anisotropic and display interesting
phenomena such as violation of the KSS bound [22] when
the anisotropy becomes much larger than the temper-
ature [23].
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In five dimensions, homogeneous anisotropic extremal
black brane geometries have been constructed in [13,14].
The metrics display manifest homogeneous symmetries in
three spatial directions. It is well known that the Killing
vectors that generate these symmetries form algebras that are
isomorphic to real Lie algebras in dimension three. These
real Lie algebras have been well studied and are well-known
through the Bianchi classification [24,25]. The five dimen-
sional geometries that display manifest homogeneous sym-
metries in three spatial directions are referred to as the
“Bianchi attractors.” These near horizon geometries are
exact solutions to Einstein-Maxwell theories with massive/
massless gauge fields and a cosmological constant.'

Black holes in A/ = 2 supergravity exhibit a phenomenon
known as the attractor mechanism [27-30]. In a black hole
background, moduli fields flow to fixed point values at the
horizon irrespective of their asymptotic values at spatial
infinity. The fixed point values are determined entirely in
terms of the charges carried by the black hole. As aresult, the
Bekenstein-Hawking entropy of the black hole is deter-
mined in terms of its charges. Although initial studies have

'"The terminology attractor is used because the horizon
geometries solve the field equation exactly. Interpolating numeri-
cal solutions have been constructed in [26], justifying the
terminology. However, analytic solutions are much harder to find.
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focused on supersymmetric black holes, it has been realized
that the attractor mechanism is a consequence of extremality
[31]. Subsequently the attractor mechanism is generalized to
nonsupersymmetric extremal black holes [32,33].

In recent years, an enormous effort has gone into
generalizing the attractor mechanism to gauged super-
gravities [34-41]. Significant progress has been made
especially for dyonic AdS, black holes [42]. Large N
index computations in the dual twisted mass deformed
ABJM theory find perfect matching of the microstate
counting with the Bekenstein-Hawking entropy of the
black hole [43,44]. It is interesting to ask if the attractor
mechanism generalizes to black brane geometries in AdS.
In this light, the first step is to embed these geometries in
supergravity in order to study their properties such as
supersymmetry and stability.

Some steps in this direction have been taken [35,45] and
explicit examples of Bianchi attractors in A = 2 gauged
supergravity are constructed. However, it turns out that the
geometries are nonsupersymmetric and are unstable under
linearized fluctuations unless certain conditions are satis-
fied [46,47]. The conditions are such that there must exist a
critical point of the effective potential, and the Hessian of
the effective potential evaluated at the solution must have
positive eigenvalues. For nonsupersymmetric extremal
black hole solutions, the above two conditions are sufficient
to guarantee a stable Bianchi attractor in gauged super-
gravity. However supersymmetric solutions always satisfy
these conditions and guarantee stability.

In this work, we look for supersymmetric Bianchi
attractor geometries in N = 2 gauged supergravity. As a
warmup, we study d = 4 gauged supergravity coupled to
vector and hyper multiplets with a generic gauging of the
symmetries of the hyper Kihler manifold. In four dimen-
sions the homogeneous symmetries are along the two spatial
directions, and the corresponding Lie algebras are of two
types, namely Bianchi I and Bianchi II. Bianchi I geom-
etries, such as AdSs [41] and z = 2 Lifshitz solution [48,49],
are well-known solutions in this theory. In the Bianchi I case,
we construct a 3 BPS AdS, x R? geometry sourced by
timelike gauge fields. In the Bianchi Il case, a % BPS AdS, x
H? solution sourced by magnetic fields has been found
recently in [50]. We construct a AdS, x H? solution sourced
by timelike gauge fields and find that the radial spinor breaks
all of the supersymmetry. The Bianchi I and Bianchi II
classes we studied in four dimensions correspond to the
symmetries of R?> and H?. These are the only possible
Bianchi classes of metric that one can construct in 3 + 1
dimensions with homogeneous symmetries in two spatial
directions. Of course, there exist more general manifolds
like 72 [34,51], however they do not belong to the Bianchi
class, and we do not consider them in our analysis.

In d = 5, there exist a richer class of Bianchi attractor
geometries. We consider the N/ = 2 gauged supergravity
coupled to vector multiplets with a generic gauging of both
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symmetries of the very special manifold and the U(1)g
subgroup of the SU(2), symmetry group. From the
gaugino conditions, we find that there are no supersym-
metric Bianchi attractors when the fermionic shifts in the
supersymmetry variations are nonvanishing.2 This is in the
same spirit as the general analysis for maximally super-
symmetric solutions [41,52]. This result holds for a generic
gauging of the scalar manifold, is dependent on the choice
of the gauge field configuration that sources the solution,
and is independent of the functional form of the Killing
spinor. The basic argument is that the constant part of the
Killing spinor should be a simultaneous eigenspinor of
commuting matrices that can appear in the gaugino con-
ditions. We find that for the known gauge field configu-
rations that generate Bianchi type solutions, this does not
happen in general. Independently, we have checked that a
radial Killing spinor breaks supersymmetry.

When the central charge Z of the solution satisfies an
extremization condition, some of the fermionic shifts in the
gaugino variations vanish. This is a reasonable condition to
impose for any plausible geometry that can be an attractor
solution. Given this condition, supersymmetry invariance
then requires that the effective mass term vanish at the
attractor point.3 This condition allows Bianchi attractor
solutions sourced by massless gauge fields since at the
attractor point, the “effective mass terms” in gauged super-
gravity are proportional to g>. There are no further con-
ditions from the gaugino variations and hence the
supersymmetry of the solutions are entirely determined
by the Killing spinor equation that follows from the gravitino
variation. It is crucial to observe that the Killing spinor
equation depends only on the gauge coupling constant of the
R-symmetry gauging, hence it follows that the Killing spinor
integrability conditions (see Eq. 31 of [35]) do notdepend on
the gauging of the scalar manifold.

We construct Bianchi solutions sourced by massless
gauge fields and a cosmological constant in the Bianchi I,
Bianchi III, Bianchi V, and Bianchi VII classes. In the
Bianchi I case, we find the anisotropic AdS; x R? geom-
etry recently studied in [23,53] to be 1/2 BPS. We also
construct a supersymmetric class of 1/2 BPS Bianchi III
geometries labeled by the central charge Z. When
the central charge of the solution takes special values,
the geometry reduces to the known AdS; x H? [54]. The
Killing spinors in both of these cases come in pairs where
one spinor is purely radial and the other spinor depends on
both radial and transverse coordinates other than R?/H?
directions. Moreover, the constant part of the spinors are
eigenspinors of the radial Dirac matrix in all of the above

In gauged supergravity literature, the supersymmetry varia-
tions in the gaugino and hyperino that are proportional to the
gauge coupling constant are referred to as fermionic shifts.

One way to possibly avoid this is to consider tensor
multiplets. We comment on this in Sec. IV C.
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cases. For the Bianchi V and Bianchi VII classes, we find
that the radial spinor breaks all supersymmetry. These are
the main new results of this paper.

Finally, the presence of hyper and tensor multiplets can
allow for some massive Bianchi attractor solutions in some
special cases. In particular, our results from the gaugino and
Killing spinor conditions for the nonsupersymmetric cases
continues to hold even after including hypermultiplets and
SU(2), gauging as the Killing spinor equation is not
affected seriously by this addition. However, addition of
tensor multiplets will affect the analysis and depend
crucially on the tensor field configuration in addition to
new gaugino and hyperino conditions. We comment on the
possibilities in Sec. IV C, leaving a detailed analysis for
future work.

The paper is organized as follows. In Sec. II, we briefly
describe homogeneous symmetries and motivate Bianchi
attractors. Following this, we present the analysis for the
d = 4 Bianchi attractors in A/ = 2 gauged supergravity in
Sec. IIl. We move on to the five-dimensional case in
Sec. IV. In subsection Sec. IVA we present our main
argument for the absence of massive supersymmetric
Bianchi attractors in gauged supergravity with U(1)g
gauging and gauging of the symmetries of the very special
manifold. Subsequently we analyze the Killing spinor
equations for the massless cases in Sec. IVB. In
Sec. IV C, we comment on the possible generalizations
and necessary conditions when hyper and tensor multiplets
are included with generic gauging. We present our con-
clusions and summarize in Sec. V. In Appendix Sec. A, we
provide useful supplementary material on spinors in d = 4,
5 and summarize our conventions.

II. HOMOGENEOUS SYMMETRIES
AND BIANCHI ATTRACTORS

In this section, we describe the homogeneous sym-
metries in two and three dimensions classified by the
Bianchi classification of Lie algebras. Towards the end we
describe the “Bianchi attractors.” These are proposed near
horizon geometries of extremal black branes with homo-
geneous symmetries in the spatial directions [13]. Consider
a manifold M endowed with a metric g, that is invariant
under a given set of isometries. The Killing vectors X; that
generate the isometries close to form an algebra

[X;. X,] = C;j* Xy, (1)

where C{?j are structure constants and they obey the usual
Jacobi identity. The symmetry group of the manifold is
isomorphic to an abstract Lie group G, whose Lie algebra is
generated by the algebra of Killing vectors.

A homogeneous manifold has identical metric properties
at all points in space. Any two points on a homogeneous
space are connected by a symmetry transformation. The
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symmetry group of a homogeneous space of dimension d is
isomorphic to the group corresponding to d dimensional
real Lie algebra [24,25]. On the other hand, given the real
Lie algebra in a dimension d, it is possible to write the
corresponding metric with manifest homogeneous sym-
metries as follows. First, one finds a basis of invariant
vectors e; that commute with the Killing vectors X

X e]] =0, (2)

then the metric with homogeneous symmetries can be
expressed in terms of one forms @’ dual to the invariant
vectors e; as

ds2 = g,»jwi ® a)j, (3)

where g;; are constants. The invariant one forms satisfy the
relation

do* = %Cijkwi A, (4)
where C; jk are the same structure constants that appear in
the algebra of the Killing vectors. The real Lie algebras of
dimension three fall into nine classes and are given by the
well known Bianchi classification. The structure constants
and invariant one forms are listed in detail in [25] (or see
Appendix A of [13]).

In this work, we investigate the supersymmetry con-
ditions on various Bianchi attractor geometries described in
[13]. The geometries have the general structure

ds* = —g,(r)di* + g;;(r)do’ A do’ +dr*,  (5)

where i = 1, 2 in case of four dimensions and the @' are
invariant one forms corresponding to the homogeneous
symmetries of two dimensional real Lie algebras described
above. In five dimensions i = 1, 2, 3, and the correspond-
ing @' are invariant one forms given by the usual Bianchi
classification. The functions g,,(r) and g;;(r) have a general
form e””, where f3 are positive exponents. These metrics can
be constructed as solutions to Einstein-Maxwell theories
with massive/massless gauge fields and a cosmological
constant. As long as the matter stress-tensor preserves the
symmetries of the metric, explicit solutions can be con-
structed for a wide range of parameters of the theory of
interest.

III. BIANCHI ATTRACTORS IN N'=2,d=4
GAUGED SUPERGRAVITY

In this section, we describe N = 2, d = 4 gauged super-
gravity with ny vector and ny hyper multiplets. We use the
notations and conventions of [48,55], the relevant con-
ventions are summarized in Appendix A 1. The gravity
multiplet consists of a metric g,,, a graviphoton A2 and an

066020-3



CHAKRABARTY, INBASEKAR, and SAMANTA

SU(2) doublet of gravitinos (w4, y,4) of opposite chirality,
where A = 1, 2 is an SU(2) index. The vector multiplet
consists of a complex scalar z, a vector Al, where i =
1,2...ny and an SU(2) doublet of gauginos (A, 2% with
opposite chirality. The hyper multiplets contain scalars
g%, where X =1,...4ny and two hyperinos (¢,, &%),
(a = 1...2ny) of opposite chirality. The bosonic part of
the Lagrangian of the N/ = 2 theory takes the form

1 L
L= —ER + gl‘jD”ZlD#Zj + gXYDﬂqXD”qY

+ l(NAzf Af Zuy _ Azf‘;UA]:’JrE/,w)
+V(z2.2.9). (6)

where N,y are the period matrices.” The self/antiself dual

field strengths are defined as

1
Fih = 3 (FA + Zeﬂme fw), (7)

where the usual field strength is defined as Fj, =
%(8/4’49 -
defined as

0,A%}). The gauge covariant derivatives are

D,z =9,z + K\Ap
Duqx = 8/4qx +A;1\K5(\<q)’ (8)
where K', are Killing vectors that gauge the symmetries of
the Kidhler manifold, and KX are Killing vectors that gauge

the symmetries of the Quaternionic Kédhler manifold.
Gauging introduces a potential that is given by

(95K K% + 4gxy KXKE)LAL®
+(gf M5 = 3LAY)PRPY). (9

V(z,2,9) =

where & = (8; +$9;K)L". Here K is the Kihler poten-

tial. The triplet P}, x = 1, 2, 3 are real Killing prepotentials

on the quaternionic Kéhler manifold. The supersymmetry

transformations of the fermionic fields are given by

SWua = Dyeq + iSapy, €8 + 2i(InN) \s L*F My € 4pe®
SANA = iD,z fyheh —g”fz(ImN)AZF Ay eABep 1 WilBe,

5§(1:l X Duq },ﬂe eABea/}'l'NaeAv (10)
where

*These are functions of z' and can be expressed in terms of the
sections M, = N sL~.
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i
SAB = 5 (Ur)ACEBCp;\LA
WiAB = ABEi [N +i(o,) B
= 2UAKXLA. (11)

CAPr gzij

In the above, U4, are vielbeins on the quaternionic
manifold. The covariant derivative on the spinor €4 is
defined as

i
4= V,ea+ > (6")BANPep. (12)

where V, is the covariant derivative defined with respect to
the usual spin connection. For the rest of the discussion, we
assume a generic gauging of the symmetries of hyper-
multiplet manifold.

At the attractor point the scalars are independent of
spacetime coordinates,

7' = const, g~ = const. (13)

The supersymmetry variations (10) at the attractor point
then reduce to

SWyua = D€y + iSABJ/ﬂEB + 2i(ImN)A2L2]-' Ayve, el
S = —gﬁ]—f%(ImN InsF i v etBeg + WitBey
8y = iU KXAM e eppe,y + Nitey. (14)

Setting the gravitino variations to zero, we get the Killing
spinor equation

1 i .
Dyeq + Za)ﬂ‘lbyabeA + 3 (0.) 5P ANeR + iSapy,c®
+ 2i(ImN) \s L*F 2y eape® = 0. (15)

In the rest of the section, we evaluate the Killing spinor
equation (15), the gaugino and hyperino equations on the
background of Bianchi geometries and derive the condi-
tions for supersymmetry.

A. Bianchi I

Metrics with Bianchi I symmetry in the spatial directions
have been studied in the gauged supergravity literature, the
simplest of them being the supersymmetric AdS, solution
[41]. A supersymmetric Lifshitz solution with exponent
z =2 has also been constructed earlier in gauged super-
gravity by [48,49]. In this section, following the analysis of
[48], we present the supersymmetry conditions for a simple
Bianchi I type—AdS, x R? solution.’

5Magnetic AdS, x R? solutions and their stability have been
well explored in the literature (see for instance [56-58]).
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The AdS, x R? metric has the form
R2
ds* g(dﬂ do®) — R3(dy* +dp*).  (16)

The Killing vectors along the spatial directions X; =
dy, X, = 0, generate the Bianchi I algebra

[X1.X,] = 0. (17)

It is easy to construct this metric as a solution to the
equations of motion that follow from the gauged super-
gravity action (6). It is supported by an electrically-charged
gauge field whose ansatz we choose to be

EA

AN = —dt. (18)

o
It is straightforward to check that this configuration solves
the equations of motion. The Killing spinor equations (15)
evaluated in the above background are

0 1 B0
yo 4 iGyy .
—0 Sapef
RO €4 — 2R0€A+ 2R €B+l AB€
IN
—|—l—y01€AB€B =0 (19)

2R2

iN
7/ 8 €A+ZSAB€ +2 2}’ €AB€B 0 (20)

v’ 5_ N B
R—08y€A+zSAB€ —2—ng eqpe” =0 (21)

3
;—3/,€A + iSABEB - 7/23€AB€B = 0, (22)
0

N
2R2
where we have defined

— (ImNp)LZEY, G = (o )BPSEN  (23)
for brevity. We choose the following radial ansatz for the
Killing spinor

€a = f(o)xa, (24)

where y, is a constant spinor. The difference of (20) and
(19) leads to

1 1

}/68€A+

iGRy°
————¢ep=0. 2
2R, €A 2R, ep =0 (25)

The above equation has a simple solution

1
f(o) —ﬁ,
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provided we impose the condition
EAPY = 0. (27)

We note that this same condition has enabled a super-
symmetric Lifshitz solution in 4d N = 2 gauged super-
gravity [48]. Thus, the Killing spinor equations reduce to
the algebraic conditions

1
y iIN
- ﬁ)(A + iSapx® + W? eapx® =0 (28)

IN
1S py® — — B _ ), 29
iSapx® 2R27 ABY (29)

where we have substituted y?* = —iyys and used

yse! = —eA. It is straightforward to recast the above
equations into the projection conditions

2iN
XA = TGABV )( (30)
X4 = —4iRSpy" " (31)

These projection conditions are very similar to the con-
ditions obtained for the 4d Lifshitz case by [48] (cf.
Egs. 67-68). Squaring the first projection condition (30)
we get

Ro

IN| = (32)

Mutual consistency of the two projectors leads to the
equation

Xa = 4RoSapr'e"yc, (33)
whose self consistency gives the condition

S PN == o (34)

2

x=1 RO
Note that the triplet of Killing prepotentials P} are real
functions on the quaternionic manifold. However, the
symplectic sections L* are complex functions in general.

For simplicity, we can choose the Killing prepotential to lie
along the x =3 direction.® Thus, the final projection

®Note that this sets

i

P3LA =
A 2R,

(35)

It is easy to check that this choice is consistent with the projection
condition (31). Substituting the above in (31) we get

x4 = i(03) Leppr'iP. (36)

that is self consistent.
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conditions that follow from the gravitino Killing spinor
equations are

xa = i€apy’x®

XA = (03>AC?’10)(0- (37)

These are mutually self-consistent projection conditions,
and together they preserve % of the supersymmetry. We now
proceed to analyze the gaugino and hyperino conditions
in (14).

Setting the hyperino variation (14) to zero, we get the
algebraic condition

EA -
iU?(ﬂKXR_J’%BeBAEaﬂ + 22Uy KXL ey = 0. (38)
0

We can use the % BPS projectors (37) to simplify the above
expression to get

EA _
Ul KX (R—O + zm) 24 =0, (39)

An obvious way to solve the condition is to set
EMN = —2LAR,. In fact, this leads to the correct equation
of motion [second of (B7)]. However, this leads to an
inconsistency with the known identity (see Eq. 4.38 of [55])
ImN s LAL* = —1 that is true for any N = 2 supergravity.
Note that this was also observed earlier in [48] for the 4d
Lifshitz solution. However, we can solve the hyperino
conditions by choosing the Killing vectors to be degenerate
on the quaternionic manifold. In other words,

X EA T A
K| +2L ) =o. (40)
0

The gaugino conditions in (14) upon using the % BPS
projections have the very simple form
A

- E
gljfj; ((_ImN)AE R2
0

+ iP%) =0. (41)
This concludes the set of conditions that follow from
supersymmetry requirements. To summarize, the final set
of conditions for a ; BPS AdS, x R? solution are

R
EMPS =0, ImN \s LAE= = 7"
i EN
PALN=—.,  Ki|—+2L*) =0,
A 2Ry A (Ro "
EA
9'f5 (—ImNAZ ol iP%) =0. (42)
0
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In addition, one has to impose the gauge field equations of
motion (B4).

B. Bianchi II

In this section, we discuss the supersymmetry conditions
for a Bianchi II (AdS, x EAdS,) solution of the form

2 2
ds? = Ry (dt* — do*) — Ry (dy* + dp?) (43)
p e .

As discussed in Sec. II, the symmetries along the spatial
directions correspond to that of EAdS,. Like the previous
solution, the AdS, x EAdS, solution can also be con-
structed using a timelike gauge field (18) as a source,
since it preserves the Bianchi II symmetry along the
(v, p) directions. However, the electric solution is non-
supersymmetric unlike the magnetic case.” We present the
details of the computation in Appendix Sec. B 2. We now
move on to the five-dimensional case, where there is a
wider variety of solutions with Bianchi symmetries in the
spatial directions.

IV. BIANCHI ATTRACTORS IN N =2, d=5
GAUGED SUPERGRAVITY

We begin with a brief introduction to N’ =2,d =5
gauged supergravity coupled to ny vector multiplets with a
generic gauging of the very special manifold & and the
U(1)g subgroup of the SU(2), symmetry group [52].° The
bosonic part of the Lagrangian reads as

A_ 11 1 :
e7IL = _ER B ZaIJFLuFJ”D - ngy(ﬁb)Dﬂ‘ﬁxDﬂ(ﬁ)
Al
@
t 58 Cure T Flu oAt =V (). (44)

where ¢ = |/—detg,,. Here, ¢* are ny + 1 scalars in the
vector multiplet. The metric g,, is defined on the very
special manifold that exists in the 5d theory. The gauge
covariant derivatives are defined by

Dy¢x = a/tqu + gA;ItKJIv(qb)
Dyl//yi = vﬂl//l/i + gRAlﬁp}iWUjv (45)

where A are the vectors in the vector multiplet and g is the
gauge coupling constant. The covariant derivative V is

"See [50] for magnetic black hole solutions interpolating
between AdS, x H? and hyperscale violating solutions at
infinity.

8please note that in all of five dimensions, we use the mostly
plus metric signature.
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defined with the usual spin connection. For the purposes of
this paper, we restrict ourselves to the case where the gauge
group is Abelian. In the fermionic covariant derivatives, g
is the U(1), gauge coupling constant. The quaternionic
prepotential for the U(1), gauging is a singlet

Pij = =V6; (46)

j
where V; are the Fayet-Illioupoulos parameters. Note that
in the above expression, 9;; does not play the role of ¢;; as a
raising or lowering operator. The potential in the (44) is
defined in terms of the quaternionic prepotentials

V() = —gx(2P;;PV — P{,PiT), (47)
with the definitions

Pij - hIPIij, Pil/ - haIPIij, hal - fgh)d, (48)
where f¢ are vielbeins on the very special manifold S. Note
that the potential is unaffected by the gauging of S. The
addition of hypermultiplets and tensor multiplets will
change the shape of the potential, however, to get the
AdS vacuum, it is sufficient to gauge the U(1), symmetry.

The bosonic sector of the supersymmetry transforma-
tions are

i i .
5€lllﬂi = Dﬂei +Wgh1FW)I (}/;w/) _4gﬂl/}/ﬂ>€i +%9R7/4€]Pij

i 1 )
OcAf = —EffDﬂfVY”Q‘ "‘Zh?F;IwVW'fi + gre’ Pj;. (49)

The A¢ (i=1, 2 and a =1, ...ny) are gauginos in the
vector multiplets and ¢; is a symplectic majorana spinor.
The covariant derivative is defined as

1 .
Dﬂei = 8/4€i + Za)ﬂabyabei + gRA/14P[ij€/‘ (50)

See Appendix Sec. A 2 for our notations and conventions of
5d gamma matrices.

We are interested in Bianchi type near horizon solutions
to (49) that satisfy attractor conditions. It is well known that
at the attractor point, the moduli are constants independent
of spacetime coordinates

¢* = const. (51)

The field equations that follow from (44) are given in [35].
The supersymmetry transformations at the attractor point
take the form

PHYSICAL REVIEW D 96, 066020 (2017)

i

i .
661//;41' = Dyei +4—\/6thDpl(yﬂzxp _4gﬂl/yﬂ)€i +%9R},}¢€JP1‘]‘
i 1 .
O = —ng?A;iK)ICY”ei JFZh?F;IwV”DGi +gre’ PG, (52)

In the following sections, we evaluate the spinor conditions
on the Bianchi attractor backgrounds. As discussed in
Sec. II, the Bianchi type metrics have the generic form’

ds* = netel = L*(—e*Prdr? + nl-j(r)wi ® o +dr?),
(53)

where e?, a =0, ...4, are one forms, and L is a positive
constant that measures the size of the spacetime. The
@', i=1,...3 are one forms manifestly invariant under
the homogeneous symmetries described by the Bianchi
classification.

A. The gaugino conditions

In this section, we solve the gaugino conditions

. 1 |
6.4 = =S af ALKy e; & | i Flupe; = gre i V!5 =0,
(54)

where we have substituted (46) and (48). In gauged
supergravity literature, the terms in the supersymmetry
variations that are proportional to the gauge coupling
constants are referred to as fermionic shifts. For maximal
supersymmetry, all of the fermionic shifts in the gaugino
conditions must vanish [35,52]. From the integrability
conditions of Eq. 31 of [35], it follows that the only
maximally supersymmetric Bianchi type solution is AdSs.
Our first result will be to argue that the above result is also
true for solutions with matter, in this case the Bianchi type
geometries. Then we will require some of the fermionic
shifts to vanish and explore conditions for supersymmetric
solutions.

First, we focus on the cases when none of the fermionic
shifts vanish. Preserving some amount of supersymmetry
from the gaugino and hyperino conditions requires that the
algebraic conditions on the constant part of the spinor ; be
not too restrictive. In other words, the matrices that project
out the various components of {; must commute with one
another. The projection conditions that can appear on the
spinor in the equations (54) are entirely dependent on the
gauge field configurations. Typically, the Bianchi type
solutions are sourced by either timelike or spacelike
massive gauge fields and a cosmological constant
[13,14,35]. (In particular, see Appendix B of [13] for
various choices of gauge field configurations that solve the

°In this coordinate system, the boundary of the Poincaré AdS
metric lies at r — oo.
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equations of motion.) At the attractor point, the scalars are
constant and effective mass terms for the gauge fields

7K1y (p)AA, (55)

appear due to the presence of the gauge covariant deriv-
atives in the supergravity action (44). Here, K;; is the
Killing norm defined as gxyK}‘Kﬁ. The mass terms are
proportional to the norm of the Killing vectors and to the
square of the gauge coupling constant. We analyze two
possible cases separately below.

1. Nonvanishing fermionic shifts

To begin with, we keep our analysis very generic with
respect to the gauging of the scalar manifold (model
independent) but specific only to the field content that
generates the solution. By this, we mean that there are no
specific conditions that the Killing vectors on S are
required to satisfy. We first consider the case where the
gauge fields have only the time component turned on. The
Bianchi metrics that have been constructed so far
[13,14,35] are sourced by timelike or spacelike gauge
fields. Timelike gauge fields are of the form

A= A(r)dt
dA = 0,A(r)dr A dt. (56)

In order to solve the gaugino conditions (54), it is
necessary to impose projection conditions on the constant
part of the spinor ¢;, From the timelike gauge field
configuration, it is clear that the following conditions have
to be imposed in (54)10

vo€; = i€
Yoa€i = €. (57)

The first projector appears in the A*y, terms, while the
second appears in the F*y,, terms. While each of the
projectors is well defined, it is clear that the two conditions
are mutually incompatible since the projections (57) are
mutually orthogonal. Thus, when the fermionic shifts do
not vanish, all solutions sourced by timelike gauge fields
break supersymmetry. Thus, with a timelike gauge field,
under gauging it is not possible to obtain supersymmetry
preserving projection conditions. Note that this is com-
pletely independent of the functional dependence of the
Killing spinor.

Let us now consider the case with gauge fields having
spacelike components turned on. (For examples, see
[13,14,35])

10, . . .
The spacetime coordinates are x* = (t,xl,xz,x3, r), while

the corresponding tangent space indices run over a = 0, ...4.
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A=A(x,r)o'
dA = 0,A(x, r)dr A o' + 0y, Alx, rydx’ A o
1 o
+ EA(x, r)Cila’ A ok, (58)
where x =xi,i =1, 2, 3 are the directions that have

homogeneous symmetries. In this case, it is easy to see
from (54) that the projections that can appear are

vi€i = L€
Yis€; = i€
}/ijei = :l:iei. (59)

In any given configuration for the space like gauge field,
the first projector always appears. Depending on the precise
functional dependence, the second/third or both second and
third projectors can appear. In any case, we see that the first
projector in (59) is mutually orthogonal to both the second
and third. Thus, even with a spacelike gauge field, under
generic conditions it is not possible to obtain supersym-
metry preserving conditions. Note that this too is com-
pletely independent of the functional dependence of the
Killing spinor. Thus, when the fermionic shifts do not
vanish, all massive Bianchi attractors are nonsupersym-
metric in gauged supergravity with generic gauging of the
scalar manifold.

For all of the solutions in this class, we have studied
the Killing spinor equations independently and find that
the radial spinor breaks supersymmetry. The solutions
constructed in [35] are all of this type and are all
nonsupersymmetric.

2. Vanishing fermionic shifts

The other possibilities to solve (54) are situations where
some of the fermionic shifts vanish in special cases. From
the studies of the attractor mechanism for black holes in
d =5 ungauged supergravity, it is known that attractor
solutions solve the gaugino conditions [54,59] with the
extremization of central charge

0.(Z) = 0,(h'Q;) =0, v, =1. (60)
Imposing the attractor conditions on (54),'" we find that the
gaugino conditions reduce to

1

6. = =3 gf ALK 'e; = 0. (61)

Note that the square of this fermionic shift term is propor-
tional to

"The FI parameters V; are arbitrary and can be scaled to
satisfy this condition.
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P9 LAY KK, (62)

the mass term discussed in the introduction of this section.

Thus, for preserving supersymmetry, we have to set the

effective mass term to zero. This can be achieved in two

ways.

(a) The trivial choice is g = 0 or no gauging of the scalar
manifold S.

(b) The other more nontrivial possibility is to find a
Killing direction in S that satisfies KLQ; = 0 at the
attractor point.

Note that for the class of models discussed in [60,61],

studied earlier explicit solutions were constructed and

analyzed in [35,46], and it can be checked that the condition

KLQ; =0 is not satisfied. However, note that using this

condition would kill the effective mass terms in the field

equations of motion (see Eq. 18, Eq. 22 of [35]), which is
problematic and would only lead to massless solutions.

We pause here to briefly summarize the conclusions of
this section. Analyzing the gaugino conditions, we have the
results that in A/ = 2 gauged supergravity with a generic
gauging of the symmetries of scalar manifold and a U(1)
gauging of the SU(2), symmetry,

(a) There are no massive Bianchi attractor solutions that
preserve any amount of supersymmetry for a generic
gauging when the fermionic shifts do not vanish.

(b) When the extremization condition is met d,(Z) = 0,
supersymmetry allows only massless Bianchi
solutions.'

(c) For massless Bianchi solutions, the gaugino condi-
tions are completely solved by the attractor conditions
(60), and there are no additional projection conditions.
The amount of supersymmetry preserved is com-
pletely determined by the Killing spinor equations.

These solutions can be easily constructed in Einstein-

Maxwell theory with a cosmological constant. Actually,

all of them can be also constructed easily, for instance in the

U(1), gauged supergravity model studied in [47].

The last and final possibility for this section corresponds to
vacuum solutions in the absence of matter. In this case, the
gaugino conditions are trivial. The supersymmetry conditions
are completely determined by the Killing spinor equation that
follows from the gravitino variation. The solution space
includes the well-known AdSs solution [41,52,60], Bianchi
Il AdS; x H?, and Bianchi V AdS, x H? solutions, sourced
only by a cosmological constant. The results of this section
can get modified by addition of tensor and hyper multiplets.
We comment on this briefly in Sec. IV C.

B. The gravitino conditions: Killing spinor equation

In this section, we analyze the gravitino Killing spinor
equation for the Bianchi solutions sourced by massless

“This possibility appears to be relaxed when tensor multiplets
are included, we comment on this briefly in Sec. IV C

PHYSICAL REVIEW D 96, 066020 (2017)

gauge fields. We describe new supersymmetric Bianchi I
and Bianchi III solutions in detail. We also find new
nonsupersymmetric Bianchi V and Bianchi VII solutions,
these are summarized in Appendix Sec. D.

For the U(1); gauged supergravity (46), the Killing
spinor equation we need to solve is of the form

i i
D€ + 4—\/6th Yy — 497 ,)€i + %theika =0,
(63)

where

D,e; = 0,6, + ‘—l‘wﬂ“hyabe,- + grALV efer,  (64)
where we have used the attractor conditions (60). Note that
we have used the notation €*§;; = ¢, where € is
numerically same as —e;. It follows that ¢;fe;! = -5,
We need to remember that §;; is just one component of the
general triplet in P;;;, and hence, one cannot use &;; or ¢;*
to raise or lower the R symmetry index [52,611."° In
the following, we solve the Killing spinor equations for
various Bianchi type geometries.

1. Supersymmetric Bianchi I: Anisotropic AdS; x R?

The anisotropic AdS; x R> solution can be easily
constructed with magnetic fields and a cosmological
constant."* The metric has the simple form

B
eV = e'dt, el = e"w!, et = %a)z,
B
e = %aﬁ, et =dr. (65)

The magnetic fluxes in the x?, x* directions generate

anisotropy but preserve the rotational symmetries of R2.
The solution (65) has been of considerable interest in
computations of shear viscosities in anisotropic phases
[23,53]. The invariant one forms

o' = dx', i=1,2,3, (66)
and all commute with one another and satisfy do' = 0 of
the Bianchi I algebra. In (65) |B| = B'B is the strength of

the magnetic field. We choose our gauge field ansatz such
that

“We thank Antoine Van Proeyen for useful communication
regarding this issue.

See for example the isotropic solution in the U(1)3 trunca-
tion of type II supergravity on S° by [57]. For general geometries
of the type AdS; x X, in STU model of supergravity and their
dual field theory interpretation see [62—65].
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Fl, =Bl (67)

The Killing spinor equations in the background are of the
form

1 i (Z
Yoe "0i€; — Sy4€i ——= (—}’2361' + gReik€k> =0  (68)

2 V6 \2

1 i (Z
rie” Ope; + 5 Va€i +76 (572361' + gReikek) =0 (69)
i |B|
\/_ 2
|B|

730,0€; +**( —Zys€; + greife) =0 (71)

V6 2

1200€; +—=—(=Zyse; + greier) =0 (70)

i (Z
0,€; +——= (— €; + greite > =0, 72
74 \/6 3 723 9r k ( )

where Z = h;B' is the central charge. In the above, we have
chosen the following condition

B'V,=0. (73)
This condition is the five-dimensional analogue of (27).

It is easy to obtain the following differential equations
from the above set

Y00:€; + 7106 =0
72026, — 73006, =0

1
740,€; + yoe T 0e; — 5 Va6 = 0
1
7406, — 16770 € — 57451' =0. (74)

Notice the similarity of the above equations to the ones we
have obtained in AdSs case (C4), except the second
equation that suggests that the x>, x> directions can scale
differently as compared to the x' direction. There are two
independent solutions to the above equations

7’44717L = C;r (75)

€ = 655?7

e = (e72 4 ex(tyg + x'yy + a(x¥’ry + X°73)))¢7
vaCi = —¢7, (76)

where « is a real parameter. The projection, due to the radial
Dirac matrix, has the same effect as in the AdS case,
namely the projector preserves one half of the supersym-
metry in each of ¢*. Substituting the solution (76) in the x,
x* equations (70)—(71) we find that @ = 0. Thus, the Killing
spinor (76) is independent of the R? directions.
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The remaining equations give rise to the conditions

*Ci ( 3¢ +9R€kgk> =0 (77)

V6 \2
—ZylE + grefE = 0. (78)

It is easy to see that the above two equations give rise to the
conditions

+ ket
72387 = €;°C}

1Z| = |grl = = (79)
The projection above breaks half of the remaining super-
symmetries in each of { .. As a result, each of {. generate ‘—1‘
of the supersymmetry. Thus the solution (65) is a % BPS

solution.

2. Supersymmetric Bianchi III and AdS; x H?

In this section we construct a superymmetric Bianchi 111
type solution sourced by a massless gauge field

eV = Lefrdr, el = L', e? = LePrw?

e = La?, e* = Ldr, (80)

where the invariant one forms are

w' = e dx?, w? = dx?, o =dx'. (81)
The spatial part of the metric has the symmetries of H? x R.
The symmetry algebra, due to these Killing vectors,
form the Bianchi III algebra in the Bianchi classification
in three dimensions. The subalgebra generated by the
Killing vectors of H? generate the Bianchi II algebra in
two dimensions.

We choose the gauge field to have components along the

' direction
Al = Ble!. (82)

The Killing spinor equations evaluated in the background
are (Z = h;B")

_ p i 1
e ﬂr?’oatei_i}%ei_% 52713€i+L9R€ik€k =0

(83)
o 73 1 k
e 71006 — € + LgrB'Viyi€7€r
i
+ —=(=Zy3€; + Lggefer) =0 84
\/6< 713 9r k) ( )
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i (1
ePry,0,0€; +g7/4€i +—= <—2713€i + L9R€ik€k) =0

2 V6 \2
(85)
i
D€, +—=(=Zyis€; + Lgreifer) = 0 86
73 \/6( 713 9r k) ()
5, +i<lz +L k) 0. (87)
r€i — | = €; €,°€ = U.
74 \/6 3 713 9r k

As before we can obtain the following equations from
above

Y00:€; + 720,3€; = 0

e Py _ﬂ_?ei +740,6;, =0
Pra
2

€i
exl}’lzaxwi + 0pe; + 5 + LggB'Vy13¢*e, = 0. (88)

e_/}r}’zax.%é‘i + € — y48,€i =0

The AdS; part of the Killing spinor will preserve some
supersymmetry provided we assume that the Killing spinor
does not depend on the H? part. We get the following
conditions from the above set of equations

pr

€ = 625?7 7’4(?r = CT (89)

e = (T4 T (trg + X)), vl =0 (90)

1l = ey 4L%gx(B,V')* = L. (91)
As discussed in the previous sections, the two projectors
above combine to break half of the total supersymmetries of
the solution. Substituting the above relations in the Killing
spinor equation we find

] Z
§Cf+ﬁ<<§+LgR>eik§,f) =0 (92)

(=Z + Lgg)e* & = 0. (93)

Consistency of the above equations yields the conditions

3
Lgr = Z, B = ﬁz, 4123 (B,VI2 =1.  (94)

Thus, we have a one parameter family of% BPS Bianchi III
solutions labeled by the central charge Z.

When the central charge takes the value (79) (the one
corresponding to the AdS; x R? solution), it follows from
(94) that
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L=1 p=1. (95)

This is the AdS; x H? solution constructed in [54].]5

We have repeated the above analysis for electric Bianchi
V, vacuum Bianchi V, and magnetic Bianchi VII cases.
However, in these cases the radial spinor breaks all
supersymmetry. The details are summarized in Appendix
Sec. D. This concludes our analysis of supersymmetric
solutions in gauged supergravity with U(1), gauging. In
the following section, we explore possible generalizations
to find new supersymmetric solutions.

C. Including hyper and tensor multiplets

In this section, we briefly comment about the pos-
sibilities of new supersymmetric solutions due to addi-
tion of tensor or hypermultiplets. We will provide formal
arguments as explicit solutions such as the ones con-
structed in [35] have not been explored yet in specific
models with tensor/hypermultiplets. The addition of
tensor/hyper multiplets modifies the supersymmetry
transformations (49). Let us first consider the gravitino
equation [52]

6€Wﬂi = Dﬂei
i i i .
+ 4/6 higHM (Viwp = 49 7))€i + %gRyuejPij

(96)

where HM ={F!,.B},}, I=0..ny and J=1,....np,
B,{,, is an antisymmetric tensor that belongs to the tensor
multiplet. The scalars hy, = {h!, h’} are similarly func-
tions of scalars from the vector and tensor multiplets
respectively. The addition of hypermultiplets allows more
general R symmetry gauging of the full SU(2), sym-
metry group,

Pij(C]) = hIPuj(f]) = hIP;(‘I)(Gr)ij’ (97)

where the potentials are now SU(2) valued functions of
the hyperscalars in the hypermultiplet.

First, let us consider the case of hypermultiplets turned
on, but no tensor multiplets. In this case, the only difference
is that the quaternionic prepotential is a SU(2) triplet
function of the hyperscalars instead of a singlet for the
U(1) case. Hence for AN/ =2 gauged supergravity with
SU(2), gauging, including vector and hypermultiplets, and
a generic gauging of the symmetries of the very special
manifold and the quaternionic Kihler manifold, the Killing
spinor results that pertain to nonsupersymmetric solutions

PIt is also possible to construct the vacuum AdS; x H?
solution. However, this breaks all supersymmetry, unlike the
charged solution. (see Appendix Sec. D 1)
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in Sec. IV B continue to hold.'® Of course, this does not
affect the gaugino conditions, but in addition, there are new
conditions from hyperino equations. We will discuss them
shortly.

With tensor multiplets turned on in addition there are
more possibilities. If the tensor fields are oriented carefully,
there are possibilities of subtle cancellations that can
potentially lead to interesting new solutions with super-
symmetry preserving projection conditions. However, in
the models that have been studied before in [35], we have
not found any such possibility. Nevertheless, this requires
an independent analysis, and it is helpful to obtain some
conditions from gaugino and hyperino conditions first to
aid in this direction.

The addition of tensor multiplets also changes the
analysis of the gaugino conditions in an interesting way.
The gaugino equations acquire an additional term due to
tensor multiplets [52]

~ i L 1 . ~ L.
8] = =5 gALSEK e + T hi My e; — gre' P,

+ g\fh’K’} fle; =0, (98)
where X = 0, ny + ny labels the moduli ¢* in the vector
and tensor multiplets. The vielbeins fg live on the tangent
space corresponding to the very special manifold S. If we
continue to impose a straightforward generalization of the
attractor conditions (60)17

n'(¢*)Pi(q") = 1
(99)

9:((Qh'(¢*) + B,h! (¢*)) = 0,

the gaugino equations reduce to
; 2 6
8 = gfiKy (—iA,’,yﬂ + % h’) e;=0. (100)

It can be solved for an electric solution by imposing the
conditions

aré(¢")K; (¢*)(£Q" +2v6h! (¢7)) =0,
(101)

Ye; = +ie;,

or by imposing the conditions

"For the supersymmetric solutions Eq. (65) and Sec. IV B 2
addition of tensor and hypermultiplets imposes additional new
relations from the hyperscalar equations and the tensor field
equations of motion. Moreover, the parameter space is also
enhanced, so one can possibly find new such solutions. It will be
interesting to see if the solutions in Eq. (65) and Sec. IV B 2
continue to remain supersymmetric in suitable models.

Here ¢* and ¢* are constant attractor values of the moduli
and B! are the tensor charges.
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Q'Kj(¢*) =0, R (K} () =0 (102)

for either of electric or magnetic solutions. In addition, one
also has the hyperino conditions [52] at the attractor point

6
S04 = gfad KX (—iA{,yﬂ + £h’) e =0.  (103)

2

In the above, K¥ are similarly Killing vectors on the
quaternionic manifold Q, fg‘(, are vielbeins on O, and g is
the gauge coupling constant for the gauging of the
symmetries on Q. Note that (103) is structurally similar
to the gaugino condition (100) after imposing attractor like
conditions (99). Thus, for electric solutions, we can impose

}’Oei = :l:l-ﬁ'i,
afs (@)K (g)(F0" + 2V6h (7)) =0, (104)
or by imposing the conditions
O'K{(¢")=0.  h(¢")Ki(g")=0 (105)

for either of electric or magnetic solutions. It is interesting
to note that the conditions in (102) and (105) namely,

W@)KI$) =0, h(¢)KXq) =0,  (106)
appear in flow equations that preserve supersymmetry in
AdS (see Eq. 2.60 of [41]). So it seems reasonable to
impose the above conditions to find Bianchi attractor
solutions that potentially flow to an asymptotic AdS
geometry. However the conditions

O'K¥(g") =0,  Q'Ki¢g) =0  (107)

are problematic, as they kill the effective mass terms in the
field equations [35] and would still lead to massless
solutions. Thus, one possibility to find more interesting
massive Bianchi solutions in the N = 2 theory with vector,
tensor, and hypermultiplets with generic gauging, is to
consider solutions sourced by timelike gauge fields. Then,
the gaugino and hyperino equations are satisfied by the
attractor condition (99), the projections (101), and (104).
However, solving the Killing spinor equation would require
great care in choosing the tensor field configuration, as we
would require a projection condition on the spinor that
would commute with that of (101) and (104). We have not
found any such solution in the models considered earlier in
[35,46]. Perhaps instead of trying to find explicit solutions
and then verifying supersymmetry, it may be useful to
carefully analyze the Killing spinor integrability conditions
together with the flow conditions (106) to determine the
possible supersymmetric Bianchi attractor solutions in this
theory. We hope to report this in a future work.
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V. SUMMARY

In this paper, we analyzed the supersymmetry of Bianchi
attractors in N =2 d =4, 5 gauged supergravity. In
d =4, we studied the supersymmetry of Bianchi I and
IT attractors sourced by electric fields. In the Bianchi I case,
we studied an AdS, x R?> metric sourced by a timelike
gauge field. We analyzed the gaugino and Killing spinor
equations and found that the radial spinor and its projection
condition preserved 1/4 of the supersymmetry. In the
Bianchi II case, we constructed an electric AdS, x H?
solution and found that the radial spinor breaks all
supersymmetry.18 The main lesson we learned from this
exercise is that the radial spinor plays an important role in
preserving supersymmetry. These results are special cases
of the more general analysis of [34,51].

Ind = 5 N = 2 gauged supergravity, we considered the
theory with a generic gauging of symmetries of the scalar
manifold and a U(1), gauging of the R-symmetry. The
Bianchi attractor geometries that can be constructed are
sourced by massive or massless gauge fields. For a generic
gauging of the scalar manifold and R-symmetry, when the
fermionic shifts in the gaugino and hyperino conditions do
not vanish, the projection conditions that need to be
imposed on the Killing spinor depend entirely on the
gauge field/field strength configuration. We showed that,
for the known field configurations that source the Bianchi
type geometries, there are no supersymmetric projections
possible. Independently, we showed that the radial spinor
breaks supersymmetry for all metrics of this class. Thus, for
a generic gauging of the scalar manifold and when the
fermionic shifts do not vanish, there are no supersymmetric
Bianchi attractors. This result for Bianchi type geometries
is similar to the result for maximally supersymmetric
solutions [41,52].

When the central charge of the theory satisfies an
extremization condition at the attractor point19

(108)

some of the fermionic shifts vanish. Supersymmetry
invariance of the resultant equations allowed only massless
solutions. This prompts the search for Bianchi type metrics
sourced by massless gauge fields and cosmological con-
stant. We constructed new Bianchi I, Bianchi III, Bianchi V,
and Bianchi VII classes of solutions sourced by massless
gauge fields and a cosmological constant. Since the
gaugino conditions are completely solved in these cases,
the supersymmetry preserved by the geometries are deter-
mined by the Killing spinor equation. In the Bianchi I class,
we constructed an anisotropic 1/2 BPS AdS; x R? solution
where the anisotropy is generated by a magnetic field. The

"®The magnetic AdS, x H? is known to be 1 BPS [50,66].

“In the study of the attractor mechanism in d = 5 ungauged
supergravity, it is well known that central charge satisfies an
extremization condition at the attractor points [59].
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supersymmetry is entirely due to the AdS; part and the
Killing spinor does not depend on the R? directions. We
also constructed a one parameter family of 1/2 BPS
Bianchi III geometries, labeled by the central charge.
When the central charge of the Bianchi III geometry takes
the same value as that of AdS; x R?, the solution reduces to
the known 1/2 BPS AdS; x H? solution [54]. For the
Bianchi V and Bianchi VII classes the radial spinor breaks
all supersymmetry, and hence, these are nonsupersymmet-
ric geometries. However, the parameters that characterize
these solutions can be chosen in accordance with the
stability criterion discussed in [47].

In Sec. IV C we explored the possible conditions to find
more interesting Bianchi attractor geometries with massive
gauge fields. Solutions with timelike gauge fields and
suitable tensor field configurations may give rise to
supersymmetry preserving projection conditions in the
Killing spinor equation. However, this has not worked
so far in the models considered in [35,46]. We hope to
explore this more further in future works.

Having constructed some of the simplest supersymmet-
ric Bianchi attractors, it is interesting to find such solutions
in theories with more supersymmetry. It will also be
interesting to uplift these solutions to higher dimensional
supergravity. The Killing spinor equations suggest that, in
most cases, if the geometry has an AdS,, part that factorizes,
the corresponding Killing spinor is sufficient to preserve
the supersymmetry of the whole solution. Having an AdS
part may enable the construction of more general Bianchi
attractor geometries. Finally, it will be most interesting
to construct analytic solutions that interpolate to AdS.
A related issue is the embeddability of the Bianchi algebra
in the Poincaré or the conformal algebra. The Bianchi I
and Bianchi VII algebras are subalgebras of the Poincaré
algebra. The other Bianchi algebras have scaling type
generators and may presumably be obtained from a
truncation of the conformal algebra.

In this work, we studied Bianchi attractors in d = 4, 5.
Earlier works have constructed Bianchi attractors as
generalized attractors in gauged supergravity [35,45,46].
In the studies of black holes in ungauged supergravity, there
have been studies on the 4d/5d correspondence where the
relation between the potential and critical points in d = 4
and d = 5 have been elucidated [67]. Similar studies have
been performed for gauged supergravity relating black
strings in d = 5 and AdS, x §? in d = 4 [68]. It would be
interesting to explore the relation between generalized
attractor potentials in d =4 and d =5 and their critical
points.
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APPENDIX A: CONVENTIONS

1. Gamma matrices and Spinors in four dimensions

The Clifford algebra in four spacetime dimensions is

{rarve} = 21 (A1)

. . . 20
with the metric convention 7., = {+,—,—,—}. The
Dirac matrices in four dimensions can be chosen to be

P =1,Q 0
y' =ic, ® 0,

2_.
Y —102®02

3

Yy = i63 ® 0>, (AZ)

where 6;, i = 1, 2, 3 are the usual Pauli matrices, and 7, is
the two dimensional unit matrix. We define the chirality
matrix to be ys = —iyyy 7,73 and the charge conjugation
matrix C = iy?y? = y'y3. The charge conjugation matrix C
has the property C' = —C = C~.

In four dimensions, we can impose the Weyl condition
on a four component spinor such that

V564 = €4
yset = —et, (A3)
where the conjugate spinor is defined as
et = (ea)" =1C 7 (€a)* = —10Clea)*.  (A4)

**We follow the conventions of [48] for N = 2,d = 4 gauged
supergravity.
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We use the following decomposition of the spinors in
some sections. Using the fact that [ys,C] =0, we can
decompose the spinor into simultaneous eigenstates of C
and y5 as follows

“ (cx(|)+>) i (c,z0|—>>’

where C; and C, are complex coefficients. The two
component states |+), |—)

bl k() w

are eigenstates of ¢ matrices

(AS)

ollt) = £ F).  oAE) =xlE).  PlE)=]|F).

(A7)

2. Gamma matrices and spinors in five dimensions

In this section, we summarize our notations and con-
ventions for spinors in five dimensions. We mostly follow
our conventions of [52]. The Clifford algebra in five
spacetime dimensions is

ar 7o} = 2nap (A8)

where the metric signature that is mostly plus. The Dirac
matrices in five dimensions are

7’ = —io, ® o3

y'=-01 ® o;

=1 Qo

r=hLQ®o

vt ==iy’y'v’r’ = 03 ® o3 (A9)

where 6;, i = 1, 2, 3 are the usual Pauli matrices and I, is
the two dimensional unit matrix. The charge conjugation
matrix C has the property C' = —C = C~! and,

CyeCc™t = (r")! (A10)

where C = By°, with B =y such that B*B = —1. The
spinors in the theory carry an SU(2) index which is raised
and lowered using ¢;;

X, = X'e

X] = €jiXi, j ij, (All)
with €1 = €12 =1.

Spinors in d =5 satisfy a symplectic majorana con-

dition. To apply this condition, one needs B*B = —1, even
number of Dirac spinors y;, i = 1, ...,2n and an antisym-
metric real matrix Q;; with Q? = —1,,. The symplectic

majorana condition on a generic spinor reads as

wi =By, (A12)

or equivalently [52] as
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¥ = (w7’ = )C

For N =2 supersymmetry i = 1, 2, and using Q;; = ¢;;
(A12) reads as

(A13)

W=7y, (Al14)
Note that this condition does not reduce the degrees of
freedom as compared to a single unconstrained Dirac
spinor. This is because one needs at least a pair of Dirac
spinors to apply the symplectic majorana condition (A12).
However, it does make the R-symmetry manifest.

Antisymmetrization of indices in the Dirac matrices is
done with the following convention

1 .
Yajay...a, = Viayay...a,) = ; ZSlgn(O-)ya,,(l)yag(z) .- '7(15(,,) .

" o€P,

(A15)

In d=5 only I,y,,7, form an independent set, other
matrices are related by the general identity for d = 2k + 3

_l'—k+s(s—1)

ik My —
4 d—>s)!

(A16)

eﬂlﬂzmmyﬂwl —eHd®

We also list some useful identities involving various Dirac
matrices [69],

[7/(1’ yb] = 27/ab
[}’h’ }’uhc] = 2Y habe

[yabcv Yegh] = ”efngpnhk(ZYabcfpk - 365[ab[fp}/c]k])‘ (A17)

APPENDIX B: BIANCHI SOLUTIONS
IN 4D GAUGED SUPERGRAVITY

In this section, we list the field equations of the Bianchi I
(AdS; x R,) solution in N' = 2,d = 4 gauged supergrav-
ity. We are interested in an attractor type solution where the
scalars (z,q) are constants independent of spacetime
coordinates and only the hypermultiplets are charged under
Abelian gauging. The field equations can be derived from
an effective Lagrangian [48]

1
L = _ER + ImN s Fo F* —V(2,2. q)

+ gxyKXKgA,’}A"E. (B1)

1. Bianchi I: AdS, xR,

We write the AdS, xR, in a convenient coordinate
system as

R2
ds* = =2 (di* - do®) — R}(dy* + dp?).

: (B2)
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This metric can be easily supported by an electric gauge
field, we choose our gauge field ansatz to be

E/\
AN = —dt. (B3)
o
The gauge field equations are

There are n, + 1 equations for the n, + 1 variables E,. At
the attractor point, the scalars are constants, as a result all
the spacetime derivatives drop and the scalar field equations
reduce to the extremization of an effective potential
(attractor potential)

0 0
-~ Y Ve - 0, ey VC = 0
EMEE EMEE
Veff = V(Z, Z, Q) - gxyKXKY— + ImNAZ— .
ATECR? 2R}
(B5)

There are ny scalar equations for z' and 4ny hyperscalar
equations for ¢*. The Einstein equations are

EME®
0= R(Z)Veff -+ ngyKiKgEAEZ - ImNA): T
0
EME®
0= _R(z)veff + ImNAE T
0
1
= Ve (B6)
0

where V. is defined in (B5). The above equations can be
recast as the following conditions

1
V ) _7 — T I
(z.2.9) R
IInNAzEAEZ -
R} '

gxyKXKgEAEE = 0,
to be satisfied for a given specific model.

2. Nonsupersymmetric electric Bianchi II

In this section, we discuss the supersymmetry conditions
for a Bianchi II (AdS, x EAdS,) solution of the form

R? R}
ds? = =2(di? — do?) — ;g (dy* +dp*).  (B8)

P
As discussed in Sec. II, the symmetries along the spatial
directions correspond to that of EAdS,. Like the previous
solution, the AdS, x EAdS, solution can also be con-
structed using a timelike gauge field (18) as source since it
preserves the Bianchi II symmetry along the (y, p) direc-
tions. The Killing spinor equations on this background are
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0 1 'GB 0

v o 14 yd . B N o B
—0e4——— — S — =0,
R, €4 2R0€A+ 2R, €p+1S4p€ +2R(2)y €ABE
l .
y'o . IN
~—0,e0+iSape® + 7" erpe? =0,
Ry 2R}
r’p r 5. N B
“=0e4 —=—€4 +iSppe” —=—=7r € ge” =0,
Ry, 7" 2R, 2R}

3

vp _ N

L0 ex+iSipeB ———yBe,nef =0,
Ro p€A AB 2R(2)y AB

(B9)

where we have defined the quantities N and G§ in (23).
Taking the difference of the first and second equations of

(B9), and similarly the difference of the third and fourth

equations in (B9), we get the pair of differential equations

1 - B, 0
o 09, — 419 Y iGyy —0
Ro(y 1 =7 05)€x —2ROEA+ 2R, 8 =0
3
P /4
R (r*0y = 7°9,)es — R =0 (B10)

Since the AdS, x EAdS, metric factorizes into a product
form, with two radii p and o, we choose a Killing spinor
ansatz of the form

1
€A = XA

o (B11)

where y, is a constant spinor, while m, n take real values.
This form of the ansatz is also consistent with the Bianchi II
symmetry of the metric. Substituting the above in (B10) we
get the conditions

(2n—1)y'e, +iGEy s = 0,

(2m —1)y’e, =0, (B12)

that can be solved by

EMPY = 0. (B13)

With the ansatz (B11) and the condition (B13), the
remaining Killing spinor equations give the conditions

(r' +7)es = 4iRoSpe®
2iNy"!
Ry

(Vl - 73)€A = €AB€B- (B14)

Unlike the AdS, x R? case, these conditions are not as
simple to work with. However, we can simplify them by
multiplying from the left by y! and writing in terms of the
charge conjugate matrix C = y'y® as
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(=1 + C)ya = 4iRoSapr* Cyp)*

2iN
(=C+1)ya = R—OGAB(ZB)*, (B15)
where we have used y® = —y,C(yp)*. We now show that

the above condition breaks all of supersymmetry. Since
[r5,C] =0 (see Sec. Al), it is convenient to use a
decomposition of the spinor y, in a basis of simultaneous
eigenstates of y5 and C as follows

= (c;r(|)+>> " (c;?—>>’

where C and Cj are complex coefficients and |+) are
eigenstates of the Pauli matrices. Substituting in the second
equation in (B15), we obtain

(B16)

(1=0)Cil+) + (1 +1)C3l-)
2iN

= ——€ap((CE)"|=) + (Cp)*[+))-

R, (B17)

Linear independence of the states |+) and |—) gives rise to
the constraints

, 2N
(1-0)C; = 2N ep(C5)
0
2iN
(1+4)C; :I;—eAB(CE)*. (B18)
0

It is straightforward to see that both of these constraints
cannot be satisfied simultaneously as their mutual consis-

tency leads to
2i|N|?
cil1 =0.
(1%

(B19)

Since |N|? is real, it follows that the only possible solution
is that all the C3 vanish and hence the metric (B8) breaks
all the supersymmetry.

APPENDIX C: BIANCHI I SUPERSYMMETRIC
AdS; IN GAUGED SUPERGRAYVITY

As a warm up, let us begin our analysis with the simplest
known AdSs metric written in terms of the one forms

eV = Le'dt, el = Le'w',

e? = Le'w?, e =Le'w?, e* = Ldr, (C1)

where L is the AdS scale. The invariant one forms

o' = dxt, i=1,2,3,

(€2)

*ISince (A = 1, 2) there are eight independent constants in e,
as it should be for a N' = 2 spinor in four dimensions.
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and all commute with one another and satisfy do' = 0, a
characteristic of the Bianchi I algebra. Since we are
discussing the U(1), case, the gaugino conditions are
trivial.

The Killing spinor equation (63) in the background (C1)
reads as,

e_rYOatei_%Y4€i \;ELQRG € =0,

e7"y10,€; +;y4e +\;6LgRe e, =0,

e "y,0 €, +;y4e Jr\;ngRe €, =0,

e7Ty30,5€; +;y4€ Jr\}aLgRe €, =0,
740,€; + \;aLgRe e, = 0. (C3)

The following equations can be obtained after some
algebraic manipulations

700:€; + 74056 = 0,
}/aax“ei - Ybaxbei = 0’

1
r40,€; + e yo0i€; — SVa€i = 0,
1
740,€; — €7y, 05a€; — Sra€i = 0, (C4)

where a = 1, 2, 3. There are two independent solutions to
the above equations

€ = e%CZL7 7’4C+ C+ (CS)

e = (e +eE"y,)). i == (C6)

Each of the spinors (C5) and (C6) preserves % the

supersymmetry and the full solution enjoys a N =2
supersymmetry. Substituting the above in (C3) we get
the consistency condition

2i
+ kpt
Z: \/6 gR Ck ( )
It follows that (note that €;fel = —5')
2
(1-30a)e -0 (cs)

This of course is the equation of motion for AdSs metric,
thus we see that supersymmetry conditions automatically
guarantee the equation of motion.

*For more general AdS critical points see [41,60].
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APPENDIX D: NONSUPERSYMMETRIC
SOLUTIONS IN 5D GAUGED SUPERGRAVITY

1. Bianchi III—vacuum AdS; x H?

In this section, we present the killing spinor equations for
the vacuum AdS; x H? solution. This however breaks
supersymmetry explicitly, unlike the charged case. The
simplified equations (88) are

Y00,€; +7205€; = 0,

_ V4
e "yo0€; — 5 i +740,6; =0

e pdpe + 1
2
€
e"ly130xz€,- + E + 3x1€i =0.

€ — y48r€i =0
(D1)

Any solution necessarily depends on the H? coordinates
and breaks supersymmetry. The AdS; part of the equations
[first three of (D1)] are solved by the usual

€ = e, vl =&
= (e2(yot + r2x?) + €72)¢7, rali = =7,

whereas the H? part of the equations [the last equation in
(D1)] are solved by

.\'] — _ —
€ =e ¢, r3¢r = ¢
Yl Xl

e = (e7Tyx* +e){f,

(D2)

7’35,’+ = C?L-

We see that {* are required to be simultaneous eigenspinors
of both y; and y4 in order to solve the full set of
equations (D1).> However, that is impossible since the
matrices anticommute. Thus, the product space in the
vacuum case breaks all supersymmetry. In the charged
case, we are able to avoid the spinor being an eigenspinor
of y5 due to the condition (91). This is consistent with the
conclusion from the integrability condition eq. 31 of [35]
that AdSs is the unique maximally supersymmetric vacuum
solution in the theory.

(D3)

2. Bianchi V

The Bianchi V solution constructed in [13] is of the form

eV = LePrdr, el = Lo!, e = Lw?,

e’ = La?, e* = Ldr, (D4)
where the invariant one forms are given by

o' = e dx2, @ = e~ dx3, o’ =dx'. (D5)

The Bianchi V geometry in this case has the form of
AdS, x H?. The metric is sourced by a massless timelike
gauge field

S The general solution is a combination of (D2) and (D3).
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Al = E'e0. (D6)
The Killing spinor equations in this background take the
form (Z = E'h))
—pir a 'Bt ! k
e Y00 =S 46 + grLE"Viyoei“ex
i
+% (B Zyose; — Lgre;*er) =0,
1 i (p
ey 0€; — 5 13€i + NG (5270461' + LgReika) =0,
X 1 i ﬁt k
e* 006 — 5 73€i +76 3270461‘ + Lggei“er | =0,
i (P ko
y30p€; + NG 5270461' + Lggrei“er | =0,

1
¥40,€; — % (BiZyoue: — Lggei*e) = 0.
(D7)

We can write down the following differential equations
after some algebraic manipulations

e Pryo0e; + 740,¢; —%7’4% + grLE"V y0€;f €, = 0,

7106 = 7205€; = 0,

e 7130 26, + 0,1€; +% =0,

exl}/238x3€,~ + 8xl €l' +% = 0
(D8)

Following the arguments given in the previous section, we
can solve the AdS, part of the equations [first in (D8)] by

Prr +

- rali = ¢

(ezyot—i- e o val7 =-=¢7,  (D9)

provided we set E'V; = 0. If E'V; # 0 in this case, even
the radial spinor breaks all supersymmetry. Similarly the H?
part of the equations [last three of (D8)] can be solved by

x!

e=e 10, 3l ==}

ol ol
e;= (e (n X +rxd)+en)lf, i =¢f. (D10)
Once again, we see that the {, are required to be
simultaneous eigenspinors of y; and y,, that is impossible
since the matrices do not commute.”* Thus, the solution
breaks all supersymmetry. The same arguments apply for

the vacuum Bianchi V AdS, x H? solution.

2In this case too, the general solution of (D8) is a combination
of (D9) and (D10).
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3. Bianchi VII

The Bianchi VII metric is expressed in terms of the
following one forms

eV = LePrdr, e! = Ldx!,
e’ = Le/"’(cos(xl)dx2 + sin(x!")dx?),
e? = Lae?"(—sin(x")dx? + cos(x')dx?),

e* = Ldr, (D11)

where A is a squashing parameter. The gauge field ansatz is
of the form
Al = Ble?, (D12)

where B! are constants. The Killing spinor equations in the
above background take the form (Z = h;B’)

_ b
e ﬂ’r}/()atei - 5[}’461

i (Z y
7— < (ﬁ}’m - ;) € — LgReik€k> =0,

1+ 22
710,0€ %

i 2713
NG ( (ﬂ}’z4 + /11 >€i - L9R€ik€k> =0,
e Py, (cosx' 0,2 + sinx' 0, )e;

(1-2%) p
4, (1236 + 5 V4€i + LggB'V y2¢/%€;

i (Z [y
+ 76 <§ ( /l; + 2ﬂ;’24> €; + LgRel €k> = 07

e Prys(—sinx'0» + cosx'95)e; —

Y123€;

+

1 -2 B
% Y123€; + 5 V4€i

s o
]/48 €+L g y13+2ﬁ]/24 €; +LgR€ €r =0.
r&i \/6 2 P
(D13)

After a few algebraic steps, we get the following differential
equations
e Prys(—sinx'0 + cosx'03)e; — 710, €;

A p
+ 57036 + 5746 =0,

2 2
e yy(cos x'D,2 + sinx' 0,5 )e;
(1-22

p
—740,€; + 5746

* 2

) V123€;

+ LggB'Vys¢ife, = 0, (D14)
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that are solved by the radial spinor

B'V,; =0, Y1234€; = €, p=4
G2 -1)
€, =e€ P rCi. (DIS)
Substituting (D15) back into (D13) we obtain
B i (Z(F -1
—57461' + 76 5%72461' — Lggeier | =0,
1+ p? i (Z(P+2
—< 45 )7465 + 76 (5%72461' — Lggeife, ) =0,
3P -1 i (Z(2p*+1
45 v4€; + 7 <5<’%}’Z4€i + Lggeife; ) =0.
(D16)

PHYSICAL REVIEW D 96, 066020 (2017)

The equations (D16) lead to the projections

vali = —ie*Ey. (B, +2P)* = 6L% gy
) 2 _ 1)\ 2 322
yZCi = _léli’ <§2 T 1) = 7’
prap -1
b T EYR (D17)

It is clear that the additional projection condition due to y,
breaks all of the supersymmetry. Thus, the Bianchi VII
solution (D11) is nonsupersymmetric. However, the
Bianchi VII algebra is a subalgebra of the Poincaré algebra,
and hence, it is also part of the super Poincaré algebra. It is
possible that there are more general solutions in this class
that may be supersymmetric.
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