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We consider the Aharonov-Bohm effect on entanglement entropy for one interval in (1þ 1) dimensional
conformal field theory on a one dimensional ring. The magnetic field is confined inside the ring, i.e., there
is a Wilson loop on the ring. The Aharonov-Bohm phase factor which is proportional to the Wilson loop is
represented as insertion of twist operators. We compute exactly the Rényi entropy from a four point
function of twist operators in a free charged scalar field.
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I. INTRODUCTION

The entanglement entropy in the quantum field theory
plays important roles in many fields of physics including
the string theory [1–12], condensed matter physics [13–15],
lattice gauge theories [16,17], and the physics of the black
hole [18–23]. The entanglement entropy is a useful quantity
which characterize quantum properties of given states.
For a given density matrix ρ of the total system, the

entanglement entropy of the subsystem Ω is defined as

SΩ ¼ −TrρΩ ln ρΩ; ð1Þ
where ρΩ ¼ TrΩcρ is the reduced density matrix of the
subsystem Ω and Ωc is the complement of Ω. The Rényi

entropy SðnÞΩ is defined as

SðnÞΩ ¼ 1

1 − n
ln TrρnΩ: ð2Þ

The limit n → 1 coincides with the entanglement entropy

limn¼1S
ðnÞ
Ω ¼ SΩ.

On the other hand, the Aharonov-Bohm (AB) effect is a
fundamental quantum phenomenon in which an electrically
charged particle is affected by an electromagnetic potential
Aμ, despite being confined to a region in which both the
magnetic and electric field are zero.
In this paper, we consider the dependence of entangle-

ment entropy with the AB phase. In particular, we consider
(1þ 1) dimensional conformal field theory on a one
dimensional ring and study how the entanglement entropy
for one interval on the ring is affected by a magnetic field
enclosed by it (see Fig. 1). The Aharonov-Bohm phase
factor can be represented as a twisted boundary condition
by a gauge transformation. Thus, the twisted boundary
condition is represented as insertion of twist operators. We
compute exactly the Rényi entropy from a four point
function of twist operators in a free charged scalar field.
The Aharonov-Bohm effect on entanglement entropy

was studied in [24]. In [24], entanglement entropy for free

charged scalar and Dirac fields in an annular strip on two
dimensional cylinder was studied. Entanglement entropy in
quantum field theories with twisted boundary conditions
was studied in [25–28].

II. THE AHARONOV-BOHM EFFECT ON
ENTANGLEMENT ENTROPY IN 2D CFT

We consider (1þ 1) dimensional conformal field theory
on a one dimensional ring whose circumference is L. The
space coordinate x has the periodicity x ∼ xþ L.We analyze
a complex scalar field,ϕ, charged with respect to an external
gauge field, Aμ, which is pure gauge on the ring. We assume
that ϕðxÞ has the periodicity ϕðxÞ ¼ ϕðxþ LÞ. We choose a
constant gauge field, Ax, in the x direction. We can eliminate
it by a gauge transformation

ϕ0ðxÞ ¼ e−iq
R

x dx0AxϕðxÞ; ð3Þ
where q is a charge of ϕ. The scalar field has now the
following boundary condition

ϕ0ðxþ LÞ ¼ e−iqAxLϕ0ðxÞ≡ e−i2πνϕ0ðxÞ; ð4Þ

FIG. 1. One dimensional ring studied in this paper. The
circumference of the ring is L and the subsystem A is one
interval whose length is l. The space coordinate x has the
periodicity x ∼ xþ L. The magnetic field is confined inside
the ring and induces the Aharonov-Bohm phase on the ring.*nshiba@fas.harvard.edu
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where we defined ν≡ q
2πΦ¼ q

2πLAx and Φ≡H
dx0Ax¼LAx.

The integralΦ is the magnetic flux inside the ring and ν is the
Aharonov-Bohm (AB) phase. Now we consider the Rényi

entropy,SðnÞA ¼ 1
1−n ln Trρ

n
A, for one interval whose length is l.

We compute the Rényi entropy by using the replica method
and the Euclidean path integral [15]. The Euclidean coor-
dinate isw ¼ xþ iτ, where x is the space coordinate and has
periodicity x ∼ xþ L, and τ is the Euclidean time
(−∞ < τ < ∞).We define the subsystemA to be the interval
x1 ≤ x ≤ x2, τ1 ¼ τ2 ¼ 0, x2 − x1 ¼ l, where w1 ¼ x1 and
w2 ¼ x2 are endpoints of the interval. The Rényi entropy is
expressed as the expectation value of twist operators,

Tr½ρnA� ¼ hT nðw1; w̄1Þ ~T nðw2; w̄2Þiν; ð5Þ
where h…iν is the expectation value under the boundary
condition (4), and T n and ~T n are the twist operators whose
action is

T n∶ϕ0
i→ϕ0

iþ1 ðmod nÞ; ~T n∶ϕ0
iþ1→ϕ0

i ðmod nÞ; ð6Þ
here ϕi denotes the ith replica field. To compute (5), we use
the conformalmap z ¼ e−i

2π
Lw. From (4), the scalar field in the

z plane has the following boundary condition,

ϕ0ðei2πz; e−i2π z̄Þ ¼ ei2πνϕ0ðz; z̄Þ: ð7Þ
The boundary condition (7) can be expressed by inserting
twist operators σν and σ1−ν at z ¼ 0 and z ¼ ∞ (See Fig. 2).
The action of σα is

σα∶ϕ0
i → ei2παϕ0

i: ð8Þ
Thus, we rewrite Tr½ρnA� in (5) as

Tr½ρnA� ¼
���� dw1

dz1

����
−2hn

���� dw2

dz2

����
−2hn

×
hT nðz1Þ ~T nðz2Þσνð0Þσ1−νð∞Þi

hσνð0Þσ1−νð∞Þi ; ð9Þ

where z1;2 ¼ e−i
2π
Lw1;2 andhn ¼ c

24
ðn − 1=nÞ is the conformal

weight of T n and ~T n, here c is the central charge.

III. CHARGED FREE SCALAR FIELD

We apply (9) to a free charged scalar field. For the free
scalar field, it is useful to use the following Fourier
transformation,

~ϕk ≡
Xn−1
j¼0

ei2π
k
njϕ0

j: ð10Þ

For free fields, the Fourier transformation diagonalizes the
action of T n, ~T n and σα simultaneously,

T n∶ ~ϕk → ei2π
k
n ~ϕk;

~T n∶ ~ϕk → e−i2π
k
n ~ϕk;

σα∶ ~ϕk → ei2πα ~ϕk: ð11Þ
Thus, the four point function of the twist operators in (9)
become

hT nðz1Þ ~T nðz2Þσνð0Þσ1−νð∞Þi
hσνð0Þσ1−νð∞Þi

¼
Yn−1
k¼1

hσk=nðz1Þσ1−k=nðz2Þσνð0Þσ1−νð∞Þi
hσνð0Þσ1−νð∞Þi

¼
Yn−1
k¼1

hσk=nð0Þσ1−k=nðxÞσνð1Þσ1−νð∞Þi
hσνð1Þσ1−νð∞Þi ð12Þ

where we used the conformal map fðzÞ ¼ 1 − z=z1 and x ¼
fðz2Þ ¼ 1 − e−i

2π
L l is the cross ratio of the four points

(jxj ¼ 2j sin πl
L j). From (9) and (12), we obtain the Rényi

entropy,

SðnÞA ¼ 1

1 − n
ln Tr½ρnA�

¼ 1

1 − n

Xn−1
k¼0

ln
hσk=nð0Þσ1−k=nðxÞσνð1Þσ1−νð∞Þi

hσνð1Þσ1−νð∞Þi ð13Þ

wherewe used jdw1;2

dz1;2
j¼2π

L and omitted the irrelevant constant.

The four point function of twist operators also appear
in the calculation of Rényi entropy of two disjoint
intervals in free scalar field theory [29]. In the case
of two disjoint intervals, the necessary four point function
is hσk=nð0Þσ1−k=nðxÞσk=nð1Þσ1−k=nð∞Þi. In our case,
we need the more general four point function
hσk1=nð0Þσ1−k1=nðxÞσk3=nð1Þσ1−k3=nð∞Þi. In the following
we will use the results of the four point function of the
twist operators by Knizhnik [30]. We give derivation
and different expression of hσk1=nð0Þσ1−k1=nðxÞσk3=nð1Þ×
σ1−k3=nð∞Þi by another method in the Appendix B. Note
that there are a series of papers from late eighties about
conformal field theories on orbifold (e.g., [31–33]) that are
probably useful for more complicated cases.

FIG. 2. The Euclidean path integral for Tr½ρnA� in w and z
coordinates. In z-plane, the boundary condition (7) can be
expressed by inserting twist operators σν and σ1−ν at z ¼ 0
and z ¼ ∞.
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The four point function of the twist operators is given by
(see Eqs. (7.22) and (7.28) in [30]),

hσk1=nð0Þσk2=nðxÞσk3=nð1Þσ2−ðk1þk2þk3Þ=nð∞Þi
¼ κ2ðZZ�Þ−1=2; ð14Þ

Z�ðfkigjxÞ ¼ jxj2k1k2=n2 j1 − xj2k2k3=n2

× Ið−k1=n;−k2=n;−k3=n; xÞ; ð15Þ

ZðfkigjxÞ ¼ Z�ðfn − kigjxÞ; ð16Þ

Iða; b; c; xÞ ¼
Z

d2zjzj2ajz − xj2bjz − 1j2c; ð17Þ

where κ is a constant and
R
d2z ¼ R∞

−∞ dRez
R∞
−∞ dImz.

Note that σk=n in [30] (and in (14)) is normalized as

hσk=nð0Þσ1−k=nðxÞi ¼ jxj−2knð1−k
nÞ. On the other hand, σk=n in

(13) is normalized as hσk=nð0Þσ1−k=nðxÞi ¼ ðjxj=ϵÞ−2knð1−k
nÞ,

here ϵ≡ a=L and a is the UV cutoff length. The latter
normalization is usually used in calculation of Rényi
entropy and gives the correct UV cutoff dependence of
Rényi entropy. The integral Iða; b; c; xÞ is calculated in the
Appendix A. Note that the expression of Iða; b; c; xÞ in the
Appendix in [30] is not useful when aþ b ¼ −1 and we
give a different expression which is useful when aþb¼−1
in (A1). Thus, from (13)–(17), we obtain the Rényi
entropy,

SðnÞA ¼ 1

1−n

Xn−1
k¼1

ln

��
1

ϵ

�
−2knð1−k

nÞ
κ2ðZZ�ðk1¼k;k2¼n−k;k3¼nνÞÞ−1=2

�

¼ 1

1−n

Xn−1
k¼1

ln

��
1

ϵ

�
−2knð1−k

nÞ
κ2ðjxj4knð1−k

nÞj1−xj4knð1−νÞI
�
k
n
−1;−

k
n
;ν−1;x

�
2
�

−1=2
�

¼ 1

1−n

Xn−1
k¼1

ln

�
κ2
�jxj

ϵ

�
−2knð1−k

nÞj1−xj−2knð1−νÞ
�
Γð1−νÞΓðk=nÞ
Γð1þk=n−νÞ

�
Fð1−ν;k=n;1;xÞFð1−ν;k=n;1þk=n−ν;1− x̄Þ

þFð1−ν;k=n;1;x̄ÞFð1−ν;k=n;1þk=n−ν;1−xÞ
�
þπ

sinπðk=n−νÞ
sinðπk=nÞsinπνFð1−ν;k=n;1;xÞFð1−ν;k=n;1;x̄Þ

�
−1
�
; ð18Þ

whereFðα; β; γ; zÞ is theGaussian hypergeometric function,

Fðα; β; γ; zÞ ¼ ΓðγÞ
ΓðβÞΓðγ − βÞ
×
Z

1

0

tβ−1ð1 − tÞγ−β−1ð1 − tzÞ−αdt; ð19Þ

andwe used (A5) in the second equality and (A4) in the third
equality in (18).
We study properties of the Rényi entropy (18). From

(18), when ν → 0, SðnÞA diverges as

SðnÞA ≃ lnð1=νÞ: ð20Þ
This divergence does not depend on the length of the
subsystem, so it is the contribution of the homogeneous
mode. This divergence is similar to the infrared divergence
of the entanglement entropy in the massless limit in a free
massive scalar field [34] and has the similar heuristic
explanation. The correlation function is given by,

hϕ0ðxÞϕ0�ð0Þi ¼ L
2π

e−iν2πx=L
X∞
n¼−∞

ein2πx=L

jn − νj ≃
L
2π

1

ν
ðν → 0Þ;

ð21Þ
where we used w ¼ xþ iτ coordinates and τ ¼ 0.
From (21), the typical size of the fluctuations on the

homogeneous mode grows as ð1=νÞ1=2. Correspondingly,
the Rényi entropy grows as the logarithm of this volume in

field space [35], and becomes SðnÞA ≃ 2 × lnð1=νÞ1=2 ¼
lnð1=νÞ. Note that we doubled the entropy because ϕ0 is
a complex field and has the real part and the imaginary part.
We plot the Sðn¼2Þ

A as a function of ν and the length of the
subsystem l (jxj ¼ 2j sin πl

L j) in Figs. 3 and 4. In these
figures, we have set κ ¼ 1 and ϵ ¼ 1. The Rényi

FIG. 3. The Rényi entropy Sðn¼2Þ
A as a function of ν. From top to

bottom: l=L ¼ 1=3; 1=4; 1=6. Sðn¼2Þ
A diverges when ν → 0 and

ν → 1. Sðn¼2Þ
A becomes a minimum value for ν ¼ 1=2.
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entropy Sðn¼2Þ
A diverges when ν → 0 and ν → 1 as shown in

Fig. 3. Sðn¼2Þ
A becomes a minimum value when ν ¼ 1=2.

It is difficult to perform the analytical continuation
of the Rényi entropy and to obtain the entanglement

entropy because of the complexity of the expression
(18). However, we can perform the analytical continuation
in the limit jxj → 0 and ν → 0. From (18), when jxj → 0,
we obtain

SðnÞA ≃ 1

1 − n

Xn−1
k¼1

ln

��jxj
ϵ

�
−2knð1−k

nÞðln δðk=nÞ þ ln δðνÞ − 2 ln jxjÞ−1
�

¼ 1

3

�
1þ 1

n

�
ln
jxj
ϵ
þ 1

n − 1

Xn−1
k¼1

lnðln δðk=nÞ þ ln δðνÞ − 2 ln jxjÞ; ð22Þ

where

ln δðyÞ ¼ 2ψð1Þ − ψðyÞ − ψð1 − yÞ; ð23Þ

here ψðyÞ is the digamma function, ψðyÞ ¼ d
dy lnΓðyÞ, and

we omitted the irrelevant constant − ln κ2. From (22), when
jxj → 0 and ν → 0, we obtain

SðnÞA ≃ 1

3

�
1þ 1

n

�
ln
jxj
ϵ
þ ln

�
1

ν
þ ln

1

jxj2
�
: ð24Þ

The first term is the same as the Rényi entropy for a free
massless complex scalar field and the second term is the
correction from the AB phase. Thus, when jxj → 0 and
ν → 0, we obtain the entanglement entropy,

Sðn¼1Þ
A ≃ 2

3
ln
jxj
ϵ
þ ln

�
1

ν
þ ln

1

jxj2
�
: ð25Þ

IV. CONCLUSION

We studied the dependence of entanglement entropy
with the AB phase in (1þ 1) dimensional conformal field
theory on a one dimensional ring. We performed the gauge
transformation (3) and the effect of AB phase is represented
by the twisted boundary condition of the scalar field (4).
We used the conformal map and the boundary condition
was expressed by inserting twist operators σν and σ1−ν at
z ¼ 0 and z ¼ ∞ in (9). We calculated exactly the Rényi
entropy in charged free scalar field theory in (9). The Rényi
entropy diverges when ν → 0. This divergence comes from
the homogeneous mode and is similar to the infrared
divergence of the entanglement entropy in a free massive
scalar field. We gave the heuristic explanation of this
divergence. We performed the analytical continuation in
the limit jxj → 0 and ν → 0 and obtained the entanglement
entropy in (25).
We considered the ground state in the presence of the AB

phase (i.e., the Wilson loop). This state is a kind of excited
states in CFTwithout the AB phase. Entanglement entropy
has been studied to quantify excited states in [36–39]. It is
an interesting future problem to apply our method that the
effect of AB phase is expressed by inserting twist operators
to time dependent problems and excited states in the
presence of the AB phase.
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APPENDIX A: THE CALCULATION OF THE INTEGRAL Iða;b;c;xÞ
We calculate the integral Iða; b; c; xÞ in (17). The integral over the complex plane can be evaluated by splitting it into the

sum of products of holomorphic and antiholomorphic contour integrals around cuts using a method used in Kawai et al. [40],

Iða; b; c; xÞ ¼
Z

d2zjzj2ajz − xj2bjz − 1j2c

¼ sin πc sin πa
sin πðaþ bþ cÞ

�Z
x

0

dξA
Z

1

x̄
dηBþ

Z
1

x
dξA

Z
x̄

0

dηB

�
þ sin πðbþ cÞ sin πa

sin πðaþ bþ cÞ
Z

x

0

dξA
Z

x̄

0

dηB

þ sin πc sin πðaþ bÞ
sin πðaþ bþ cÞ

Z
1

x
dξA

Z
1

x̄
dηB ¼ sin πc sin πa

sin πðaþ bþ cÞ

×

�
xaþbþ1

Γðaþ 1ÞΓðbþ 1Þ
Γðaþ bþ 2Þ Fð−c; aþ 1; aþ bþ 2; xÞð1 − x̄Þ1þbþc Γð1þ cÞΓð1þ bÞ

Γð2þ bþ cÞ

× Fð−a; 1þ c; 2þ bþ c; 1 − x̄Þ þ c:c

�
þ sin πðbþ cÞ sin πa

sin πðaþ bþ cÞ ðxx̄Þaþbþ1

�
Γðaþ 1ÞΓðbþ 1Þ
Γðaþ bþ 2Þ

�
2

× Fð−c; aþ 1; aþ bþ 2; xÞFð−c; aþ 1; aþ bþ 2; x̄Þ þ sin πc sin πðaþ bÞ
sin πðaþ bþ cÞ ðð1 − xÞð1 − x̄ÞÞ1þbþc

×

�
Γðcþ 1ÞΓðbþ 1Þ
Γðbþ cþ 2Þ

�
2

Fð−a; cþ 1; bþ cþ 2; 1 − xÞFð−a; cþ 1; bþ cþ 2; 1 − x̄Þ; ðA1Þ

where

A≡ jξjajξ−xjbjξ−1jc; B≡ jηjajη− x̄jbjη−1jc: ðA2Þ

Note that the expression of Iða; b; c; xÞ in the Appendix in
[30] is not useful when aþ b ¼ −1 and we gave the
different expression which is useful when aþ b ¼ −1 in
(A1). We can see that (A1) is the same as the result in the

Appendix in [30] by using the following identity which is
obtained by a contour integral around cuts;

sin πa
Z

x

0

dξAþ sin πðaþ bÞ

×
Z

1

x
dξAþ sin πðaþ bþ cÞ

Z
∞

1

dξA ¼ 0: ðA3Þ

From (A1), we obtain the necessary integral for the
Rényi entropy (13),

Iða − 1;−a; c − 1; xÞ ¼ π
Γð1 − cÞΓðaÞ
Γð1þ a − cÞ ½Fð1 − c; a; 1; xÞFð1 − c; a; 1þ a − c; 1 − x̄Þ

þ Fð1 − c; a; 1; x̄ÞFð1 − c; a; 1þ a − c; 1 − xÞ�

þ π2
sin πða − cÞ
sin πa sin πc

Fð1 − c; a; 1; xÞFð1 − c; a; 1; x̄Þ; ðA4Þ

Ið−a; a − 1;−c; xÞ ¼ j1 − xj2ða−cÞIða − 1;−a; c − 1; xÞ: ðA5Þ

APPENDIX B: DERIVATION OF THE FOUR POINT FUNCTION OF TWIST OPERATORS
BY ANOTHER METHOD

We calculate the four point function of twist operators by the method in [31,32]. We consider a complex field Xðz; z̄Þ and
the action for Xðz; z̄Þ is given by

S½X; X̄� ¼ 1

4π

Z
ð∂zX∂ z̄X̄ þ ∂ z̄X∂zX̄Þd2z: ðB1Þ

We consider the following four point function

Zðzi; z̄iÞ≡ hσk1=nðz1Þσ1−k1=nðz2Þσk3=nðz3Þσ1−k3=nðz4Þi: ðB2Þ
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From [31,32], we consider the Green function in the presence of four twist operators,

gðz; w; ziÞ≡ − 1
2
h∂zXðzÞ∂wX̄ðwÞσk1=nðz1Þσ1−k1=nðz2Þσk3=nðz3Þσ1−k3=nðz4Þi

hσk1=nðz1Þσ1−k1=nðz2Þσk3=nðz3Þσ1−k3=nðz4Þi
: ðB3Þ

The Green function obeys the following asymptotic conditions;

gðz;w;ziÞ∼ ðz−wÞ−2þ finite as z→w∼ const× ðz− z1;3Þ−k1;3=n as z→ z1;3∼ const× ðz− z2;4Þ−ð1−k1;3=nÞ as z→ z2;4

∼ const× ðw− z1;3Þ−ð1−k1;3=nÞ asw→ z1;3∼ const× ðw− z2;4Þ−k1;3=n asw→ z2;4: ðB4Þ

Thus, we can write gðz; w; ziÞ as

gðz; w; ziÞ ¼ ωkðzÞωn−kðwÞ
1

ðz − wÞ2 ½A0ðwÞ þ A1ðwÞðz − wÞ þ A2ðwÞðz − wÞ2�; ðB5Þ

where

ωkðzÞ≡ ðz − z1Þ−k1=nðz − z2Þ−ð1−k1=nÞðz − z3Þ−k3=nðz − z4Þ−ð1−k3=nÞ
ωn−kðzÞ≡ ðz − z1Þ−ð1−k1=nÞðz − z2Þ−k1=nðz − z3Þ−ð1−k3=nÞðz − z4Þ−k3=n ðB6Þ

and

A0ðwÞ≡
Y4
j¼1

ðw − zjÞ; A1ðwÞ≡ A0ðwÞ
X4
j¼1

kj
n

1

w − zj
; ðB7Þ

here we defined k2;4 ≡ n − k1;3 and A2ðwÞ will be determined by the global monodromy condition. The global monodromy
condition is

ΔCX ¼
I
C
dz∂zX þ

I
C
dz̄∂ z̄X ¼ 0 ðB8Þ

for all closed loops.
Before determining A2, we will extract the differential equation of Zðzi; z̄iÞ. Let us consider the limit w → z

lim
w→z

½gðz; w; ziÞ − ðz − wÞ−2� ¼ hTðzÞσk1=nðz1Þσ1−k1=nðz2Þσk3=nðz3Þσ1−k3=nðz4Þi
hσk1=nðz1Þσ1−k1=nðz2Þσk3=nðz3Þσ1−k3=nðz4Þi

¼ A2ðzÞ
X
j

1

z − zj

Y
l≠j

ðzj − zlÞ−1 þ
X4
j¼1

hjðz − zjÞ−2 −
X
j

1

z − zj

X
l≠j

kj
n
kl
n

1

zj − zl
; ðB9Þ

where TðzÞ is the stress tensor and hj ≡ 1
2
ðkj=nÞð1 − kj=nÞ is the conformal weight of the twist operator σkj=n. We apply the

operator product

TðzÞσk2ðz2Þ ∼
h2σk2ðz2Þ
ðz − z2Þ2

þ ∂z2σk2ðz2Þ
z − z2

þ… ðB10Þ

to (B9) and obtain the differential equation

∂z2 lnZðzi; z̄iÞ ¼
A2ðz2Þ

ðz2 − z1Þðz2 − z3Þðz2 − z4Þ
−
k2
n

�
k1
n

1

z2 − z1
þ k3

n
1

z2 − z3
þ k4

n
1

z2 − z4

�
: ðB11Þ

It is useful to use the following conformal map
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z →
ðz1 − zÞðz3 − z4Þ
ðz1 − z3Þðz − z4Þ

; ðB12Þ

which sends z1, z2, z3, and z4 into 0; x; 1 and ∞ respec-
tively, where x is the cross ratio (zij ≡ zi − zj)

x≡ z12z34
z13z24

; xð1 − xÞ ¼ z12z34z14z23
z213z

2
24

: ðB13Þ

Thus (B11) becomes

∂x lnZðx; x̄Þ ¼ −
~A2

xð1 − xÞ −
k2
n

�
k1
n
1

x
−
k3
n

1

1 − x

�
: ðB14Þ

where

Zðx;x̄Þ¼ lim
z∞→∞

hσk1=nð0Þσ1−k1=nðxÞσk3=nð1Þσ1−k3=nðz∞Þi ~A2

¼ lim
z∞→∞

−z−1∞ A2ðz1¼0;z2¼x;z3¼1;z4¼z∞;w¼xÞ:

ðB15Þ

In order to determine A2 by the global monodromy
condition, we introduce the auxiliary correlation function

hðz; w; ziÞ≡ − 1
2
h∂ z̄Xðz̄Þ∂wX̄ðwÞσk1=nðz1Þσ1−k1=nðz2Þσk3=nðz3Þσ1−k3=nðz4Þi

hσk1=nðz1Þσ1−k1=nðz2Þσk3=nðz3Þσ1−k3=nðz4Þi
¼ Bðzi; z̄iÞω̄n−kðz̄Þωn−kðwÞ; ðB16Þ

where we determined h in the same way as g was determined. From the global monodromy condition (B8), we obtain

I
Ci

dzgðz; w; ziÞ þ
I
Ci

dz̄hðz; w; ziÞ ¼ 0; i ¼ 1; 2 ðB17Þ

where we chose the two loops C1 and C2 shown in Fig. 5 as a basis of the loops.
We divide (B17) by ωn−kðwÞ and set w ¼ z2, z1 ¼ 0, z2 ¼ x, z3 ¼ 1 and z4 → ∞ and obtain

�
−xð1 − xÞ d

dx
þ ~A2

�I
Ci

dzω0
kðzÞ þ ~B

I
Ci

dz̄ω̄n−k
0ðz̄Þ ¼ 0; i ¼ 1; 2 ðB18Þ

where ~B≡ limz∞→∞z−2∞ Bðz1 ¼ 0; z2 ¼ x; z3 ¼ 1; z4 ¼ z∞Þ and

ω0
kðzÞ≡ z−k1=nðz − xÞ−ð1−k1=nÞðz − 1Þ−k3=n

ω̄0
n−kðz̄Þ≡ z̄−ð1−k1=nÞðz̄ − x̄Þ−k1=nðz̄ − 1Þ−ð1−k3=nÞ: ðB19Þ

We calculate all integrals in (B18) and obtain

I
C1

dzω0
kðzÞ ¼ ð−1þ α−k1Þα−1

2
ðk2þk3ÞΓ

�
1 −

k1
n

�
Γ
�
k1
n

�
F

�
k3
n
; 1 −

k1
n
; 1; x

�
; ðB20Þ

I
C1

dz̄ω̄n−k
0ðz̄Þ ¼ ð−1þ α−k1Þα−1

2
ðk2þk3ÞΓ

�
1 −

k1
n

�
Γ
�
k1
n

�
F

�
1 −

k3
n
;
k1
n
; 1; x̄

�
; ðB21Þ

I
C2

dzω0
kðzÞ ¼ ð−1þ α−k2 − α−ðk2þk3Þ þ α−k3Þα−1

2
k3ð1 − xÞðk1−k3Þn × F

�
k1
n
; 1 −

k3
n
; 1 −

k3
n
þ k1

n
; 1 − x

�
Γð1 − k3

n ÞΓðk1n Þ
Γð1 − k3

n þ k1
n Þ

;

ðB22Þ

(a) (b)

FIG. 5. The two closed loops C1 and C2 we consider as a basis
of the loops in the complex plane.
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I
C2

dz̄ω̄n−k
0ðz̄Þ ¼ −ð−1þ α−k2 − α−ðk2þk3Þ þ α−k3Þα−1

2
k3ð1 − x̄Þðk3−k1Þn × F

�
1 −

k1
n
;
k3
n
; 1þ k3

n
−
k1
n
; 1 − x̄

�
Γð1 − k1

n ÞΓðk3n Þ
Γð1þ k3

n − k1
n Þ

;

ðB23Þ

where α≡ ei2π=n. Solving Eq. (B18) for ~A2, we obtain

~A2

xð1 − xÞ ¼ ∂x ln

�I
C1

dzω0
kðzÞ

I
C2

dz̄ω̄n−k
0ðz̄Þ −

I
C2

dzω0
kðzÞ

I
C1

dz̄ω̄n−k
0ðz̄Þ

�
: ðB24Þ

We substitute (B24) for (B14) and obtain

Zðx; x̄Þ ¼ Cðx̄Þx−k1k2=n2ð1 − xÞ−k2k3=n2ðWðk1=n; k3=n; x; x̄ÞÞ−1; ðB25Þ

where Cðx̄Þ is an arbitrary function of x̄ and

Wðk1=n; k3=n; x; x̄Þ ¼
Γð1 − k1

n ÞΓðk3n Þ
Γð1þ k3

n − k1
n Þ

ð1 − x̄Þðk3−k1Þn F

�
1 −

k1
n
;
k3
n
; 1þ k3

n
−
k1
n
; 1 − x̄

�
F

�
k3
n
; 1 −

k1
n
; 1; x

�

þ Γð1 − k3
n ÞΓðk1n Þ

Γð1þ k1
n − k3

n Þ
ð1 − xÞðk1−k3Þn F

�
k1
n
; 1 −

k3
n
; 1þ k1

n
−
k3
n
; 1 − x

�
F

�
1 −

k3
n
;
k1
n
; 1; x̄

�
: ðB26Þ

In order to fix the x̄-dependence of Zðx; x̄Þ, we consider ∂ x̄ lnZðx; x̄Þ in the same way as ∂x lnZðx; x̄Þ. The
differential equation for ∂ x̄ lnZðx; x̄Þ is obtained by replacing x → x̄, x̄ → x and ki → n − ki in that for ∂x lnZðx; x̄Þ
and we obtain

Zðx; x̄Þ ¼ DðxÞx̄−k1k2=n2ð1 − x̄Þ−ðn−k2Þðn−k3Þ=n2ðWð1 − k1=n; 1 − k3=n; x̄; xÞÞ−1; ðB27Þ

where DðxÞ is an arbitrary function of x. Finally, from (B25) and (B27), we obtain

Zðx; x̄Þ ¼ f · jxj−2k1ðn−k1Þ=n2 j1 − xj2k1k3=n2−ðk1þk3Þ=nð ~Wðk1=n; k3=n; x; x̄ÞÞ−1; ðB28Þ

where f is an integration constant and

~Wðk1=n; k3=n; x; x̄Þ ¼
Γð1 − k1

n ÞΓðk3n Þ
Γð1þ k3

n − k1
n Þ

j1 − xjðk3−k1Þn F

�
1 −

k1
n
;
k3
n
; 1þ k3

n
−
k1
n
; 1 − x̄

�
F

�
k3
n
; 1 −

k1
n
; 1; x

�

þ Γð1 − k3
n ÞΓðk1n Þ

Γð1þ k1
n − k3

n Þ
j1 − xjðk1−k3Þn F

�
1 −

k3
n
;
k1
n
; 1þ k1

n
−
k3
n
; 1 − x

�
F

�
1 −

k3
n
;
k1
n
; 1; x̄

�
: ðB29Þ

We can show that the integration constant f is independent of k1 and k3 by taking the limit jxj → 0 and considering the
operator product expansion (OPE) of σk1=nð0Þσ1−k1=nðxÞ. After some calculation, we obtain the following identity;

ð ~Wða; c; x; x̄ÞÞ2 ¼ 1

π2
Iða − 1;−a; c − 1; xÞIð−a; a − 1;−c; xÞ: ðB30Þ

Thus (B28) is equal to (14) for k2 ¼ n − k1 when we set f ¼ κ2=π.
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