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In the SU(2); x SU(2)g linear sigma model with partially conserved axial-vector currents, a tower of
Ward-Takahashi identities (WTI) have long been known to give relations among 1-scalar-particle-
irreducible (1-¢-I) Green’s functions, and among I-scalar-particle-reducible (1-¢-R) transition-matrix
(T-matrix) elements for external scalars [i.e. the Brout-Englert-Higgs (BEH) scalar H, and three
pseudoscalars 7]. In this paper, we extend these WTI and the resulting relations to the SU(3) x SU(2), %
U(1)y linear sigma model including the heaviest generation of Standard Model (SM) fermions—the
ungauged (i.e. global) Standard Model SMY

[,mr—supplemented with the minimum necessary neutrino
content—right-handed neutrinos and Yukawa-coupling-induced Dirac neutrino mass—to obtain the
charge-parity (CP)-conserving L/DSMS’WT,
e.g. showing that they make separate tadpole renormalization unnecessary, and guarantee infrared

finiteness. The crucial observation is that ultraviolet quadratic divergences (UVQD), and all other relevant

and extract powerful constraints on the effective Lagrangian:

operators, contribute only to m2, a pseudo-Nambu-Goldstone boson (NGB) mass-squared, which appears
in intermediate steps of calculations. A WTI between T-matrix elements (or, in this global theory
equivalently the Goldstone theorem) then enforces m2 = 0 exactly for the true NGB in the spontaneous
symmetry breaking (SSB) mode of the theory. The Goldstone theorem thus causes all relevant operator
contributions, originating to all-loop-orders from virtual scalars H,7, quarks ¢¢;%;b% and leptons
I vp; T With (¢ = r, w, b), to vanish identically.

We show that our regularization-scheme-independent, WTI-driven results are unchanged by the
addition of certain SU(3)¢ x SU(2), x U(1)y heavy (M., > ¢*], myq,) CP-conserving matter, such

as originate in certain beyond the SM (BSM) models. The global axial-vector WTT again cause all UVQD

G
tbrv, +Heavy

examples: a singlet M2 > m3,,., real scalar field S with discrete Z, symmetry and (S) = 0; and a singlet

and finite relevant operators to vanish, in the vpSM model. We demonstrate this with two

right-handed type I see-saw Majorana neutrino vz with MﬁR > miy.,.- Specifically, we prove that these
G

thtv,

heavy degrees of freedom decouple completely from the low-energy vpSM effective Lagrangian,

contributing only irrelevant operators after quartic-coupling renormalization.

DOI: 10.1103/PhysRevD.96.065006

I. INTRODUCTION

Ward-Takahashi identities (WTI) are relations among
Green’s functions or amplitudes of field theories that result
from the symmetries of the theory. They exist both in
“unbroken” theories (in which the vacuum shares the
symmetries of the Lagrangian) and in spontaneously
broken theories (in which the vacuum does not share the
symmetries of the Lagrangian). In this paper we are
concerned specifically with the global SU(2), x U(1)y
Schwinger [1] linear sigma model (LX M), the ungauged
scalar sector of the Standard Model (SM), augmented by
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the third generation of SM fermions with their usual
Yukawa couplings to the Higgs doublet (and so augmenting
the symmetry with a global SU(3). factor), as well as by a
right-handed 7 neutrino, with its allowed Yukawa cou-
plings. For brevity, we call this global theory the v, SMY

thtv,’

with G for global and D indicating that the neutrinos have
only Dirac masses. With SM isospin and hypercharge
quantum numbers for fermions, the third-generation

I/DSMSWr has zero axial anomaly. We prove here that
G

thtv,
by axial-vector WTI directly analogous with those proved
by B. W. Lee [2] for the SU(2), x SU(2), Gell-Mann-
Lévy [3] with partially conserved axial-vector currents
(PCAC). One of those axial-vector WTIs is equivalent in

the charge-parity (CP)-conserving vpSM is governed

© 2017 American Physical Society
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this global theory to the Goldstone theorem [4—6], which
protects the mass of the Nambu-Goldstone bosons (NGB)
from nonzero contributions."

We also demonstrate that there exists a wide class of
heavy matter M%{eavy > miy.,. particles from which the
low-energy effective ”DSMSW, Lagrangian, fortified by the
WTIL is protected. It may be no coincidence that this class
includes heavy Majorana masses for right-handed neutri-
nos, as envisioned in the see-saw models of light neutrinos.
Another theory might well have been less effectively
protective.

Here we prove properties of the spontaneously broken
mode of a quantum field theory with global symmetries
that are the rigid versions of the local symmetries of the
Standard Model, in anticipation of extending our argu-
ments to the one-generation standard -electroweak
model itself [10,11]. We discover how the physics of
the theory (as embodied in on-shell transition-matrix
(T-matrix) elements) is more symmetric than the effective
Lagrangian, because consistency conditions on the states
constrain the physics. A particularly crucial role is played
by a WTI among T-matrix elements, which is equivalent
to the Goldstone theorem in this global theory. In
upcoming papers we extend these results, first to a
U(1), gauge theory, the CP-conserving Abelian Higgs
model (AHM) [12], and then to the CP-conserving
gauged electroweak SM, with the third generation of
quarks, charged leptons, v;, vk, and Dirac-mass neutri-
nos, vpSMy,,,, [10,11]. Along the way we discover that
the important T-matrix WTI and the Goldstone theorem
contain independent information.

The structure of the remainder of this paper is as
follows.

Section II concerns the correct (i.e. axial-vector-
WTI-obedient) renormalization of the scalar-sector
effective I/DSMS?M Lagrangian in its Goldstone (i.e.
spontaneously broken) mode. In this section we treat the
vpSMC | with its SM fermions, augmented by a right-

thtv,?
handed neutrino, and consequently a Dirac neutrino mass,

as a stand-alone flat-space quantum field theory, not
embedded or integrated into any higher-scale ‘“beyond
the SM” (BSM) physics.

'In June 2011 [7] one of us (BWL) introduced these ideas. A
December 2011 pedagogical companion paper [8] simplified the
treatment of UVQDs in the context of the global Gell-Mann-
Lévy model [3] with PCAC. In [9] we showed that, what we
called the Goldstone theorem, but to be specific is really a WTI
equivalent to the Goldstone theorem in this global theory, protects
the weak-scale global spontaneous symmetry breaking (SSB)
SO(2) Schwinger model [1] (i.e. against 1-loop relevant oper-

ators ~Mi.,,, > My Which arise from virtual heavy particles)

by way of 2 explicit 1-loop examples: a real singlet scalar S and a
singlet Majorana neutrino vg with M3, M2, > |¢*|, (H)>.
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Section III extends our results to M, > mygy, the

mass-squared of the Brout-Englert-Higgs particle a.k.a. the
Higgs boson, heavy SU(3),., o X SU(2), x U(1), matter
representations, such as arise in certain BSM models.
Section IV draws a historical lesson.
In the Appendix extends the proof of B. W. Lee [i.e.
for the WTI of SU(2), x SU(2)gr Gell-Mann-Lévy
with PCAC], to WTI for SU(3),xSU(2), x U(1)y

vpSMS  —the mathematical basis on which the results

of this paper rest.

II. AXTAL-VECTOR-WTI-OBEDIENT
RENORMALIZATION OF THE GLOBAL
SU(3)¢ x SU(2), x U(1)y vpSMG,,

EFFECTIVE LAGRANGIAN

The global SU(3)- x SU(2), x U(1), Lagrangian of
SM scalar and third generation fermion fields,” extended
with a right-handed neutrino with Dirac mass® is

Lyysvg, (@102 TRe Vers 5 bl 155 Mo 233 Ve Vi Ve Vi, )-
(1)

vpSMS  parameters include quadratic and quartic scalar

thry,
couplings ,ué, ié,“ and real Yukawa couplings. This
Lagrangian conserves CP.

We define a complex BEH doublet representation for the

scalars

¢

L{HH@} o)

V2

-y +im;

The v;,SM matter fields are well-known: a spin S=0
complex scalar doublet ¢; S :% left-handed and right-handed
leptons It = [v}he!]T, ek, vk, with i running over the three
generations; S :% left-handed and right-handed quarks
qb¢ = [d; ui]", dy, uf, with i running over the three gener-
ations, and ¢ = r, w, b over the SU(3). color index. Quarks, and
separately leptons, have complex Yukawas, Dirac masses and
mixings. The observable 3 x 3 Cabibbo-Kobayashi-Maskawa
(CKM) and Pontecorvo—Maki—Nakagawa—Sakata (PMNS)
matrices connect the weak eigenstates with mass eigenstates. In
order to assure CP conservation, we limit ourselves to one
generation of fermions, the third-generation of the Standard
Model.

*Before the experimental observation of neutrino mixing, the
SM was defined to include only left-handed neutrinos v} . The
proof of our new axial-vector WTI’s requires CP-conservation
and that neutrinos be massive. We therefore pay homage to
experimentally observed neutrino mixing, and study in this paper
the CP-conserving UDSMgm, here defined to include a right-
handed neutrino vg; and a Dirac mass m; . = y,(H)/v/2.

“We follow the language and power counting of the early
literature [2], taking the quartic coupling constant to be /15) rather
than the modern [13] A. Renormalized ﬂfp > 0.
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GLOBAL SU(3) x SU(2), x U(1)y ...

[This can trivially be mapped to an O(4) quartet of real
scalars, since ¢'¢p = 1 (H* 4+ 7%).] We use this manifestly
renormalizable linear representation for the scalars in order
to control relevant operators.

The Lagrangian (1) has three modes, which we charac-
terize by the values of the renormalized BEH-vacuum-
expectation-value (VEV) (H) and the renormalized
(pseudo-)NGB mass-squared m2: (H) = 0, m2 > 0, known
as the “Wigner mode”; (H) = m2 =0, the classically
scale-invariant point; and (H) # 0, m2 = 0, the spontane-
ously broken or “Goldstone mode.”

This paper distinguishes carefully between the global
SU(3)co1or XSU(2), xU(1), Lagrangian of (a single gene-
ration of) SM matter fields [i.e. (1)] and the v,SMS

thry,
itself: i.e. the yDSMgmf is the “Goldstone mode” of (1).

(1) Symmetric (H) = 0, m2 # 0 Wigner mode: This is
analogous with the Schwinger-model x-axis
Fig. 12-12 in the textbook by C. Itzykson and
J-C. Zuber [14] and the similar Fig. 1 in [8]. The
analysis and renormalization of Wigner mode (e.g.
its infrared structure with massless fermions) is
outside the scope of this paper. Thankfully, nature
is not in Wigner mode. Our Universe is, instead, in
the SSB Goldstone mode.

(2) Classically scale-invariant point (H) = 0, m% =0
is analogous with the Schwinger-model origin in
Fig. 12-12 in the textbook by C. Itzykson and J-C.
Zuber [14] and Fig. 1 in [8]. The analysis and
renormalization of the classically scale-invariant
point is outside the scope of this paper.

(3) Spontaneously broken (H) # 0, m% = 0 Goldstone

mode: The yDSMSmT is the Goldstone mode of
L

ssve i (1). The “physics” is the spectrum of
physical particles—S = 0 bosons, and the third
generation of S = % Dirac-massive quarks and lep-
tons—and their associated dynamics.

The one-generation global vp,SMS _ is invariant under

global SU(3)-x SU(2), x U(1), transformations and
conserves CP. Global axial-vector WTI therefore govern
the dynamics of the ¢-sector (i.e. BEH scalar H and three
pseudoscalars 7) of the all-loop-orders renormalized

Z/DSM[CLWT effective Lagrangian.5 There are two sets of

such CP-conserving axial-vector WTIL. One set governs
relations among connected amputated 1-(h,7) scalar-
particle-irreducible (1-¢-I) Green’s functions. A separate
set governs relations among connected amputated 1-(h, 77)
scalar-particle-reducible (1-¢-R) T-matrix elements. As

>Our interest in axial-vector WTI may be surprising, given that
while SU(2), is a symmetry of the Lagrangian, SU(2), _y is not.
This interest is justified by our insistence on CP conservation, as
described in detail in the Appendix. In future work, we will
consider the interesting consequences for our WTI, and for
physics, of small amounts of CP violation.
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observed by Lee for the Gell-Mann-Lévy model,® one of
those T-matrix WTI is equivalent to the Goldstone theorem
in this global theory.

We use “pion-pole dominance” arguments to derive
these axial-vector WTIs for the SSB v5,SMS_ in the

thty,
Appendix, and so rely on the masslessness of the NGB in

Goldstone mode. In this global theory (although not in the
gauge theories that we consider in [10-12]) that massless-
ness translates precisely into the masslessness of the
pseudoscalar  boson  m2=0  when (H) #0.
LvdSbenJ(H};&O is the subject of the remainder of this

section.
These global axial-vector WTI for the v,SM$

thry,
generalization of the classic work of B. W. Lee [2], who

constructed the all-loop-orders renormalized tower of
quantum WTIs for the SU(2), x SU(2); Gell-Mann-
Lévy (GML) model [3] with partially conserved axial-
vector currents (PCAC). We replace GML’s strongly
interacting LXM with a weakly interacting BEH LXM:
6> H,7—7x,m,—>my,f,— (H); we eliminate the
explicit symmetry breaking of PCAC (y = 0), and reduce
the symmetry from SU(2), x SU(2)g to SU(2), x U(1)y
when we add SM fermions and their attendant Yukawa
couplings. We also introduce a quark SU(3), so that the
resultant generation has SM couplings, which ensures that
our WTI have zero axial anomaly.

are a

SReference [8] used B. W. Lee’s Gell-Mann-Lévy (GML) WTI
to construct the all-loop-orders renormalized low-energy
(1¢%|, (H)?, m3,,. <Euclidean UV cutoff A2), effective GML
Lagrangian including UV quadratic divergences (UVQD). The
SU(2), x SUQ2)g (3.3) representation is @ = —=[H +i5 - ],

1

0]'

while the SU(2), x U(1), doublet in this paper is ¢ = @|

Including all O(A?), O(In A?) divergences,
T
22 m2\ 12
= f {Hz + 72— <<H>2 —/1—2”)} ~ (H)m2H
4
+ Olgnore: (3)

causes tadpoles to vanish identically, so that separate tadpole
renormalization is unnecessary. Oﬁ%j& denotes finite operators

that do not contribute to UVQD,

GML _ »GML GML GML
Olgnore - OD>4 + OD§4;NonAnalytic + 1 /Az;hrelevam'

The effective potential (3) reduces to the three effective potentials
of the Schwinger model [1] as: (H) — 0, m2 # 0 (Schwinger
Wigner mode); (H) — 0,m2 — 0 (Schwinger scale-invariant
point); or (H) # 0, m2 — 0 (Schwinger Goldstone mode). Refer-
ence [8] extended (3) to include SM quarks and leptons, but
possible IR divergences, due to massless SM neutrinos, were out
of scope and ignored.
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A. Axial-vector Ward-Takahashi identities in v, SMS¢

We focus on the global isospin axial-vector current
L RupSME, - The global color SU(3), SU(2);.x and

electromagnetic currents are vector currents and are not
spontaneously broken, so they do not yield further WTI
information of interest to this paper. In the Appendix, we
describe how CP conservation enables us to consider
amplitudes of the axial-vector current, and derive towers
of WTL. In future work, we will consider the generalization
to the case where CP is violated.

Because we are interested in global-symmetric relations
among 1-scalar-particle-irreducible (1-¢-I) connected
amputated Green’s functions (GF) with external ¢ scalars,
it is convenient to use tools (e.g. canonical quantization)
from vintage quantum field theory (V-QFT), a name coined
by Ergin Sezgin. Analysis is done in terms of the exact
renormalized interacting v,SMS  fields, which asymp-

thtv,

T

thrv,
totically become the in/out states, i.e. free fields for physical
scattering-matrix (S-matrix) elements. In the Appendix
gives details of the derivation of our rigid axial-vector
WTIs, some highlights of which we present in this section.

For (H)#0, the pseudoscalars 7 are massless.’
We therefore solve/obey the axial-vector “pion-pole-
dominance” T matrix (which recall is related to the
better-known S matrix by S = 1+ iT) identity proved in
the Appendix,

"The masslessness of 7, m2 = 0, in Goldstone mode, is closely
related to the masslessness of the Nambu-Goldstone bosons of
the broken global symmetry in this ungauged theory. To identify
the NGBs, we must pass from the linear representation (2) to the
unitary Kibble representation [13,15], with transformed fields H

and 7, and VEVs (H) = (H) and (7) =0,

1 -
¢ =—HU

b w1}

7 (not 7) are the purely derivatively coupled NGBs. We note that
it is the ability to transform to the unitary representation that

makes 7 derivatively coupled. The transformation (4) is not
possible in Wigner mode nor at the scale-invariant point. In the
ungauged theory it is also possible to add a Polkinghorne PCAC
term yH that explicitly violates the axial symmetry. In [8] we
follow [2] in considering the |(H)| vs. m2 quarter plane, in which
the Wigner mode is the x-axis ((H) = 0), the Goldstone mode is
the y-axis (m2 = 0), the scale-invariant point is the origin, and the
symmetry is explicitly broken off these axes. Lee [2] points out a
remarkable WTIL: y = (H)m2. The Goldstone mode and the
Wigner mode are thus just the m2 — 0 and (H) — 0 limits of
the explicitly broken theory. In the quarter plang, the trans-
formation to the Kibble representation finds that 7 has nonde-
rivative couplings, including a mass, proportional to m2. These all
vanish in the mf[ — 0 limit, and the Goldstone theorem (among
other WTIs) is recovered. This connection between m2 = 0 and
mIZ\IGB = 0 appears to be severed in the gauge theory where the
explicit breaking term is thought to be forbidden by unitarity.
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(H)T3 "™ (py...pn3 q1---qu0)

M —~
— ZéttmTtl.“tm...tM(pl
m=1
N
_ ZTII'”[MI(PI
n=1

- PNDm3 91+ G- u1)

e Dn---PN4q1---GuPn) (5)

with N renormalized h = H — (H) external legs (coordi-
nates X, momenta p), and M renormalized (CP = —1) 7
external legs (coordinates y, momenta g, isospin t).

Equation (5) relates either T-matrix elements all with
even numbers of 7 (if M is odd), or T-matrix elements all
with odd numbers of 7 (if M is even). Because CP is
conserved, T-matrix elements with odd numbers of 7
vanish, hence (5) is of interest only for M odd.

Here T=T, + T,. T, includes only diagrams with an
extra zero-momentum external leg 7, attached directly to an
external i or another external 7 leg as in Fig. 1. The
notation p,,q,,. 1, indicates that “hatted” external fields
and momenta are to be omitted.

A tower of quantum WTI recursion relations, among
renormalized connected amputated 1-scalar-particle-
irreducible (1-¢-I) Green’s functions (GF) F;{,;I";;M (p1---
PN qi---qu), With N external renormalized h = H — (H)
(coordinates x, momenta p), and M external (CP = —1)
renormalized 7 (coordinates y, momenta ¢, isospin t), is
shown in the Appendix to be a solution to the T-matrix
identity (5). The resulting WTI relate a 1-¢-I connected
amputated GF with (N + M + 1) external fields, including
an extra zero-momentum 7, to two 1-¢-1 amputated GFs
with (N + M) external fields. For 7 with CP = —1, the
result

<H>F5\‘z'){4'ﬂ(p PN q1-+-q0)

_ 1, T
E :5 "y lM 1 (1
2: fy.. Iyt
l—‘N 1M+1

is valid for N, M > 0, though nontrivial only for odd M.
(Hatted quantities are again omitted.)
We form the ¢-sector effective Lagrangian as a sum

EffwpSMS,, EffpSM,
L¢ = Zqu,N,M (7)
N.M

o PNG3 Q1 -G - A1)

Pre--Pu---PN3G1---AuPn) (6)

over all possible numbers of external scalars & and

Eff:,SMJ,
pseudoscalars #'. Each term, L SNM

thtvg

is obtained by

attaching to F" M. N appropriate external scalar wave
functions; M appropnate external pseudoscalar wave
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GLOBAL SU(3) x SU(2), x U(1),

functions, with sums over isospins; and combinatoric
factors for identical external boson fields 4, 7.

It is worth emphasizing that all perturbative quantum
loop corrections, to all-loop-orders, are included in the ¢-
sector effective Lagrangian: 1-¢-1 connected amputated
GF TI'yviy/"(pi...-PN3q1---qy) in (6); wave-function
renormalizations; renormalized scalar propagators (9),
(10); the BEH VEV (H). Equation (6) includes the full
set of quantum all-loop-orders from the global SU(3). x
SU12), xU (1) theory, originating in loops containing
virtual I/DSM,,W quarks ¢ , t%, b and leptons [}, vz, Tg,
with colors ¢ = r, w, b; and scalars h, 7. Because they arise
entirely from global axial-vector WTI, our results are
independent of regularization-scheme [16].

There remains, however, one more crucial step. We must
impose all those symmetries of the 1-¢p-R T matrix that are
not symmetries of the 1-¢-1 Green’s functions (6) nor of the
complete effective Lagrangian ( 7).8 In particular the
I/DSMﬂ)w -analogue of the Adler self-consistency condi-
tions [17,18] (see for example [2] p. 37), derived in the
Appendix, of which the Goldstone theorem is a special
case, ensures the infrared finiteness of the theory for exactly
zero pseudoscalar masses, m2 = 0.

B. Construction of SM scalar-sector effective
Lagrangian from axial-vector Ward-Takahashi IDs

We want to classify operators arising from uDSMtbw
degrees of freedom, and separate the finite operators from
the divergent ones. There are finite operators that arise
entirely from I/DSMﬂm degrees of freedom. Although
important for computing “physical observables” in the
Z/DSMtbw (e.g. the analogy of the successful I1-loop
high-precision Standard Model predictions for the top-
quark from Z-pole physics [19,20] in 1984 and the W=
mass [20,21] in 1980, as well as the 2-loop BEH mass from
Z-pole physics [19,22,23] and the W+ mass [21-23]), they
are not the point of this paper. We want instead to focus on
UVQD, logarithmic UV divergences, and finite relevant
operators, to see how they are related by the WTIs. The
reader might imagine O(A?) and O(InA?) divergences,
never taking the limit A> — co.

In actuality, there are three classes of finite operators in
the UDSMtbw that we will ignore:

rbw,
(1) finite OI/A’ ;Irrelevant

(ii) ODlm>Z’”’ are finite dimension > 4 operators;

(iii) (’)Dlm<jf}i{0n Analyiic are finite dimension < 4 operators
that are nonanalytic in momenta or in a renormal-

ization scale .

- 2 2 .
vanish as myy,,, /A~ = 0;

8Failing to impose those T-matrix symmetries (e.g. crucially
the one that is equivalent to the Goldstone theorem) results in a
mistake.
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Such finite operators appear throughout the axial-vector
Ward-Takahashi IDs (6):

i N+M >5 gives relations among O

and O
(i1) the left-hand side of (6) for N + M =4 is also

Up SM{C,”M
OD1m>4 or O

IJDS Ibw

1/A?;Irrelevant

YD SMzhnT

1/A%, lrrelevant;
(iii) N + M < 4 operators (’)Dlm<2"§0n Analytic 4180 appear
in those WTL
All such operators will be ignored below,

YD SM!Im/
1/A%;Irrelevant

vpSM mw, vpSM zbwr
OD1m>4 + OD1m<4 ;Non Analytic* (8)

YD SMzhw _ O
Ignore

O

Finally, there are N + M < 4 operators that are analytic
in momenta. We expand these in powers of momenta, count
the resulting dimension of each term in the operator Taylor

M Ti DD TV,
series, and ignore Op> 7 and O Wi orms,

1/A%;Irrelevant

We seek next to classify the relevant operators, in this
case the 7 and h inverse propagators (together with
tadpoles).

Define the exact renormalized pseudoscalar propagator
(no sum on j) in terms of a 7 pole, the Kdllén-Lehmann
spectral density p, [14,24], and wave-function renormal-
ization. We assume 7 decays weakly,

Aq(g%) = =i(27)*(0|T [z;(v)7;(0)]]0) [iPineiorm

1 m?
=5 _ .2 -+/dm22p”(2)-
q° — My pye T 1€ q-—m”~ + 1€

{/) =1 +/dm2p,,(m2). 9)

Define similarly the BEH scalar propagator in terms of a
BEH scalar pole, the spectral density pggy, and the same
wave-function renormalization. We assume / also decays
weakly and resembles a resonance,

)OI T[h(x)h(0)]|0) [ioiss

Transform

ABEH(qz) =—i(2x
1
= et / dm
q°~ — Mj.py. 1 1€
zZ) =1 +/dm2PBEH(m2)

[ antonto) = [ anpusu(m?) (10)

2 pBEH(mz)
q2 —m? +ie

The connected amputated 1-¢-1 7 and & inverse propa-
gators are

065006-5
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l—mtz( q, ) = 5['t2F0’2(;q, _q)
To2(:9,—q) = [A.(¢7)]™
Do0(q.—45) = [Apen(g?)] ™" (11)

The spectral density parts of the propagators

pBEH(mz)
ASB[]?eI_cItra.l Density(qz) / dm2 S oy

q —-m? + ie
7 px(m”)
ASpectra.lDenslty(qz) = /dmzm (12)

are clearly finite. From dimensional analysis of (9), (10),
the contribution of a state of mass/energy ~Mpe,yy tO
the spectral densities  p;(Miyyy) and  ppen(Miyy )

and to ABE AZ

Spectral Density*
Euclidean cutoff therefore contributes only ~%

We now form the all-loop-orders renormalized scalar-

=2
SpectralDemlly’ scale as MHeavy' The

sector effective Lagrangian for (h, 7) with CP = (1,-1)
1
LgfISDSM,bn - Fl,O(O; )h + ZFZ,O(IL —D: )h2
1 1
+ 2’Ft1t2( q. _Q)”tlﬂtz + §F3,0(OOO; &
1 . 1
+ z’rtlt (0;00)hx, ,, +4'F4 0(0000; ) n*
1
+ ﬁrg’;(oo; 00)h*x, m,,
1
+4 F1112I3f4( 0000)”f1”t2”13ﬂt4 +Oigns()§g
(13)

The connected amputated Green’s function identities (6)
severely constrain the effective Lagrangian (13). For
pedagogical clarity, we first separate out the isospin indices

tltz( -q)=58""T,(;9.—9),
rrlltzz( :90)=06""T" ,(—-q:40),
I'5%(00;00) =8""T" ,(00;00),
[ 7% (:0000) =T 4(:0000) [51725%3% + 511351214 45114 57215].
(14)

Itemizing the relevant WTI and their effects on (13),
setting momenta to zero except where needed, suppressing
the isospin indices, and indicating the finite operators as
Simply Olgnore:
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(i) WIIN=0,M =1

82T 0(g;) = (H)T35(:9,—9),
Fl,o(O;) = <H>F0,2(§00)v (15)

since no momentum can run into the tadpoles.
(i) WIIN=1,M=1

82Ty 0(-q.9;) — T35 (:9.—q)
= (H)T''3(—q: q0),

Doo(=4.9:) —To2(;9,—q)
= (H)T 5(~q: q0) = (H)T; 5(0:00) + O}z’
I',0(00; ) =Ty, (;00) + (H)I'; ,(0;00) (16)

i) WIIN =2, M =1

(H)I'33(00:00)
(H)T",(00;00)

= 51275 4(000; ) — 2" 7 (05 00),
=T17,(000;) —2TI"; ,(0;00).  (17)

@iv) WIIN =0, M =3

—(H)I'q2"" (;0000) = §1=T'75(0;00)
+ 81T (0500)
+ 8"4TR5 (05 00),

—(H)T4(;0000) = I'; ,(0;00). (18)

) WIIN=1, M =3

812155 (00;00) + 515175 (00;00) 4814175 (00;00)
Iy 7" (;0000) =0,
I',,(00;00) =T 4(:0000). (19)

(vi) WIIN =3, M =1

=311 4(0000; ) + 31757 (00; 00) = 0,
The quadratic and quartic coupling constants are defined

in terms of 2-point and 4-point 1-¢-1 connected amputated
GF

[2(;00) = —m;
Iy4(;0000) = —21{2/) (21)

The pseudoscalar and # (BEH) scalar masses are most
usefully defined as
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1 pr(m?)]-1 The kinetic term incorporates the nontrivial (but finite)
2 _ . 00) — 2
myy=—T,(;00) = {mz ool + / dm 2 wave-function renormalization
,role
) 1 zpBEH(mZ) - Kinetic __ 1 . . 2
my=-1,0(00;) = |—5—+ [ dn"—=—| . (22) L = E(Fo.z(apv—l?) —T2(:00))h
mh;POle m 1
+=(Tys(:q,—q) = Ty-(;00)7%, (25
The third N = 1, M = 1 WTI of Eq. (16) can then be 3 (To2(:4: =) = To2(:00))7%,  (25)
rewritten instructively as a mass relation between the BEH ..
h scalar and the three pseudoscalar bosons 7
To2(:9.—q) = To2(;00) ~ ¢*, (26)
2 _ 2 2 /17\2
iy, = g+ 20 (H)*, (23) while the effective potential
a more familiar form which we have employed in previous y/Wigner:SI:Goldstone _ ;12 {hz +a + (H) h}
papers [7-9]. L2
The all-loop-orders renormalized ¢-sector effective W42 2
Lagrangian (13), constrained only by those axial-vector +/1§5[ 3 +(H >h] (27)

WTIs governing Green’s functions (6), may be written
. incorporates all three modes (i.e. Wigner mode, the scale-
Ignorerbm inve;riant point (SI) and Goldstone mode) of the Lagrangian
(1).” The effective potential in (27) becomes in various limits:

(24) Wigner mode ((H)=0;m2 = m? #0); scale-invariant point

LWigner;SI;Goldstone — LKineLic _ VWigner;SI;Goldstone + OUD SM

°It is instructive, and we argue [9] dangerous, to ignore vacuum energy and rewrite the potential in (27) as

VWigner;Sl;Goldslone o 22 + 1 H 2 m72r 2 28
vpSME - ¢¢¢_§ < > _g ( )

using 4% 4 (H)h = ¢¢p — 1 (H)2. If one then minimizes V;Vig"e“SI;GOldsmne while ignoring the crucial constraint imposed by the

Goldstone theorem, (or more precisely by the WTI that is equivalent to the Goldstone theorem in this ungauged theory: see Sec. Il C),

the resultant (incorrect and unphysical) minimum (H)%, = ((H)? — ’A"—ff) does not distinguish properly between the three modes (32) of
¢

(28). At issue is the renormalized
mizt = ”?L;Bare + C/\A2 + CBEHm%EH + 5}?1% + CHeavyMlz-Ieavy + CHeaVy;lnM%eavy ln(Mlz-Ieavy) + CHeaVy;/\M%eavy 111(/\2) + Aé <H>27 (29)

where the C’s are constants, and m,zl = m2 + 22*(H)?. Itis “fashionable” to simply drop the UVQD term C, A? in (29), and argue that it
is somehow an artifact of dimensional regularization (DR), even though M. J. G. Veltman [25] showed that UVQD do appear at 1-loop in
the SM and are properly handled by DR’s poles at dimension Dim = 2. We keep UVQD. For pedagogical efficiency, we have included
in (29) terms with M%Ieavy > m%Veak, such as might arise in BSM physics (cf. Sec. III). In Wigner mode, where (H) = 0,

2 _ 2 2 2 2
mh =my~ A ’ MHeavy > mWea.k' (30)

During renormalization of a tree-level weak-scale BEH mass-squared mﬁ;Bm ~ M- Televant operators originating in quantum loops
appear to “naturally” force the renormalized value up to the heavy scale (30). Wigner mode is therefore quantum-loop unstable, because
the heavy scale cannot decouple from the weak scale. Equation (30) is the motivation for much BSM physics, even though our Universe
is not in Wigner mode.

In the spontaneously broken Goldstone mode, where (H) # 0, in obedience to a WTI (equivalent to the Goldstone theorem) in Sec. IT C
below, the bare counterterm ,ué;Bare in (29) is defined by

m2 = 0. (31)

We show in Sec. II C that, for constant 5 the zero-value in (31) is protected by the NGB shift symmetry

T T+ xx0+ (HG+ O0?). (32)

Minimization of (28) violates stationarity of the true minimum at (H) [14] and destroys the theory’s renormalizability and unitarity,
which require that dimensionless wave function-renormalization (H)g,.. = [Z#]'/2(H) contain no relevant operators [7,14,24]. The

crucial observation is that, in obedience to the Goldstone theorem, Renormalized({H)3,..) # (H)%;.
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((H)=0;m2=m?=0); or Goldstone mode (H) # 0;
m2 = 0;m} # 0);

Wigmer _ 2 [hz + 7?2} N /15 {hz + 7?2] 2

2 2
V/Scale Invariant _ /12 h? + 7
2
h2 -2 2
y/Goldstone _ /15) [% + <H> h:| . (33)

Equation (33) has exhausted the constraints, on the
allowed terms in the ¢-sector effective Lagrangian, due
to those axial-vector WTIs which govern 1-¢-1 connected
amputated Green’s functions I'y j,. In order to distinguish
among the effective potentials in (33), we must turn to those
axial-vector WTIs that govern 1-¢-R connected amputated
T-matrix elements.

C. Infrared finiteness, Goldstone theorem,
and automatic tadpole renormalization

“Whether you like it or not, you have to include in the
Lagrangian all possible terms consistent with locality
and power counting, unless otherwise constrained by
Ward identities.” Kurt Symanzik, in a 1970 private letter
to Raymond Stora [26].

In the Appendix we extend Adler’s self-consistency
condition [17,18] [originally written for the SU(2), x
SU(2)g Gell-Mann-Lévy model [3]], to the case of the
vpSMS  Lagrangian (1)

thtv,
2 2.0
Pi=...px=m;,

limg, o (H)T" ™ (p\...px: 441 "'qM)‘qf:...qfw:O

2 22
=...py=my,

= (H)T" " (py...pw; 0y .qu) 0
1 M
=0, (34)
where, for pedagogical simplicity, we will suppress
M+ 1 isospin indices in T"™(p,...pN:qq1--Gu)

going forward. The T matrix vanishes as one of the pion
momenta goes to zero, provided all other physical scalar
particles are on mass-shell. These are “l-soft-pion” theo-
rems [18]. Equation (34) asserts the absence of infrared
divergences in the physical-scalar sector in Goldstone
mode VDSMrbw “Although individual Feynman diagrams

may be IR divergent, those IR divergent parts cancel
exactly in each order of perturbation theory. Further-
more, the Goldstone mode amplitude must vanish in the
soft-pion limit [2]”.

A special case of (34) is the Goldstone theorem itself, or
at least equivalent to it—the N =0, M = 1 case of (34)
reads

(H)T,(;00) =0, (35)

PHYSICAL REVIEW D 96, 065006 (2017)

where momentum conservation forces g; =0 (so that
q% = 0). We may write'” (35) as a further constraint on
the 1-¢-1 connected amputated Green’s functions

(H)Ty2(:00) = =(H)m3 = 0. (36)

As described in footnote 7 above, the actual Goldstone
theorem states that the mass of the NGB 7z vanishes, where
n are the angular degrees of freedom in the unitary
representation of the ® field. However, m}% =0 if and
only if m2 = 0 in this global theory.

A crucial effect of the Adler relation (35), together
with the N = 0, M = 1 Ward-Takahashi Green’s function
identity (15), is to automatically eliminate tadpoles
in (40)

[0(0;) =

so that separate tadpole renormalization is unnecessary.
With (H) # 0, (35) and (36) may be written,

(H)To2(;00) = 0. (37)

= 0. (38)

The pole mass of the pseudoscalars 7 in the I/DSMthD

therefore vanishes exactly

2)]-1
mz:;Pole = m72r |:1 - mzzr / dm? an;)] =0, (39)

m

which is the reason that 7 are Nambu-Goldstone bosons.

D. VDSMtbw scalar-sector effective Lagrangian
obedient to Goldstone theorem (H) # 0,m2 = 0

We now rewrite the effective Lagrangian (24) including
the constraint from (36), i.e. m2 = 0,

LEff LKmetlc

VEff Goldstone
vpSMS vpSMS

vp SMerw,
vpSMS + o (40)

Ignore

thrug thtuy thtug

"Recall that Ty, is 1-P-R, while I'y, is 1-P-I. Consider the
sum of all diagrams contributing to 7', (; 00) to all loops. Each of
these diagrams has exactly two (amputated) external legs, both
zero four-momentum 7z’s. Attach to either of these external legs a
7 propagator (at zero four-momentum) A, (0) and a Iy, (;00).
This diagram is also a contribution to 7, (;00). [Indeed, we can
repeat this procedure an arbitrary number of times, and each
resulting diagram must again be a contribution to T, (;00).]
Now A_(0) has a pole at zero four-momentum when m2 = 0. so
if these contributions to 7y, (;00) are not to diverge, 'y, must
vanish as the external momenta go to zero, so that the product
A, (0)[H,(;00) does not diverge.
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with the all-loop-orders renormalized Goldstone-mode
SSB vpSME effective potential''

thtu,

I/DSMzbnr

yEffGoldstone _ /135 [¢T¢ -5 <H>2} . (41)

Equations (40) and (41) are the uDSMS’mT effective SSB

Lagrangian, derived from the global SU(3)or X
SU(2), x U(1)y Lagrangian L, gye in (1). It obeys

the Goldstone theorem; is minimized at (H = (H),
7 = 0); obeys stationarity of that true minimum [14] at
(H); and preserves the theory’s renormalizability and
unitarity, which require [2,14,27-29] that dimensionless
= Z(lﬁ/ *(H) not

wave-function renormalization (H)g,..

attract any relevant operators.
With Goldstone mode wave-function renormalization

v SMC
To2(: ¢ —q) = To2(;00) = ¢* + O} (42)

Ignore °

the coordinate-space effective Lagrangian reads

Eff —0a2—22st 1o ol? O”DSMﬁ’m,
LVDSMS,M - | /4¢| - lq& ¢ ¢ - E <H> + Ignore
%) 1pSME

(h* + ’
= |8/4¢|2 - /155 [T + <H>h + Olgnoreb e

(43)

We conclude Sec. II with a few observations about
Eq. (43):

(i) It includes all O(A?), O(In A?) and finite terms that
arise, to all perturbative loop-orders, in the full
SU3)coror X SU(2), x U(1)y theory, ie. due to
virtual fermions and scalars.

(i) SU(2), x U(1)y is spontaneously broken.

(iii) The ultraviolet properties of the Goldstone-mode

VDSMSm, effective potential are analogous with

those of the Goldstone mode of the global
Schwinger LXM [1] corresponding to the y-axis
of the quarter plane characterizing the Gell-Mann-
Lévy LEM with PCAC, as in Fig. 1 in [8] and
Fig. 12-12 in the textbook by C. Itzykson and J-C.
Zuber [14].

(iv) All relevant operators [e.g. UVQD ~ O(A?) in the

UDSMS,M] have vanished identically due to the

Goldstone theorem.

"1t is not lost on the authors that, since we derived it from
connected amputated Green’s functions (where all vacuum
energy and disconnected vacuum bubbles are absorbed into an

overall phase, which cancels exactly in the S matrix [14,24]), the
Eff:w,SMS

vacuum energy in L "* in (40) is exactly zero.

PHYSICAL REVIEW D 96, 065006 (2017)
(v) The N=M =1 WTI

I',0(00;) = (H)I"; 5(0;00) + I'y»(; 00)
H)T'; ,(0;00) (44)

—~

relates the BEH mass-squared from (43) to the
coefficient of the hz? vertex, so that

m% = Mppy = 2}% (H)? (45)

arises entirely from SSB.
(vi) The observable BEH resonance pole-mass-squared,

pu(m?) ]!
M pore = 245 (H)? {1 —225(H)* / dm? m—_le]

+ oSt (46)

Ignore
_1
(Vll) <H> = Z{/)2 <H>Bare
at worst ~In A?).

(viii) As promised, 7 are true NGB. In the unitary Kibble
representation [13,15],

absorbs no relevant operators (i.e.

i 1 IR I
Losvig, = 5 (OuH)* + 7 H*Tr(0,U"0,U]
4z 212 4 oppSME©
- Z [H - <H> ] + Olgnore
U = el H), (47)

(ix) The vanishing of m2 allows 7 to have only derivative
couplings and therefore possess the required shift

symmetry for constant 6

+aX0+ (HG+00%).  (48)

Ny
Ny

-

III. THE GOLDSTONE THEOREM AND
AXTAL-VECTOR WTI CAUSE CERTAIN HEAVY
BSM PARTICLES TO DECOUPLE FROM THE
LOW-ENERGY »,SM$_ SCALAR-SECTOR

thty

EFFECTIVE LAGRANGIAN

If the Euclidean cutoff A?> were a true proxy for very
heavy BSM patrticles, we would already be in a position to
comment on their decoupling. Unfortunately, although the
literature often cites such proxy, it is simply not true. To
quote Ergin Sezgin “In order to prove theorems that reveal
symmetry-driven results in field theories, one must keep all
of the terms arising from all Feynman graphs, not just a
selection of interesting terms from a representative subset
of Feynman graphs.”
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A. Criteria for the extension of axial-vector
WTIs to include the VDSMM , extended
with certain heavy BSM particles

In the Appendix, we derive the T-matrix and Green’s
function WTI for the case of the UDSM,bw Lagrangian,
extended to include neutrino Dirac masses.

We here derive criteria that anomaly-free beyond the
BSM spin S = 0 scalars @, and S :% fermions y, must
obey in order that the axial-vector WTI remain true.

(1) Begin by focusing on the global SU(2), I/DSMthD

isospin current and dividing it into vector and
axial-vector parts,

2J’£+R oSME =aXMT+ chy”ch +Iy#il
¢
2J’Z RupSMG, =g0!H—-HM7
+ ZEM"J/S tq° +1y'ytl
Jﬁ wpSMS J!Ii+R wpSMG +JL RwpSMG (49)
with colors ¢ =r, w, b, isospin f= %5", Pauli

matrices 6.
The classical equations of motion show only that
the SU(2), isospin current is conserved

TH _
aﬂJL yDSM,beT =0. (50)
But in the ySMffdev studied here, CP is conserved, so

that on-shell and off-shell connected amputated
T-matrix elements and Green’s functions of an
odd number of 7s and their derivatives are zero.
They also vanish for an odd number of 7s and
fermion bilinears with the isospin quantum numbers
of 7.

SU(2),_g is not a subgroup of the SU(2),
symmetry group, but CP conservation ensures that
the global vector current transforms as an even
number of 7s, while the global axial-vector current
transforms as an odd number of 7s. Thus, for M
even,

Oy e ()

thtug

Xh(xl) R(xey) 7w (v1) 2 (941)]]0) Comaottea = O
<O|T[(a L—R;vpSMS (Z))

thtuy

X h(xy)...h(xw)a' (y1)..7™ (yr)]|0)Eopmeciea = O-

(2) We extend the vpSMS

PHYSICAL REVIEW D 96, 065006 (2017)
(0[T[8, (T4 L—RupSMS, (2))

X h(xy)...h(xy)m (yy)...w (yy)][0) M0 o

= (0[T(5 (Jﬂ pSMS, JZ+R;DDSM,G,W)(Z>

X h(xy).. h(xn)m (yy). .. (yy)]|0)Eose ea
= OITI0,7, e ()

X h(xy)...h(xy)m (yy)...z (y)]]0)Modd
—0. (52)

Thus the SU(2),_p current is “effectively con-
served.”

Similarly, although SU(2), ,  is not a subgroup
of SU(2),, its current is also effectively conserved
for Green’s functions and T-matrix elements for
all M,

<O|T[( H L+R SMSmT(Z))

X h(x1>" 'h(xN)ﬂt] (yl)' L (yM)} |O>Connected =0.
(53)

This paper is based on the effective conservation

of J’L’ RupSME,, for on-shell and off-shell connected

amputated Green’ s functions and T-matrix elements,
in (51) and (52)."

iy, With certain BSM matter
particles. These must carry zero anomaly.

In order to force renormalized connected ampli-
tudes with an odd number of zs to vanish, the new
particles @, y are taken in this paper to conserve CP.
Divide the conserved isospin current into axial-
vector (i.e. transforming as an odd number of 7s
under isospin) and vector (i.e. transforming as an
even number of 7s under isospin) parts.

aﬂJlZ;Tot 1= =0 ( DSMG + ‘]lz;BSM) =0

TH TH —
JL+R;BSM + JL—R;BSM = JL;BSM

Jﬁ—R;yDSMG + JPIi—R;BSM I;,—R;Tolal
<O|T[(8HJIZ—R;T0taI (Z))h(xl ) .. 'h(xN)

Xz (yl)"'ﬂ'jM (yM)”O>Connected =0. (54)

(5]) ’Had CP not been conserved, the vector and axial-vector
currents would not have separately been conserved. We look
forward to future works to exploring the consequences of soft CP

Meanwhile, (49) and (50) show that, for M odd, violation on WTIs.
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3

“

&)

Canonical quantization is imposed on the exact
renormalized fields, yielding equal-time quantum
commutators at space-time points y, z. The BSM
axial-vector currents must commute with H and 7,

(20 — yO)[fLO—R;BSM(Z)v H(y)] =0
8(z0 = Yo) U gepsma (2). A/ (¥)] = 0. (55)

Only certain BSM matter will obey this condition.
BSM scalars must have zero VEV. Only certain BSM
matter will obey this condition. Note that Green’s
functions are then usually 1-BSM scalar-reducible,
by cutting a BSM-scalar line.

Certain surface integrals must vanish: the Appendix
used pion-pole dominance to derive 1-soft-pion
theorems, which require that the connected surface
integral (56) vanish. In (56) we have N external
renormalized h = H — (H) (coordinates x, mo-
menta p), M external (CP = —1) renormalized 7
(coordinates y, momenta q, isospin t). Because CP is
conserved, only axial-vector WTI are needed to put
the effective Lagrangian into the desired form. We
form the surface integral

lim

k;,—0 d4zeikzal4 <0|T[(2J/£—R;Toml + <H>8”7?) (Z)

X h(xl ) . 'hOCN)ﬂtl (yl ) cm (yM)] |O>Connected
— [ 20,0112, prga + (H)O4R)()

X h(xl)" 'h<xN)7Tt1 (yl)‘ L (yM)] |0>C0nnected

— 3,5 3—surface
= / d’zz,
3—surface

X <0|T[(2JI£—R;T0[211 + <H>aﬂﬁ)(z3—surface N 00)

X h(xl ) 'h<xN)”t1 (yl)' > (yM)] |0>Connected
=0, (56)

where we have used Stokes theorem, and 2;43‘”“”"
is a unit vector normal to the 3 — surface. The time-
ordered-product constrains the 3 — surface to lie on,
or inside, the light cone.

At a given point on the surface of a large enough
4-volume f d*z (i.e. the volume of all space-time):
all fields are asymptotic in-states and out-states,
properly quantized as free fields, with each field
species orthogonal to the others, and they are
evaluated at equal times, making time-ordering
unnecessary at (z37%9 — oo). Input the global
axial-vector current (49) to (56), using 9, (H) = 0.

The contribution to (56) from I/DSMS)TUT vanishes
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/ d3zz, msutace (0| T [(ﬁ'&”h — ho'z
3—surface
+ Zc—[cyﬂ},S;qc + 77”}/5?1) (Z3—surface N 00)
¢

X h(xy)...h(xy)z" (yy)...2™ ()’M)} |0) Connected

~0. (57)

The first and second terms vanish because the BEH
boson £ 1s massive. The third term vanishes because
all quarks have nonzero Dirac masses. The 4th term

vanishes because all leptons in the UDSMSJM,

including neutrinos [30], have nonzero Dirac
masses. Propagators connecting massive h,q{, [,
from points on 727U _ & to the localized
interaction points (x;...xy;y;...yy), must stay in-
side the light cone, die off exponentially with mass,
and are incapable of carrying information that far.

It is the central observation for “pion-pole-
dominance” and this paper, that this argument fails
for the remaining term in the axial-vector current

2T g sno i (49).

thtug

/ d2Z2 2—surface
2—surface g
x (0| T[(=(H)0"7) (27" — oo)

X h(xl)' "h(xN)”tl (yl)- . '”tM(yM)] |0>C0nnected ?é 0.
(58)

7 is massless, capable of carrying (along the light
cone) long-ranged pseudoscalar forces out to the
2 —surface (2794 — o), i.e. the very ends of
the light cone (but not inside it). That masslessness is
the basis of our pion-pole-dominance-based axial-
vector WTIs which, as derived in the Appendix, give
1-soft-pion theorems, infrared finiteness for m2 = 0,
and a “Goldstone theorem.”

In order to include spin S =0 scalar, and S :%
fermionic, BSM matter representations in our axial-
vector Ward-Takahashi identities, a certain surface
integral must vanish.

/ 20, (0TI _pupon(2))
< (k1) e )1, (1), (i 0) = 0.
(59)

Additional BSM particles must generically be mas-
sive, and thus incapable of carrying information to



BRYAN W. LYNN and GLENN D. STARKMAN

the surface at infinity. They must also have zero
vacuum expectation values. Only certain BSM
matter will obey this condition.

‘We examine below the consequences of extending
the vpSMY to include certain high-mass-

scale MHeavy > my.c BSM matter, especially
contributions  O(A?),

thty,

the relevant operator

O<M12-Ieavy In Az)’ O(MzHeavy In Mlz—leavy) O(Mlz-leavy)’
OM?

2
Heavy In mWeak) and O(mWeak In MHeavy)’ to the

effective Lagrangian of weak-scale v, SM& scalars

tb‘w

MHeavy physics, the heavy degrees of freedom de-
couple completely, including marginal operators

~O(In M, ), leaving only irrelevant operators, at

worst ~O(MyZ,,,). We demonstrate this below for
two heavy BSM-particle examples, a heavy fermion
and a heavy scalar.

B. I/MSMthw Singlet right-handed type I see-saw

Majorana neutrino v with M2 > mppy

For the heavy fermion we consider a global SU3)¢ x
SU(2); x U(1), singlet right-handed Majorana neutrino
Vg, With M2 >> m}, ., such as might be involved in a type
1 see-saw with a left-handed neutrino v;, with Yukawa
coupling y, and resulting Dirac mass nmp, = v, (H)/v/2. We
add to the renormalized theory

L{/MRajorana — _MI/R (VRVR + DRDR)/z (60)

Since vy is a SU(2), singlet, its currents

Tu;:Majorana ‘Majorana ‘Majorana
JiMajorana _ juMajorana _ guiMajorana _ o (g1)

L+Rvg L—Rivg

satisfy all of the criteria, in Sec. III A, for the extension of
our axial-vector Ward-Takahashi IDs,

O 0T s+ TERE" "))
X h(xl> xN)” (yl) ﬂtM(yM)ll())Connected =0

h(

X 8(z = yo) TOMorama () H(y)] = 0
X 8(zg = yo) TMaiorama () 7(3)] = 0
/f@wmw%%mw>

) ke (1), (a))0) 0. (62)

Since it is massive vi cannot carry information to the
surface of the 4-volume f d*z, nor can it induce any
“neutrino-pole-dominance” terms. It follows that the

PExcept for high-precision electroweak T and U [13,31,32].
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WTI for T-matrix elements (5), Green’s functions (6),
Adler’s self-consistency and IR finiteness (34), and
Goldstone theorem (36), are still true for the v,SMOC
with a nonzero Majorana neutrino mass.

In order that total neutrino masses ~mZ>>" /M, . Temain
nonzero in this type I see-saw, we can not take the strict
M, — oo limit: that would destroy our axial-vector WTIs.
Instead we take 13> mgy.,. /M3, > 0, so that v decouples
in practice.

The weak-scale effective Lagrangian therefore remains
(40) with (41).

thu,

C. Singlet M2 > m3; real scalar field S with
discrete Z, symmetry and (S)=0

Consider an SU(3). x SU(2), x U(1), singlet real
scalar S, with (S — —S) Z, symmetry, M2 > m?, and
(S) = 0. We add to the renormalized theory

1
LS = 5(6”8)2 - V¢S

1 2
ngs :§M§S2 /3.5844- /l S2 |:¢T¢——< >2:| (63)

with M% > 0. Again,
Jﬁ;s = leJrR;S = JZ—R;S =0 (64)

and all the analogues of Eq. (62) follow.

Since it is massive, S cannot carry information to the
surface of the 4-volume [ d*z. S — h mixing, which might
well have spoiled the protection that the WTI provide to
m3, is forbidden by the Z, symmetry S — —S. It follows
that the axial-vector WTI for T-matrix elements (5),
Green’s functions (6), Adler’s self-consistency and
IR finiteness (34), including the Goldstone theorem, are
still true for the UDSMtbw extended to include this
scalar singlet. Note that Green’s functions are usually
1 — S-Reducible, by cutting an § line.

In the mg,, /M% — 0 limit, the weak-scale effective
Lagrangian therefore again remains (40) with (41).

IV. CONCLUSION: HISTORICALLY, COMPLETE
DECOUPLING OF HEAVY INVISIBLE PARTICLES
IS THE USUAL PHYSICS EXPERIENCE

We defined the vpSMy,,, as the global SU(3)¢ x

SU(2); x U(1)y model of a complex Higgs doublet and
third-generation SM quarks and leptons, augmented by a
right-handed neutrino with Dirac mass. With SM isospin

and hypercharge assignments for fermions, I/DSM[bw has

zero axial anomaly. We showed that, in the presence of CP
conservation, the weak-scale low-energy effective

Lagrangian of the spontaneously broken I/DSMt,m is
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severely constrained by, and protected by, new rigid/global
SSB axial-vector Ward-Takahashi identities (WTI) includ-
ing an equivalent of the Goldstone theorem. In particular,
the weak-scale SSB v,SM$ _ has an SU(2), shift sym-

thty,

metry for constant 0
ioz+ax0+ (HG+ O0?). (65)

This protects it, and causes the complete decoupling of
certain heavy My, > M3, BSM  matter-particles.

(Note that such decoupling is modulo special cases: e.g.

. . Dim<4;nonanalytic;heavy
heavy Majorana vg, and possibly OVDSMG ,

which are dimension <4 operators, nonanalytic in
momenta or a renormalization scale y?, involve heavy
particles, and are beyond the scope of this paper.)

Such heavy-particle decoupling is historically the usual
physics experience at each energy scale as experiments
probed smaller and smaller distances. After all, Willis Lamb
did not need to know the top-quark or BEH mass [33] in
order to interpret theoretically the experimentally observed
O(m,a® Ina) splitting in the spectrum of hydrogen.

Such heavy-particle decoupling may be the reason why
the Standard Model, viewed as an effective low-energy
weak-scale theory, is the most experimentally and observa-
tionally successful and accurate theory of nature known to
humans, i.e. when augmented by classical general relativity
and neutrino mixing, that “core theory” [34] has no known
experimental or observational counterexamples.
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APPENDIX: PROOF OF THE WARD-TAKAHASHI
IDENTITIES FOR SU(2), x SU(2),
and SU(2), xU(1)y

In 1970, B. Lee presented a series of lectures at the
Cargese Summer School on Chiral Dynamics, with detailed

PHYSICAL REVIEW D 96, 065006 (2017)

results on the renormalization of the Gell Mann-Lévy
model—the SU(2); x SU(2); linear sigma model
(LXM) with an approximate SU(2);_g chiral symmetry,
but with an explicit breaking term [known as the partially
conserved axial current (PCAC), or Polkinghorne term]. Of
specific interest to us, in Sec. V of those lectures, he proved
a tower of SU(2),_g Ward-Takahashi identities (WTI)
among (h, 7 ) scalar-sector (®-sector) connected amputated
Green’s functions, Adler’s self-consistency conditions, and
the Goldstone theorem.

Those WTI, and the proof thereof, are of immense value
to us in this and companion papers. Unfortunately, the
volume in which the lecture appears [2] is difficult to
obtain. We therefore present in this Appendix, for the
benefit of the reader, those WTI and Lee’s proof of them for
the case of conserved axial-vector currents. We hew closely
to Lee’s presentation, language, notation and pedagogy.
Although we sometimes comment/elaborate on specific
details, we mostly just let Lee explain. Because we are
interested in weak interactions rather than strong inter-
actions, we set the explicit PCAC SU(2), _, breaking term
(parametrized by y in Lee’s notation) to zero: the result is
the SU(2); x SU(2), Schwinger model [1]. Because we
are interested in including SM fermions, whose Yukawa
couplings break global SU(2); x SU(2), explicitly to
global SU(2), x U(1)y, we derive SU(3). x SU(2), x
U(1), WTIs, analogous with those of Lee.

The conserved vector and axial-vector currents of the ®-
sector SU(2), x SU(2)x LEM with the Lagrangian (3) are

MV, (x) =0
A, (x) = 0.

V,=7rx0,nr,

A, = 70,H — HO,: (A1)

In Lee’s lectures, there is an explicit PCAC breaking of
the chiral symmetry, 8ﬂg” (x) = y7(x). In this paper we
take y = 0.

In SU(2), x U(1)y, we are interested in the left-handed
combination of \7” and EM: 27 = V# + A", The addition of
fermions in SU(3). x SU(2), x U(1), representations
adds contributions to both ‘7” and A;,: The various
SU(2),.SU(2), . SU(2),_g currents in the VDSM,CL,,,T,
together with their conservation laws, are given in Eqs. (49)
through (53). We focus the remainder of our attention on
the SU(3)o x SU(2), x U(1)y case, which has some
additional subtleties compared to Lee’s SU(2), x SU(2)g.

We examine time-ordered amplitudes of products of the
axial-vector current fﬁ_R, with N scalars (coordinates X,
momenta p), and M pseudoscalars (coordinated y, momenta
q. isospin 0 (O[T (2)h(xy) - hlxy)a' (1) -+
7" (yy)]|0). Here h = H — (H) and 7 are all-loop-orders
renormalized fields, normalized so that (0|A(0)|h) =1
and (0|z'(0)|z/) = 5. We want the divergence of such
amplitudes.
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We are reminded that, as discussed in Sec. III A, such axial-vector-current amplitudes (as distinct from left-handed
current amplitudes) are of interest, and can be considered separately from vector-current amplitudes, solely because of CP
conservation. Making use of axial-vector-current conservation [Eqgs. (49) through (53)], and the equal-time commutation
relations (again assuming CP conservation)

820 — ) RIE(2), h(x)] = —i ()69 (x — 2)
8(zp — yo)[2J§ Ri(2), 7 (y)] = +id7h(y)6® (v — z). (A2)

A short calculation reveals

0" (OIT 24~ (2)h(x1) - h(xy)z" (y1) - 7 (yar)]]0)

Z OT(h(xy) -+~ h(xy)h(2)a (y1) - 2 (3,) -+~ 7 (yag))|0)8) (v, = 28"

HY Y (OIT[A(x) - h(x)at (1) -+ 2 (3) - 7% (340108 (3, — 2)8°

N —_—

=iy (OIT[A(x1) - h(x,) - h(x)a ()7 () - - % (741)]]0) 6 (x,, = 2), (A3)

n

where z'» (ym) or h( ,) indicates that copy of 7 or A is to be omitted from the product of fields. The Ihs of (A3) has M pion
fields. On the rhs, the first two terms have M — 1, and the third term M + 1, pions.

The fermion contributions to jﬁ_R commute with 4(x) and z(y) and so do not contribute to the rhs of (A3). Fermion
contributions to the lhs remain.
We define the Fourier transform of these amplitudes in the usual way

iGy"M(kypy - pyi gy qu) (2m) ¢ (k+zp” +zqm>

= [atzemy, [ ety [ e ORI @A) b ()2 Gu))10) (M)

To economize on notation, going forward we will omit all isospin indices, letting momenta stand in for the isospin indices
as well.

The reader is warned that, in this Appendix (and in Lee), it is assumed that 7 are the only massless fields in the theory, so
that certain surface integrals, which are discussed in the body of this paper, vanish.

Taking the Fourier transform of the divergence of the amplitude, and applying Stokes theorem,

/d4Z€ik'zH£,v:1/d4xi€ip”'x"H%1/d4)’m€i""y"’3‘zl<0|T[2Jﬁ(z)h(x1)"'h(xN)”()’1)"'”()’M)]|O>

= k'G,(kipy -+ pyiqy - qu) (2m)*s <k+2pn+§:qm> (A5)
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kﬂGu(k;lh PNsqyc QM)

M
=" G(pr B ik P )
n

M
= Gk G pr PN G T A,

m

M
—(H)Y G(pi-pxiar - Gm qu)

x 8,4, 21)*8W (k + qp). (A6)

This holds for all Ny.M > 1. For N=0and M =1,

kG, (k;;q) = i(H). (A7)

The T matrix restricts us to connected graphs. The last
term on the rhs of (A6) corresponds entirely to discon-
nected graphs. Denote by H, and H the connected parts of
the amplitudes G, and G defined above. Then

kH,(k;py - pnigr - qu)

N
=) H(pi-+Pn- Pnik+ Pty )
n
M
= H(k+qu.prPni @1 @m - qu)0rs,  (A8)
m

foral NNM>1. For N=0and M =1,

k'H,(k;:q) = i(H). (A9)

In order to derive “I-soft-pion theorems”, the limit
k — 0 is taken in Egs. (A8) and (A9). Here we must be
careful. Because of the pion pole in H, at k> =0,
k*H, — constant. We therefore isolate the pion-pole con-
tribution to H, by writing

H,(kipy---pniqi---qu)
= i(H)k,H(k;py - pn:q1 - qu)

+H,(kipy - pniqr - dm)- (A10)

The first term contains the pion-pole contribution; the
second term is nonsingular at k> = 0.
With this new decomposition, the lhs of Eq. (A8) is
((H)KH(p, -~ pnikqy - qu) + KH,. (ALl

As k — 0, the second term vanishes, and the first term goes
to a limit, since H has a pole at k* = 0. Therefore

PHYSICAL REVIEW D 96, 065006 (2017)
i<H>£i_{%k2H(P1 < pnskqy - QM)

N
= H(p1-+Pu+ PN Pur @1~ 1)

n
M

=Y CH(p1+ PNGws @1 G- Au)Ors,  (A12)
foral NNM>1.For N=0,and M =1,
<H>I}jglo(k2Aﬂ(k2)) = (H), (A13)
where
i(i.=0) = [ drer OI7{r(x)(0])
— A, (A14)

and A,(g?) is the pion propagator. The relation (A13) looks
like the Goldstone theorem and is indeed equivalent to it in
this ungauged theory, where the masslessness of the NGB z
is equivalent to the masslessness of z, as discussed in the
body of the paper.

Equations (A12) and (A13) are the Ward-Takahashi
identities (WTI) of the theory. They are the fundamental
identities upon which the arguments of this paper are based.
We can combine them to write (for N > 0, M > 1),

— (H)[iA(0)] ' H(py - pn30qy - qur)
( .

M
= H(piDu - PN: Pad1 - Ant)

n
M

=Y H(pr -+ Puwi @1 T qu)- (Al5)
Equation (A15) is of the form
(H)(N + M + 1) — point function
x Z [(N + M) — point functions].  (A16)

B. W. Lee develops perturbation theory as an expansion
in his 4, the square-root of his all-loop-orders renormalized
4-point coupling 4% (written less compactly 4 in the body
of this paper). Treating (H) as O(A~"), Lee points out that
Eq. (A15), being of the form (A16), “is satisfied in each
order of perturbation theory.” That is, if the N + M + 1-
point function on the lhs is computed in the I-loop
approximation, that is to order A2(!=D+N+M+1 ' and the
N + M-point functions on the rhs are computed in the
same 1-loop approximation, that is to order A2(!=D+N+M_
then the equation is identically satisfied.
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The off-mass-shell T matrix for the N scalar, M
pseudoscalar process is obtained from the connected
amplitude H(p; - pyiq1---qyu) by “amputating” the
propagators of the external lines,

H(py - pniqy -~ qm)
=TI [iA, (7)Y i (g3 )T (p1 -~ Pas g1 -+ qu)-
(A17)

The off-shell 1-(h, ) scalar-particle-reducible (1-¢-R)
connected amputated T-matrix elements are expressed
in terms of the all-loop-orders renormalized & and =
propagators,

i8(p?) = [ e O[T(x)A0)]0)
i8,05(6%) = [ dxerO]Tl (0m,0)]0).  (A18)

and 1-(h, z)-Scalar-Particle-Irreducible (1-¢-1) connected
amputated Green’s functions Ty (p1---pniqr - qum)s
which cannot be disconnected by cutting a & or x
propagator line.

T(pi---pnig1qm)

=Tymu(pr - Pn:q1 - qu) + reducible part. (A19)
Cym(pr---Pnsqr - - qu) is the 1-¢p-I vertex for N h’s and
M 7’s. The “reducible part” can be written in terms of
irreducible vertices of lower order and full propagators.
Expressed in terms of the full propagators and the irre-
ducible vertices, the T matrix has a tree structure—i.e. it
can be represented by graphs without loops.

Because the T matrix contains only connected graphs,
and our WTI concern only the axial-vector current, and CP
1s conserved,

Foo=To1=T1;=0. (A20)
In terms of connected amputated Green’s functions, the
propagators

Doo(p.—ps) = [An(pH)]™!

To2(:9.—q) = [A(¢7)]". (A21)
We now examine I'y ,. By definition
H(p:0.=p) = [i84(p?)][iA,(0)]
X [iA(pP)T12(p;0,—p)  (A22)

so with (A15) we have
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(H)T12(p;0,—p) =[As(p)] 7' = [AL(P?)]™!

:Fz,o(P,—PZ)—FO,Z(QP,—P)~ (A23)
We can easily verify that this holds to lowest order
where 'y 5(p;0,~p) = =22*(H), [A,(p*)]™" = p*—m] =
p*=22*(H)? and [A,(p?)]”" = p*.

To proceed further, we must express the WTI in terms of
the connected amputated T matrix rather than the Green’s
functions. We can rewrite Eq. (A15) for N >0, M > 1,

(H)T(p1-- pn:0q1 - qu)
=3 @) A
(o Py e T aap)
_ zjjmﬁ(pﬁnmh(pz)rl

XT(py---Pr P31 quPr)- (A24)

A corollary of (A24) are Adler’s self-consistency con-
ditions for global SU(2), x U(1)y,

q%:...qﬁl:o
pi=r=pl=m}

(H) kmT(py - prigy ==~ qu)] =0, (A25)
which shows that, for (H) # 0, the T matrix vanishes as one
of the pion momenta goes to zero, provided all the external
particles are on the mass shell. Equation (A25) asserts the
absence of infrared divergences in Goldstone mode.
“Individual Feynman diagrams are IR divergent, but the
divergent parts must cancel in every order of perturbation
theory. Furthermore, the amplitude must vanish in the soft-
pion limit [2].”

In (A24), the zero-momentum pion in T(p;---
pni0qy -+ qy) can either come off a “branch” (Lee’s
word for an external ¢ line) or off the “body” (our word)
of the diagram. Let T'; be the sum of the subset of the tree
graphs belonging to T(p; - - - py;0q, - - - qp) in which the
zero-momentum pion comes off a branch, as in Fig. 1. The
branch is either a z branch (left-hand graph of Fig. 1), with
finite-momentum g¢,,, written

A
{pl e, oo pN}
v !

q=0 q=0 {p}

{a} {CTREY ML W
FIG. 1. Tﬁ"“”"'(p]...pN;ql...qMO): Hashed circles are 1-¢-R
Th-™(pi...pN3q1---qu), solid lines 7, dashed lines h. One
(zero-momentum) soft pion is attached to an external leg (i.e. a
branch) in all possible ways. Figure 1 is the SU(3) x SU(2), %
U(1)y vpSMS _ analogy of B.W. Lee’s Fig. 10 [2].

thtu,
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ir1,2(Pn;0’ —Pn)iAn(P%)T<P1 e 'ﬁ;"'pN;an qi - QM)

or a h branch (right-hand graph of Fig. 1), with momentum
q,ns Written

Ty 2(4ms 0. =) id (g )T(Py - PN QL Do~ D)

Forming 7’| from these, and using (A23)

M
(H)Ty = T(p1 PNGwi 91 @ qu1)
< (1= [i8q(gn)] " [iAn(qm)])
- Z T(p - PNIGL e GuPa)
< (1= [idy(p2)] ' [iAR (7)) (A26)
Having accounted for 7'y, we define
T\ +T,=T(p, - pniOqy - qu) (A27)

so that, combining (A24), (A26), (A27), the WTI for T, are
simply

(H)T»(py -+ pniOqy -~ qu)

M
=>"T(pr+ Pnawi @1 T qu1)
m

_ZT

for N>0, M >1

These are identities for T-matrix elements. How do they
translate into relations among the irreducible vertices? Lee
shows that Eq. (A28) is satisfied for N >0, M > 1 if

PN Gy duPn) (A28)

<H>FN,M+1<p1 T

M
= Z Cniim-1(pre--

pn:0gy - qy)

PNDws 1 T )

PN G1 " duPa)-

- Z Cnotmr (P
(A29)

The proof of (A29) is by induction on N + M, starting
from N = M =1, which is just Eq. (A23). Assume then
that (A29) holds for N + M <n+m.Let N =n, M = m.
T, in (A29) contains two classes of graphs, shown in Fig. 2:

(1) Figure 2, top graphs are reducible graphs in which

the zero-momentum pion comes out of an irreduc-
ible vertex. However, this does not include graphs in
which the zero-momentum pion comes out of a

PHYSICAL REVIEW D 96, 065006 (2017)

OO0 ORY

EC}EEE

FIG.2. Circlesare 1-¢-1T',, ,,, solid lines 7, dashed lines &, with
n+m < N + M. One (zero-momentum) soft pion emerges in all
possible ways from the connected amputated Green’s functions.
Figure 2 is the SU(3) x SU(2), x U(1)y vpSM$ _ analogy of
B. W. Lee’s Fig. 11 [2].

thtv,

three-prong irreducible vertex of which two prongs
are external lines, since those belong to 7', not 7’,.
For the sum of the 1-¢-R graphs, we may use (A29),
for N+ M < n+ m, to show that the 1-¢-1 con-
tributions from both sides of (A28) are identical and
cancel. This leaves only 1-¢-I vertices on both sides
of Eq. (A29), giving us (A29) for N = n, M = m, as
desired.

(ii) Figure 2, bottom graph is 1-¢-I, and already
satisfies (A29).

Having proved Eq. (A29), we can now restore all the
isospin indices and display it in its full glory,

()T (pr - Py 0y - )
= Z‘st [’"F""'i’"a)'“i PN G T )
—ZF% (P Do PN AP
(A30)

valid for all N, M > 0, and nontrivial for M odd.

As Lee emphasizes for the SU(2), x SU(2), symmetric
theory, “the identities (A30) are valid in any renormaliz-
able theory in which the divergence [of the axial vector
current vanishes] ... and the H, 7 fields transform as the
[3.3] representation under chiral SU(2) x SU(2) trans-
formations. Whether ... other fields are included is irrel-
evant, so long as the chiral symmetry is broken in a way to
ensure the divergence remains zero. When there are other
fields present, the irreducible vertices we have defined here
may still be reducible with respect to these [new] fields.”.
To Lee’s statement, we add the strong constraint: as long as
the new fields are massive.

With the addition of massive Standard Model fermions
to the SU(2), x SU(2); symmetric scalar theory, the
symmetry is explicitly broken down to SU(2), x U(1)y.

065006-17



BRYAN W. LYNN and GLENN D. STARKMAN

PHYSICAL REVIEW D 96, 065006 (2017)

The addition of certain other new massive BSM particles that do not contribute to the divergence of the SU(2), x U(1)y
current will again leave the form (A25), (A30) of the WTI identities, and the Goldstone theorem, unchanged. This is

discussed more explicitly in Sec. III.
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