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Rotating and twisting locally rotationally symmetric spacetimes:
A general solution
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We derive a general solution for the most general rotating and twisting locally rotationally symmetric
spacetimes. This is achieved in three steps. First, we decompose the manifold via a 1 + 1 + 2 semitetrad
formalism that yields a set of geometrical and thermodynamic scalars for the spacetime. We then recast the
Einstein field equations in terms of evolution and propagation of these scalars. It is then shown that this
class of spacetimes must possess self-similarity and we use this property to solve for these scalars, thus
obtaining a general solution. This solution has a number of very interesting cosmological or astrophysical

consequences which we discuss in detail.
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I. INTRODUCTION

Locally rotationally symmetric (LRS) spacetimes are
those that possess a continuous isotropy group at each
point, which generally implies the existence of a multiply
transitive isometry group acting on the spacetime manifold
[1,2]. It is well known that isotropies around a point in any
spacetime with a fluid can be a three-dimensional or one-
dimensional subgroup of the full group of isometries; they
necessarily leave the normalized four-velocity of the matter
flow invariant. The 3D case implies isotropy at every
point, yielding the Friedmann-Lemaitre-Robertson-Walker
(FLRW) models, while the 1D case corresponds to aniso-
tropic and, in general, spatially inhomogeneous models
[3-5]. These have a preferred spacelike direction e
orthogonal to the fluid flow four-vector u“: all spatial
directions orthogonal to e“ and u“ are geometrically
identical.

In the case of a perfect fluid, these spacetimes are split
into three classes as described in Sec. IV, depending on
whether the vorticity component € along the direction e of
the fluid and the two-dimensional twist £ of the vector field
e“ are zero or not (they cannot both be nonzero in this case).
However, for an imperfect fluid—for example, if there is an
entropy flux—both can be nonzero. In a previous paper [6],
we obtained a set of field equations and integrability
conditions for the imperfect fluid case. We also proved
that the LRS spacetimes with nonzero rotation and spatial
twist must be self-similar. In this paper, we extend that
work by obtaining a general solution to the field equations
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for this situation. This is achieved by using the property of
the self-similarity. Also, we show that we may specify an
equation of state for the isotropic pressure at an initial
Cauchy surface for particular applications.

The physical and mathematical importance of the general

solution obtained in this paper are as follows:

(1) First of all, this completes the general solution of all
possible classes of LRS spacetimes that arise from the
classification in terms of rotation and spatial twist.

(2) This solution is extremely important in astrophysical
scenarios, as most realistic stars have nonzero
rotation and nonzero entropic flux in the interior.
For example, the radiative heat flux can be promi-
nently seen for neutron stars, as the core temperature
rapidly drops from 10''-10'?> K to 10° K within a
few years [7-9]. Even for main sequence stars, the
radiative heat transfer from core to the convection
zone is always present [10]. Hence, any solution to
the Einstein field equations that incorporates rota-
tion, spatial twist, and heat flux simultaneously
is definitely a better candidate for relativistic de-
scription of a rotating stellar interior.

(3) Similarly, this solution can be used to model a
galactic dynamics [11] where rotation and entropy
flux from the active galactic nucleus plays a very
important role.

(4) This solution dramatically changes the usual notion
of dynamic black hole formation scenarios by the
gravitational collapse of massive stars. As we will
see in this paper, the nature of the final spacetime
singularity crucially depends on the initial data
provided on any initial hypersurface, and the singu-
larity can be timelike, spacelike, or null. In case of
nonspacelike singularities, a Cauchy horizon devel-
ops which violates the cosmic censorship conjecture.
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(5) For the cosmological scenario, on the scales where
rotation, inhomogeneity, and cosmic background
radiation play important roles in the cosmological
dynamics, this solution is a better approximation than
the usual perturbed Friedmann-Lemaitre-Robertson-
Walker models. Moreover, the scale invariance of this
solution creates an interesting mapping between the
geometrical scalars of the spacetime and massless
scalar fields in a Minkowski background. This map-
ping may have far-reaching importance in a complete
theory of quantum cosmology.

The paper is organized as follows: In Secs. II and III, the
semitetrad formalism used is introduced in a general form
and the field equations are written in terms of the
geometrical scalars. In Sec. IV, a reduced set of field
equations is obtained with self-similar variables. In Secs. V
and VI, the general solution to the field equations is
obtained for the case of LRS fluids with nonzero rotation
and spatial twist. In Sec. VII, their properties are discussed
for both cosmological and astrophysical scenarios.

II. LRS SPACETIMES IN SEMITETRAD
FORMALISM

Because of the symmetries of LRS spacetimes, a
1 + 1 + 2 semitetrad covariant formalism [13-15] (which
is a natural extension of local 1 + 3 decomposition [12]) is
well suited to describing the geometry, as in this formalism
the field equations become a set of coupled differential
equations in covariantly defined scalar variables. In the
1 4+ 3 decomposition, with respect to a timelike congru-
ence, the spacetime can be locally decomposed into time
and space parts. Such a timelike congruence can be defined
by the matter flow lines, with the four-velocity defined as

_dx“
de’

a

with  uu, = —1, (1)

where 7 is the proper time along the flow lines. Given the
four-velocity u“, we have unique parallel and orthogonal
projection tensors,

U% = —uu;, and h% = g°, + u‘u,, (2)
where h“, is the projection tensor that projects any 4D
vector or tensor onto the local 3-space orthogonal to u?
which has the volume element €, := 1,p.qu%.

From this, it follows that we have two well-defined
directional derivatives. The vector u“ is used to define the
covariant time derivative along the flow lines (denoted by a
dot) for any tensor S%*, ,, given by

Sunbc..d = uevesa"bc..d' (3)

The tensor &, is used to define the fully orthogonally
projected covariant derivative D for any tensor S ;:
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DeS“"bC._d = h"fhpc...hbghqdh’eV,Sf"gp__q, (4)

with total projection on all free indices. In this way, the
covariant derivative of u“ can be decomposed as

1
vaub = —u,A, + §®hab + 04 + €4 ®°. (5)

Here, A;, = i, is the acceleration, ® = D u® represents the
expansion of u,, 64, = (h(,h%y) —3hah*)D.uy is the
shear tensor that denotes the rate of distortion, and w® is
the vorticity vector denoting the rotation.

The Weyl tensor is split relative to u“ into the electric and
magnetic Weyl curvature parts as

1
E €ade Cdebcuc . (6)

The energy-momentum tensor of matter can be decom-
posed similarly as

Eab = Cacbducud and Hab =

T oy = puguy + quup + qpity + phay + wap, (7)
where p = (1/3)h*’T,, is the isotropic pressure, u =
T ,u’u’ is the energy density, g, = g, = —h" T qu? is
the three-vector that defines the heat flux, and 7, = 7.
is the anisotropic stress.

Now, in the 14 142 decomposition, we choose a
spacelike vector field e“ such that

u'e, =0 and e, =1. (8)
The new projection tensor is given by

NSt =ht —e e’ =g, + uub — e, el. 9)

This spacelike vector now naturally introduces two new
derivatives, which, for any tensor y, ,¢ ¢, are

l/,\/a..bcnd = efol//a..bC"d7 (10)
SWas =N NYINENSAN Dy, . (11)

The derivative (10) along the e“ vector field in the surfaces
orthogonal to u® is called the hat derivative, while the
derivative (11) projected onto the sheet is called the o
derivative. This projection is orthogonal to u* and e“ on
every free index.

In the 1 + 1 + 2 splitting, the 4-acceleration, vorticity,
and shear split in this way as

i = Ae® + A, (12)
@ = Qe + Q1 (13)

1
Oup = Z eaeb — ENab + 22((1317) + Zab' (14)

For the electric and magnetic Weyl tensors, we get
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1
E, = €<eaeb - EN"b> +2& ey + Eaps (15)

1
H,, = H<eaeb - ENab) +2H (uep) + Hap-  (16)

Similarly, the fluid variables ¢“ and =, are split as follows:

q“ = Qe + Q°, (17)

1
Tap —H(eaeb—ENab) +2H(aeb) +Hab' (18)
By decomposing the covariant derivative of e“ in the
directions orthogonal to u“ into its irreducible parts, we get

1
Daeb = €44y +§¢Nab +§€ab +§ab' (19)
Here, €4, = €[4 1s the volume element on the sheet, ¢
represents the spatial expansion of the sheet, {,;, is the
spatial shear, i.e., the distortion of the sheet, a“ is its spatial
acceleration (i.e., deviation from a geodesic), and ¢ is its
spatial vorticity, i.e., the “twisting” or rotation of the sheet.

III. LRS SPACETIMES AND FIELD EQUATIONS

The basic property of fluid filled LRS spacetimes is that
there exists a unique, preferred spatial direction at every
point, covariantly defined, which creates a local axis of
symmetry. Hence, the 1 + 1 + 2 decomposition described
in the previous section is ideally suited for the study of
these spacetimes, as we can immediately see that, if we
choose the spacelike unit vector e“ along the preferred
spatial direction, then by symmetry all of the sheet vectors
and tensors vanish identically:

A =Q' =%, =6, =H,=0“=T1"=4qa, =0, (20)
Zip =Ewp = MHap =Hup = Cap = 0. (21)
Thus, the remaining variables are
Dy ={A0,Q%.EH,up 01,48  (22)
= Dinatter T Pgeomenry- (23)
where
Diatter = {u. p. Q. 11} (24)

are the matter variables that completely specify the energy-
momentum tensor of the matter. On the other hand,
Dgeometry = {*A’ 9, Q? 2, 5’ H? ¢’ 5} (25)

are the geometrical variables. By decomposing the Ricci
identities for u“ and e¢“ and the doubly contracted Bianchi
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identities, we then get the following field equations for LRS
spacetimes: Evolution:

¢:(§®—Z)<A—%¢>+2§Q+Q, (26)
. 1 1 1 1
. 2
Q:Aé—l—Q(Z—g@), (28)
. 3 3
H:—3§5+<2Z—®)H+QQ+2§H, (29)
Propagation:
s Lo (1 2o_
b=-Lo+ (Lors) (Zo-)
122 ten-e-in (30)
3 2
E:—¢§+G®+z)g, (31)
AN 3
~3 =—§¢2—2§Q—Q’ (32)
Q=(A-9)Q, (33)
s 1. 1. 3 1
12 1@ 34
+<§ ~3 >Q7 (34)
ﬂ=—<35+ﬂ+p—%n>9
3
—S#H - 0L (35)
Propagation/evolution:
A—(;):—(A+¢)A+%®2+%ZZ
—2924—%(#—1-317—2/\), (36)
R 3
ptQ=-0(+p)=(p+24)Q -3 (37)
A 3 4
Q+p+nz—<2¢+A>H—<3®+2>Q
= (u+ p)A, (38)
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2~ 1 2 1
—EA:§(2A—¢)A—<§®+EZ>Z
2 1
—gg —5+§H, (39)
. 1. 1.4 3 1
1/1 1
—E(§®+§Z)H+3§H
+1 1 -2A |0 (40)
3 2¢ .
Constraint:
H =3 - (2A-¢)Q. (41)

IV. MOST GENERAL CLASS OF
LRS SPACETIMES

As described in [3], if we consider a perfect fluid form of
matter with Q =I1 = 0, then the propagation equations
evolve consistently in time if and only if

QF =0, (42)

The above relation then naturally divides perfect fluid LRS
spacetimes in three distinct subclasses [2,3]:

(1) LRS class T (Q#0,&=0). These are stationary
inhomogeneous rotating solutions.

(2) LRSclass II (¢ = 0 = Q). These are inhomogeneous
orthogonal family of solutions that can be either
static or dynamic. Spherically symmetric solutions
are a subclass of this class.

(3) LRS class III (£ #0,Q2=0). These are homo-
geneous orthogonal models with a spatial twist.

In a recent paper [6], we established the existence of and
found the necessary and sufficient conditions for the
general class of solutions of locally rotationally symmetric
spacetimes that have nonvanishing rotation and spatial twist
simultaneously: that is, for this class of spacetimes, we have
by definition

Q¢ # 0. (43)

By the above, these solutions must be imperfect fluid
models. We also provided a brief algorithm indicating how
to solve the system of field equations with the given
Cauchy data on an initial spacelike Cauchy surface. The
important features of this class of spacetimes are as follows:
(1) The necessary condition for a LRS spacetime to
have nonzero rotation and spatial twist simultane-
ously is the presence of nonzero heat flux Q, which

is bounded from both sides.
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(2) In these spacetimes, all scalars ¥ obey the following
consistency relation:

VP, WQ =W (44)

This equation can be easily derived by noting
that, for any scalar ¥ in a general LRS spacetime,
we have V,¥ = —Wu, + ¥e, and eV, V,¥ = 0.
Also, Eq. (44), which is required by (43), implies
self-similarity, for it applies to all scalars, and
it is unchanged under the transformation 7z — ar,
p — ap, where 7 and p are the curve parameters of
the integral curves of u and e, respectively.

(3) The above symmetries generate further constraints,
and hence the total set of constraint equations are
now C = {C,,C,,C5,C4}, where

C,="H =235 — <2A+? <2—§®>>Q, (45)

It is important to verify that all of these new constraints
evolve consistently in time. This is indeed the case, as these
constraints are derived by taking all of the scalars ¥ € D,
and using Eq. (44) (which is true for all epochs) together
with the field equations. Therefore, the time derivatives of
these new constraints will identically vanish using (44) and
the field equations as we feed the solutions back to the same
system. Therefore, solving for the set of variables

D, = {A,0.£%.Q u} (49)

will automatically specify the rest,

Dy :={0,¢,E, H, p}, (50)
where we assume an equation of state for p of the form
p=p.1LQ). (51)

We note that the anisotropic pressure I1 is not restricted by
the constraints: there is no algebraic equation linking it to
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other thermodynamic variables. Hence, this quantity should
be specified at any initial Cauchy surface separately
(subject to the energy conditions), and it would then evolve
in time via the field equations.

V. THE REDUCED SET OF FIELD EQUATIONS
FOR SELF-SIMILAR VARIABLES

We will now use the property of self-similarity for the
most general class of LRS spacetimes to further reduce the
set of independent field equations. Let us consider the set of

variables
D,:={A,0,6X,Q} CD,. (52)

Then, from the kinematical equations for LRS spacetimes,

1
V,u, = —u,e, A+ e ey (3(9 + Z) + Qe

1 1

N, <§®—§z>, (53)
1

D,e, = 5¢Nab + &eap (54)

it is clear that, for any element f € D,, we must have

f(z.p) = af(az. ap), (55)

as u“, e, N and ¢’ are dimensionless. Hence, without
any loss of generality, all of these quantities can be
written as

fo(z)
= , 56
f ) (56)
where
T
= —, 5
2= (57)

and f, is dimensionless. Also, from the Einstein field
equations G, = T,;,, we can easily see, as before, that all
elements g € Ds, where

Ds = {pu, 11} = D, = Dy, (58)
must satisfy

g(z.p) = a*g(az, ap). (59)
Therefore, these quantities can be generally written as
90(2)

g= :
P

Now the dot and hat derivatives of all these elements can be
written in terms of the dimensionless variable z in the
following way: for f € Dy,

(60)

y 0.z
f:;’
,02

(61)
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P
and for g € Ds,
i="2 (63)
p
2
g — ( g() :SZQO,Z) . (64)

Using the above results, the nontrivial field equations
become the following ordinary differential equations:

2 1
to. = [— Q) — 20} [Ao - §¢o] +2£Q0 + Q. (65)

3
1 1 1 1
$o. = 520—590 $o+ Ao—iéf’o Qo+§Ho’ (66)
2
Q. = Aolo + Q| Zp — 590 , (67)
3 3
Ho. = =3&E) + 520 — 0y | Hy + Q00 + 5501_[0’
(68)
2 2 1
o — 380,2 = —p Ay + §®02 + 5202 - 2Qy?
1 2 1
+ st + po—500Z) = E + 511, (69)
3 3 2
1 1 3
Eoz t —3Hoz +§Ho,z =+ 520 =0y &y + 3&H
1 1
3 (Mo + po) + 5 Qoo
1 1
- <g®o _ZZO>H0
1
3 (1o + PolZo- (70)

It can be shown that the rest of the field equations become
redundant when the following set of dimensionless
constraints C = {é 1s 52, 53, 54} hold, which are easily
derived by using Eqgs. (56) and (60) on the set of original
constraints C:

Ci: Hy =382 — [2./404—%(20—%@0)]90, (71)

o 3
~ Q 2
Crt ¢y = —5—;) <20 - §®o>, (72)
) 9
3t Qo_—lfz?_oo)z(ﬂ(ﬂLp()‘l'Ho)v (73)
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~ Q 2 1
C4: 50 :—OAO <20 ——®0> —202 +_®OZO

& 3 3
2
+§®02 +2(Zp? = Qp?)

%)2

1 2

o
b o) —=Tly—Zpy. (74
+]+(?_00)2(M0+P0+ 0) 710 =3Ho (74)

VI. GENERAL SOLUTION TO THE
FIELD EQUATIONS

To find the general solution of the reduced set of the field
equations, we note that these equations, along with (44),

generate the constraint set C = {C,, C,, C3,C,4}. Hence, the
field equations are encoded in (44) and the set of con-
straints, and it suffices to solve (44) along with the
constraint to obtain a complete solution to the spacetime.
Hence, we use Egs. (61), (62), (63), and (64) in (44) and
obtain

Joo_ =0 (75)
fo Q+z&
oz _ =26 (76)
9o Qo+ 2z&o
Now, letting f, = Q,, we get
QO,Z — _50 (77)
QO QO + Zg() '
and letting f, = &, we get
.0 (78)
So Qo+

The above two equations are coupled first order ordinary
differential equations for €, and &;, and the general
solution is given by

o(z) = —ﬁ, (79)
%) =~ 1 (30)

where A and B are constants of integration. Now, using
these solutions in (75) and (76), we get the following
decoupled equations:

oo __A (81)
fo AZ+B’
fos ___2A (82)
9o AZ+B
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The general solutions for the Eqgs. (81) and (82) are
given by

C
fo= Az 4f— B’ (83)
Cg
=9 84

Here, C; and C, are integration constants related to each of
the kinematic and dynamic variables, f, and gy. Thus, the
set C of arbitrary integration constants that we must specify
to obtain the general solution for the most general LRS
spacetime is given by

C=(A,B,C4,Co.Cy,C,.Cp), (85)

where we must have A # 0 and B # 0 for Eq. (43) to be
true. The rest of the variables can then be easily obtained by
using the constraint equations.

For example, using the constraint C; [Eq. (71)], we get
the magnetic part of the Weyl scalar as follows:
Cn

= (Az + B)?’ (86)

where we have

B 2 B
CH:—3CZ+<2CA+Z<CE—§C@>>Z (87)

Again, using the constraint 62 [Eq. (72)], we get

C B 2
¢ . c,,,———(cz——c@). (88)

P =15 A 3

The variables Q, and &, can similarly be obtained using
Egs. (73) and (74) subject to the dimensionless algebraic
equation of state pgy = po(uo, Qo, Ily), which must be
provided separately along with the field equations. Once
an equation of state in the form of (51) is given, it is, in
principle, possible to obtain such a dimensionless equation
of state, as all of the elements of D, have the same
symmetries as (59), and hence the dimensionless part can
be extracted from all of them.

Thus, we obtain the solution for all of the scalar variables
of the set D;, which completes the general solution. One
can, in principle, obtain the metric elements from the
definition of these covariant scalars. However, it is impor-
tant to note that all physical properties of the LRS
spacetime can be obtained directly from these covariant
scalars, as all of them have well-defined geometrical and
physical meaning. In the next section, we will discuss some
of the physical properties of these solutions in both
astrophysical and cosmological scenarios.
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VII. COSMOLOGICAL AND ASTROPHYSICAL
PROPERTIES OF THIS GENERAL SOLUTION

This class of solutions has some very interesting proper-
ties for both cosmological and stellar collapse scenarios,
which we list below. We can immediately see that there is a
spacetime singularity along the curve Bp + A7z = 0 which
is similar to the cosmological singularity of the FLRW or
Lemaitre-Tolman-Bondi universes (or the corresponding
black hole singularities if we take the collapsing branch of
the solutions). Apart from this, there are no other singular
points on the manifold.

(1) The most interesting feature of the singularity in this
class of spacetime is it can be made timelike,
spacelike, or null by choice of the ratio of the
constants A and B. In other words, the ratio of
rotation (Q) and spatial twist (£) at any initial
Cauchy surface completely determines the nature
of the initial (or final) singularity, and this gives a
range of different possibilities.

(i1) For the cosmological scenario, let us consider both A
and B to be greater than zero, In that case, the initial
singularity is along the line Bp 4+ At = 0. This “big
bang” is no longer instantaneous, and it can be
spacelike, timelike, or null. Thus, the section of the
manifold that depicts the universe is given by

p>0, 7> —(B/A)p. (89)
For an expanding universe with positive energy

density, we must have ® > 0 and y > 0, and hence
we must choose the constants:

Co>0, C,>0. (90)

For the cosmological case, we can choose dustlike
matter with

{+

3

“
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Po = 0’ (91)

Now we can immediately see that, in this case,

0 <0, it < 0. There is no bounce in this cosmology,
as the expansion goes to zero asymptotically. Fur-
thermore, it is interesting to note that, at spacelike
infinity, iy (where p — o0), timelike infinity i+
(where 7 — o0), and future null infinity 7+, all of
the kinematical and dynamical quantities vanish,
making the spacetime asymptotically Minkowski.
Hence, we get a cosmology that is future asymptoti-
cally simple. Fig. 1.

Another interesting case happens when the curves
Bp + Az = const. are null. In this case, the initial
singularity is incoming null. Then, for any observer
on the worldline p = 0 (z > 0), observation along the
past null cone will depict a universe with homo-
geneous density, which contrasts with the fact that, on
a given time slice, the density is inhomogeneous.
A similar picture can be obtained for collapsing
stellar configurations with A < 0 and B > 0. In that
case, the section of the manifold p > 0 and 7 <
(B/|A|)p depicts a regular collapsing region which is
past asymptotically simple. To get a collapsing
branch of the solution with positive matter density,
we must have ® < 0 and ¢ > 0. Hence, we choose

Co<0; C,>0. (93)

Also, here we should specify the equation of state
linking the isotropic pressure to other thermody-
namic variables and, separately, specify the constant

i

FIG. 2. Penrose diagram of a collapsing stellar structure where
FIG. 1. Penrose diagram of expanding cosmologies which are the future singularity is nonspacelike. This leads to the develop-
future asymptotically simple. ment of a Cauchy horizon (CH) in the spacetime.
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Cpy at the initial Cauchy surface subject to the energy
conditions. We can easily check to see that, in this
case, 0 < 0,4 > 0. Hence, the collapse continues
till ® - —oo and u — oo. This is a final singularity
at 7= (B/|A])p, and we can easily see that this
singularity can be timelike, spacelike, or null, which
will have important consequences in terms of the
cosmic censorship conjecture. Fig. 2.
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