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Generalized plane waves in Poincaré gauge theory of gravity
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A family of exact vacuum solutions, representing generalized plane waves propagating on the (anti-)de
Sitter background, is constructed in the framework of Poincaré gauge theory. The wave dynamics is defined
by the general Lagrangian that includes all parity even and parity odd invariants up to the second order in
the gauge field strength. The structure of the solution shows that the wave metric significantly depends on

the spacetime torsion.
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I. INTRODUCTION

The gauge principle, which was originally formulated by
Weyl in the context of electrodynamics [1], now belongs to
the key concepts which underlie the modern understanding
of dynamical structure of fundamental physical inter-
actions. Development of Weyl’s idea, most notably in
the works of Yang, Mills and Utiyama [2,3], resulted in
the construction of the general gauge-theoretic framework
for arbitrary non-Abelian groups of internal symmetries.
Sciama and Kibble extended this formalism to the space-
time symmetries, and proposed a theory of gravity [4,5]
based on the Poincaré group—a semidirect product of the
group of spacetime translations times the Lorentz group.
The importance of the Poincaré group in particle physics
strongly supports the Poincaré gauge theory (PGT) as the
most appropriate framework for description of the gravi-
tational phenomena.

The “translational” gauge field potentials (corresponding
to the subgroup of the spacetime translations) can be
consistently identified with the spacetime coframe field,
whereas the “rotational” gauge field potentials (correspond-
ing to the local Lorentz subgroup) can be interpreted as the
spacetime connection. This introduces the Riemann—Cartan
geometry on the spacetime manifold, since one naturally
recovers the torsion and the curvature as the Poincaré gauge
field strengths [6—16] (“translational” and “rotational” one,
respectively). The gravitational dynamics in PGT is deter-
mined by a Lagrangian that is assumed to be the function of
the field strengths, the curvature and the torsion, and the
dynamical setup is completed by including a suitable matter
Lagrangian.
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In the past, investigations of PGT were mostly focused
on the class of models with quadratic parity symmetric
Lagrangians of the Yang-Mills type, expecting that the
results obtained for such a class should be sufficient to
reveal essential dynamical features of the more complex
general theory, for an overview see [17]. Recently, how-
ever, there has been a growing interest for the extended
class of models with a general Lagrangian that includes
both parity even and parity odd quadratic terms, see for
instance [18-23]. An important difference between these
two classes of PGT models is manifest in their particle
spectra. Generically, the particle spectrum of the parity
conserving PGT model consists of the massless graviton
and eighteen massive torsion modes. The conditions for the
absence of ghosts and tachyons impose serious restrictions
on the propagation of these modes [24-29]. In contrast, a
recent analysis of the general PGT [30] shows that the
propagation of torsion modes is much less restricted. This is
a new and physically interesting dynamical effect of the
parity odd sector.

Based on the experience stemming from general rela-
tivity (GR), it is well known that exact solutions play an
important role in understanding gravitational dynamics. An
important class of these solutions consists of the gravita-
tional waves [31-35], one of the best known families of
exact solutions in GR. For many years, investigation of
gravitational waves has been an interesting subject also in
the framework of PGT [36-45], as well as in the metric-
affine gravity theory which is obtained in the gauge-
theoretic approach when the Poincaré group is extended
to the general affine symmetry group [46-54]. Noticing that
dynamical effects of the parity odd sector of PGT are not
sufficiently well known, recently one of us [55] has studied
exact plane wave solutions with torsion in vacuum,
propagating on the flat background, for the case of the
vanishing cosmological constant A. In another recent work
[56] complementary results have been obtained, when the
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generalized pp waves with torsion were derived as exact
vacuum solutions of the parity even PGT, but for the case of
a nontrivial A # 0. In the present paper, we merge and
extend these investigations by constructing the generalized
plane waves with torsion as vacuum solutions of the general
quadratic PGT with nonvanishing cosmological constant.
The resulting structure offers a deeper insight into the
dynamical role of the parity odd sector of PGT.

The paper is organized as follows. In the next Sec. II we
present a condensed introduction to the Poincaré gauge
gravity theory, giving the basic definitions and describing
the main structures; more details can be found in [6-9]. In
Sec. IIl we start with representing an (anti)-de Sitter
spacetime as a gravitational wave and use the properties
of the plane-fronted electromagnetic and gravitational
waves discussed in [57] to formulate an ansatz for the
gravitational wave in the Poincaré gauge gravity. The
properties of the resulting curvature and torsion 2-forms
are studied. In Sec. IV the set of differential equations for
the wave variables is derived. It is worthwhile to note that
the functions which describe the wave’s profile satisfy a
system of linear equations, even though the original field
equations of the Poincaré gauge theory are highly non-
linear. Solutions of this system are constructed, and their
properties are discussed. We demonstrate the consistency of
the results obtained with the particle spectrum of the
general Poincaré gauge gravity model. Finally, the con-
clusions are outlined in Sec. V.

Our basic notation and conventions are consistent with
[7]. In particular, Greek indices a, 3, ... = 0, ..., 3, denote
the anholonomic components (for example, of a coframe
9%), while the Latin indices i,j,... =0,...,3, label the
holonomic components (dx’, e.g.). The anholonomic vector
frame basis e, is dual to the coframe basis in the sense that
e, = &, where | denotes the interior product. The
volume 4-form is denoted 7, and the -basis in the space of
exterior forms is constructed with the help of the interior
products as 77y, 4, = €apJ~-€alJ’17 p=1,...,4. They are
related to the J-basis via the Hodge dual operator *, for
example, 7,3 = *(9, A 95). The Minkowski metric
Jap = diag(+1,—1,—-1,—1). All the objects related to
the parity-odd sector (coupling constants, irreducible pieces
of the curvature, gravitational wave potentials, etc) are
marked by an overline, to distinguish them from the
corresponding parity-even objects.

II. BASICS OF POINCARE GAUGE GRAVITY

The gravitational field is described by the coframe 9% =
e?dx® and connection I',/ =T,/dx' 1-forms. The trans-
lational and rotational field strengths read

T* = D9 =d9* + T A 9, (2.1)
R/ =dU,/ +T /AT, (2.2)

As usual, the covariant differential is denoted D.
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The gravitational Lagrangian 4-form is (in general) an
arbitrary function of the geometrical variables:
V=V TR} (2.3)

Its variation with respect to the gravitational (translational
and Lorentz) potentials yields the field equations

1%
E, = =-DH E,=0, 2.4
a 59¢ a + a ( )
et oV a a

Here, the Poincaré gauge field momenta 2-forms are
introduced by

ov ov

H, = H = ——, 2.6
a p aR,/f ( )

S ore

and the 3—forms of the canonical energy—momentum and
spin for the gravitational gauge fields are constructed as

ov
E,:= 597 = eV + (e,)TP) A Hy
+ (eq)Rg") A HP, (2.7)
(04 av a
E% = = —9* A Hy. (2.8)

The field equations (2.4) and (2.5) are written here for
the vacuum case. In the presence of matter, the right-hand
sides of (2.4) and (2.5) contain the canonical energy-
momentum and the canonical spin currents of the physical
sources, respectively.

A. Quadratic Poincaré gravity models

The torsion 2-form can be decomposed into the 3
irreducible parts, whereas the curvature 2-form has 6
irreducible pieces. Their definition is presented in the
Appendix.

The general quadratic model is described by the
Lagrangian 4-form that contains all possible quadratic
invariants of the torsion and the curvature:

1

V=— agd, A 95) A R¥ —2)
ZKC{(aoﬂaﬁ+ao a A 8p) ol

3
1Al () + 0, )
=1

1 6 _
- ZRaﬁ A Z [bl *(U)R(lﬂ) + b[ (1>R(1/)’]' (29)
=1

The Lagrangian has a clear structure: the first line is linear
in the curvature, the second line collects torsion quadratic
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terms, whereas the third line contains the curvature
quadratic invariants. Furthermore, each line is composed
of the parity even pieces (first terms on each line), and the
parity odd parts (last terms on each line). The dimension-
less constant a :é is inverse to the so-called Barbero-
Immirzi parameter &, and the linear part of the Lagrangian
—the first line in (2.9)—describes what is known in the
literature as the Einstein-Cartan-Holst model. A special
case ay =0 and ay, =0 describes the purely quadratic
model without the Hilbert-Einstein linear term in the
Lagrangian. In the Einstein-Cartan model, one puts
ap=1and ay, = 0.

Besides that, the general PGT model contains a set of the
coupling constants which determine the structure of quad-
ratic part of the Lagrangian: p, a;, a,, ay and ay, a,, as,
by, ...,bg and l_71, 56. The overbar denotes the constants
responsible for the parity odd interaction. We have the
dimension [J] = [A], whereas a;, @;, b; and b, are dimen-
sionless. Moreover, not all of these constants are indepen-
dent: we take @, = @, b, = by and by = bg because some
of terms in (2.9) are the same in view of (A14)-(A16).

For the Lagrangian (2.9) from (2.6)—(2.8) we derive the
gauge gravitational field momenta

1
H,=—hn, 2.10
= h, (2.10)
a 1 a = Qa 1 a
Hﬁ:—%(aoi’]ﬂ—i-a()& /\19[;)"";}1 ps (211)

and the canonical energy-momentum and spin currents of
the gravitational field

1

E(l = % (a()na/)’y A R/}J/ + 26_ZORa/} A '-9/)’
1
— 2o + g ) + ; g, (2.12)
a 1 a a

For convenience, we introduced here the 2-forms which are
linear functions of the torsion and the curvature, respec-
tively, by

3
he =3 lar*(0T,) +a,0T,),
=1

(2.14)

]

hs = [b*(DR%) + b, R%), (2.15)

~

=1

and the 3-forms which are quadratic in the torsion and in
the curvature, respectively:
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1

g =5 1(ea)T) A hy =T A ealhy).  (2.16)
® _ L RV AW Ry P 2.17
qa _5[(60J ﬂ)/\ y — g AeaJ y]' ( )

By construction, (2.14) has the dimension of a length,
[hg] = [¢], whereas the 2-form (2.15) is obviously dimen-
sionless, [h%] = 1. Similarly, we find for (2.16) the

dimension of length [¢] = [£], and the dimension of

the inverse length, [q((xR)] = [1/¢] for (2.17).
The resulting vacuum Poincaré gravity field equa-
tions (2.4) and (2.5) then read:

a
30770%7 ARPY +agR.P N9y —Aong + " + f,z,qg,m —Dh, =0,
(2.18)
aol’]a/}}/ AN T? + &O(T“ AN 19[)> - T/} AN 19”)
+h* AN Op—hy A9 — Zflz,Dh"/; =0. (2.19)

The contribution of the curvature square terms in the
Lagrangian (2.9) to the gravitational field dynamics in
the Eqgs. (2.18) and (2.19) is characterized by the parameter

Kc

2= - (2.20)
Since [/l)] = [A], this new coupling parameter has the
dimension of the area, [¢2] = [¢?].

III. GRAVITATIONAL WAVES IN POINCARE
GAUGE GRAVITY

Gravitational waves are of fundamental importance in
physics, and recently the purely theoretical research in this
area was finally supported by the first experimental
evidence [58-60]. A general overview of the history of
this fascinating subject can be found in [61-63].

A. (Anti)-de Sitter spacetime as a wave

Let us now discuss the four-dimensional manifold which
can be viewed as an “(anti)-de Sitter spacetime in the wave
disguise”. As before [55], we use the same local coor-
dinates which are divided into two groups: x' = (x%,x4),
where x* = (x = 6, x! = p) and x* = (¥, x*). Hereafter
the indices from the beginning of the Latin alphabet label
the coordinates ¢ and p parametrizing the wave rays,
a,b,c... =0, 1, whereas the capital Latin indices,
A,B,C... =2, 3, refer to coordinates x* on the wave front.

The coframe 1-form is chosen as a direct generalization
of the ansatz used in [55,57]:

o=

[+ 1)do + d,

(3.1)

064031-3



BLAGOJEVIC, CVETKOVIC, and OBUKHOV

A7 q A

' =L (U -1)ds + dp), 3.2
2p[( )do + dp] (3.2)

QA 1 A

W = ax, A=273. (3.3)
P

Here the three functions are given by the following
expressions:

U= —sz, (3.4)
4 A B

p = 1 +15ABX X, (35)
A A B

g=1 —ZéABx x5, (3.6)

The constant parameter 4 is an arbitrary real number (which
can be positive, negative or zero). As a result, the line
element reads

1 N
ds*> = F{qz(dadp + Udo?) — Supdx*dxB}.  (3.7)

The key object for the description of the wave configu-
rations is the wave 1-form. On the basis of the earlier results
[55], we introduce a wave 1-form k as

ki=do =L (50 - 9. (3.8)
q

By construction, we have k A *k = 0. As before, the wave
covector is k, = e, | k. Its (anholonomic) components are
thus k, = g (1,-1,0,0) and k* = %(1, 1,0,0). Hence, this
is a null vector field, k,k* = 0. .

The corresponding Riemannian connection I';* is deter-

mined from

dd" + T2 A& =0, (3.9)
and it reads explicitly (recall that a,b,... =0, 1 and
AB,...=23)

1A h A

iyl =10 = —?pk, (3.10)

e = B@)"eBJa(g), (3.11)

p
~ 1 ~
4 == (e |dp — &eg|dp). (3.12)
p

Substituting (3.4)—(3.6), we straightforwardly find the
curvature:
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Ry™ =29, A &”. (3.13)
Thus, the coframe and connection (f9“, fﬂ“), described by
(3.1)—(3.3) and (3.10)—(3.12), represent the geometry of a
torsionless (3.9) spacetime of constant curvature (3.13).
Depending on the sign of 4, we have either a de Sitter or an
anti-de Sitter space.

We mark the corresponding geometrical quantities by the
hat over the symbols. This geometry will be used as a
starting point for the construction of the plane wave
solutions in the Poincaré gauge gravity with nontrivial
cosmological constant.

It is worthwhile to note that the wave vector field k is a
null geodesic in this geometry:

k A *Dk* = 0.

kA k=0, (3.14)

B. Generalized plane wave ansatz

We will construct new gravitational wave solutions in
Poincaré gauge gravity theory by making use of the ansatz
for the coframe and for the local Lorentz connection

o U
97 = 9+ 29 e,

T (3.15)

q

I =17 +2L (kW = kPW,)k. (3.16)
p

Here the function U = U(c,x") determines the wave
profile. The ansatz for the local Lorentz connection is
postulated as a direct analogue of the construction used
earlier in [55], and the vector variable W* = W% (o, x*)
satisfies the same orthogonality property, k, W* = 0, which
is guaranteed by the choice

Wa_{W“zO, a=0,1, (3.17)
WA = WA(o,xB), A =2,3. '
Consequently, the generalized ansatz for the Poincaré
gauge potentials—coframe (3.15) and connection (3.16)
—is described by the three variables U = U(c,x?) and
WA = WA (s, xB). These should be determined from the
gravitational field equations.

The ansatz (3.15) and (3.16) can be viewed as a non-
Riemannian extension of the Kerr-Schild-Kundt construc-
tion developed recently [64—67] in general relativity and in
modified gravity models. The original Kerr-Schild con-
struction [34] in GR is underlain by the existence of
preferred null directions. In our approach, the metric
defined by the coframe (3.15) can be written in a typical
Kerr-Schild form

9ij = f},-.,- + % Ukl-kj, (318)

where §;; is the spacetime metric of the (anti)-de Sitter line
element (3.7), and k; = 0; |k = 9;]do = (1,0,0,0) is the
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null vector with respect to both g;; and g;;. On the other
hand, the orthogonality property of the vector W* that
defines the radiation piece of the connection (3.17),
k,W* =0, ensures typical radiation structure of the
Riemann-Cartan field strengths, the torsion and the
curvature.

The line element for this ansatz has the same form (3.7),
with a replacement

U—)U—I—EU.

p (3.19)

It is important to stress that the wave 1-form k is still
defined by (3.8), which however can be recast into

(3.20)

Consequently, the anholonomic components of the wave
covector k, = e, | k still have the values k, = g (1,-1,0,0)
and k“ zg(l, 1,0,0). As before, this is a null vector
field, k,k* = 0.

One may wonder why does the factor < appear in the
ansatz (3.15) and (3.16). After all, it is always possible to
absorb it by redefining U and W4. However, it is conven-
ient to keep this factor explicitly by noticing that the
combination %k“ = (1,1,0,0) has the constant values. It

becomes clear then that the following differential relations
are valid:

dk = 0, d<ﬁka> = 0. (3.21)
p

Moreover, although Dk, no longer vanishes, we find

kA D(ﬁk(,) — kA D(%,,) —0. (322)
P P

Taking this into account, we straightforwardly compute the
torsion 2-form

7% = —k A L 1o, (3.23)
V4
where we introduced the 1-form
1
®= Ec_iU + W, 9%, (3.24)

with the differential d := 84e,|d = dx*0, that acts in the
transversal 2-space spanned by x4 = (x2, x3).

The structure of the torsion is qualitatively the same as in
the case of the vanishing parameter A, see [55]. The
structure of curvature is more nontrivial, though. A direct

computation yields a 2-form

PHYSICAL REVIEW D 96, 064031 (2017)

p

where we introduced the vector-valued 1-form with the
components

oo Q% =0, a=0,1, (3.26)
QN =DWA U9, A=23. '
The transversal covariant derivative is defined by
DWA = aw* + T W5, (3.27)

Note that the Riemannian de Sitter connection (3.12)
appears here (more exactly, the corresponding components
of the Riemann-Cartan connection (3.16) coincide with the
Riemannian components: I’z = I'%).

Let us describe the geometry of the transversal 2-space
spanned by x* = (x2,x3) explicitly. The volume 2-form
reads 5 =1n,p9" A 98 = #de Adx?, where 15,5 =
—nps is the 2-dimensional Levi-Civita tensor (with
13 = 1). Obviously this is a non-flat space. The corre-
sponding Riemannian connection (3.12) yields a nontrivial
curvature Rp* = 495 A 94 of a 2-dimensional de Sitter
space. The volume 4-form of the spacetime manifold reads

=29 A9 A9 A zzq—pzzk/\dp/\g. For the wave 1-
form we find the remarkable relation

k=—k A1 (3.28)

We will denote the geometrical objects on the transversal
2-space by underlining them; for example, a 1-form
¢ = ¢p49*. The Hodge duality on this space is defined
as usual via 29, =5, = e, | = n,p9”. With the help of

(3.28), we can verify
(3.29)

The new 1-forms (3.24) and (3.26) have the obvious
transversality properties:
kA O =0, kA Q% =0,

k, Q% =0. (3.30)

In accordance with (3.17) and (3.26), we have explicitly:

1.
®=9 <§DAU - 5ABWB), (3.31)

R 2
QA = 98 (DBWA +3 U(sg) . (3.32)

Here we denoted D, = e, |D. Applying the transversal
differential to (3.24), and making use of (3.26), we find
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dO = Q, A I~ (3.33)
In essence, this is equivalent to the Bianchi identity DT* =
Rs* A 9 which is immediately checked by applying the
covariant differential D to (3.23) and using (3.25). Note that
it is crucial to use (3.21).

A further refinement of the generalized wave ansatz will
be considered in Sec. IV C.

C. Irreducible decomposition
of gravitational field strengths

Irreducible parts of the torsion and the curvature are as
follows. The second (trace) and third (axial trace) irreduc-
ible part of the torsion are trivial, @7% = 0 and ®)7* = 0,
and the first (pure tensor) piece is nontrivial:

e = 70 = —k A L@, (3.34)
p

At the same time, the curvature pieces C)RY — SR — (),
whereas
ORW = )99 A 9, (3.35)

and for I = 1, 2, 4:
(DR = 2k A QI . (3.36)
P

Here Q% + 2)Q* + Q% = Q7 and explicitly we have

1
Qe = 3 (Q* — 9%, ] QF + 9e*|Qp),  (3.37)
1
(2>Qa = 5 (Qa - 19ﬂe"’J Qﬂ)’ (338)
1
W = 5 9%epl . (3.39)

The transversal components of these objects are con-
structed in terms of the irreducible pieces of the 2 x 2
matrix DyW4: symmetric traceless part, skew-symmetric
part and the trace, respectively. Using (3.32), we derive
QA = (DAL 98, with

1. . R
A, = E(DBWA + DAWg —84DWE),  (3.40)
1. .
(Z)QAB = E(DBWA - DAWB), (341)
1, -
A, = 55;; (DeWE + AU). (3.42)

One can demonstrate the following properties of these
1-forms:
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9, ADQr =0, 9, APQ =9, AQ,  (3.43)
9, A 4)Qa — 0, eaJ(l)Qa = _eaJ Q% (344)
e )" =0, ¢,|WQ" =2¢,]Q7,  (3.45)
1
k,VQ* = 5 kea 1Q, k, Q% =0, (3.46)
1
k9T = ke, |Q kA CPRT=0. (3.47)
1
kA *0QF = —k A Qe = _Eka&ﬁ A QP (3.48)

IV. FIELD EQUATIONS

Let us now turn to the quadratic Poincaré gauge model
with the general Lagrangian (2.9), and allow for a nontrivial
cosmological constant .

Substituting the torsion (3.34) and the curvature (3.35),
(3.36), into (2.14) and (2.15), we find

a_ _paz4d
h* = —k*Z >’ (4.1)
hP = Jben + Abgd9% A 9 — 2k ZP) %, (4.2)
where we introduced the 2-forms
Z=a,*(kA®)+akA®O, (4.3)
A [b;*(k A DQY) + bk A Q7. (4.4)

=124
Making use of (3.30) and (3.43)—(3.48) we can show that

kAR =0, kA*h*=0, kh*=0. (4.5)

As aresult, substituting (4.2) into (2.16) and (2.17), we find
qff) =0 and

qSIR) = Zﬂ%ka{_(lh + b6) *keﬁJ Qﬂ

+ (by = bg)k A 95 N QY. (4.6)

With an account of the properties (4.5), one can check that

Dh, = D <kazﬁ), (4.7)
p
A q
Dhaﬂ =-D <2k[azﬂ] ;) + /Ib6naﬂ;4 AN TH
+ Abe(Ty A 95— Ty A 9,). (4.8)

The transversal nature of ® and Q# leads to a further
simplification. In particular, using (3.29), we recast (4.3)
and (4.4) into
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Z=kAE, ZA =k A BA, (4.9)
where we have introduced the 1-forms
E=a,20+a,0, (4.10)
EA = [b; 200" + b, (DQA]. (4.11)
=124

A. Wave equations

After all these preparations, we are in a position to write
down the gravitational field equations for the quadratic
Poincaré gauge model (2.9). Substituting the gravitational
wave ansatz (3.15)—(3.16) into (2.18), we derive the first
equation

lag — 2A8%(by + b6)]9a A Q4 + a1d*0 — [ag + @, + 2A62(by — bg)|94 A Q* = 0.

PHYSICAL REVIEW D 96, 064031 (2017)
(3ap — Ao)1a + %ka “k(ep) ) [ag — 2462 (by + bg)]
+Lhk A {95 A DPlag +2462(by — b)) — d=} = 0.
p

(4.12)

Contracting this with k&%, we find the value of the constant
parameter in the wave ansatz:

_t

= 4.13
3610 ’ ( )

and with an account of (3.28) and (4.10) we recast
(4.12) into

(4.14)

The first two terms describe the parity-even model, whereas the last term accounts for the parity-odd sector.
Similarly, by gravitational wave ansatz (3.15)—(3.16) in (2.19), we obtain the second equation

ko Lk A {(ay + ay — 222D6)95 A 2O + (ag + @y — 2462D6)95 A © — 2£2DEg} = 0.
)4

(4.15)

Note here that the [ab] and [AB] components in (2.19) are satisfied identically, and only the mixed [aB]| components give

rise to the result (4.15).

Equation (4.14) and the expression inside the curly bracket in (4.15) are both 2-forms on the 2-dimensional transversal

2

space spanned by x* = (x?, x*), and thus (4.14) and (4.15) describe a system of three partial differential equations for the
three variables U = U(o, x®) and WA = WA (o, x). Substituting (3.31) and (3.32), we recast (4.14) and (4.15) into the final

tensorial form

. . 1. o
Ag(DyWA 4+ 2U) + a (DAWA - EAU) — A BD, Wy =0,

(4.16)

1. - 14 _ A N A
—Ay <WA - EDAU> + A (WB - EQBU) + 5(by = by)[Da(nP DgWe) 4+ nagD® (DcWE + AU))]

1

1

+£2(by + by) [—A KA—iDAU> +/1(EA —EDAU> —Ds(DgWB +2U) + Dy <DBWB—§AU>} =0. (4.17)

The 2-dimensional transversal space has the (anti)-de Sitter
geometry and the corresponding covariant Laplacian reads

A =88D,Dy = p2A, (4.18)

where A = §*80,0j is the usual Laplace operator.

Note that b, = b,. Here we denoted W, = 8,;W” and
D* = 58Dy, and introduced the convenient abbreviations
for the combinations of the coupling constants,

AO = a0—2/1f,2,(b4+b6), (419)

AO - C_lo + 6_11 + 2].2?/2,(17)2 - Z)G)v (420)

Ay = ag +ay +226%(by — b), (4.21)

Al - C_lo + ('11 + 2/1f/2)(z71 - BG) (422)
The transversal covariant derivatives do not commute,
(DADB - DBDA)WC - RABDCWD - 215@&3], (423)

and we used this fact when deriving (4.16) and (4.17).
Direct consequences of (4.23) are:

WBCDBDCEA = /1’7ABWBa (4-24)
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(AD, - D,AYU = 2D, U. (4.25)

It is worthwhile to notice that the derivatives of W4
appear in (4.16)—(4.17) only in combinations

Qi=¢,]Q% = D,WA + AU, (4.26)
N 1.

b = ic_z'i@):DAVVA—EAU, (427)

® = 2d® = —i"P D, Wy, (4.28)

which have a clear geometrical meaning in terms of the
curvature and the torsion.

The system (4.16)—-(4.17) always admits a nontrivial
solution for arbitrary quadratic Poincaré gauge model with
any choices of the coupling constants. There are some
interesting special cases.

B. Torsionless gravitational waves

The torsion (3.23) vanishes when ® =0 which is
realized, see (3.24) and (3.31), for

WA = %WDB U. (4.29)
Substituting this into (4.16), we find
Ao{AU + 24U} =0, (4.30)
whereas (4.17) reduces to
£2(by — by)napDP{AU + 24U}
~3(by + by)DA{AU +22U} = 0. (4.31)

Accordingly, we conclude that the well-known torsionless
wave solution of GR with the function U satisfying

Aog+a](p+A0(i) = 0,

1
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PPAU + 24U =0 (4.32)

is an exact solution of the generic quadratic Poincaré gauge
gravity model. This is consistent with our earlier results on
the torsion-free solutions in Poincaré gauge theory [16].
Moreover, the torsionless wave (4.29)—(4.30) represents
a general solution for the purely torsion quadratic class of
Poincaré models, since this is the only configuration
admitted by the system (4.16)—(4.17) for b, = b; = 0.

C. Torsion gravitational waves

The torsion-free ansatz (3.9) can be generalized to

| A 1 nn -
WA = —8Dy(U+ V) +=n"BDyV,

5 5 (4.33)

with V # 0. The two scalar functions V = V(o,x*) and
V = V(o,x") define the non-Riemannian piece of the
connection, stemming from torsion:

O =—5(dV+ *dV)

= —— 94D,V — g DBV). (4.34)

N = N =

For the above choice, the metric and torsion contributions
to the connection are described in a rather symmetric way,
in terms of the three potentials (U, V, V). In particular, we
find for (4.26)—(4.28):

1 4 A
Q=2 (AV+ AU +220), (4.35)
o= LAy b-Lav (4.36)
2 20 ‘

Substituting (4.33) into (4.16) and (4.17), we derive

(4.37)
N 1 I _ _
DA{—EAN — EAlv —5(by + by)Q — £3(by — b2)cI>}

AV = 20y + by)® + 225, _132)9} o, (438)

o 1 1
DBL——A V4=
+NnapD { >4 ‘|‘2

One needs to pay attention to the noncommutativity of the covariant derivatives and use (4.23)—(4.25).
As a result, we obtain the system of the three linear second order differential equations for the three functions U, V, V:

Ao(AV + AU 4 24U) 4+ a)AV + A)AV =0,
—22(by + by)(AV + AU +20U) = AV = £2(b; — b))AV —A,V =0,

£2(by — by)(AV + AU +20U) + AV — 2(b, + by) AV -A,V = 0.

(4.39)

(4.40)

(4.41)
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D. Solution for potentials

Before starting the analysis of solutions, one can notice
that the system (4.40) and (4.41) is actually not equivalent
to the original equation (4.38). Indeed, by taking the
covariant divergence (applying D) and by taking
the covariant curl (applying 7*8Dp) of (4.38), we derive
the pair of equations where on the right-hand sides of (4.40)
and (4.41) one finds not zeros but arbitrary functions, say,
a(c,x*) and (o, x*), which are harmonic, in the sense that
they both satisfy equations Aa = Aﬂ = 0. However, one
then immediately notices that with the help of redefinitions
Av = 0,

VoV, (4.42)

(4.43)

we can always remove these nontrivial right-hand sides and
come to the system (4.40) and (4.41).

In other words, a solution of the system (4.39)—(4.41)
admits the gauge transformation (4.42)—(4.43), under
which the potentials V and V can be shifted by arbitrary
harmonic functions. Such gauge transformed potentials are
of course still solutions of the Poincaré gauge field
equations (4.37) and (4.38). What is important, however,
the curvature and the torsion remain invariant under the
redefinition (4.42)—(4.43) of potentials: (4.35) and (4.36)
obviously are not affected by the arbitrary harmonic
functions.

Now, as a first step, we substitute (AV + AU + 24U)
from (4.39) into (4.40) and (4.41). The resulting system
reads

C2A{a,(by + by)V + [-Ag(by — by) + Ag (b + by)|V}
—ApAV — AgA,V =0, (4.44)

20{ay(by — by)V + [Ag(by + by) + Ag(by — b,)]V}

After solving this system, we can use the potentials V
and V to substitute them into (4.39) which then becomes
an inhomogeneous differential equation for the metric

potential U:
Ao(AU +24U) = —(ay + A))AV —A)A V.  (4.46)

For the parity-even models with @, =0, b, = 0, hence
Ay =0and A, = 0, the system (4.44)—(4.45) reduces to the
two uncoupled equations

ai(by + by)2AV — AgAV = 0, (4.47)
(b1 + by)2AV +A,V =0, (4.48)

recovering the result of [56].

PHYSICAL REVIEW D 96, 064031 (2017)

To analyze the system (4.44)—(4.45), let us rewrite it in
matrix form

_ 4

AV—MV:O, M:—L’Tg

F. (4.49)

where we combined the potentials into a single object, a “2-
vector” V= (y), and the 2x2 matrix F=K"'N is
constructed from

<a1(b1+b4) | Ao(b1+b4)—Ao(131—152)>
" \aibr=by) | Ag(bi+by) + Agl(by —by) )°

vo (A A
a <Al _Al>.

One immediately notices the simple structure of the matrix
N which is manifest in the properties

/10 _
NZ:(Aﬁ—i—A%)(ﬂT), detN =—(A2+A2).  (4.51)

One can solve the matrix differential equation (4.49) by
diagonalizing this system. To achieve this, one needs to find
the eigenvalues of the matrix M and to construct the
corresponding eigenvectors. Let m? be an eigenvalue of
the matrix M. It is determined from the corresponding
characteristic equation det(M —m?) =0 which has the
meaning of the dispersion relation for the mass:

(4.50)

£im* detK + £3m*Agtr(NK) — A3(A? + A7) = 0. (4.52)

The coefficients of the quadratic equation (4.52) are
constructed from the coupling constants of the gauge
gravity model. From (4.50) we have explicitly:

detK = a;Ao[(by + by)(by + by) + (by — by)?],  (4.53)

tr(NK) = (a1A; + AgA;) (b + by) — AgA;(by + bs)
+ (a1A; = AgA; — AgA;)(by — by). (4.54)

For the parity-even models with @; = 0, b, = 0, hence
Ay = 0and A, = 0, the dispersion equation (4.52) reduces
to

[£3m*a;(by + by) — ApA]

X [f%mon(b] + bz) +AOA1] = O, (455)
and hence we recover the result (4.47)—(4.48).

General case with parity-odd terms in the Lagrangian is
more complicated. No obvious simplification of (4.52) is
visible.
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Having found the eigenvalues m3 and m3 of the mass
matrix M as the two roots of the quadratic equation (4.49),
one can construct the matrix P that transforms M to its
diagonal form. For M, # 0, the latter reads

M, —M
P= . (4.56)
My, —m% My, —m%
Multiplying Eq. (4.49) by P!, one then obtains
AV —Mm'V' =0, (4.57)
where
m? 0
MH:P*MP:( : ), (4.58)
0 m}

and V' is the eigenvector of M, corresponding to the
eigenvalues m? and m3:

V/
V:<}>:PW
Va

- 1 <(M11—m%)V—|-M12\7)
detP \ —(M; —mj)V — M,V .

(4.59)

Recalling A = p2A, we thus recast the system of the
field equations (4.44) and (4.45) into a diagonal form
prAV, —miV, =0, (4.60)
with n = 1, 2. The solutions for V), are given in terms of the
hypergeometric functions ,F 1(a,b,c,z), see [56]. Similar
construction exists in the case M,; # 0.
Now, we can return to (4.46) to find the solution for U.
Each solution for V), defines the corresponding solution
V=PV (4.61)
of (4.49). Inserting these solutions for V and V on the right-
hand side of (4.46), this equation becomes an inhomo-
geneous differential equation for U. Its general solution is
given as a general solution of the homogeneous equation
plus a particular solution of the inhomogeneous equation,
U = Uy, + U,. Note that Uy, coincides with the general
vacuum solution of GR, see (4.32). The solution for U
obtained by choosing U, =0 has a very interesting
interpretation. Indeed, in that case U reduces just to the
particular solution U, the form of which is completely
determined by the torsion potentials (V, V). A similar
mechanism was found also in the parity even sector [56].
Clearly, there are many other solutions for U,, and
consequently, for U. In each of them, the influence of
torsion on the metric is quite clear.

PHYSICAL REVIEW D 96, 064031 (2017)

E. Masses of the torsion modes

In order to get a deeper understanding of the role of the
torsion in our gravitational wave solution, it is important to
examine the mass spectrum of the associated torsion
modes. Having found the matrix F = K~'N with the help
of (4.50), the solutions of the characteristic equation (4.52)
can be conveniently represented in terms of the matrix f =
(detK)F as

Ao (trf +

7 delk (trf)? — 4 det f).

(4.62)

mi =
This is an exact formula for the mass eigenvalues m2
associated to the gravitational wave. It is worthwhile to
notice that trf = —tr(NK), and det f = (det N)(det K).

The particle spectrum of PGT has been calculated only
with respect to the Minkowski background [24-29], and
never for the (anti)-de Sitter spacetime. Accordingly, we
can compare the result (4.62) with those existing in the
literature only for the values of m% in the limit of the
vanishing cosmological constant. In the limit of A — 0, we
have

tef = —[a;(ag + ay) + (ao +a,)*|(by + by)
+ ag(ag + ar)(by + by) + 2ag(ag + @) (by = by),
det f = —agay[(ag + a;)* + (ao + @,)?]
X [(by + by)(by + by) + (by = by)?),

detK = agay[(by + by)(by + by) + (by — by)?].  (4.63)

As a first test, we apply the formula (4.62) to the parity
even sector of PGT. One can straightforwardly see that the
corresponding values of m2 coincide with the masses of the
spin-2i torsion modes, known from the literature [24];
compare also with [56]. This is consistent with (4.55).

A more complete verification can be done by comparing
(4.62) with the recent work of Karananas [30], which
presently offers the only existing calculation of the com-
plete mass spectrum for the most general PGT with both
parity even and parity odd sectors included. A comparison
of the Lagrangian (5) of Ref. [30] with our expression (2.9)
is straightforward, although one should be careful since the
paper [30] contains numerous misprints. As a result, we
establish the following relations between our and
Karananas’ coupling constants (we use the notation ¢,
instead of Karananas’ 4 to distinguish it from our cosmo-
logical term):

ag = 2K'C[0, ao = O, (464)
a; =2ke(—t; — ty), (4.65)
a, = 4KC(—I3 + fo), (466)
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as = kc(—=t, + ty), (4.67)

a, = 4xcts, (4-68)

a, = azy = 2Kcty (4.69)

by =4p(=ri +r3), (4.70)

by =4p(—r3), (4.71)

by =4p(=ry+13), (4.72)

by =4p(=r| +r3—r14), (4.73)
bs =4p(—r3 —rs), (4.74)

beg = 4p(—r; + r3 —3ry), (4.75)
by = p(—r; + 3rg), (4.76)

1_72 = 54 = p(—r7 - ”s)a (4-77)
by = bg = p(4re — ry; — 13), (4.78)
bs = p(3r; —rg). (4.79)

Substituting the expressions for a;, b; and @, b, into (4.63),
one finds that the resulting values of m?% in (4.62) exactly
reproduce the result (A.3.5) of Karananas’ paper [30] (after
correcting a number of his misprints), which displays the
spin-2* torsion modes.

Thus, we conclude that the massive spin-2* torsion
modes turn out to be an essential ingredient of our
gravitational wave, in the sense that these massive torsion
modes determine the structure of the wave profile encoded
in the functions V, V and U. This is a remarkable result if
one recalls that the particle spectrum of PGT is derived
from the linearized equations of motion, whereas our
gravitational waves are exact solutions of the full nonlinear
field equations.

V. DISCUSSION AND CONCLUSION

In this paper, we have found a family of the exact
vacuum solutions of the most general PGT model with all
possible parity even and parity odd linear and quadratic
invariants in the Lagrangian (2.9), and with a nontrivial
cosmological constant 4y # 0. This family represents gen-
eralized plane waves with torsion, propagating on the
(anti)-de Sitter background. The present paper extends
the results obtained recently in [55,56].

The underlying construction can be understood as a
generalization of the Kerr-Schild-Kundt ansatz from the
Riemannian to the Riemann-Cartan geometry of PGT. An
essentially new element in this extended formalism is the
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ansatz for the local Lorentz connection I',#, the radiation
piece of which is constructed in terms of the null covector
field k. The generalized plane wave ansatz (3.15)—(3.16)
ensures that the torsion 2-form 7% and the radiation piece of
the curvature 2-form S% := R% — 9% A 9 satisfy the
radiation conditions

kATO=0, kA *S% =0, (5.1)
kAT =0, kAS¥=0, (5.2)
TOA TP =0, SPA*S7=0. (53)

These relations represent an extension of the well-known
Lichnerowicz criterion for identifying gravitational waves
[68] (see also [32]), based on analogy with the electro-
magnetic waves, to the framework of the PGT.

In the limit of vanishing torsion, the generalized plane
waves with torsion reduce to the family of the Riemannian
pp waves on the (anti)-de Sitter background. The pp
waves are classified as solutions of Petrov type N, since the
corresponding Weyl tensor satisfies the special algebraic
condition k“Cyp,, = 0, see [34,35]. This criterion can be
naturally extended to a Riemann-Cartan geometry of
PGT as

k*Ryp,, =0, (5.4)

where (”Raﬂw is the first irreducible part of the curvature
tensor, see [55,56]. The validity of (5.4) for the generalized
plane waves with torsion confirms that they are also of
type N.

The spacetime torsion is an essential ingredient of the
generalized gravitational wave solution; its dynamical
characteristics are described by the two potentials V and
V, satisfying the matrix equation (4.49). The mass matrix
M 1is of particular importance for the physical interpretation
of the torsion. We demonstrate that, in the limit of 1 — 0,
the eigenvalues of M coincide with the values of the mass
square the spin-2* torsion modes, identified in the work of
Karananas [30]. Generically, wave front profile of a
generalized plane wave with torsion is thus determined
by two spin-2 massive torsion modes and the massless
graviton, produced by the third, coframe potential U (which
enters the spacetime metric).

It is interesting to note that there exist particular solutions
for which the metric potential is completely determined by
the torsion. For such solutions, the motion of a spinless test
particle is effectively determined by the spacetime torsion.

The results obtained in this work were checked with
the help of the computer algebra systems Reduce and
Mathematica.
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APPENDIX: IRREDUCIBLE DECOMPOSITION
OF THE TORSION AND CURVATURE

The torsion 2-form can be decomposed into the three
irreducible pieces, 7% = (V7 + 7% 1 ()T where

@7 = %&a A (e, |TY), (A1)
1

Glre = 3¢ (T* A9, (A2)

(I)Ta — T _ (2)Ta _ (3)Ta. (A3)

The Riemann-Cartan curvature 2-form is decomposed
R =379 )R into the 6 irreducible parts

QR = —+(9le A WA, (A4)

|
)R = -5 “(X9% A 9P), (AS)
@R — _gla A Phl (A6)
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1
CIRY — —519[“ AP AX,), (A7)
1
ORY = — —X9* A 9P, (A8)
12
6
(DR — Rap _ Z (DRP (A9)
1=2
where
X* = e4| R, X = e, | X%, (A10)
XTi= (RN, Ke=e, RO (Al
and
1 1
\Pa = Xa_zlgaX_EeGJ (19ﬁ /\Xﬂ)’ (A12)
- _ 1 - 1 '
lPa = Xa—ZlgaX—EeaJ (19 /\X/}) (A13)

Directly from the definitions (A1)—(A3) and (A4)-(A9),
one can prove the relations

TN T, =T AOT, =@1% A O, (A14)
R A (Z)Raﬂ — R A (4)Raﬁ — QR A (4)Raﬁ, (A15)
R A (3)Ra/i = R A (6)Raﬁ — BG)RA A (6)Raﬁ, (A16)

whereas 7% A U7, = 1% A VT, and R A VR, =
R A (UR,5 and R A OR,5 = ORY A OR 4.
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