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We present a general and systematic study of how a Bell experiment on the cosmic microwave
background could be carried out. We introduce different classes of pseudo-spin operators and show that, if
the system is placed in a two-mode squeezed state as inflation predicts, they all lead to a violation of the
Bell inequality. However, we also discuss the obstacles that one faces in order to realize this program in
practice and show that they are probably insurmountable. We suggest alternative methods that could reveal
the quantum origin of cosmological structures without relying on Bell experiments.
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I. INTRODUCTION

According to inflation [1–6], galaxies, clusters of gal-
axies as well as the cosmic microwave background (CMB)
anisotropies [7–12] are of quantum mechanical origin.
Conceptually, this fundamental insight is revolutionary
since it means that the structures in our Universe are,
ultimately, nothing but quantum fluctuations stretched
over cosmological distances [13–18] (for reviews, see
Refs. [19–25]). Moreover, the quantum state of these
fluctuations is a two-mode squeezed state [26,27] which
is an entangled state, namely a quantum state that possesses
highly non-classical properties. This opens up the possibil-
ity to observe genuine quantum effects from the very early
Universe in the sky, a fascinating prospect indeed.
However, it has been suggested, maybe surprisingly

given the nonclassical character of the CMB quantum state,
that achieving this goal may be difficult. The reason is that
the quantum-mechanical phase space of cosmological
perturbations is made of two noncommuting conjugated
variables, the so-called growing and decaying modes.
During inflation, the decaying mode decays exponentially.
This is why it is, a priori, impossible to measure any
quantity related to its amplitude, hence to its commutator
with the growing mode. Detecting quantum correlations
via this commutator therefore seems intractable in practice.
For instance, its has been shown [28,29] that the two-point
quantum correlation functions involving the growing
mode only, i.e. the ones that are realistically observable,
are, in practice, indistinguishable from their “classical”
counterparts.

Nevertheless, the question of designing Bell CMB
experiments [30–35] is worth investigating for the three
following reasons. First, the qualitative argument men-
tioned above is rather vague and it is important to study
how it manifests itself in a concrete and explicit attempt to
carry out a Bell experiment on the CMB. Only then can one
assess how severe it is and whether it can be circumvented
or not. Second, the argument holds for measurements of
correlation functions at a single wave number k, while Bell
CMB experiments typically involve correlators between
quantities calculated at modes k and −k, which makes the
argument incomplete. Wewill see that indeed, Bell inequal-
ities can be violated even in the limit where the decaying
mode vanishes. Third, there are nonminimal cases where
the decaying mode may be accessible, either because it
does not vanish on large scales during inflation if sourced
by isocurvature perturbations [36] for instance, or if, as
proposed in Ref. [31], it couples to other fields and
becomes observable through them. In such cases, it remains
to determine how Bell inequality violations could be
extracted from the CMB data.
This is why in this article, we carry out a systematic

study and discussion of all the obstacles one faces when
trying to implement a Bell CMB experiment. This leads us
to considerations, for instance, the use of CMB pseudospin
operators, or the connection between the positivity of the
Wigner function and the so-called proper variables, that
shed new light on these issues. Based on the results
obtained here, we also discuss alternative methods that
may reveal the quantum origin of cosmological perturba-
tions without relying on Bell experiments.
The paper is organized as follows. In the next section,

Sec. II, we briefly review the theory of inflationary
cosmological perturbations of quantum-mechanical origin
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and discuss the motivations of the present study. Then, in
Sec. III, we explain how a cosmic Bell experiment could be
designed. In a first step, see Sec. III A, we briefly review
how the Bell experiment is usually carried out in a standard
context. Then, we proceed by analogy. In Sec. III B, we
explain how a dichotomic variable can be extracted out
from a continuous variable system, introduce a first class of
pseudo-spin operators and show that they lead to a violation
of the Bell inequality. In Sec. III C and Sec. III D, we
consider two other sets of possible pseudo-spin operators
also leading to a Bell inequality violation. In Sec. IV, we
discuss and interpret these results. In Sec. IVA, we
demonstrate that our results are consistent with a known
theorem stating that, if the Wigner function of the system
is positive (which is the case in cosmology), then a Bell
inequality violation can occur only for improper dynamical
variables. In Sec. IV B, we study whether the pseudo-spin
variables can be measured experimentally and conclude
that the answer is probably negative. In Sec. IV C, we study
the robustness of our results to decoherence effects. Finally,
in Sec. V, we present our conclusions. The last section of
the paper is Appendix. A where we detail the calculation
of the correlation function of one of the Ŝx operator
introduced in this article.

II. MOTIVATION

Inflation produces two types of fluctuations, scalars and
tensors. In the following, we restrict ourselves to scalar
perturbations since they are the only ones observed so far
and they decouple from the tensor ones. However, this does
not limit in any way the generality of our argument since
tensor modes could be studied in a similar fashion. The
evolution of scalar perturbations is controlled by the
following Hamiltonian [13,19]

Ĥ ¼
Z
R3

d3k

�
k
2
ðĉkĉ†k þ ĉ−kĉ

†
−kÞ

−
i
2

z0

z
ðĉkĉ−k − ĉ†−kĉ

†
kÞ
�
; ð1Þ

where ĉk and ĉ†k are respectively the creation and annihi-
lation operators satisfying the standard commutation rela-
tion ½ĉk; ĉ†p� ¼ δðk − pÞ. In the above expression, the
quantity z is defined to be z≡ aMPl

ffiffiffiffiffiffiffi
2ϵ1

p
, where aðtÞ is

the Friedmann-Lemaitre-Robertson-Walker (FLRW) scale
factor,MPl the reduced Planck mass and ϵ1 the first Hubble
flow parameter, ϵ1 ≡ − _H=H2, H ¼ _a=a being the Hubble
parameter. A dot denotes a derivative with respect to cosmic
time t while a prime represents a derivative with respect to
conformal time η with dt ¼ adη. The creation and anni-
hilation operators are related to the scalar curvature
perturbations ζ̂k through v̂k ¼ ðĉk þ ĉ†−kÞ=

ffiffiffiffiffi
2k

p
and p̂k ¼

−i
ffiffiffiffiffiffiffiffi
k=2

p ðĉk − ĉ†−kÞ by ζ̂k ¼ v̂k=z and ζ̂0k ¼ p̂k=z. The

quantity v̂k is the so-called Mukhanov-Sasaki variable.
We also introduce the quantities q̂k and π̂k given by q̂k ¼
ðĉk þ ĉ†kÞ=

ffiffiffiffiffi
2k

p
and π̂k ¼ −i

ffiffiffiffiffiffiffiffi
k=2

p ðĉk − ĉ†kÞ. The advan-
tage of these variables is that they are defined for a fixed
wave number k (while ζk mixes k and −k) and they are
Hermitian. In this sense, they really play the role of the
position and momentum at the scale k. The relation
between these two sets of variables is easily obtained,
see for instance Eqs. (51) and (52) of Ref. [29], and is
given by

v̂k ¼
1

2

�
q̂k þ q̂−k þ

i
k
ðπ̂k − π̂−kÞ

�
; ð2Þ

p̂k ¼
1

2
½kðq̂k − q̂−kÞ þ iðπ̂k þ π̂−kÞ�: ð3Þ

The Hamiltonian given by Eq. (1) is well known and
represents a collection of parametric oscillators. The above
discussion shows that the full Hilbert space of the system E
can be factorized into independent products of Hilbert
spaces for modes k and −k,

E ¼ Πk∈R3þEk ⊗ E−k: ð4Þ

In other words, the CMB fluctuations can be viewed as a
product of independent bipartite systems. If, initially, the
quantum state is the vacuum state j0k; 0−ki, then, under
the Hamiltonian (1), it evolves into a two-mode squeezed
state [21,22,26–28]

jΨ2 sqi ¼
1

cosh rk

X∞
n¼0

e−2inφk tanhnrkjnk; n−ki; ð5Þ

where jnki is an eigenvector of the particle number
operator, Nk ¼ ĉ†kĉk. In the above expression, rk and φk

are respectively the squeezing parameter and squeezing
angle. They are functions of time that depend on the details
of the inflationary background, but are such that on sub-
Hubble scales, i.e. when k ≫ aH, rk → 0 and φk → −π=4,
while on super-Hubble scales, i.e. when k ≪ aH, rk → ∞
and φ → −π=2.1 More precisely, on super-Hubble scales,

1In Ref. [29], the two-mode squeezed state was written

jΨ2 sqi ¼
1

cosh rk

X∞
n¼0

e2inφkð−1Þntanhnrkjnk; n−ki; ð6Þ

which implies a different definition of the squeezing angle,
namely φk → −ðφk þ π=2Þ. With the convention of Ref. [29],
the squeezing angles goes to zero on large scales. Moreover in
Ref. [32], the symmetries of the problem allows the analysis to be
restricted to the range φk ∈ ½0; π=4�. During inflation, φk ∈½−π=2;−π=4� and if one wants to use the results of Ref. [32],
this can be done by changing φk → φk þ π=2.
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rk is of order the number of e-folds N ≡ ln a spent outside
the Hubble radius, which is ∼50 for the modes probed in
the CMB.
The classical limit in quantum mechanics is subtle and

this question is perfectly illustrated in the case of a two-
mode squeezed state. Usually, this state is considered as
the prototype of a “nonclassical” quantum state. In this
language, a “classical” state would typically be a coherent
state, namely a state whose Wigner function follows the
trajectory of the classical system in phase space with
minimum dispersion. On the contrary, the Wigner function
of a squeezed state has a large extension in phase space (to
be more precise in a specific direction). Moreover, the
extension is all the greater when the squeezing parameter is
large. And this is precisely the case in cosmology where the
values of rk are much larger than what can be achieved in
the laboratory with conventional systems. In this sense, the
sky is placed in a highly “quantum-mechanical” state.
On the other hand, a system is also said to be classical

if its Wigner function is positive. Indeed, it is well known
that interference terms, which are typical signatures of a
quantum behavior, cause oscillations in the Wigner func-
tion and make it negative for some values of position and
momentum. But a squeezed state is a Gaussian state and,
therefore, its Wigner function is always positive. In this
sense, and contrary to the previous criterion, the system is
classical.
However, as is apparent in Eq. (5), the two-mode

squeezed state is also an entangled state. Clearly, entangle-
ment is a genuine quantum-mechanical feature and, there-
fore, this feature brings us back to the first conclusion.
Moreover, the larger rk, the larger the entanglement as
confirmed by a calculation of the quantum discord2 [37,38]
(for a review see Ref. [39]) performed in Ref. [29]

δðk;−kÞ ¼ cosh2rklog2ðcosh2rkÞ
− sinh2rklog2ðsinh2rkÞ

≃ 2

ln 2
rk − 2þ 1

ln 2
þOðe−2rkÞ; ð7Þ

where the last expansion is valid for large values of the
squeezing parameter.
If the CMB does not have a classical behavior, this

means that, at least in principle, one should be able to
design experiments allowing us to exhibit its nonclassical
properties. One usually characterizes the CMB by the
correlation functions of curvature perturbations. If the
system is really “non classical,” then these correlation
functions should differ according to whether one calculates
them with a two-mode squeezed state or with a classical
state. Here, by classical state, we mean a state which

contains classical correlations only and has zero discord
[40]. In Ref. [29], it has been shown that such a state can be
chosen so as to exactly reproduce the two-point correlation
function hζ̂ðη; xÞζ̂ðη; yÞi. But, in accordance with the fact
that the discord of the system is large, this would then
imply correlation functions hζ̂ðη;xÞζ̂0ðη;yÞþζ̂0ðη;xÞζ̂ðη;yÞi
and/or hζ̂0ðη; xÞζ̂0ðη; yÞi that strongly differ from their two-
mode squeezed state counterparts. At this stage, one would
therefore be tempted to claim that, indeed, quantum
signatures can be detected in the sky. However, in practice,
the quantity ζ̂0ðη; xÞ is not observable since this is the
decaying mode. Importantly at the conceptual level, we see
that the argument is not a theoretical argument but a
practical one. In principle, the difference between two-
point correlation functions calculated in a classical or
quantum-mechanical contexts exist and are observable
but, in practice, due to the smallness of the decaying mode
amplitude, this is hidden to us, probably forever.
If one considers higher correlation functions however

(such as the four-point correlation function and higher),
even when relying on the growing mode only, there is no
classical state that can reproduce the predictions of the two-
mode squeezed state [29]. This is consistent with the
theorem [41–43] stating that the only classical Gaussian
states are product states, i.e. uncorrelated states. Since the
CMB statistics is constrained to be Gaussian or almost
Gaussian [12], and since the bipartite systems of Eq. (4) are
necessarily correlated [if not one can simply perform a
phase space transformation similar to Eqs. (47) and (48) of
Ref. [29] to obtain a correlated system], these correlations
must therefore possess nonvanishing discord. For a pure
state, nonvanishing discord is equivalent to entanglement
and this implies that Bell inequalities can (at least in
principle) be violated. This is the possibility we investigate
in this work. Otherwise, this implies that the CMB is placed
in a mixed, decohered state, another interesting possibility
that we will discuss in a separate article, see also Sec. IV C.

III. BELL CMB EXPERIMENT
WITH PSEUDO-SPIN OPERATORS

A. Bell inequality with spins

In order to see how we could design a Bell CMB
experiment, let us first, very briefly, recall how this is done
in a conventional situation, the so-called Clauser, Horne,
Shimony, and Holt (CHSH) setup [44]. The idea is to
consider a bipartite system whose Hilbert space is written
as H ¼ HA ⊗ HB. Typically, A and B are two particles
whose spin along the z direction are correlated, see Fig. 1.
The state of the system is assumed to be

jΨi ¼ 1ffiffiffi
2

p ðjþ;−i − j−;þiÞ; ð8Þ

where j�i are eigenstates of Ŝz with, respectively, eigen-
values �1. The spin of system A is measured along the

2For pure states such as Eq. (5), the quantum discord becomes
a measure of quantum entanglement. More specifically in that
case, it equals the entropy of entanglement.
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direction characterized by the angle θA in the ðx; zÞ
plane, namely along the vector uA and the spin of
system B is measured along the direction uB, see Fig. 1.
In general, if S · u is the spin operator along the direction
u ¼ ðsin θ cosφ; sin θ sinφ; cos θÞ, the eigenstates of
S · u are jþui¼cosðθ=2Þe−iφ=2jþiþsinðθ=2Þeiφ=2j−i and
j−ui¼−sinðθ=2Þe−iφ=2jþiþ cosðθ=2Þeiφ=2j−iwith eigen-
values �1. Then, one can introduce the Bell operator

B̂CHSHðA;BÞ ¼ uA · ŜA ⊗ uB · ŜB þ uA · ŜA ⊗ u0B · ŜB

þ u0A · ŜA ⊗ uB · ŜB − u0A · ŜA ⊗ u0B · ŜB;

ð9Þ

where uA, u0A, uB, and u0B are four different vectors, all
located in the ðx; zÞ plane (and, therefore, with vanishing
azimuthal angles). Then, one has to calculate the mean value
of the Bell operator in the state (8). One can show that
hB̂CHSHðA; BÞi ¼ EðθA; θBÞ þ EðθA; θ0BÞ þ Eðθ0A; θBÞ −
Eðθ0A; θ0BÞ with EðθA; θBÞ ≡ huA · ŜA ⊗ uB · ŜBi ¼
− cosðθA − θBÞ. If, for instance, one chooses θA − θB ¼
π=4, θA − θ0B ¼ θ0A − θB ¼ −π=4 and θ0A − θ0B ¼ −3π=4,
then hB̂CHSHðA; BÞi ¼ −2

ffiffiffi
2

p
. Since jhB̂CHSHðA; BÞj > 2,

the Bell inequality is violated and this cannot be
accounted for in a theory with local realism. As is well
known, this has been experimentally confirmed [45–48].
Very recently, this has even been observed with a setup
where the detectors are controlled by the light coming
from distant stars [49].
Our goal is now to design a similar approach but with

the CMB.

B. Banaszek-Wodkiewicz (BW) spin operators

The first difficulty that we meet is that we deal with a
continuous variable system. Indeed ζ̂k (or the Mukhanov-
Sasaki variable v̂k) are continuous complex operators and
have a continuous spectrum, not a discrete one with two
eigenvalues �1. However, for any continuous variable
system, it is possible to introduce fictitious or pseudo-spin

operators. They have been discussed by Banaszek and
Wodkiewics (BM) in Ref. [50] and Chen, Pan, Hou, and
Zhang in Ref. [51] and are defined by [50–53]

ŝxðkÞ ¼
X∞
n¼0

ðj2nk þ 1ih2nkj þ j2nkih2nk þ 1jÞ ð10Þ

ŝyðkÞ ¼ i
X∞
n¼0

ðj2nkih2nk þ 1j − j2nk þ 1ih2nkjÞ ð11Þ

ŝzðkÞ ¼
X∞
n¼0

ðj2nk þ 1ih2nk þ 1j − j2nkih2nkjÞ; ð12Þ

and similar expression for the mode −k. The states jnki are
the eigenvectors of the particle number operator already
introduced before. It is easy to verify that these operators
satisfy the usual SUð2Þ commutation relations for a spin,
namely ½ŝx; ŝy� ¼ 2iŝz, ½ŝx; ŝz� ¼ −2iŝy and ½ŝy; ŝz� ¼ 2iŝx.
Moreover, if one defines a fictitious unit vector
n ¼ ðsin θn cosφn; sin θn sinφn; cos θnÞ, then one has
ðn · ŝÞ2 ¼ Î which means that the outcome of a measure-
ment of the Hermitian operator n · s is, as expected, �1.
Therefore, we have achieved a first goal, namely define a
dichotomic variable from a continuous variable system.
From this point, one can then proceed by analogy. We can
indeed define the Bell operator by

B̂BWðk;−kÞ ¼ n · ŝðkÞ ⊗ m · ŝð−kÞ
þ n · ŝðkÞ ⊗ m0 · ŝð−kÞ
þ n0 · ŝðkÞ ⊗ m · ŝð−kÞ
− n0 · ŝðkÞ ⊗ m0 · ŝð−kÞ; ð13Þ

where n, n0, m, and m0 are four unit vectors, since this
mimics exactly Eq. (9). Then, one has to calculate the mean
value of this operator, not in a state similar to the one given
in Eq. (8) though but, of course, in a two-mode squeezed
state as Eq. (5). This gives

hΨ2 sqjB̂BWðk;−kÞjΨ2 sqi ¼ Eðθn; θmÞ þ Eðθn; θm0 Þ
þ Eðθn0 ; θmÞ − Eðθn0 ; θm0 Þ;

ð14Þ

where the correlation function Eðn;mÞ is defined by

Eðn;mÞ ¼ hΨ2 sqjn · ŝðkÞ ⊗ m · ŝð−kÞjΨ2 sqi: ð15Þ

If we choose all azimuthal angles to be zero (as it is the case
in the standard setup, see the previous subsection), then one
has n · ŝ ¼ sin θnŝx þ cos θnŝz and a straightforward cal-
culation shows that hΨ2 sqjŝxðkÞ ⊗ ŝzð−kÞjΨ2 sqi ¼ 0. As a
consequence, one can write

uA

uB

0

FIG. 1. Standard setup for Bell experiment. Two spin particles
are emitted at the origin 0 and travel in opposite directions. Their
spin is then measured at A and B along the directions uA and uB.
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Eðθn; θmÞ ¼ hΨ2 sqjŝzðkÞ ⊗ ŝzð−kÞjΨ2 sqi cos θn cos θm þ hΨ2 sqjŝxðkÞ ⊗ ŝxð−kÞjΨ2 sqi sin θn sin θm: ð16Þ

Finally, choosing (for instance) the configuration θn ¼ 0, θn0 ¼ π=2 and θm0 ¼ −θm leads to the following expression

hΨ2 sqjB̂BWðk;−kÞjΨ2 sqi ¼ 2½cos θmhΨ2 sqjŝzðkÞ ⊗ ŝzð−kÞjΨ2 sqi þ sin θmhΨ2 sqjŝxðkÞ ⊗ ŝxð−kÞjΨ2 sqi�: ð17Þ

One can then optimize the choice of θm in order to obtain the largest value of hΨ2 sqjB̂BWðk;−kÞjΨ2 sqi. This leads to
θoptm ¼ arctan ½hΨ2 sqjŝxðkÞ ⊗ ŝxð−kÞjΨ2 sqi=hΨ2 sqjŝzðkÞ ⊗ ŝzð−kÞjΨ2 sqi� and, therefore, for this optimal configuration,

hΨ2 sqjB̂BWðk;−kÞjΨ2 sqi ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hΨ2 sqjŝzðkÞ ⊗ ŝzð−kÞjΨ2 sqi2 þ hΨ2 sqjŝxðkÞ ⊗ ŝxð−kÞjΨ2 sqi2

q
: ð18Þ

For the two-mode squeezed state (5), one can show
that hΨ2 sqjŝzðkÞ ⊗ ŝzð−kÞjΨ2 sqi ¼ 1. Already at this
stage, one sees that the Bell inequality is violated as soon
as hΨ2 sqjŝxðkÞ ⊗ ŝxð−kÞjΨ2 sqi ≠ 0. From the state (5),
one has

hΨ2 sqjŝxðkÞ ⊗ ŝxð−kÞjΨ2 sqi ¼ tanhð2rkÞ cosð2φkÞ: ð19Þ

Notice that, in the case of a vanishing squeezing angle, this
result was already derived in Ref. [53] but in a different
context. The case φk ≠ 0 is new. The previous expression
clearly demonstrates that the Bell inequality is violated for
any nonvanishing value of rk if φk ≠ π=4� π=2 (with this
configuration) as can be seen in the left panel of Fig. 2. So
we have the confirmation that, at least at this level of the
analysis, the CMB is an interesting playground to observe a
cosmic violation of Bell inequality. Moreover, on super-
Hubble scales, one has rk → ∞ and φk → −π=2. In this
limit one has hΨ2 sqjB̂BWðk;−kÞjΨ2 sqi → 2

ffiffiffi
2

p
. This num-

ber is the so-called Cirel’son bound [54] and represents the
maximal value that the Bell operator can take in quantum
mechanics. We therefore conclude that the CMB is placed
in a quantum state that maximally violates the Bell
inequality. In fact, this result is not so surprising since
we have seen that the CMB quantum state has a very large
quantum discord. It can even be shown that, in the limit
rk → þ∞, the two-mode squeezed state tends towards the
Einstein-Podolski-Rosen (EPR) state [55].

C. Gour-Khanna-Mann-Revzen (GKMR)
spin operators

Given the result of the previous subsection, a natural
question is whether the choice of the pseudospin operators
is unique. In fact it is not. An alternative set of pseudo-spin
operators has also been considered By Gour, Khanna,
Mann, and Revzen in Refs. [53,56] and it is interesting to
discuss how they can be used in a cosmological context
and, of course, if they lead to a Bell inequality violation. Let
us first introduce jEki and jOki by

jEki ¼
1ffiffiffi
2

p ðjqki þ j − qkiÞ; ð20Þ

jOki ¼
1ffiffiffi
2

p ðjqki − j − qkiÞ; ð21Þ

where we recall that q̂k is the operator playing the role of
position in the subspace Ek (recall that the operator v̂k
mixes the modes k and −k). Then, one can define the
following operators

Ŝx ¼
Z þ∞

0

dqkðjEkihOkj þ jOkihEkjÞ; ð22Þ

Ŝy ¼ i
Z þ∞

0

dqkðjOkihEkj − jEkihOkjÞ; ð23Þ

Ŝz ¼ −
Z þ∞

0

dqkðjEkihEkj − jOkihOkjÞ; ð24Þ

and it is easy to see that, as the notations suggest, they satisfy
all the properties required to be the three components of a
spin. In fact, one can show that the operator ofEq. (24),which
can also be written as Ŝz ¼ −

R∞
−∞ dqkjqkih−qkj, is in fact

equal to that ofEq. (12), ŝz ¼ Ŝz. Indeed, it is straightforward
to show that the matrix element hmjŝzjm0i, where ŝz is given
by Eq. (12), is equal to �δmm0 with a plus sign if m is odd
and a minus sign if m is even. On the other hand, for the
operator (24), one has

hmjŜzjm0i ¼ −
Z þ∞

−∞
dqkhmjqkih−qkjm0i

¼ −ð−1Þm0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2mþm0

m!m0!
p

Z þ∞

−∞
dqkHmðqkÞHm0 ðqkÞe−q2k

¼ −ð−1Þmδmm0 ; ð25Þ

where Hmð:Þ is a Hermite polynomial of order n [57].
This result coincides with the result obtained before for
the operator (12). Notice also that Ŝx and Ŝy can be
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written as Ŝx ¼ R∞
0 dqkðjqkihqkj − j − qkih−qkjÞ and

Ŝy¼−
R
∞
0 dqkðjqkih−qkj−j−qkihqkjÞ.

Then, one can proceed exactly as before, namely
introduce a Bell operator and perform the orienta-
tional optimization. One then obtains Eq. (18), with
hΨ2 sqjŜzðkÞ ⊗ Ŝzð−kÞjΨ2 sqi ¼ 1 and the calculation of
Appendix, see Eq. (A13), shows that

hΨ2; sqjŜxðkÞŜxð−kÞjΨ2; sqi

¼ 2

π
× arctan

�
2 tanhðrkÞ cosð2φkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tanh4ðrkÞ − 2tanh2ðrkÞ cosð4φkÞ þ 1
p �

:

ð26Þ

This gives the exact dependence of this violation with the
squeezing parameters. In the case where φk ≠ 0, this
expression is new. The mean value of the Bell operator
as a function of the squeezing parameter, for different
values of the squeezing angle, is represented in the left
panel of Fig. 2. The violation is slightly less strong than
with the BW pseudo-spin operators introduced in Sec. III B
but clearly, we have designed another possible situation that
leads to a violation of the Bell inequality. On super-Hubble
scales in particular, since rk → ∞ and φk → −π=2, one
has hΨ2 sqjB̂GKMRðk;−kÞjΨ2 sqi → 2

ffiffiffi
2

p
and the Cirel’son

bound is again saturated.

D. Larsson spin operators

So far, we have introduced two different sets of pseu-
dospin operators, and a third one can be defined in the
following way [32,58]. The idea is to divide the real axis in
an infinite number of cells ½nl; ðnþ 1Þl� of length l,
where n is an integer number running from−∞ toþ∞. The
“coarse-grained” parameter l is chosen by the observer.
Then one introduces the following operator

ŜzðlÞ ¼
X∞
n¼−∞

ð−1Þn
Z ðnþ1Þl

nl
dqkjqkihqkj: ð27Þ

This defines a spin variable because the eigenvalues of this
operator are �1.
The other pseudospin components can be defined by

means of the following operators

ŜxðlÞ ¼ ŜþðlÞ þ Ŝ−ðlÞ; ð28Þ

ŜyðlÞ ¼ −i½ŜþðlÞ − Ŝ−ðlÞ�; ð29Þ

with

ŜþðlÞ ¼
X∞
n¼−∞

Z ð2nþ1Þl

2nl
dqkjqkihqk þ lj ð30Þ

and Ŝ−ðlÞ ¼ Ŝ†þðlÞ. It can be easily shown [32,58] that Ŝx,
Ŝy and Ŝz satisfy all the properties of a spin operators

FIG. 2. Left panel: Mean value hΨ2 sqjB̂ðk;−kÞjΨ2 sqi of the Bell operators for the BW (solid lines, see Sec. III B) and GKMR (dashed
lines, see Sec. III C) pseudospin operators, when the system is placed in the two-mode squeezed state (5), as a function of the squeezing
parameter rk, for different values of the squeezing angle φk. The blue line corresponds to φk ¼ −π=4, the green lines to φk ¼ −π=3
and the red lines to φ ¼ −π=2. One can check in Eqs. (18) and (26) that φk ¼ −π=4 (blue line) indeed leads to a constant
hΨ2 sqjB̂ðk;−kÞjΨ2 sqi ¼ 2. The horizontal black line represents the Cirel’son bound [54]. Right panel: Maximum Bell operator

expectation value hΨ2 sqjB̂ðk;−kÞjΨ2 sqi for the Larsson pseudospin operators, see Sec. III D, where extremization has been performed
over l, as a function of the squeezing parameters rk and φk. The dashed white line stands for φk þ π=2 ¼ 0.34e−rk which delimits the
Bell inequality violation domain in the large-squeezing limit. This figure is adapted from Ref. [32].
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system. It is then sufficient to proceed as before, namely to
define a pseudo Bell operator using the spin operators that
we have just introduced, perform the orientational opti-
mization and, then, study its mean value in a two-mode
squeezed state. In the case of the operators (27), (28), and
(29), there does not exist a simple, explicit, analytical
expression for the spin correlators, similar to Eqs. (19) and
(26). The calculation has therefore to be done numerically.
It was carried out in Ref. [32] and, in that paper, it was
shown that the Bell inequality is indeed violated in that
case. In the right panel of Fig. 2, we have reproduced from
Ref. [32] a map of the maximal Bell operator expectation
value (where the extremization is performed over l) as a
function of the squeezing parameters. We thus have a third
example of a design that violates the Bell inequality.
Contrary to the two previous examples however, in the

super-Hubble limit, the Cirel’son bound is not necessarily
saturated, and the exact value of the Bell operator expect-
ation value depends on the details of the inflationary

dynamics. In the large-squeezing limit indeed, in
Ref. [32], it was shown that all pseudo-spin correlation
functions depend only on the combination (see footnote 1)
ðφk þ π=2Þerk , and Bell inequality violation is obtained
when ðφk þ π=2Þerk < 0.34 (see the right panel of Fig. 2
and/or Fig. 16 of Ref. [32]). In the super-Hubble limit,
φk þ π=2 → 0 but erk → ∞ so a more detailed analysis is
required. At leading order in the slow-roll approximation,

the Mukhanov-Sasaki variable takes the form vkðηÞ ¼ffiffiffiffiffiffiffiffi
π=k

p
=2

ffiffiffiffiffiffiffiffi
−kη

p
e−iπðνþ1=2Þ=2Hð2Þ

ν ð−kηÞ where we recall that

η is the conformal time, Hð2Þ
ν is the Hankel function of the

second kind, and ν is a constant that can be related to the
spectral index nS of the curvature perturbations power
spectrum according to ν ¼ 3=2þ ðnS − 1Þ=2, where this
expression is valid again at leading order in slow roll. The
relationship between the squeezing parameters and the
Mukhanov-Sasaki variable can be obtained by combining
Eqs. (12), (16), (24) and (25) of Ref. [29] and one obtains

cosh2rk ¼
1

8kvkv�k

��
v�kv

0
k þ vkv0�k − 2

z0

z
vkv�k

�
2

þ ð1þ 2kvkv�kÞ2
�
; ð31Þ

tan ð2φkÞ ¼ 4kvkv�k
v�kv

0
k þ vkv0�k − 2 z0

z vkv
�
k

ð2kvkv�kÞ2 − 1 − ðv�kv0k þ vkv0�k − 2 z0
z vkv

�
kÞ2

: ð32Þ

Using the fact that, in slow-roll inflation,
z0=z≃ ð1=2 − νÞ=η, in terms of the number of e-folds
N − N�ðkÞ spent by the mode k outside the Hubble radius,
one obtains, in the super-Hubble limit and at leading order
in slow roll,

�
φk þ

π

2

�
erk ≃ exp

�
1 − nS

2
½N − N�ðkÞ�

�
: ð33Þ

In the case of de Sitter (nS ¼ 1), this combination turns out
to be time independent and equal to one, meaning no Bell
inequality violation. In the more general case, however, this
is clearly a time-dependent quantity. For ðφk þ π=2Þerk
to be smaller than 0.34, one can see that the power
spectrum has to be blue, nS > 1, which is excluded by
the data [10]. Therefore, unless slow roll is violated at
some point during inflation, the Larsson pseudospin
operators are not the best candidates to yield a Bell
inequalities violation.
To our knowledge, no other pseudospin operators for

continuous variables have been proposed and, therefore,
we have now covered all the cases. In the next section,
we discuss these results and consider the question of
whether these spin operators can really be measured on
the sky.

IV. DISCUSSION

A. Bell inequality violation and the positivity
of the Wigner function

Let us start by a remark about the consistency of the
previous results where Bell inequality violations are
obtained with a non-negative Wigner function. We notice
that some of the pseudospin operators we have introduced
are improper dynamical variables, a notion that we now
explain with an example (a more complete discussion can
be found in Ref. [53]). Let Â ¼ Aðq̂k; p̂kÞ be a general
operator (we restrict ourselves to a one-dimensional phase
space but the generalization to higher dimensional phase
spaces is trivial), where we use the position and momentum
introduced before. Its Wigner-Weyl representation is
defined by

WÂðqk; πkÞ≡
Z
R
dxe−iπkx

	
qþ x

2





Aðq̂k; p̂kÞ




qk − x

2

�
:

ð34Þ

This is clearly a function (i.e. not an operator) on phase
space. Let us now consider a (bounded) function F ð:Þ
defined on the real axis R. We can then introduce the
following operator
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F̂≡
Z þ∞

−∞
dq0kjq0kiF ðq0kÞhq0kj: ð35Þ

The eigenvalues of the operator F̂ are precisely F ðRÞ (this
is a way to define an operator from its spectrum). Then, it is
a trivial calculation to show that

WF̂ðqk; πkÞ ¼ F ðqkÞ: ð36Þ

So the functionWF̂ðq; πÞ takes all and only the eigenvalues
of the operator F̂. We then say that F̂ is a proper dynamical
variable. Of course, the previous calculation is only an
illustrative example and can easily be generalized, for
instance to functions of πk, see Ref. [53].
Now, it is easy to show that the pseudospin operators

that we have introduced above are not proper dynamical
variables. For instance, the Wigner-Weyl representative of
the BW operator ŝz given by Eq. (12) can be expressed as

Wŝzðqk; πkÞ≡
Z þ∞

−∞
e−iπkxdx

	
qk þ

x
2
jŝzjqk −

x
2

�
¼ −πδðqkÞδðπkÞ: ð37Þ

Clearly, the function Wŝzðqk; πkÞ does not consist of only
two values �1.
For the GKMR spin operators defined by Eqs. (22), (23),

and (24), we reach the same conclusions, since we have
shown that the GKMR operator (24) is in fact the same as
the BW operator (12). The Wigner-Weyl representation of
Ŝx given by Eq. (22) can be written as

WŜx
ðqk; πkÞ ¼ signðqkÞ; ð38Þ

i.e. it is a proper dynamical variable according to the
previous definition. Finally, the Wigner-Weyl representa-
tion of the GKMR y-component (23) is WŜy

ðqk; πkÞ ¼
−δðqkÞPð1=πkÞ, where P denotes the principal value and
therefore the operator (23) is not proper.
It is also interesting to calculate the Wigner-Weyl

transform of the Larsson pseudo-spin operators (28),
(29), and (27). Straightforward manipulations lead to

WŜx
ðqk; πkÞ ¼ 2

Xþ∞

n¼−∞
cos ðπklÞ

�
Θ
�
qk − nl −

l
2

�
− Θ

�
qk − nl −

3

2
l
��

;

WŜy
ðqk; πkÞ ¼ 2

Xþ∞

n¼−∞
sin ðπklÞ

�
Θ
�
qk − nl −

l
2

�
− Θ

�
qk − nl −

3

2
l
��

;

WŜz
ðqk; πkÞ ¼

Xþ∞

n¼−∞
ð−1Þn½Θðqk − nlÞ − Θðqk − nl − lÞ�; ð39Þ

where Θð:Þ is the Heaviside function. The above equations
show that Ŝz is a proper variable but Ŝx and Ŝy are not.
We conclude that each of the three sets of pseudospin

operators introduced before contains, at least, one improper
variable. And this makes perfect sense since there is a
theorem stating that, if the Wigner function is positive
definite, a violation of the Bell inequality can only occur for
improper dynamical variables, see Ref. [53] for a more
accurate discussion of this point. This is clearly relevant
for the CMB case since, as already mentioned, a two-mode
squeezed state has a positive definite Wigner function. In
fact, the CMB is a prototypical situation where this theorem
is useful.
This however says nothing about the measurability of the

effect, which we now discuss.

B. Are the pseudospin operators measurable?

Answering the question asked in the title of this sub-
section is not an easy task since it involves the

measurement problem of quantummechanics in the context
of cosmology. It seems however reasonable to assume that
the temperature anisotropy operator,

cδT
T
ðθ;ϕÞ ¼

Xþ∞

l¼2

Xm¼l

m¼−l
âlmYlmðθ;ϕÞ; ð40Þ

is an observable, since it is a real quantity. More precisely, it
is a family of operators parametrized by the continuous
labels θ and ϕ. In the above expression, the coefficients âlm
are a collection of, non-Hermitian, operators, as needed for
the consistency of this equation. Let us now try to relate the
temperature fluctuation operator to the curvature operator
ζ̂k introduced before. The Sachs-Wolfe effect implies that

δT
T

ðeÞ ¼
Z

dk

ð2πÞ3=2 ½FðkÞ þ ik · eGðkÞ�

× e−ik·eðηlss−η0Þþik·x0 ; ð41Þ
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where e is a unit vector in the direction labeled by the
angles θ and ϕ. The quantities ηlss and η0 are the last
scattering surface (lss) and present day (0) conformal times
while x0 represents Earth’s location. The functions FðkÞ
and GðkÞ are the form factors and describe the evolution
of the perturbation in the post-inflationary universe. The
important property is that these form factors are propor-
tional to ζkðηendÞ evaluated at the end of inflation. Strictly
speaking, they also depend on the derivative of ζk but the
point is that this dependence is completely negligible since
it is related to the presence of a decaying mode. However,
in principle, ζ0k is present. This means that, at the operator
level, one can write

cδT
T
ðeÞ ¼

Z
dk

ð2πÞ3=2 ½FðkÞ þ ik · eGðkÞ�ζ̂kðηendÞ

× e−ik·eðηlss−η0Þþik·x0 ; ð42Þ

where, compared to Eq. (41), we have slightly redefined the
form factors. In particular, the above expression implies

that dδT=T for two different directions e and e0 are
commuting operators since ½ζ̂k; ζ̂p� ¼ 0. Notice that this
result crucially rests on the fact that we have neglected the
decaying mode. If not, the temperature anisotropy would
depend on ζ0k, namely on the momentum and, therefore, it
would no longer commute for different directions on the

sky. We also conclude that the eigenvectors of dδT=Tðθ;ϕÞ,
that we denote since a measurement of the CMB
temperature anisotropies projects the state to one of these
eigenvectors, are those of ζ̂k. Then, given the fact that
ζ̂k ¼ ðck þ c†−kÞ=

ffiffiffiffiffi
2k

p
, one can write the state in terms

of the eigenvectors of the creation and annihilation oper-
ators, namely the coherent states. This leads to

ð43Þ

This also implies that the two-mode squeezed state intro-
duced before is not an eigenstate of the temperature
anisotropy operator, which means that

ð44Þ

Since we observe a specific map, one has then to assume
that, after our “observation” of the sky, the system is placed
in the “eigenstate” corresponding to the “eigenvalue”
δT=Tðθ;ϕÞjPlanck, namely the Planck map. How the process

ð45Þ

occurred is of course the quantum measurement problem
which is usually “solved” by the collapse postulate.
However, the status of this postulate is, to say the least,

unclear in cosmology and alternatives to the standard
Copenhagen interpretation have been proposed such as,
continuous spontaneous localization (CSL) models [59–66],
the manyworlds [67,68] or the Bohm-de Broglie interpre-
tations [69–72]. Here, we will not attempt to discuss these
issues and will just assume that the system is placed in a
specific eigenvector corresponding to a specific eigenvalue,
namely the Planck map .
Let us now see what it means to “measure” the spin

operators. According to the previous discussion, it seems
reasonable to assume that we have measured ζ̂k, i.e. we
have a collection of numbers ζk. Of course, one can only
measure real quantities and, therefore, one should rather
say that we have measured the real and imaginary parts
of the operators ζ̂k. But this is equivalent since all these
quantities commute and, therefore, a measurement of the
real and imaginary parts of the curvature perturbations is
also a measurement of ζ̂k and its Hermitian conjugate,
exactly as a measurement of Ô is also a measurement of
any function fðÔÞ since ½Ô; fðÔÞ� ¼ 0 [if we have found
Ô to be the number o, then, because of their vanishing
commutator, we are entitled to say that we have measured
fðÔÞ to be fðoÞ]. Then, using Eqs. (2) and (3), it is easy to
establish that

q̂k ¼
z
2
ðζ̂k þ ζ̂−kÞ þ

z
2k

ðζk0 − ζ0−kÞ; ð46Þ

and we see that the knowledge of ζ̂k is not sufficient to infer
q̂k. However, if the decaying mode is neglected, then a
measurement of ζ̂k is a measurement of the operator q̂k.
Notice that in this limit, q̂k ¼ q̂−k, hence ŜxðkÞ ¼ Ŝxð−kÞ
[since they share the same Wigner-Weyl representation
according to Eq. (38)], thus ŜxðkÞ ⊗ Ŝxð−kÞ ¼ Î. As a
consequence, hΨ2 sqjŜxðkÞ ⊗ Ŝxð−kÞjΨ2 sqi ¼ 1, which is
consistent with the large-squeezing limit of Eq. (26).
Moreover, since hΨ2 sqjŜzðkÞ ⊗ Ŝzð−kÞjΨ2 sqi is always
1, this also shows, as announced in the introduction, that a
Bell inequality violation (furthermore a maximal one) can
be obtained even when the decaying mode is neglected.
In the following, we assume that the decaying mode can

be ignored and study the consequences. The question is
now, given the knowledge of the numbers qk, can we infer
the values of the pseudospin operators? Let us first discuss
the BW spin operators defined by Eqs. (10), (11), and (12).
One can show that

ŝzðkÞ ¼ −ð−1ÞN̂k ¼ −
Z þ∞

−∞
dqkjqkih−qkj; ð47Þ

where we recall that N̂k ¼ ĉ†kĉk is the particle number
operator. This operator does not commute with q̂k since
one has
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hqkj½ŝzðkÞ; q̂k�jq0ki ¼ ðqk − q0kÞh−qkjq0ki
¼ 2qkδðqk þ q0kÞ ≠ 0: ð48Þ

Since, in cosmology, we are given a measurement and,
contrary to what happens in the laboratory, we cannot
perform a new measurement, this means that one simply
cannot measure ŝzðkÞ if q̂k has been measured. On the other
hand, the operators ŝx and ŝy are related to the parity flip
operators ŝ� through ŝ� ≡ ðŝx � iŝyÞ=2, where

ŝ−ðkÞ ¼
�
Îþ ð−1ÞN̂k

�
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N̂k þ 1

p ĉk; ð49Þ

and ŝþ ¼ ŝ†−. It is not obvious to design an experimental
protocol in order to measure these operators. It is not even
clear whether this is, in principle, feasible. In any case,
since the operator ĉk depends on q̂k and π̂k, it is hard to see
how ŝ� could commute with q̂k. So, as far as the BM spins
defined by Eqs. (10), (11), and (12) are concerned, we are
in a situation where it is probably impossible to infer their
values from the data.
The same conclusion is also valid for the GKMR

operators defined in Eqs. (22), (23), and (24) since, for
instance, they share the same z-component spin operator as
the one of the BW proposal, namely ŝz ¼ Ŝz. However, it is
interesting to notice that

hqkj½ŜxðkÞ; q̂k�jq0ki ¼ 0; ð50Þ

which means that ŜxðkÞ can be measured. In fact, it is also
easy to show that

Ŝxjqki ¼ signðqkÞjqki; ð51Þ

which means that, once we are given the number qk, the
value of Ŝx is just the sign of qk. Of course, this is
compatible with its Weyl-Wigner representation, see
Eq. (38). The fact that ŜxðkÞ can be measured does not
“save” the GKMR operators since we would need another
measurable operator, which is not the case for the only one
left, namely Ŝy, since

hqkj½ŜyðkÞ; q̂k�jq0ki ¼ ðqk − q0kÞh−qkjq0ki þ q0khqkj − q0ki
þ qkhqkjq0ki

¼ qk½δðqk þ q0kÞ þ δðqk − q0kÞ� ≠ 0:

ð52Þ

Finally remains the Larsson operators (28), (29),
and (27). In particular, the Ŝz operator is measurable since
one has

hqkj½ŜzðkÞ; q̂k�jq0ki ¼ 0: ð53Þ

Indeed, it is easy to show that

Ŝzjqki ¼
Xn¼∞

n¼−∞
ð−1Þn½Θðqk − nlÞ − Θðqk − nl − lÞ�jqki:

ð54Þ

This formula tells us that, in practice, the observer chooses
a value of l and, given a measurement of q̂k, identifies the
value of n such that qk ∈ ½nl; ðnþ 1Þl�. The measurement
of ŜzðlÞ is then ð−1Þn. However, neither ŜxðlÞ nor ŜyðlÞ
can be inferred from the knowledge of qk since

hqkj½ŜxðkÞ; q̂k�jq0ki ≠ 0; hqkj½ŜyðkÞ; q̂k�jq0ki ≠ 0; ð55Þ

as can be established from the result

hqkj½ŜþðkÞ; q̂k�jq0ki ¼ l
Xn¼þ∞

n¼−∞
½Θðqk − 2nlÞ

− Θðqk − 2nl − lÞ�δðq0k − qk − lÞ;
ð56Þ

hqkj½Ŝ−ðkÞ; q̂k�jq0ki ¼ −l
Xn¼þ∞

n¼−∞
½Θðqk − 2nl − lÞ

− Θðqk − 2nl − 2lÞ�δðq0k − qk þ lÞ:
ð57Þ

We conclude this section by stressing out that the
knowledge of the numbers qk is not sufficient to determine
two spin operators, which is necessary to observe a Bell
inequality violation in the data. This limitation seems to be
deeply rooted in the fact that we work in a cosmological
context. Indeed, in a conventional situation, one would first
measure, say, the z-component of the spin and, then, in a
second time, one would repeat the experiment and measure,
say, the x-component. In cosmology, one cannot repeat the
experiment and, in some sense, we are given the measure-
ment. This means that we are unable to determine the value
of two noncommuting observables from the data. In the
laboratory, this would be like being given a measure of the
z-component only and trying to infer a Bell inequality
violation from this single measurement. A possible way out
would be to use a kind of ergodic theorem. Indeed, as we

have already seen, dδT=Tðθ;ϕÞ is in fact a collection of
operators, one for each direction in the sky. One could then
imagine to perform a measurement of the x-component in
one direction and of the y-component in another direction.
However, at least if the Copenhagen interpretation is taken
to its logical extreme, this is already “too late”, since we
have already measured the operator q̂k (or ζ̂k) over the
entire celestial sphere. Therefore, at this point, it seems that
there is no hope to observe a Bell inequality violation in the
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CMB data unless we find a way to go beyond these
fundamental limitations.

C. Decoherence

It is also interesting to study how robust our
results are against quantum decoherence [73–78]. For
this purpose, we model decoherence through the generic
Gaussian channel which consists in replacing the
density matrix ρ according to [75] ρðqk;q−k; ~qk; ~q−kÞ→
ρðqk;q−k; ~qk; ~q−kÞexp½−ξðqk− ~qkÞ2−ξðq−k− ~q−kÞ2�, where
the phenomenological parameter ξ encodes the interaction
strength with the environment. Given a concrete model for
the environement, in principle, one could determine ξ
explicitly. We illustrate the effect of decoherence with
the GKMR pseudospin operators (22)-(24). As already
mentioned, the mean value of the Bell operator is given
by an equation similar to Eq. (18), where hΨ2 sqjŜxðkÞ ⊗
Ŝxð−kÞjΨ2 sqi is still given by Eq. (26), while, instead of

hΨ2 sqjŜzðkÞ ⊗ Ŝzð−kÞjΨ2 sqi ¼ 1, one now has

hΨ2 sqjŜzðkÞ⊗ Ŝzð−kÞjΨ2 sqi ¼ ½1þ 8ξcoshð2rkÞ
þ 12ξ2 þ 4ξ2 cosð4φkÞ þ 8ξ2 coshð4rkÞsin2ð2φkÞ�−1=2:

ð58Þ

The corresponding Bell operator mean value is shown in
Fig. 3. As expected, one can see that as ξ increases,
coherence is lost, the mean value of B̂GKMR becomes
smaller than 2 and Bell inequality violation no longer

exists. For large values of rk, the disappearance of Bell
inequality violation occurs rapidly, even though hB̂GKMRi
remains close to (while being less than) the Bell violation
threshold 2. This is a consequence of the well-known
fragility of highly-squeezed states under environmental
influence [79]. This result suggests that decoherence is
another challenge for Bell CMB experiments.

V. CONCLUSIONS

Inflation implies that the quantum state of CMB anisot-
ropies is a two-mode squeezed state. This state is an
entangled state and, as a consequence, it is natural to
imagine that a cosmic version of the Bell experiment could
reveal quantum correlations in the sky. In this article, we
have discussed the problems one faces when one tries to
implement this program concretely. We have exhibited
different possible setups and identified those which, in
principle, could be realized. However, we have also shown
that all of them are such that only one component of the
pseudospin operators can at most, in practice, be inferred
from the data, which is not sufficient to observe a Bell
inequality violation. In some sense, we encounter again the
well-known problem that the quantum behavior of the
perturbations is hidden in the decaying mode, but more
crucially, we also face the fact that one cannot perform
repeated measurements of the CMB along different spin
operators, as is necessary in standard Bell experiments. The
approach followed in this article attempts to circumvent
these problems from a completely new perspective and,
therefore, sheds new light on these questions. In particular,
it shows that the only way out is to design a method which
makes use of only one pseudospin component, either Ŝx

or Ŝz. This turns out to be possible in the Leggett-Garg
inequality [80,81] proposal where the same spin compo-
nent is measured at different times. Since it was recently
shown [82] that the Leggett-Garg inequality is violated if
the state of the system is a squeezed state, this opens up
another possibility for hunting down the quantum origin
of the cosmological structures about which we plan to
report soon.
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APPENDIX: CORRELATION FUNCTION OF Ŝx

In this appendix, we show how to arrive at Eq. (26). The
ŜxðkÞ operator defined in Eq. (22) can also be written as

FIG. 3. Mean value of the Bell operator for the GKMR
pseudospin operators in presence of decoherence parametrized
by the quantity ξ. Different values of the squeezing parameter rk
are displayed with different colors, and the squeezing angle is
chosen to be φk ¼ −π=2.
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ŜxðkÞ ¼
Z þ∞

0

d ~qkðj ~qkih ~qkj − j − ~qkih− ~qkjÞ: ðA1Þ

The action of Ŝxð−kÞ on the two-mode squeezed state (5) can be expressed as

Ŝxð−kÞjΨ2;sqi ¼
Z þ∞

0

d ~q−k
Xþ∞

n¼0

1

cosh rk
e−2inφk tanhnrk

× ðh ~q−kjn−kijnk; ~q−ki
− h− ~q−kjn−kijnk;− ~q−kiÞ: ðA2Þ

Then, the next step is to apply the operator ŜxðkÞ on the previous state. This leads to

ŜxðkÞŜxð−kÞjΨ2;sqi ¼
Z þ∞

0

Z þ∞

0

d ~q−kdqk
Xþ∞

n¼0

1

cosh rk
e−2inφk tanhnrkðh ~q−kjn−kihqkjnkijqk; ~q−ki

− h− ~q−kjn−kihqkjnkijqk;− ~q−ki − h ~q−kjn−kih−qkjnkij − qk; ~q−ki
þ h− ~q−kjn−kih−qkjnkij − qk;− ~q−kiÞ; ðA3Þ

and, therefore, using again the expression of the two-mode squeezed state, one arrives at

hΨ2;sqjŜxðkÞŜxð−kÞjΨ2;sqi ¼
1

cosh2rk

Xþ∞

n¼0

Xþ∞

m¼0

e−2inφkþ2imφk tanhnrktanhmrk

Z þ∞

0

Z þ∞

0

d ~q−kdqk

× ðh ~q−kjn−kihqkjnkihmkjqkihm−kj ~q−ki − h− ~q−kjn−kihqkjnkihmkjqkihm−kj − ~q−ki
− h ~q−kjn−kih−qkjnkihmkj − qkihm−kj ~q−ki þ h− ~q−kjn−kih−qkjnkihmkj − qkihm−kj − ~q−kiÞ:

ðA4Þ

One can then express explicitly each of the matrix element present in the above equation, obtaining the following expression

hΨ2;sqjŜxðkÞŜxð−kÞjΨ2;sqi ¼
1

cosh2rk

Xþ∞

n¼0

Xþ∞

m¼0

e−2inφkþ2imφk tanhnrktanhmrk
1ffiffiffi

π
p

2nn!
1ffiffiffi

π
p

2mm!

Z þ∞

0

Z þ∞

0

d ~q−kdqk

× ½Hnð ~q−kÞHnðqkÞHmðqkÞHmð ~q−kÞ −Hnð− ~q−kÞHnðqkÞHmðqkÞHmð− ~q−kÞ
−Hnð ~q−kÞHnð−qkÞHmð−qkÞHmð ~q−kÞ þHnð− ~q−kÞHnð−qkÞHmð−qkÞHmð− ~q−kÞ�e− ~q2k−q

2
k ;

ðA5Þ

where we recall that Hnð:Þ is a Hermite polynomial of order n. This expression is made of four terms that can be calculated
separately. Using the relation

Xþ∞

n¼0

wn

n!
HnðxÞHnðyÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4w2

p exp

�
2w

4w2 − 1
½2wðx2 þ y2Þ − 2xy�

�
; ðA6Þ

the first term reads

hΨ2;sqjŜxðkÞŜxð−kÞjΨ2;sqið1Þ ¼
1

πcosh2rk

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4w2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4w�2p

Z þ∞

0

Z þ∞

0

d ~q−kdqk

× exp

�
−q2k þ

2w
4w2 − 1

½2wðq2k þ ~q2−kÞ − 2qk ~q−k�
�

× exp

�
− ~q2k þ

2w�

4w�2 − 1
½2w�ðq2k þ ~q2−kÞ − 2qk ~q−k�

�
; ðA7Þ
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where we have defined w≡ e−2iφk tanh rk=2. We see that the only thing which remains to be calculated is a two-dimensional
Gaussian integral. Simplifying the argument of the exponential, it takes the following form

hΨ2;sqjŜxðkÞŜxð−kÞjΨ2;sqið1Þ ¼
1

πcosh2rk

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4w2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4w�2p

Z þ∞

0

Z þ∞

0

d ~q−kdqke
−Að ~q2−kþq2kÞþC ~q−kqk ðA8Þ

where the coefficients A and C can be expressed as

A≡ tanh2ðrkÞ þ 1

cosh2ðrkÞ½tanh4ðrkÞ − 2tanh2ðrkÞ cosð4φkÞ þ 1� ; ðA9Þ

C≡ 4 tanhðrkÞ cosð2φkÞ
cosh2ðrkÞ½tanh4ðrkÞ − 2tanh2ðrkÞ cosð4φkÞ þ 1� : ðA10Þ

The three other terms can also be calculated explicitly by using the remark that Hnð−xÞ ¼ ð−1ÞnHnðxÞ. Then, one
immediately sees that the fourth term is in fact equal to the first one. It is also clear that the second and the third ones are
equal. The calculation of these two last terms is very similar to the above calculation except that the quantity w should be
substituted by −w which leads to an expression similar to Eq. (A8), the only difference being that the sign of the term
C ~q−kqk in the argument of the exponential is changed. The final result reads

hΨ2;sqjŜxðkÞŜxð−kÞjΨ2;sqi ¼
2

πcosh2rk

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4w2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4w�2p

×
Z þ∞

0

Z þ∞

0

d ~q−kdqk½e−Að ~q2−kþq2kÞþC ~q−kqk − e−Að ~q
2
−kþq2kÞ−C ~q−kqk �: ðA11Þ

The integration can be performed explicitly and one obtains

hΨ2;sqjŜxðkÞŜxð−kÞjΨ2;sqi ¼
4

πcosh2rk

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4w2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4w�2p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4A2 − C2
p arctan

�
Cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4A2 − C2
p

�
: ðA12Þ

Finally, using the expression of w, one arrives at our final expression, namely

hΨ2;sqjŜxðkÞŜxð−kÞjΨ2;sqi ¼
2

π
arctan

�
2 tanhðrkÞ cosð2φkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tanh4ðrkÞ − 2tanh2ðrkÞ cosð4φkÞ þ 1
p �

: ðA13Þ

This is the expression used in the main text. Let us also notice that, if the squeezing angle vanishes, φk ¼ 0, then one
simply has

hΨ2;sqjŜxðkÞŜxð−kÞjΨ2;sqi ¼
2

π
arctan ½sinhð2rkÞ�: ðA14Þ

This expression is consistent with Eq. (35) of Ref. [52], except that, in that reference, there is probably a misprint in the
expression of the Bell operator mean value which should rather look like Eq. (25) of the same article.
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