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Direct detection of dark matter bound to the Earth
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We study the properties and direct detection prospects of an as of yet neglected population of dark matter
(DM) particles moving in orbits gravitationally bound to the Earth. This DM population is expected to form
via scattering by nuclei in the Earth’s interior. We compute fluxes and nuclear recoil energy spectra
expected at direct detection experiments for the new DM population considering detectors with and without
directional sensitivity, and different types of target materials and DM-nucleon interactions. DM particles
bound to the Earth manifest as a prominent rise in the low-energy part of the observed nuclear recoil energy
spectrum. Ultra-low threshold energies of about 1 eV are needed to resolve this effect. Its shape is
independent of the DM-nucleus scattering cross-section normalization.
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I. INTRODUCTION

The detection of Milky Way dark matter (DM) particles
is one of the most pressing research questions in astro-
particle physics. The experimental technique known as
direct detection will play a crucial role in this context in the
coming years [1]. It searches for nuclear recoil events
induced by the nonrelativistic scattering of Milky Way DM
particles in low-background detectors [2]. The goal is to
disentangle the expected DM signal, i.e. a few nuclear
recoil events per ton per year, from background events
induced by environmental radioactivity, muon-induced
neutrons or solar and atmospheric neutrinos [3]. In order
to achieve this goal, different experimental read-out strat-
egies are currently under investigation, including the
detection of scintillation light, athermal phonons, ioniza-
tion charge, and bubble nucleation [4]. An alternative to
background discrimination is the detection of an annual
modulation in the observed rate of nuclear recoil events,
which would allow us to identify the DM origin of the
observed signal unambiguously [5—7]. The first ton-scale
detectors for DM direct detection exploiting liquid Xenon
or Argon are currently in a construction or commissioning
stage [8]. The first data release of XENONI1T is for instance
expected in 2017, with great expectations for groundbreak-
ing discoveries [9]. At the same time, detectors with
directional sensitivity, i.e. designed to measure anisotropies
in the distribution of nuclear recoil events, are currently in a
research and development stage, and some first encourag-
ing results have already been achieved [10].

Low-threshold detectors are a priority in the design of
DM direct detection experiments. A first motivation for
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low-threshold detectors arises from models of light
DM [11]. A DM particle of mass m, moving at a speed
of 1073 in natural units can deposit at most an energy
2% 10°mZmy/(m, + my)? in the scattering by nuclei of
mass my. Therefore, it is required a threshold energy of
about 1 keV (1 eV) to detecta 1 GeV (1 MeV) DM particle
in DM-nucleus elastic collisions. This can be somewhat
improved by looking at inelastic channels [12]. Currently
none of the operating direct detection experiments has
reached threshold energies of 1 eV yet. However, various
strategies are under consideration, ranging from the initial
proposal of Drukier and Stodolsky for the detection of
neutrinos via neutral-current interactions [ 13] to more recent
studies by where DM detection is achieved via excitations in
superfluid helium [14] or semiconductors [15].

We have recently argued that low-threshold direct
detection experiments are crucial for a second important
reason [16]. They would allow for the detection of an as of
yet neglected population of DM particles gravitationally
bound to the Earth, for which we have calculated the
expected flux and induced event rate at detector. This new
population of DM particles would manifest in a direct
detection experiment as a prominent spectral feature in the
low-energy part of the observed nuclear recoil energy
spectrum. Such a population of bound DM particles can
form if DM interacts with the nuclei in the Earth and
scatters to orbits gravitationally bound to the planet, where
it accumulates over the whole history of the solar system
until the present time, when it is eventually detected. The
velocity distribution of this new population of DM particles
peaks just below the Earth’s escape velocity, and the
induced nuclear recoil spectrum at detector is maximum
for values of the DM particle mass close to the mass of
abundant elements in the Earth, since in this mass range the
probability of scattering to bound orbits is larger.
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The literature on the capture of DM particles in orbits
bound the solar system is considerable. Most of these
studies focus on the capture of DM particles by the Sun,
and on the subsequent accumulation and annihilation of
such particles at the Sun’s centre, resulting in energetic
neutrinos observable on Earth, e.g. [17-20]. The direct
detection of DM particles from orbits bound to the Sun is
studied in [21,22]. It is found that the expected rate of
nuclear recoils is small due to the large Earth to Sun
distance. The capture of DM particles in orbits bound to the
Earth is investigated in, e.g. [23-26]. Most of the works on
this topic focus on the neutrino signal produced by DM
annihilation at the Earth’s center. To the best of our
knowledge, the direct detection of DM particles bound
to the Earth is addressed in two articles only, besides our
recent publication [16]. In the pioneering work by Gould
et al. [27], the direct detection of DM particles bound to
the Earth is studied assuming a modified isothermal
velocity distribution for DM. This study carefully accounts
for various effects related to the Sun’s gravitational
potential, but focuses on standard spin-independent dark
matter-nucleon interactions only. In a subsequent publica-
tion [28], an explicit expression for the velocity distribution
at the Earth’s surface of DM particles in orbits bound to the
planet is found. Our work [16] extends these first inves-
tigations by considering a broader set of dark matter-
nucleon interactions, a refined chemical composition for
the Earth, and detectors with and without directional
sensitivity. In the present study, we further extend the
results presented in [16] by providing significantly more
general expressions for fluxes and rates now valid for
arbitrary dark matter-nucleon interactions, and considering
different target materials for the assumed terrestrial
detectors.

This paper is organized as follows. In Sec. II we will
review and significantly extend the calculations presented
in Ref. [16], providing all details needed to compute the
flux of DM particles bound to the Earth potentially
observable in a terrestrial detector. In Sec. III we will
convert this flux into a rate of nuclear recoil events,
considering both non-directional and directional detectors,
and expressing all equations in terms of general DM-
nucleus scattering cross-sections. In Sec. IV we will
numerically evaluate the main equations previously derived
and discuss how our conclusions depend on assumptions
regarding the direct detection of DM particles bound to the
Earth. Finally, we will conclude in Sec. V.

II. DM CAPTURE BY THE EARTH

The capture of DM particles by stellar objects and the
Earth has been studied extensively in the past [17,25]. In
particular, the capture of DM in the Sun and its subsequent
distribution in bound elliptical orbits has been studied both
analytically [21,22] and numerically [19,20]. Here we
focus on DM capture by the Earth. The key point for
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the DM capture is that the particle should scatter under-
ground to velocities that are below the escape velocity of
that particular point of the Earth, thus leading to a
gravitational bound orbit.

Let us review the capture rate of halo DM particles to
gravitationally bound orbits in the Earth after a scattering
with a nucleus inside the Earth starting from first principles.
Let us assume that the DM particle density inside the
Earth at the scattering point just before the scattering takes
place is

dnl

= f(X, ?)d>xd’v, (1)
where f(X,7) is the DM distribution right before the
collision (at position X with velocity 7). The number of
DM scatterings per time per center of mass solid angle dQ
that takes place within an infinitesimal volume d°x inside
the Earth with nuclei of the element A of density n,(x) is
given by

: - o o d
AN, = Bxny (R of (. 5)v oA dEg. (2)
dEx

where do, /dEy is the differential cross section per recoil
energy E. Not all scatterings lead to capture. The capture
condition for a scattering is for the particle to lose energy
larger than the kinetic energy it had asymptotically far away
from the Earth. The energy before the collision (i.e. kinetic
plus potential one) is

1 1
Eyetore = me(vz - vgsc(r)) = Em;(vgm (3)

where v, (r) is the escape velocity from the Earth at a
radius r from the center of the Earth (i.e. at the place of the
scattering) and v, is the velocity of the particle at an
asymptotically far away distance from the Earth. The total
energy after the collision must be negative in order for the
DM particle to remain in a bound orbit around the Earth. Its
value is

_GmyMg 1

E 2a = — E m)(a, (4)

after — Em;((vlz - Ugsc(r)) =

where a is the major semiaxis of the elliptical orbit after the
collision and « is defined as a = GMg/a (G being the
gravitational constant and M g the mass of the Earth). Using
Egs. (3) and (4) we get the energy transfer Ej

1

1
Ep = 5m,(v? = v3e(r) + @) = 5m, (v +a). (5)

2
Equation (5) gives dEg = (1/2)m,da and Eq. (2) now
reads
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o d
AN, = = dxny (R)d*vf (7, 5)v oA m, da®,,  (6)
2 dEg

where ®, represents a step function that enforces the
kinematic constraint Ep gﬂ{iEk,, where E;, = (1/ 2)m}(1)2
is the kinetic energy before the collision. We define
4m,my

F

(7)

m, £my)*’

Using Eq. (5) the above condition can be written
as 2Eg/m, = v} + a < piv? = pA (vl + vi.(r)). Since
1/p4 —1/p2 =1 the above constraint can be rewritten as

0, =0 {ﬂi‘ (v:fisc(r) - %) - v%o} , (8)

where it is understood that the step function ®(x) = 1 if
x>0 or O otherwise. Since the Earth is moving with
respect to the rest frame of the DM halo, the flux of
incoming particles is not going to be isotropic. This will
also infuence the distribution of elliptical orbits for the
captured DM particles. However merely due to the rotation
of the Earth around its own axis, we expect that the
distribution of the elliptical orbits will be to good approxi-
mation isotropic. For asymptotically far away distances
from the Earth we use a Maxwell-Boltzmann distribution

e 7 \2
foo(/l_;oo) = ”Thexp <—M> , (9)

where v = 220 kms™! is the local standard of rest, v, =
232 kms~! is the Earth velocity in the galactic rest frame,
and n, the DM number density in the Earth’s neighbor-
hood. Liouville’s theorem states that the distribution
function remains constant along the trajectory of a particle,
ie. f(X,7) = folVoo(X, V)] Where f, is the DM distribu-
tion far away from the Earth and v2, = v — v%(r). Taking
the angular average of f(X, ) defined as [ f(X,?)d°v =
4z [V f(r,v)dv we get

S

v

IS

— e

o

ot

- n !
f(v)dv = z (e ’
432y gvgN/ v? — v?

where v, = /v> — v? & v,. Note that we have dropped
the variable r from f. The escape velocity of the Earth
varies from 15 kms~! at the Earth’s center to 11.2 kms™!
at the Earth’s surface. In the following, we will simplify our
calculations by setting the escape velocity to its surface
value v; = 11.2 kms~'. This makes f(r, v) independent of
r [leading to Eq. (10)], which simplifies the numerical
calculation significantly. Setting v; = 11.2 kms™' is a

)dv, (10)
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conservative choice, in that larger values of the escape
velocity would increase the size of the predicted effect.

Upon making the isotropic approximation, we can
simplify further Eq. (6). The specific angular momentum
of the particle after the collision is J = rv sin § where r is
the distance from the center of the Earth, v the velocity after
the collision and 0 the angle subtended by 7 and 7. Since we
assume that cos@ is wuniformly distributed, and
J? = J2, (1 = cos? 0), the distribution rewritten in terms
of J? is dcos@=dJ*/(2Jhu\/1 —J?/Jha) Where
Jmax = v 1S the maximum possible specific angular
momentum after the collision. Within this approximation
we can now rewrite Eq. (6) as

-1
. - .d J?
dN, = ﬂd3an(r)v3dvf(U)d%mx (Jrzmx 1- 2—)

R max

x dadJ?*®,0,, (11)

where ©; = O(J . — J) is a step function enforcing J <
Jmax- With the use of Eq. (4), Jynax = 7(v2(r) — a)'/2. One
can easily check that in the case of spin-independent
interactions where

doy, mu0oy,
— = F2(E 12
dER 2/1‘%1)2 A( R)’ ( )

where u, is the DM-nucleus reduced mass, Eq. (11)
becomes the one derived in [22]

dNA:

) 7 2\ -1/2
sl ) (1 - ) R e
max# + max

X 0,0, (d*xdv)dadJ?. (13)

The form factor F3(E) accounts for the loss of coherence
and it is usually approximated by

FA(Eg) = exp(—Eg/Qn), (14)

where Ejy is the energy transferred during the collision and
Q4 =3/(2m4R%), m, being the nucleus mass and R, =
10713 em [0.3 + 0.91(54;)!/?] the radius of the nucleus. In
this paper since we will present results for different types of
DM-nuclei interactions, we will use Eq. (11) which can be
used for any generic interaction and form factor.

Equation (11) can be written in a more convenient form
in terms of new more useful variables for the purposes of
this study. Instead of using J> and a, we will use the
perihelion (minimum distance of the elliptical orbit to the
center of the Earth) r,, and the ellipticity of the orbit e.
Recall that the semimajor axis for an ellipse is a = r,,/
(1 —e) and consequently @ = GMg(1 — e)/r,,. Note also
that J? = r2,(v? — @). From these two expressions we can
calculate the Jacobian and get
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dJ?da = 2GMg, <v1 )dedrm. (15)

m

Equation (11) can be written in terms of the new variables
r, and e as

. -, d
dN, = 2aGMgd3xn,(r)v3dvf(v) % m,
R

7\ -1
X (rzw 1- :—'g) ©, O.dr,de. (16)

The condition J = r,,(v? — a)'/? < J,, imposed by O,

becomes ®, = O(r—r,) and B, is ®, having substituted
a=GMg(l—e)/r,. Recall that the semimajor axis
a=r,/(1 —e). For the typical spin-independent DM-
nucleus cross section of Eq. (12), Eq. (16) takes the form
provided in [16]

. oavf(v)ng(r r2\ ~1/2
dN, = 4erM®Ar(2ﬁ)AA() (1 - r2> F3(Eg)
+

x ©, O,(d*xdv)dedr,. (17)

Since we consider generic DM-nuclei interactions, we are
going to use the more generic form of Eq. (16).

Equation (16) should be summed over all elements
abundant in the Earth. In practice we take into account
the most abundant elements, i.e. %0, 28Si, 2*Mg, °Fe, 4’Ca,
2Na, 328, 78Ni, and *’Al assuming the standard composition
and density profile of chemical elements in the Earth n, (r)
provided in [29]. Integrating Eq. (16) over d*xdv and
summing over elements gives

dN = 8n2GM®mZZKA(rm, e)
A

Re 2\ -1/2
X / drny(r) (1 —%’) dedr,,
rnl r

= g(r,,, e)dedr,,. (18)

Equation (18) gives the rate of accumulation of trapped DM
particles into bound elliptical orbits of ellipticity within
[e, e +de|, and perihelion within [r,,,r,, + dr,]. In the
derivation of Eq. (18), we have assumed spherical sym-
metry, i.e. d>x = 4zr2dr. K,(r,,. e) is defined as

dO'A

B (19)

Ka(rm.¢) = / " 40 F(v)

The upper limit v, comes from the step function ®, and it
given by

A
vz_\/(uﬁé)v%—%u—e)ﬁ—;. (20)

I T
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The lower limit of integration is obviously the escape
velocity »; since a DM particle with zero speed at
asymptotic far distances from the Earth, will acquire v,
once it reaches the Earth. do,/dER depends generally on
Ej (either explicitly or via the form factor F3(Eg). In such
a case

Eg = (1/2)m, <1}2 -l + M) (21)

T'm

is the energy loss in the collision that must be used in the
evaluation of K4(r,,, e).

III. RECOIL ENERGY SPECTRUM OF
BOUND DARK MATTER

In order to estimate the rate of events of bound DM
particles scattering off a detector, we need to estimate the
probability of DM particles that follow a specific elliptic
orbit to scatter off the detector as well as the number of
bound DM particles per specific elliptical orbit. To simplify
our estimate, we are going to consider DM particles that
have scattered in the Earth once in order to get captured and
a second time in the detector creating a recoil signal.
Multiple scatterings that take place underground diminish
further the kinetic energy of the DM particle leading to
recoil energies that are practically below any experimental
threshold. Therefore within this approximation, we esti-
mate the number of DM particles that can accumulate in
different orbits and have scattered only once. We can now
estimate the number of periods AV required for a bound DM
particle to scatter for a second time

N = (ZA A : nA(r)aA«f(rm,e)d9>_1, (22)

where &(r,,, €)dO is an infinitesimal path along the elliptic
trajectory of the orbit. The length of the path that a DM
particle travels underground is

/df:ZAHI d@,/(%)zﬂz E/)g' E(r,. €)do. (23)

Using the parametric equation for the elliptic orbit
P
—=1+ecosb, (24)
r

where P is a constant, e the ellipticity of the orbit and 6 the
angle subtented from a point of the orbit with distance r
from the center and the perihelion, it is easily found that

E(rpe) = 2r,(1+ e)V 1+ e +2ecos0/(1 + ecos ).
(25)
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The limit of integration 6, is given by

1 1
cos, = m (1) 1
Rgy e e

(26)
and corresponds to the angle subtended by the perihelion
and the point where the orbit crosses the Earth (r = Rg)
from the Earth’s center. It can be found by setting r = Rg
and solve for @ in Eq. (24) The condition —1 < cos#; < 1
implies that

1_6Sr—mﬁl.
1+ ®

(27)

N
=

For a given orbit, the time 7'(r,,, ¢) a DM particle can spend
without scattering for a second time until today is on
average

T(r,,e) = min|

X T(Fp.€), Tg), (28)

where 74 = 4.5 x 10° years is the age of the Earth and
47? r
(ry,,e) = “ (29)
) GMg(1-e)?

is the period of the elliptical bound orbit. We will refer to T
as accumulation time.

A. Nondirectional detectors

The differential event rate in a nondirectional detector for
a given orbit characterized by r,, and e is

doy AN 2T(r,,. e)
TdEg 47l t(rp.e)

where N7 is the number of target nuclei in the detector. F is
the flux of bound DM particles in orbits of perihelion r,,
and ellipticity e crossing the detector. The flux is equal to
the rate dN with which a particular orbit is populated (see
Eq. (18)) multiplied by the time T(r,,, e) this orbit can
accumulate DM particles divided by z(r,,e)/2 since
during each period of the orbit the DM particle crosses
the Earth twice, divided by 47¢2 (£, being the distance
between the detector and the center of the Earth). We have
assumed that the elliptical orbits cross the surface of the
Earth isotropically, i.e. there are no bound DM particles
crossing a particular patch of the Earth’s surface with a
higher rate than another patch. This gives the factor 47£2.
Since generically doy/dEg depends on the DM particle
velocity, it is needed to know the velocity before the
scattering with the detector. It is completely determined by
r,, and e and can be easily shown to be

dere N dng_
T

30
dEg dEg (30)

PHYSICAL REVIEW D 96, 063012 (2017)

v = \/2GM®<1—1 e).
r o 2r,
with r = .. Note that doy /dEy refers to DM scattering off
a detector nucleus and it should not be confused with
do,/dER that was the scattering that lead to the capture of
DM by a random underground nucleus.

Combining Egs. (18), (28) and (30) we obtain the
differential rate of events

doy ( .e)
ded , dr,d
dER = 212 / / edrng(rm: €) g o(r, e) ¢

(32)

(31)

We stress again that in general doy /dER depends on v, and
v should be evaluated at the value given by Eq. (31).
Eq. (32) represents the main equation that gives the event
rate in nondirectional detectors. If one assumes spin-
independent interactions [Eq. (12)], the spectrum recoil
becomes

/ /Rea A€ r’e)dr de
dER leRﬂ) I”m, e) " ’

where k = NTmNGnA%VFZ(ER)/(A"ﬂfLﬂN)

Equation (32) must be contrasted to the recoil events
coming from direct halo DM scatterings off nuclei targets
in the detectors. The rate is as usually given by

(33)

dR Vese TV, dUN
— =N &, 34
ay =V [ w34
where n,, is the local DM density in the Earth, and
Vmin = mNER/<2ﬂ?\/) (35)

is the minimum velocity that can produce nuclear recoil of
energy Ep. For f(v) we use the usual Maxwell-Boltzmann
of Eq. (9) with v, and v, being the escape velocity of the
Galaxy and the velocity of the Earth in the rest frame of the
Galaxy respectively.

B. Directional detectors

We also study the spectrum of bound DM scattering
off directional detectors. By choosing an appropriate
recoil direction, directional detectors have the advantage
of minimizing the rate of events coming from the halo
DM nparticles. Pointing the cone of detection along with
the DM wind, one looks at particles that have velocities
¥ — 7,. This leads to overall smaller particle fluxes and
consequently to smaller rate of events. On the contrary
this choice does not affect the rate of events of bound
DM nparticles. In particular we will consider the spectrum
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of recoils coming from a direction perpendicular to the
vector that connects the center of the Earth with the
detector. We have found that such horizontal directions
can give an enhancement in the bound/halo ratio of DM
events in the detector. Generically the directional rate for
energy recoil Ep and recoil direction within the solid
angle dQ, is

dR do
—— =N ———do, 36
dEgdQ, " / dERdQ, (36)
|
dR Ny doy T(rp,e)
= > —g(rnw e)
dERqu 27713{(‘ dER T(rm, e)

Equation (38) requires some explanation. The flux of
bound DM particles is proportional to g(r,,, e)T(r,, e) X
7(r,,, €) as in the case of nondirectional detectors divided
by the effective area of the detector 672. Eventually we will
show that the result will be independent of 67,. In the case
of nondirectional detectors we were interested in the total
flux of particles passing through the detector without caring
about the direction. Therefore once we knew the density of
bound particles per orbit, we had to integrate over all
possible orbits (i.e. r,, and ¢) in order to estimate the total
rate. In the case of directional detection, not only do we care
about the total number of events per time, but we need to
know from what direction DM particles come from. Since
we care about detecting particles that scatter off nuclei in
the detector creating a nuclear recoil to a particular
direction, r,, and e are not the only variables we need to
achieve that. In addition to the characteristics of the
elliptical orbit, we need to know what is the location of
the perihelion of the orbit compared to the detector
location. Therefore we parametrize the orbits by r,, e,
the polar angles @ and ¢ that define the location of the
perihelion with respect to the detector (i.e. the detector is
along the z-axis) and the angle w between the plane of the
orbit and the plane defined by the perihelion the center of
the Earth and the detector. We expect an isotropic distri-
bution of the perihelion around the Earth and a uniform
distribution for w. This is why we divide the corresponding
quantities by 4z and 2z respectively in Eq. (38). The &
function enforces the recoil angle 6, to be the one that
kinematics dictates. We now need to find the orbits that
pass from the detector’s location and can create a nuclear
|

(rm-e)

dR NT /dO'N

dErdQ,  167°¢, ) dEg’

T(rme)

©(rm. €)
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where d® is the flux of particles arriving at the detector.
For a generic DM-nucleus interaction, the cross section
per nuclear recoil energy per recoil solid angle is

dO'N dO'N 1 Vmin
_PoN_ _ PN 5(cosg, — Lmin) 37
dExdQ,  dEg2n (COS 177y ) (37)

where 0, is the angle between the nuclear recoil and the
initial DM velocity and wv,;, is given by Eq. (35).
Equation (36) can be rewritten with the help of (37) as

dcos0dg¢ d_a)
dr 27’

Umin
5(0059,]— . )drmde (38)

I
recoil to a particular horizontal direction. Equation (24)
evaluated at = O gives the perihelion r = r,,. Therefore
trading P for r, and using r = £, (the distance of the
detector from the center of the Earth) we rewrite Eq. (24) as

1+ ecosd
T =€, TTe (39)
For a given orbit where the perihelion forms an angle 6 with
the center of the Earth and the detector, r,, must be given by
the above equation in order for the particle to pass from the
detector’s location. Varying the value of the perihelion
while keeping e and @ fixed leads to

14 ecosd

or,, = 6C,
1+e

(40)
The integration over dr,, can be substituted approximately
by 6r,, which is related to the size of the detector. On the

other hand in order for the orbit to pass through the detector
(of dimension 67,.),

5¢,
£,.sinf@’

£, sin06w = 8¢, = dw = (41)

Since @ takes values from O to 7z, it is always positive. Since
0f. < €, éw is extremely small unless one considers very
small values of 8 (practically locating the perihelion inside
the detector). If we ignore this tiny patch of surface for the
perihelion, we can substitute the integration over dw by dw.
Using Egs. (40) and (41) we can write (38) as

v

min 1 + 1
5((205 0,-" ) -~ dzdde. (42)

I+e1-2°

where r,, is given by Eq. (39). We defined z = cos 6. Note that the rate does not depend anymore on the characteristic size of
the detector 67,.. We will eventually use the delta function to perform the integral over z. Before we do this, we need to find
the relation of 6, with the variables of the problem i.e. e, ¢ and z. This is done in the Appendix, where we find
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1+ ecosf
V1 + e+ 2ecosf

cos,=0-7 == cosgp.  (43)

The + refers to the two possibilities that the particle is
orbiting the ellipse (counter)clockwise. We assume that it is
equally probable to have clockwise or counterclockwise
orbits. Let us consider first the orbits with a plus sign in
Eq. (43). We will multiply the corresponding rate by a
factor of 1/2 since there is 50% probability. In order to
evaluate the dz integration using the delta function in
Eq. (42), we will use the well-known property

8(z = 29)

Sl =i (44)

where h(z) is a function of z, 7y is the solution of the
equation i(z) = 0 and A'(z) is the derivative of h(z) with
respect to z evaluated at z. In our particular case

h(z) = cos 8, — Umin
v

(I +ez)cos¢p Vpmin
TVt tae \/QGMeB\/l

(45)

l+ez

where v is given by Eq. (31) with r,, given by Eq. (39).
Recall that z = cos6d. The equation /(z) =0 has the
solution

—cos’p +y

ecos’¢ (46)

20 =

where

rm-€) 1+ ez 1
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V2. £,
y = Ymnlc (47)
GMg
It is also easy to show that
. ecos’¢
I (z0)| = . @
22y — (1 — €*)cos’¢
The constraint —1 < zy < 1 leads to the condition
14 /4
—< <y /— 49
Vige =<\ (49)

From Eq. (45) it is clear that 0 < cos¢ < 1 and therefore
\/7/(1 +e) < 1. This last condition can be rewritten as

e>y—1. (50)
Recall that 0 < e < 1 and therefore to have a nonzero
signal y—1 < 1=y <2. Using the definition of y
[Eq. (47)] and v, from Eq. (35), the constraint y < 2
becomes

4u%GM
< HN ®

mec

(51)

R

This condition in fact sets the upper limit in the recoil
energy spectrum that bound DM particles can contribute.

We can now rewrite Eq. (42) performing the integration
over z by using the delta function as we prescribed above

V2r -

(1 = e*)cos’p

/ /4»2 doy o T
dERdQ T 4re, dER Fm- € T(rm,e) l+e /1-22

= Max[y — 1,0] is derived from the constraint
of Eq. (50) and the fact that e > 0. The step function
©(2 —y) ensures that y <2 as it is required from the
constraint of (51). The constraint of Eq. (49) determines the
limits of integration for ¢

¢ = cos™! [Min(l, r ﬂ
1—e

—1 4

= . 53
# = o\ [ (53)
Note that r,, is evaluated at the value
1+ €2p
=7, . 54
=t (54

O2 —y)dpde.  (52)

coszrﬁ

|
[see Eq. (39)]. Equation (52) is our final result for the recoil
spectrum in directional detectors. Comparing the overall
coefficient of Eq. (52) with respect to that of Eq. (42), the
former is larger by a factor of 4 (there is a factor of 1/4
versus 1/16 respectively). A factor of 2 comes from the
integration of ¢. Note that Eq. (49) is satisfied in two
regions i.e. one with positive and one with negative value of
¢. Since cos ¢ always appears as a square, we integrate
only over positive ¢ and multiply by 2. The second factor
of 2 comes from the fact that the orbits with the opposite
direction [i.e. with a minus sign in Eq. (43)] give exactly the
same contribution as the orbits with the plus sign. This is
easy to show: The solution of Eq. (45) is still given by (46)
even for the orbits with a minus sign in (43). The only
difference is that in this case cos ¢ < 0. The constraint of
Eq. (49) remains the same once cos ¢p — — cos ¢p. However
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since cos¢ appears always as cos’>¢ in Eq. (52), one
can change variable ¢’ =7 — ¢ Kkeeping in mind that
cos? ¢/ = cos® ¢p. The constraint on ¢’ is the same of
Eq. (49) with ¢ — ¢ since cos¢@’ = —cos¢. The value
of |W/(zg)] is the same as before and therefore the overall
contribution of the “negative sign” orbits is the same as the
ones with positive sign.

Equation (52) can be used for any generic form of
DM-nucleon interactions. For the spin-independent inter-
action of Eq. (12), (52) becomes

dR ! Z 1 g(r.e)
e - T
dEzdQ, L de /¢ U 2 () | )
V27 = (1 = €*)cos’p
ecos’¢h

1 1
« + ez

1+€ ‘/I_ZO

(55)

where x; = Nymyo, AL F?(Eg) /(87 u% €.).

Equation (52) describes the recoil spectrum of bound
DM scattering off an underground detector. This spectrum
must be contrasted to the usual directional spectrum of halo
DM. Using Eq. (37) we get

dR NTn)( dUN VUmin
- 5(-q- Bo. (56
dExdQ,  2r / g, O\ a—= ) f(wvdv. (36)

In the case of spin independent interactions [see Eq. (12)], it
takes the form

dR .
= _ i 57
dERqu th(”mmv Q)v ( )
where «;, = Nyn,myo,A}F%(Eg)/(4mu3,) and F(Omins §)
is the so-called Radon transformation of f(v) defined
as [30]

A

f(vminv Q) = /5(5 : f] - Umin)f(v)d?,v' (58)

IV. RESULTS

The main equations derived in the previous sections are
Egs. (32) and (52). They describe the rate of nuclear recoil
events expected in nondirectional and directional detectors,
respectively. Now we numerically evaluate and interpret
these expressions under different assumptions regarding the
cross-sections do,/dER (for scattering in the Earth) and
doy/dEy (for scattering in a terrestrial detector). We will
also investigate the dependence of our results on the type of
target nuclei composing the detector in analysis.

A. General considerations

The rate of nuclear recoil events in Eq. (32) depends on
the cross-section do, /dEy through the functions K, and T

PHYSICAL REVIEW D 96, 063012 (2017)

[defined in Egs. (19) and (28), respectively]. It also
depends on the differential cross-section doy/dER, which
appears in Eq. (32) directly. We can therefore characterize
each single scattering event at detector as the result of a
complex three stage physical process. Each stage explicitly
depends on how DM interacts with nuclei and is briefly
described below:
(i) Capture of the DM particle y by the Earth. The
element A contributes with probability proportional
to K A
(i) Motion of the DM particle y along the bound orbit
characterized by r,, and e. This motion lasts on
average for a time 7, i.e. the accumulation time
defined in Eq. (28).
(iii) Scattering of the particle y at detector (with cross-
section given by doy/dER).
In all numerical applications, we will assume the cross-
section [31]

d
Ty 2JA+ @+ 0 2 Z[CC Vi (50

7=0,1 7=0,1

j (] +1) T 1 ol T
% 4C4 (Wz/ (ER) =+ WZT/:(ER»

J U, +1)2muE n
+ X3 mAz RCHCHW@”(ER)} (59)

and an analogous expression for doy/dEg. The isotope-
dependent nuclear response functions W%7, W;f/, Wg: and
ng,’, in Eq. (§9) are quadratic in nuclear matrix elements
and are defined in Ref. [31]. They have been calculated for
the 16 most abundant elements in the Sun, including 160,
283, 2*Mg, 3°Fe, 40Ca, 23Na, 32, 38Ni, and 2’Al, in Ref. [32]
and for various isotopes of Xe and Ge, and for Na in
Ref. [33]. The labels 1,4 and 11 in Eq. (59) refer to the non-
relativistic effective operators O, O, and Oy introduced
in Ref. [31]. O; and O, correspond to the familiar spin-
independent and spin-dependent interaction operators,
respectively, while Oy, = (q/m,) -S,, where m, is the
nucleon mass. The operators q and S, are the momentum
transfer and DM particle spin operators, respectively, and
are explicitly defined in Ref. [32]. The operator O;; can be
the leading operator in the nonrelativistic limit of dark
matter-quark interactions mediated by a spin O (1) particle
when dark matter has spin 1/2 (1) [34]. It has an interesting
phenomenology at direct detection experiments [35,36] and
in the capture of WIMPs in the Sun [32] and in the Earth
[37]. A comparison of Egs. (59) and (12) allows us to
express o4 and F4 in terms of the coupling constants and
response functions in Eq. (59). For the isoscalar coupling
constants, ¢?, ¢} and ¢?,, we assume the reference values
2/ m%/ with my = 246.2 GeV (the electroweak scale), or 0,
depending on whether we are interested in the operator Oy,
O, or Oy;. At the same time, we set the isovector coupling
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K, as a function of the DM particle mass m,, for two elements in the Earth, namely Oxygen and Iron. K, is proportional to the

probability of scattering towards a bound orbit of given ellipticity e and perihelion r,,. In the figure we vary e as reported in the legends,
and fix 7,, to Rg/2. The left panel refers to the interaction O; with c(l) =2/m? and c{ = 0, whereas the right panel to the interaction O,
with ¢, =2/m} and ¢}, = 0. The parameter m, = 246.2 GeV corresponds to the electroweak scale.

constants to zero: ¢| = ¢} = ¢}, = 0. Finally, j, and j, are

the A element and DM particle spins, respectively.

Knowledge of the Earth’s chemical composition is
needed in order to evaluate K4 and 7. In this study, we
consider the nine elements: '°0, 28Si, 2*Mg, %Fe, “Ca,
23Na, 328, 3Ni, and 2’Al, with mass fractions as given in
Ref. [38], and the radial density given in Ref. [39] and
implemented in Ref. [29]. We have verified numerically
that changes in the mass fraction of single elements in the
Earth have a negligible impact on the scattering rate
evaluation.

Figure 1 shows K4 as a function of the DM particle mass
m,, for two elements in the Earth, namely Oxygen and Iron,
and for two reference values of the ellipticity e. We find that
K, increases for m, — m, since in this mass range the
upper limit v, in Eq. (19) tends to infinity, i.e. maximum
momentum transfer in the scattering. Figure 1 also shows
that for large values of e the range of masses where K, # 0
is broader than for e = 0. The reason is that for a given r,,,
the upper limit v, [Eq. (20)] in the integral defining K4
grows with e and the integrand in Eq. (19) is proportional to
v> which also grows with e. Fig. 1 has been obtained by
setting r,, = Rg/2.

Figure 2 shows T as a function of r,, for two reference
values of m, and e. As expected, T grows when r,, = Rg
and e — 1 since the intersection of these orbits with the
Earth is small, which minimizes the probability of a second
DM scattering event. In this work we assume that after a
second scattering event, DM particles sink at the center of
the planet and cannot be detected directly. Notice also that

in all calculations discussed here, we assume elliptical
orbits for the DM particles in bound orbits, which is
rigorously correct only for trajectories external to the
Earth. It is however a fairly good approximation for orbits
with r,, = Rg and e — 1, i.e. for the orbits contributing the
most to the rate of nuclear recoil events presented in what
follows. At the same time, Fig. 2 is quantitatively reliable in
the limit r,, — Rg and e — 1 only.

B. Nondirectional detectors

In this section we focus on the rate of nuclear recoil
events dR/dEy in Eq. (32). Figure 3 shows dR/dEy as a
function of E; assuming dark matter-nucleon interactions
of type O,. We have obtained this figure under the
assumption ¢! = 2¢/m?%, ¢} =0 and ¢!, =0 with e = 1
in the left panel, and € equal to the value in the legends
in the right panel (this allows us to consider different
target materials in the same figure). The left panel reports
results obtained for three different values of the DM particle
mass and assuming Germanium as a target material,
whereas in the right panel we consider different target
materials for doy/dEg, namely Xenon, Germanium,
Sodium, lIodine, and Fluorine, and fix the DM particle
mass at m, = 50 GeV. In both panels, solid lines are
the total rates, including the contribution from halo and
bound DM particles. Dashed lines represent the contribu-
tion to dR/dEy from halo DM particles. The case of dark
matter-nucleon interactions of type Oy, is discussed in
Fig. 4, where in the left (right) panel we have reported
results obtained for different DM particle masses (target
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FIG. 2. Accumulation time 7" as a function of the perihelion r, for two reference values of the DM particle mass m, and of the
ellipticity e. The left panel refers to the interaction O; with c(l’ =2/m} and c} = 0, whereas the right panel to the interaction O;; with
c(l’1 =2/m} and c} | = 0. Coupling constants are expressed in terms of the electroweak scale m, = 246.2 GeV. The accumulation time
for the operator Oy, is significantly larger than that of O,. Overall, T x K, for Oy, is larger than the corresponding of O;.
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FIG. 3. Rate of nuclear recoil events dR/dEy as a function of E,. We assume dark matter-nucleon interactions of type O, and
c(l’ = 2€/m%,, c{ = cg = c}‘ = c(l)1 = c}l = 0 (my = 246.2 GeV), with ¢ = 1 in the left panel, and € equal to the value in the legends in
the right panel (this allows us to consider different target materials in the same figure). The left panel reports results obtained for three
different values of the DM particle mass, and assuming Germanium as a target material. In the right panel we fix m, = 50 GeV, and
consider different target materials for doy/dEg, namely, Xenon, Germanium, Sodium, Iodine and Fluorine. In both panels, solid lines
correspond to the total rates, including the contribution from halo and bound DM particles. Dashed lines represent the contribution to
dR/dEy from halo DM particles. Vertical lines show illustrative energy thresholds of running or proposed dark matter direct detection
experiments.
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FIG. 4. Same as for Fig. 3 but now for the interaction O;; and with ¢ = 2 for Xenon and 1 otherwise (information omitted in the
legends for simplicity).

materials). In both figures, vertical lines correspond to From Figs. 3 and 4 we conclude that DM particles in
the threshold energies of present (CDMSlite [40] and  orbits bound to the Earth can be revealed in future direct
DAMIC [41]) or proposed (Drukier [13]) direct detection detection experiments as pronounced features in the low-

experiments. energy part of the induced nuclear recoil spectrum. As in
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FIG. 5. Left: Ratio of Egs. (32) and (34) as a function of m,, for three different dark matter-nucleon interactions. From the top to the
bottom in the legend: O,, a modified version of O, obtained by replacing c(l’ with c? /v (i.e. resonant scattering), O, and Q. In all cases
we set c}, ci and c} | to zero, and assume Germanium as a target material. In the figure, we introduce the symbol do/dE to characterize
the scaling of do,/dE and doy/dEy as a function of the dark matter-nucleus relative velocity v and of the momentum transferred g.
Right: Contribution of '°0, 28Si, 2*Mg, °Fe, 4°Ca, 2*Na, 323, 3®Ni, and ?’Al to the ratio of Egs. (32) and (34) as a function of the DM mass
m,,. We assume O, as dark matter-nucleon interaction, ¢ =2/m} (my = 246.2 GeV) and ¢} = 0. In both panels we assume a nuclear
recoil energy of 1 eV in the evaluation of the scattering rates.
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the case of halo DM, DM particles bound to the Earth can
produce a larger number of nuclear recoil events at low-
energies if they are light, and in detectors composed of
heavy nuclei.

In order to assess the significance of the predicted
spectral features, we evaluate the ratio of Eqgs. (32) and
(34) as a function of m,. The result of this calculation is
reported in Fig. 5. The left panel shows the rate ratio for
four dark matter-nucleon interaction types: O}, a modified
version of () obtained by replacing ¢ with ¢{/v in the
equations above (e.g. resonant scattering [42]), Oy, and
ﬁnally O 11-

The rate ratio can be as large as 0.1 for the interaction
Oy, and 0.4 for its resonant analogous. For the operator O,
the rate ratio is 0.27 at the Aluminium resonance, which
partly overlaps with the Sodium resonance. In this analysis,
27Al and ?*Na are the only elements in the Earth with spin
different from zero. This explains the differences observed
in the O, and O, resonances reported in Fig. 5. Notably, for
the interaction Oy, the rate ratio can be ~200 at the Iron
resonance (i.e. m, ~ 50 GeV). The large value found for
the operator O is related to the large accumulation time T
that DM particles interacting with nuclei via O}, can spend
on bound orbits before a second scattering occurs (see right
panel in Fig. 2). We have verified numerically that the ratio
of Egs. (32) and (34) is independent of the coupling
constants ¢, ¢§ and ¢?, when a single interaction at the
time is considered.

10° -

Fluorine

- = 3He

Rate ratio
5

-
o
N

10
m [GeV]
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Finally, the right panel in Fig. 5 shows the contribution
of 160, 285i, 2*Mg, *°Fe, “’Ca, >*Na, *%S, **Ni, and ?’Al to the
ratio of Egs. (32) and (34) as a function of the DM particle
mass, and assuming O; as dark matter-nucleon interaction.
The overall shape of the rate ratio reflects the resonant form
of the function K4, and contributions from distinct ele-
ments in the Earth can easily be identified in the figure.

C. Directional detectors

We conclude this section with a quantitative analysis of
Eq. (52), which describes the double differential rate of
nuclear recoil events induced by the scattering of DM
particles bound to the Earth in directional detection experi-
ments [43-45].

In Fig. 6, the left panel shows the ratio of the double
differential rates in Eqgs. (52) and (56) as a function of the
DM particle mass, assuming O, as dark matter-nucleon
interaction. The solid blue line refers to a hypothetical
detector composed of Fluorine, whereas the dashed red line
corresponds to a second hypothetical detector which uses
3He as a target material. The right panel in Fig. 6 shows the
same ratio, now evaluated for the operators O; and O,
and assuming Fluorine as a target material. As for the case
of nondirectional detectors, the predicted spectral feature is
more pronounced for the operator O, than for O; by
roughly three orders of magnitude.

For directional detectors the size of the effect is of the
order of 0.1 (10%) for O, (Oy,), and it is generically larger
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FIG. 6. Left: Ratio of the double differential rates in Egs. (52) and (56) as a function of the DM particle mass. We assume O; as dark
matter-nucleon interaction. The solid blue line refers to a hypothetical detector composed of Fluorine, whereas the dashed red line
corresponds to a second hypothetical detector which uses *He as a target material. Right: Same ratio as in the left panel now evaluated for
the operators O; (blue solid line) and Oy, (red dashed line) for comparison. In both cases we assume Fluorine as a target material. In the

two panels we assume a nuclear recoil energy of 1 eV.
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than that of the nondirectional detectors (e.g. compare
Fig. 5 with Fig. 6). Furthermore, Fig. 6 shows that the
predicted spectral feature is slightly more pronounced for a
3He based detector than for a detector adopting F as a target
material.

V. CONCLUSION

We have studied the properties and detection prospects
of DM particles bound to the Earth. The new DM
population forms via scattering of Milky Way DM
particles by nuclei in our planet’s interior. We have
derived fluxes and nuclear recoil event rates at directional
and nondirectional detectors expected for the new pop-
ulation of DM particles. The equations presented in this
work are valid for arbitrary dark matter-nucleon inter-
actions, and extend those found in Ref. [16]. We have
numerically evaluated such expressions under different
assumptions regarding the scattering of DM in the Earth
and at detector, carefully modeling the Earth internal
composition, and considering different target materials for
the assumed directional and nondirectional DM direct
detection experiments. In the figures, results were pre-
sented under the conservative assumption of constant
escape velocity: ve. = 11.2 kms~!. Larger values for
Vs Would result in a larger bound to halo DM rate ratio.
For example, we find that such a ratio increases by a
factor of seven when v, varies from v, = 11.2 kms™!
t0 Vee. = 15 kms™! and dark matter interacts with nucle-
ons through O;.

We have found that future DM direct detection experi-
ments with an ultralow energy threshold of about 1 eV,
an equally low energy resolution, and an adequate
understanding of possible background sources in this
energy region, have the potential to reveal the population
of DM particles studied in this paper with the same
exposure needed to detect the associated Milky Way DM
component. DM particles bound to the Earth manifest as
a prominent feature in the low-energy part of the
observed nuclear recoil energy spectrum. In particular
we have found that DM-nucleus operators like O;; can
give rates in recoil events of bound DM in detectors up to
a few hundred times higher than the corresponding
Milky Way DM in low energies. The existence and
the shape of this feature are independent of the dark
matter-nucleus scattering cross-section normalization.
This work provides an additional important motivation
to invest in the design and development of a new class of
ultra-low threshold energy detectors.
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APPENDIX DERIVING 0q

We now derive the relation between 6, and e, ¢ and z.
Let us consider for the moment an orbit with ¢ = 0 and an
angle 6 subtended by the detector, the center of the Earth
and the perihelion of the orbit. If we use Cartesian
coordinates with the perihelion being along the x-axis, a
point in the orbit has coordinates

X = age + rcosé, y = rsinf (A1)
with a, being the focal point. Let us choose a horizontal
direction at the location of the detector

6 = —sin 63 + cos 69. (A2)
A bound DM particle that follows a particular elliptical
orbit reaches the detector with a velocity that has a
direction

A dx dy
7=""34+%5 A3
a* " ae” (A3)
With the help of Eq. (Al)
dx  drcos® —rsinfde _ dO(4cos 6 — rsin ) (Ad)

e Vdx* + dy?

Canceling the d6 from numerator and denominator and
calculating dr/df from Eq. (24) we get the final result

do (%)2 + 72

dx sin @
— == . A5
d¢ V14 e +2ecosf (A3)
Similarly
dy e +cosf
— = . A6
At \/1+e*+2ecosl (A6)
Using Egs. (A2), (A3), (A4) and (AS5) we get
A 1 0
cosf, =0-¢ =+ +ecos (A7)

V1+e2+2ecosf

Recall that & is the recoil direction and # the direction of the
velocity of the bound DM particle. As already mentioned in
the previous sections, the =+ refers to the two possibilities
that the particle is orbiting the ellipse (counter)clockwise.
We now show what is the value of cos 8, in the generic case

of a nonzero ¢. Recall that cos6, = -2 with 6 and 7
given in Eqgs. (A2) and (A3) [see also Eqs. (AS5) and (A6)].
Note the coordinate system convention we have used: the
perihelion, the center of the Earth and the detector lie on the
x-y plane with the perihelion being on the x-axis. In order to
find cos 9,1 for a nonzero value of ¢, we need to go to a
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reference system that is rotated by an angle ¢ around the
axis that connects the center of the Earth and the detector.
Practically this can be achieved by the following coordinate
transformations: (i) We rotate around the z-axis by an angle
0. This will make the x-axis pass through the detector.
(i1) We rotate around the new x-axis (the axis passing from
the detector and the center of the Earth) by an angle ¢.
(iii) We rotate around the new z-axis by an angle —6.

|

ad

<

3/ = sin @ sin ¢p& — sin ¢p cos B9 + cos 3.
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The new coordinate system will be given in terms of the old
one as

%/ =C3-C-C X, (A8)

where &/ = (¥.9.2), % = (£.9.2) and Cirzarethe3 x 3
rotation matrices that correspond to the rotations (i), (ii),
(iii). In particular Eq. (A8) gives explicitly

= (cos?0 + sin’0 cos )% + sin O cos O(1 — cos ¢)$ — sin O sin P2
§' = sin@cos O(1 — cos )k + (sin?0 + cos?d cos )9 + cos O sin 3

(A9)

The velocity of the particle that follows an elliptic orbit where the perihelion is rotated around the detector axis by ¢
should be given by Eq. (A3) with % and § substituted by %’ and 3’ respectively

(A10)

with dx/d¢ and dy/d¢ given from Egs. (A5) and (A6). Using Eq. (A9) we calculate cos 0, = 6 - 2 and obtain Eq. (43).
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