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The scale magnetic effect (SME) is the generation of electric current due to a conformal anomaly in an
external magnetic field in curved spacetime. The effect appears in a vacuum with electrically charged
massless particles. Similarly to the Hall effect, the direction of the induced anomalous current is
perpendicular to the direction of the external magnetic field B and to the gradient of the conformal factor z,
while the strength of the current is proportional to the beta function of the theory. In massive
electrodynamics the SME remains valid, but the value of the induced current differs from the current
generated in the system of massless fermions. In the present paper we use the Wigner-Weyl formalism to
demonstrate that in accordance with the decoupling property of heavy fermions the corresponding
anomalous conductivity vanishes in the large-mass limit with m? > |eB| and m > |Vz|.
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I. INTRODUCTION

Anomalous transport phenomena have attracted the atten-
tion of the scientific community in recent years [1,2].
Anomalous transport is associated with quantum anomalies
3]] which break the original symmetries of classical systems
due to quantum fluctuations. The axial anomaly and the
mixed axial-gravitational anomaly are suggested to lead to
various transport phenomena, such as the chiral magnetic
[4,5], chiral separation [6,7], and chiral vortical effects [8,9]
which generate both electric (vector) and axial (pseudovec-
tor) currents as well as energy flows [10,11] in usual or
chirally imbalanced matter. These currents and flows may be
directed along the axis of a background magnetic field or
along a vorticity vector in the case where the matter is
rotating. Anomalous transport appears both in solid state [ 12]
and particle [13] physics contexts.

The basic rule is that anomalous symmetry breaking may
be associated with a certain (anomalous) transport law that
cannot otherwise appear in a classical system with an
unbroken classical symmetry. Besides the axial anomalies,
certain theories may also exhibit the conformal anomaly
associated with the breaking of the classical conformal
invariance at the quantum level. In Ref. [14], it was
indeed shown that the anomalous breaking of conformal
(scale) symmetry in conformally invariant gauge theories
should also lead to the emergence of two new transport
phenomena—the scale magnetic effect (SME) and the scale
electric effect (SEE)—which generate electric current in an
electromagnetic field background in curved spacetime. The
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SME is a stationary phenomenon which induces an electric
current perpendicularly to the direction of the external
magnetic field in a static curved space. The SEE is a
nonstationary effect which is realized in an external electric
field in a time-dependent gravitational background. The
generated electric currents are proportional to the beta
function of the corresponding theory. The explicit expres-
sions for the SME and SEE are given, respectively, in
Egs. (5) and (6) below. Both of these effects appear in the
theory with vanishing fermion masses or with nearly
vanishing fermion masses that are much smaller than the
energy scales associated with both the external electric/
magnetic field and the variations of the gravitational field.

The aim of the present article is to consider the opposite
limit when the fermion mass is much larger than the energy
scales given by the external electromagnetic field and the
gradient of the gravitational field. First, we notice that
the SME and SEE phenomena are associated with the
contribution of the conformal anomaly to the trace of the
energy-momentum tensor in a classical electromagnetic
field background [14]. In the (classically conformal) mass-
less case this trace is entirely given by an anomalous
contribution which originates from the change of the
integration measure with respect to the Weyl transformation
[15]. In the massive case the trace of the energy-momentum
tensor also contains a nonanomalous extra contribution
emerging due to the explicit breaking of the conformal
symmetry in the classical Lagrangian. In our article we
calculate the nonanomalous contribution to the scale mag-
netic effect in QED using the Wigner-Weyl formalism. We
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demonstrate that in the limit of large fermion mass the
nonanomalous contribution cancels precisely the anomalous
contribution coming from the integration measure over the
fermionic fields. Therefore, in agreement with decoupling
theorems, the scale magnetic effect is strongly suppressed
for sufficiently massive fermions.

The structure of the paper is as follows. The next three
sections are devoted to brief reviews of the scale magnetic
and electric effects (Sec. II), relevant features of QED in a
curved spacetime (Sec. III), and the basics of the Wigner-
Weyl approach (Sec. IV). In Sec. V we derive the non-
anomalous part of the electric current of the SME in QED
with massive fermions, and demonstrate that it cancels
precisely the contribution of the integration measure. The
last section is devoted to a discussion of our results.

II. SCALE MAGNETIC/ELECTRIC EFFECTS

A. Massless fermions

Let us consider massless QED with one species of Dirac
fermion y in (3 4 1) spacetime dimensions:

1
L= _ZF”DF/W —+ l/_’i}/ﬂDylllv (1)

where y# are the Dirac matrices, F,, = 0,A, —J,A, is
the field-strength tensor of the gauge field A,, and D, =
0, + ieA, is the covariant derivative.

In massless QED the trace of the classical stress-energy
tensor T# is identically zero, (77}), = 0, because of the
conformal invariance of the theory at the classical level.
The theory does not contain a characteristic energy
scale, thus implying the invariance of the classical action
S = [d*xL under the scale transformations x — A~!x,
A, = JA,, and y — 23/?y. However, quantum corrections
make the electric charge e dependent on the renormaliza-
tion energy scale, e = e(u). The apparent noninvariance of
the quantum theory on the energy scale is explicitly
manifested in the nonzero beta function of the theory:

de

Ple) = Gmn

(2)

As a result, in the background of the classical electromag-
netic field Af} the trace of the stress-energy tensor becomes
nonzero due to quantum corrections [3]:

ey =2 P, @)
Below, we study the effects in classical background gauge
fields only and therefore we omit hereafter the superscript
“cI” in A and F¢.

The simplest way to reveal anomalous transport effects
emerging due to the conformal (scale) anomaly (3) is to

consider the following conformally flat metric:
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Gu(x) = ¥V, (4)

where N = diag(+1,—1,-1,—1) is the flat Minkowski
metric. Starting from Eq. (3), and assuming that the
conformal factor in Eq. (4) is small |z] < 1, one can show
that in the curved background (4) the conformal (scale)
anomaly generates an anomalous electric current in the
presence of the background of a magnetic field B,

26(e)

e

J=

Vz(x) x B(x), (5)

which is proportional to the gradient of the local scale
factor z(x) of the conformally flat metric (4). The anoma-
lous generation of the electric current by the background
magnetic field (5) is the SME proposed in Ref. [14].

In the electric field background E the anomalous gen-
eration of the electric current resembles Ohm’s law [14],

J = o(x)E(x), (6)

with the essential difference being that the metric-
dependent anomalous electric conductivity

2p(e) Oz(1.x)

olt,x) = =L L E ™

e

may take negative values. Equations (6) and (7) determine
the SEE. It was suggested that the SEE describes the negative
vacuum conductivity associated with the Schwinger pair
production in an expanding de Sitter universe. Earlier,
a negative electric conductivity was indeed found for
fermionic [16] and bosonic [17] Schwinger effects.

Notice that the classical electric current induced by the
external electromagnetic field in the conformal background
(4) is identically zero. The scale magnetic [Eq. (5)] and
scale electric [Eq. (6)] effects are related to each other as
they originate from the same Lorentz-covariant expression
[14]. The corresponding currents are proportional to the
beta function (2). Below, we rederive the SME current (5)
using a straightforward calculation based on a truncated
Wigner expansion. This approach will also allow us to
identify possible effects of a nonzero fermion mass on the
anomalous current.

B. Massive fermions

QED with one species of massive Dirac fermion is
described by the following Lagrangian:

1 .
L= _ZFWF”” +w(iy*D, —m)y. (8)

With the help of the perturbative methods the trace of the
corresponding energy-momentum tensor can be repre-
sented in the operator form [18]:
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130 =2 P () F )+ (1 4 ) mi

-+ discontinuous terms, 9)

where y,, = 3aggp/27 + - - - is the mass anomalous dimen-
sion, aggp = e?/4r is the fine-structure constant, and the
ellipsis denotes higher-order corrections in aggp. It is
however more illuminating to derive Eq. (9) using the
Fujikawa method in the path integral formalism [15] which
attributes a leading O(aéED) part of the first term in Eq. (9)
to the contribution from the integration measure over the
fermionic fields. The remaining terms appear due to virtual
photons and nonanomalous contributions originating from
the classically nonconformal mass term of the action (8),
which include higher-order O(agyp,) terms with n > 1.

The electric current generated by the scale magnetic
effect depends on the expectation value of the trace of the
energy-momentum tensor in the background of the
classical gauge field A,C) [14]. In the massive theory this
trace includes both anomalous and nonanomalous parts
coming from the quantum measure and the classical action,
respectively (9). The anomalous part gives the known
contribution to the current (5). As for the nonanomalous
part, we may only say that in the heavy mass limit
(m — o0) the fermions should decouple from the dynamics
of the model [19] and therefore the contribution from the
nonanomalous part should cancel the anomalous term (5).

Let us consider QED [Eq. (8)] in the classical electro-
magnetic field background with the field strength F;L in
addition to the dynamical photons. Using symmetry prop-
erties as well as dimensional arguments one finds that the
leading terms of the local derivative expansion in the
dimensional regularization give ((1 + y,,)my(x)y(x)) =
Cym* + CoF#(x) 5, (x) + O(m™2), where the constants
C, and C, may, in principle, contain a divergent depend-
ence on the parameter ¢ = D —4 of the dimensional
regularization as well as a dependence on the dimensional
parameter y through the combination log(u/m). The first
term in this expression is irrelevant for the dynamics of the
model. The factor in front of the field-dependent term is
then fixed by the decoupling theorem:

(14 pami(xh(2)) = const = 22 o () 5 o)
+ 0(m™2). (10)

This expression is valid in any regularization in the limit,
when both the classical electromagnetic field and gradients
of the metric are smaller than the corresponding power of
the fermion mass m.

Equation (9) is consistent with the existing calculations
of the triangle correlator (7.JJ) of the fermionic stress
tensor 7 and two external electric currents J which may
alternatively be used to compute the electric current
generated by the scale electric and magnetic effects. The
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(TJJ) correlator vanishes in the limit when the large
fermionic mass m exceeds the external momenta associated
with the vertices of the triangle diagram [20,21], thus
indicating that the induced electric current should also
vanish in the m — oo limit. It was proposed that the
dependence on the mass m enters the anomalous relation
(3) through the modified effective # function [21],

2 dHR(pz’ mz’M2>
dp?

B(p*.m* M?) = —ep

, (1)

determined via the renormalized photon self-energy
Og(p? m?, M?) = T1(p?, m?) =T(p? = =M?,m?). (12)

It is worth mentioning that this definition of the beta
function differs slightly from the standard textbook defi-
nition, as the latter is determined by the dependence of the
polarization operator on the mass scale M rather than on the
value of the momentum p. The two definitions coincide in
the ultraviolet limit M — oco. Therefore, the concrete form
of Eq. (11) depends on the details of the regularization
scheme [21,22].

Notice that in an alternative heat kernel approach the
correlator (TJJ) can be computed using different calcu-
lation schemes [22] which give different expressions in the
domain p?> < m?. However, all computations share the
same qualitative feature: the correlator (7JJ) tends to zero
in the infrared region p? < m? [20-22].

In the present paper we develop the Wigner-Weyl
approach to compute the electric current generated by
the scale magnetic effect. In agreement with the decoupling
theorem, we explicitly demonstrate that the electric current
of massive fermions contains both anomalous and non-
anomalous contributions which cancel each other exactly in
the large-mass limit.

III. QED IN CURVED SPACETIME

A. Fermionic Lagrangian in curved spacetime

A Dirac fermion field yw with mass m in a curved
background is described by the action

S = / d*x=gL. (13)

with the following Lagrangian [23]:
i _ _ _
L=lwear'Vy = (Vap)ear'y] —mipw,  (14)

where V7 = (V,y)"y" and y are the standard, coordi-
nate-independent Dirac matrices. The vierbein (tetrad)
field ef = €4(x) is related to the spacetime metric g, as

follows: g, = e;je,’jnah, where 7, is the metric of the flat
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Minkowski spacetime and el = ¢*“n,,e>. The raising/

lowering of the curved spacetime indices (denoted by
the greek letters u, v, ...) and of the flat indices (denoted
by the latin letters a, b, ...) of the vierbein e * are done with
respect to the curved metric g, and the flat metric 7,
respectively. For example, e/ = g¢*e,* = ¢*n*e,,, etc.
The covariant derivative
V,=D,+T,, D, =0, +ieA, (15)
enforces the invariance of the Lagrangian (14) with respect
to the U(1) gauge transformations

w(x) » Oy(x), @) = e O (x),

1
A, (x) = A,(x) - Eaﬂa(x), (16)
and local Lorentz transformations in the curved spacetime

x* — x* = Alx*. The latter is done with the help of the
(matrix) spin connection

r,= —Za),‘j”aab, (17)
where
i
Oup = z[ymyb] (18)

is the generator of the Lorentz transformations and

w

”ab — eyar*y(weo'b + eyaaﬂevb’ (19)

with the Christoffel symbols

1
Fbom = Egyﬁ(aagﬂﬂ + a/lgaﬂ - aﬂga/l)' (20)

A variation of the Lagrangian (14) with respect to i leads to
the covariant Dirac equation:

(ie'ay*V, —m)y = 0. (21)

Below, we consider the conformally flat metric (4). The
corresponding components of the vierbein can be chosen as

e, = €0y, so that e = e™"y** and

et, = e 5,. (22)

The metric determinant in Eq. (13) is g = detg,, = —e*".

In the conformally flat metric (4) the spin connection part
(17) in the Lagrangian (14) takes the following form:

3
et y'T, = y'Ty(x), r,= Ee"aar, (23)

where we took into account that i’ = 540"t — 5,0z
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Generally, the curved background affects the fermionic
fields via the volume element /=g in the action (13), the
vierbein field ¢/, and the spin connection F” in the
Lagrangian (14) and Eq. (15). However, in the conformal
background (4) the contribution from the spin connection
drops out from the Lagrangian (14) because the spin
connection (23) is a real-valued vector I';, =T, propor-
tional to the identity matrix in the spinor space. Then the
Lagrangian (24) gets simplified:

i _ _ _
L= 5 [l//e#ayaD/ﬂ// - (DuV/)e#ayaW} - myy, (24)

where the electromagnetic covariant derivative D, is given
in Eq. (15).

B. Partition function and electric current

We consider fermions in the fixed curved spacetime
given by the metric g, subjected to the fixed background of
the external electromagnetic field A,. The fermionic
partition function

Z[A.g] = / DyDyre'

E/meaﬂh/ﬂwumm@mww}
= const - det DA, g, m| (25)

is proportional to the determinant of the fermionic oper-
ator D which enters the Lagrangian density (14) in the
action (13):

—9(x)L(x) = y(x)DIA, g, my(x). (26)

In this article we consider the scale magnetic effect
which arises in thermal equilibrium in a static gravitational
field with a time-independent metric [Eq. (4)] in the
background of an external magnetic field B # 0. The
electric field is zero, E = 0. Since we consider the system
in thermal equilibrium it is convenient to perform a Wick
rotation of the time coordinate x, — x4 = —ix, and for-
mulate the theory in Euclidean four-dimensional spacetime.
The operator D in Euclidean space can be explicitly
calculated with the help of Egs. (15), (22), (24), and (26):

po_t i pa e K ]
24 s ox*  Ox*

_ e3)

NE

yueA,(x) — ie*" W, (27)
u=1

where y, are the Euclidean Dirac matrices. Correspondingly,
we have
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zag = [ Devyen{- [ axpepia. g |
(23)

The local electric current induced by the external gauge
field A,, in the curved spacetime background g,, is given by
the following variational derivative:

slog Z[A. g

JH(x;A, g) = 5A %)

(29)

In flat space with the Euclidean metric 7, =§,, the
integration measure over the fermion field D,wD,y in
Eq. (28) is independent of the gauge field. In the curved
background with the conformal metric (4) the integration
measure DDy acquires a dependence on the external

gauge field [15]:

Dgl/_/Dgl// = Dnl/_/TDnWT

where y®(x) = @y (x), while

3
lloop €
Poep =152 (31)
is the one-loop QED beta function. Equation (30) originates
from the transformation of the measure given in Ref. [15]
under the Weyl transformations

w(x) = e 2y (x), (32)

G (x) = W g,, (x). (33)

Since we consider the response of the virtual fermions on
the background electromagnetic field in the vacuum, the
background field is assumed to be induced by an external
electric current located outside of the considered region of
space. In this case we have two contributions to the induced
electric current,

JH(x;A, g) = Jmeasure (X3 A, g) + Jhion (134, 9),  (34)

given, respectively, by the one-loop anomalous contribu-
tion from the fermionic integration measure

28" (e)
e

Jlrlneasure(X;Av g) =- ij('x)avf(x)’

28" (e)

e

+

7(x)0, F*(x). (35)

Here, the second line is proportional to the external current
that creates the given external field. We assume that it is
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localized outside the region of observations. The remaining
contribution comes from the classical action:

olog Z, |A,
J (A g) =— 02 2,[A. 9]

action TTSA (4 (36)
t 5A,(x)

where
z 221y vyt o J () DA gmly (x)
WAgl= [ D Dyyte

_ / D Dyye J s @pleaneny ) 37y

C. The case of massless fermions

One can see that even for a vanishing mass there may be
an extra contribution to the electric current given by

S5D[A", 1, 0]
= o

where A7(x) = ¢"™™A(x) and the Green function

JM

action

(x4, 9)] g = € ITr {G

Gn(xvy) =

S | PP o)

2l gl

X exp{—/d“xl/"ﬂ(x)D[eTA,n, O]z//’(x)} (39)
satisfies the relation
DIA",7,0]G,(x,y) = 6W(x - y). (40)

The field A*(x) gives rise to the “magnetic” field 9;A7 "/ ko
and to the “electric” field H[OAE]. According to the results of

Ref. [24], in such systems the vacuum current proportional
to the first power of the “magnetic” or “electric” field is also
proportional to the topological invariant in momentum
space, which vanishes for the system under consideration.
The terms linear in the first derivatives of the “magnetic” or
“electric” field might appear with a dimensionless coef-
ficient. If it exists, such a term would have the form
JE ion (X) = conste™™9;0l A7 (x), i.e., it should be propor-
tional to the electric current that creates the given external
field. Essentially, it is the renormalization of this current
due to the quantum fluctuations as well as due to the
contribution from the second line in Eq. (35). In our
consideration we assume that such a current is localized
far outside the region of observations. This assumption
ensures that in the relevant order the extra contribution to
the SME current is absent. The terms proportional to the
second power of the “magnetic” field in the conformal limit
are suppressed as 1/A, where A is the ultraviolet cutoff.
The same conclusion is valid for the higher-order correc-
tions. Overall, the component Jk vanishes to all orders

action
for the system of massless fermions.
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D. The general case

Below, we consider the case of massive fermions where

the current JX, . remains nonvanishing. We will explore

the following relation:

6DIA, g, m]
Jociion(X: A, g) = Tr {GW : (41)
where
1
G x,y) = —/D l/_/TD wre—3(r(x)+r(y))/2l//1 X l/_/T y

— [ i () =302 ~31(x)/2y,7
X e fd Xyt (x)e DlA.gle v (x) (42)

is the fermionic Green function satisfying the relation
S NPDA, gIG(x,y) = 6 (x—y),  (43)
which is equivalent to
DIA. g]G(x.y) = 6¥(x - y). (44)

According to Egs. (15), (22), and (24), the variation of the
local operator D with respect to the gauge potential A, in
Eq. (41) gives the following ultra-local two-point operator:

5D a
<5Au(X)>(y 7)==V g0t ()r ey T

= —ee Wy 1 (45)

x,y ' x,z0
where we denoted for compactness
ﬂx,y = 5(4) (x - y) (46)

The first prefactor “e” in the last line of Eq. (45) is the
electric charge. It is then convenient to rewrite the induced
electric current (41) in the following compact form:

J# (x> = _ee_ST<x)Try,z[G(yv Z) : 7ﬂﬂx,}‘]]x,z]’ (47)

where the exponential prefactor corresponds to a trivial
conformal volume factor coming from the fact that the
electric current has the dimension [mass]>.

Technically, our aim is to calculate the electric current
(47) with the help of the Green function (42) determined by
Egs. (44) and (27). To this end we will use the Wigner-Weyl
formalism described in the next section.

IV. WIGNER-WEYL FORMALISM

Let us very briefly review the basic features of Wigner
functions and Weyl symbols in quantum mechanics that we
will use later in the quantum field theory. A pedagogical
overview of the Wigner-Weyl quantization formalism may
be found, for example, in Refs. [25-27]. We choose
the system of units #=c =1 and work in (3 + 1)-
dimensional spacetime.

PHYSICAL REVIEW D 96, 056006 (2017)

Let A be an operator that is a function of the position
operator X and the momentum operator p which obey the
standard commutation rule:

(%K, pl] = is". (48)

The Weyl symbol A of the operator A is a function of the
three-dimensional coordinate x and momentum p and is
given by the following Wigner transformation [28-30]:

AGe.p) = / Brev(x —r)2A % p)x +1/2),  (49)

which is expressed via the matrix elements (x|A|x') of the
operator A in the basis of wave functions |x) labeled by the
coordinate x. The Wigner transformation maps operators to
functions.

The Wigner function'

W(x,p) = / dre P (x —r/2|plx +r/2)  (50)

is the Wigner transform (49) of the density matrix operator
p. For pure states p = |y) (|, the Wigner function (50) can
be directly expressed via the wave functions y(x) = (x|w)
as follows:

W(x,p) = /d3re"7"l//(x —r/2y*(x+r/2). (51)

The Wigner-Weyl formalism has many useful features.
The trace of the two operators A and B is given by a
convolution of their Weyl symbols over the whole phase
space:

Tr(A B) = / d(;:)f Awp)Brp).  (52)

Therefore, the expectation value of an operator A can be
expressed as a convolution of the Weyl symbol of the

operator A and the Wigner function W:

dxd’p
(27)*
Weyl symbols of certain operators are easy to calculate.

For our purposes (which will become evident below), let us
consider the following operator:

(A) =Tr(pA) = / W.p)Ax.p). (53)

N

k(2.5) = Ap) + 5 [B@)bD +bpBE)] + C(E). (54

'"We rescale the Wigner function in Eq. (50) by the factor (27)?
compared to the standard definition [25] in order to keep the
conventional form of the phase-space volume in Eq. (53) and
thereafter.
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where b is a fixed vector, and the operator A is a function of
a momentum operator p only while the operators B and C
depend only on the coordinate operator X. The Weyl symbol
of the operator (54) is given by the sum of the correspond-
ing functions,

K(x,p) = A(p) + B(x)bp + C(x), (55)

so that the Weyl transformation (49) for the particular form
of the operator (54) amounts to the simple substitutions
X — x and p — p. For more complex operators this is not
the case.

The Weyl transform of a product of two operators D and
G can be expressed in terms of the Wigner transformations
of these operators via the Groenewold formula [31]:

DG(x.p) = D(x.p) » G(x.p). (56)

where the Moyal (star) product [32]
_ 5 is 13
* =e2 XP:1+§6xp—§8xp+~~- (57)

is essentially an exponentiation of the Poisson bracket
kernel which can be expanded in powers of the double-
derivative operator [30]

B — 0.

), — 0,0y (58)

that acts on both the left and right sides (for example,

faxpg = axfapg - apfaxg7 etc).

Stationary systems may be described by the time-
independent Wigner function (51). Nonstationary proc-
esses may be treated with the help of the time-dependent
Wigner function W (x, p; ) in which the time variable enters
in a different way compared to the spatial coordinates.
The time evolution of the Wigner function is determined by
the Hamiltonian of the system H via the Moyal (star)
bracket (58) [32]:

i%W(x,P; t)=H x W(x,p;t) — W(x,p;t) x H. (59)

Before going into further details we would like to
highlight why the Wigner approach is a particularly useful
method for our problem. We calculate the quantum average
(47) of a current j which is given by the trace of the product
(j) = Tr[GB] of the Green function G and the simple
operator B. The trace can be calculated as the convolution
(52) of the corresponding Weyl symbols G and B. We will
see that the Weyl symbol B may be easily obtained by the
Weyl transformation (49) of the operator B itself, while the
Weyl symbol G of the Green function G may be calculated
using the Groenewold formula (56) applied to the identity
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1 = DG, where D is an operator which possesses the Weyl
symbol D of a simple functional form. Since 1 = 1, the

Groenewold equation (56) transforms to 1 = D % G which
can be solved iteratively with respect to the Green function

G in terms of the gradient expansion (57) of the expo-
nentiated double-derivative operator (58). This strategy—
which was applied for the first time to Euclidean quantum
field theory in Ref. [24] and is common for noncommu-
tative field theories [33]—will be realized in the next
section.

V. THE NONANOMALOUS CONTRIBUTION
TO THE ELECTRIC CURRENT

A. Closed form of the electric current

In order to determine the nonanomalous contribution
Jaction to the generated electric current we apply the Wigner-
Weyl formalism to the vacuum of QED in nontrivial
gravitational and electromagnetic backgrounds. We are
interested in stationary effects in thermal equilibrium in
three spatial dimensions x = (x, x5, x3), which may be
formulated in Euclidean four-dimensional space in which
the fourth “time” coordinate plays the role of the imaginary
time x4. In order to ensure the validity of the Wick rotation
of our Euclidean results back to Minkowski spacetime, we
assume that the electric field is vanishing (it would
otherwise be imaginary in Euclidean space) and that the
metric is a time-independent quantity.

The Wigner-Weyl formalism may naturally be general-
ized to four-dimensional Euclidean space in which the
four-component coordinate operator % = (%y,...,%,) is
conjugated with the four-component momentum operator
p. This technique—which utilizes the Groenewold for-
mula (56) and the derivative expansion of the Moyal
product (57) at the level of the Green functions and the
Weyl symbols of the corresponding operators—has been
worked out in detail in Ref. [24]. Below, we describe the
essential details of the approach.

In coordinate space the momentum operator p takes the
familiar form of the derivative operator p, = —i@x”, with

u=1,...,4, and the fermionic operator (27) takes the
following form:

D(%. p) =5 [V p+ pe¥D] — ef(%) - ie*®m,  (60)

N =

where we used the standard “slashed” notation ¢ =

Z;:l Yuly- .
The Weyl symbol of the fermionic operator D is given by
the Wigner transformation (49):

D(x, p) = €[y = ef(x)] = ie*Wm,  (61)

where we used the fact that the operator (60) matches the
general form of the operator (54) with the known Weyl
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symbol (55). Then, the Weyl symbol for the fermionic
Green function (42) is formally given by the Wigner
transform (49):

G(x,p) = /d4re‘i1’rG(x —r/2,x+7r/2). (62)

This expression assumes that the Green function G is
defined in a background of a classical U(1) gauge field A,
in a fixed gauge. Therefore, one can suggest that Eq. (62)
does not require the explicit introduction of a parallel gauge
transport in the form of the Schwinger line P(x, y) which is
an exponentiated gauge field integrated along an open
contour joining the two points of the Green function (62).
Below, we explicitly demonstrate that the inclusion of
the Schwinger line does not affect the final result for the
electric current in the magnetic field background. The
presence of the Schwinger line is more suitable for systems
with dynamical gauge fields [34].

Notice that, in addition to the gauge transport line, one
could also expect the appearance of the spin connection
transport. However, in the background of the conformally
flat metric (4) the spin connection term does not enter the
Lagrangian (24) and therefore the parallel spin transport is
trivial.

The Weyl symbol of the Green function (62) can be
calculated explicitly with the help of the Groenewold
formula (56) applied to Eq. (44):

1 =D(x,p) * G(x. p). (63)
with D given explicitly in Eq. (61). The star product in

Eq. (63) is a straightforward generalization of Egs. (57) and
(58) to four-dimensional Euclidean space:

<~ <2
O—=0 +--, (64)

with
a,). (65)

The nonanomalous electric current (47) can be calcu-
lated with the help of a four-dimensional generalization of
the convolution formula (52):

el d4sd4p
(x) = —ee™>7 )/ 20

tr[G(s, p)T,(s. p)r*].

(66)

Jﬂ

action

where the trace goes over the spinor indices only. The
Wigner transform 1,(s, p) of the product 1.(y,z)=
T,,1,. of the unit operators (46) can be calculated
straightforwardly with the help of Eq. (49):

PHYSICAL REVIEW D 96, 056006 (2017)
T.(s.p) = 8¥(x— ), (67)

where s is the four-dimensional spacetime coordinate and p
is the four-dimensional momentum. Substituting Eq. (67)
into Eq. (66), we get the compact expression for the
nonanomalous electric current via the Wigner transform

of the fermionic propagator G(x, p):

4 ~
Hogus) = =ee) [ SheuiGtepypt). (@8)

Now let us briefly demonstrate that the inclusion of the
parallel gauge transport

1%Ly):eq)Pglyd@Amxﬂ (69)

in the definition of the Weyl symbol (62) for the fermionic
Green function (42) gives us the gauge-invariant symbol

Giny(x,p) = /d4re_i”rP(x —r/2,x+7r/2)
X G(x—=r/2,x+7r/2), (70)

which does not affect the result for the anomalous current
(68). To this end, we choose the contour connecting the
points x — /2 and x + r/2 in the form of a straight line,

(1) = ¥ + <t—%)r", (71)

parametrized by the parameter ¢ € [0, 1]. Taking the gauge
potential of the magnetic field B in the symmetric gauge,
A = (—eBx*/2,eBx'/2,0,0), we calculate the Schwinger
line (69) with the straight open contour (71), and then we
get the following expression for the gauge-invariant Weyl-
symbol (70):

Giny(x, p) = /d4re_i”’ei(x"Z‘erl)EB/zG(x —r/2,x+7r/2)

G(x,p = p(x)), (72)

where the standard Weyl symbol G(x,p) is given in
Eq. (62) and p(x) = (Bx*/2,—Bx'/2,0,0). The next
step is to calculate the anomalous current (68) using the
invariant Weyl symbol éinv of Eq. (72) instead of the
standard symbol G. However, by shifting the integration
variable p — p + p(x) we find that both definitions of the
Weyl symbol (62) and (70) lead to the same current of
Eq. (68). Therefore, the Schwinger line (the parallel gauge
transport) may indeed be ignored in the definition of the
Weyl symbol in the background of the classical mag-
netic field.
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Below, we explicitly calculate the induced -electric
current (68) in the leading order in the derivative expansion
of the star product (64). The derivative series also corre-
sponds to a semiclassical expansion in the powers of the
Planck constant £. The latter is evident from the form of the
exponential operator (64) in which the Planck constant is

<>
reinstated: x= exp{i% d}.

B. Electric current in the leading order

The electric current is given in Eq. (68) where the
Wigner transform of the fermionic propagator G(x, p) is
completely determined by Eqs. (61), (63), (64), and (65).
The Groenewold equation (63) for G can be solved
iteratively in terms of the series

Notice that the iterative solution is the derivative expansion
(64) as each power of the double-faced derivative (65) gives
one power of a spatial derivative of either the conformal
factor z(x) or electromagnetic field A, (x).

The nth-order term G (x, p) is a local function of x and
p proportional to the products of derivatives over x of the
form (9"7(x))...(9"7(x)) (0™ A(x))...(0™ A(x)), where
the sum over the positive integers /; and m; is equal to the
order of the expansion, [j+---+I, +m 4+ +my =n.
The electric current generated by the scale magnetic effect
is given by the first-order (linear) response both in the
conformal factor 7 and in the electromagnetic field,
0,t94A,, so that the effect appears in the second-order
term G in the expansion (73).

The zeroth-order term in the expansion (73) is the
usual (algebraic) inverse of the Weyl symbol (61) of the
fermionic operator D:

GO(x,p) =D " (x.p) = 1/D(x. p)

_ [ —eA(x)] + iet®m .
B p - eA(x)]2 + 2@ 2 e300, (74)

By expanding the Groenewold equation (63) in powers of

the double derivative 9, we express—via the Weyl symbol
(61) and its inverse (74)—the first-order term
- i~

G = —ED"(fDBf)‘]), (75)

and then the second-order term

6(2) _ 652) + Gg?), (763.)
. Loy 2o =

Gf) = - DHDOD DOID)}  (T6b)
—) L=y =9~

G = DP9 D7) (760)
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The second-order term (76) can further be rewritten as
follows:

G =~ (R,0, - C,d,)(C,R, ~R,C)D'], (77a)
&0 _Yir ccicc-c
11 _g[ﬂv(ﬂv+ veu T ;w)
+Cu(R,R,+RR,—R,,)
-8,,(2R,C, +2C,R, - S,,—S,)]D".  (77b)
where
R,=D"'9,D, C,=D"9,D, (78a)
~—1 = -1
R, =D7'0,0,D, C, =D"9,,0,D. (78b)
S, =D"9,,0,D (78¢)

In deriving Eq. (77) we used the following identities:

0,0 =-r,D"'.  09,D'=-C, D", (7%)
9,0, D" = (R,R, + R,R, —R,)D", (79b)
9,,0, D' = (C,C, + C,C, - C,)D", (79¢)
9,,0,D7" = (C,R, +R,C, - 5,)D". (79d)

Notice that the quantities (78) are matrices in spinor space

and therefore in general they do not commute with each

other. Moreover, S, #S,,, while R,, = R,, and C,, = C,,.
Using the relations

(80a)

O R, =R, —RR,  0,C =C,—CR,

(80D)

9pR, =Su—-CR,.  0.,C =S, -R,0C,

we rewrite Eq. (77a) as follows:

1
GE ) = _Z [RI/(C,MI/ - {C/u CD})RH - Rt/(Sl/ll - {Rl" CV})C”

+C (R —{R. R, })C, = C(S —{C. RIR,

—R[Ci.RJC, + C[C . RUIR, + Ry, C.]S)

-R,R,C,,—C,C,R,]. (81)
where

[A,B] = AB — BA, {A,B} =AB+BA (82)

are, respectively, the commutator and anticommutator.
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The second-order correction G is now equal to the sum

(76a) of the two terms 69 and E;ﬁ? given, respectively, in
Egs. (77b) and (81). Since these terms do not contain
external derivatives, we should expand them in powers of
the derivatives and eventually keep the terms containing the
product 9,70,A,. As one can see from the explicit
definitions (61) and (78), the relevant terms enter the S
and R quantities:

S (x, p) =3C,(x, p)0,7(x), (83a)
R,(x,p) = [3 - f)(x, p)} 0,7(x) = Cy(x, p)9,A,(x),

(83b)

R;w(x’ p) = _38{/4,T(x)ab}Aa(x)Crx(x’ p)' (830)

In Eq. (83c) all irrelevant terms with double derivatives are
not shown. The symmetrization with respect to the Lorentz
indices is denoted by the curly brackets.

Equation (83) indicates that every term in the second-
order corrections to the Weyl symbol of the Green function
[Egs. (77b) and (81)] contains the required combination of
the derivatives d,70,4,. Since we are looking for the terms
bilinear in 7 and A,, we keep the mentioned combination
while setting 7 and A, to zero in the prefactors of these
terms. Denoting the latter with the superscript “(0),” one
then immediately gets the following expressions for the S
and R Lorentz structures (83):

Sy (x. p) = 3P, (p)d,7(x), (84a)

RY (x.p) = [3=imPy(p)9,7(x) = P, (p)8,A, (x), (84b)

R (x, p) = =30, 7(x)0,1 A, (x) P (p). (84c)
where
P,(p) = C(p) =limlim C,(x, p) (85)

7—0A—0

is the vector C,, given by the second expression in Eq. (78a)
in flat space in the absence of an external electromagnetic
field. ~

Using the explicit form of the Weyl symbol D of
the fermionic operator (61) and the second relation in
Eq. (78a), we explicitly get for Eq. (85)

Pyp) = —

T (#+im)y,, (86)
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where y, are Euclidean gamma matrices for y =1, ...,4
and yo =1 is a unit matrix.? In addition, we notice that

because the Weyl symbol D is a linear function of the
momentum p, the second relation in Eq. (61) gives us
C,=0.

Finally, we substitute the Lorenz structures (84c) and
(85) into the second-order corrections to the Weyl symbol
of the Green function [Egs. (77b) and (81)], sum them up,
and put the result into the definition of the induced electric
current (68). Then, in order to keep only the second-order
corrections, we set 7 =0 in the volume prefactor of the
current (68), and after algebraic manipulations we get the
following compact expression for the generated nonanom-
alous electric current:

imezﬁaAﬁ d*p
4 Ox*ox* | (2=)*

tr(PﬂPwl/)')’ (87)

JﬂC[iOl’l,ﬂ = -

where the trace is taken over the spinor space, while the
tensor structure

Pvaﬁ = {{PO’PD}’{P(I’Pﬂ}} + {[PO’P(I}’ [PD’Pﬂ]}
—{{Po. Ps}.{P.. Po}}. (88)

is given in terms of the commutators and anticommutators
(82) of the matrices (86).

The electric current (87) is invariant under the U(1)
gauge transformations (16) since the expression under the
integral in Eq. (87) is antisymmetric with respect to the
interchange of the indices # and v. The latter fact can be
checked directly by manipulation of Eq. (88). Therefore,
the derivative d,A; in Eq. (87) always appears in the
form of the gauge-invariant electromagnetic field tensor,
8,,A/3 - aﬂAl/ = Fl/ﬂ

Substituting Eq. (86) into Eq. (88) and taking the trace
over the spinor indices, we get the electric current (87),

Jaction.y = _a(m)ezF;wauT’ (89)
where the prefactor a(m) is given by the integral

d4 2 2m2
a(m) = 4”‘2/ (2;)74 El;z ::__ m2)2 ) (90)

which evaluates to a finite mass-independent quantity,

o1

a(m) = —.
(m) P
We note that despite the fact that Eq. (89) has a visibly
covariant four-tensor form, our Euclidean derivation is

“For convenience, we complemented the four-vector (86) with
the fifth 4 = 0 component. In Euclidean space our choice yy = 1
does not interfere with the y, matrix of Minkowski space.
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formally valid only for the spatial indices ¢ and v which do
not allow us to consider either a nonzero background
electric field E or a time-dependent conformal metric
factor 7= 7(¢). Restricting ourselves to the case of
the pure magnetic field background B # 0 in spatially
inhomogeneous curved space 7 = z(x), we obtain from
Egs. (89) and (91) the following nonanomalous contribu-
tion to the electric current in massive QED:

62

J action

Taking into account the value of the one-loop QED beta
function (31), we find that the part of the electric current
(92) precisely cancels the one-loop anomalous part,

Zﬂﬂ loop
Jmeasure = 9D VT(X) X B(x)’ (93)

e

which comes from the integration measure (35). Therefore,
in the limit of heavy fermions the electric current generated
by the SME vanishes,

J= Jmeasure =+ Jaction =0+ 0(82/7’)12), (94)

where the second term denotes higher-derivative terms
which are suppressed in the large-mass limit. These terms
appear naturally in the derivative series (73) which iter-
atively define the Wigner transform of the fermionic
propagator as the solution of the Groenewold equation (63).

VI. DISCUSSIONS AND CONCLUSION

In this paper we discussed the SME which generates a
vacuum electric current in an external magnetic field in a
curved spacetime [14]. The origin of the effect is the
conformal anomaly which breaks, at the quantum level, a
conformal symmetry in classically conformal gauge theo-
ries. This effect has already been considered in QED with
massless fermions. In this paper we asked the natural
question of what happens with the SME if the fermions are
massive so that the conformal invariance is already explic-
itly broken at the classical level. In particular, we consid-
ered the limit when the fermion mass m is much larger than
the scale of the external magnetic field m? > |B| and the
scale of the spatial gradient of the conformal factor 7 of the
metric, m > |Vz|. This limit is opposite to the classically
conformal case considered in Ref. [14].

We demonstrated that the anomalous electric current
generated by the massive fermions can conveniently be
calculated by the Wigner-Weyl formalism which gives the
derivative series inversely proportional to increasing
powers of the fermion mass m. We have found that there
are two contributions to the electric current generated by
the SME.

PHYSICAL REVIEW D 96, 056006 (2017)

The first contribution J casure cOMes from the integration
measure over the fermionic fields. This current is anoma-
lous because the measure is not invariant under conformal
(Weyl) transformations in the presence of the background
electromagnetic field [15]. As a result, the anomalous
contribution J c.cure does not depend on the fermion mass
because the quantum measure is independent of the details
of the classical fermionic action. At small fermion masses
the anomalous term provides the major contribution to the
SME current. The current J e Should also contain
contributions induced by exchanges by virtual photons.
These loop corrections were not considered in the present
paper since they are suppressed by higher orders of the fine-
structure constant aggp.

The second contribution J,.,, originates from the
classically nonvanishing terms in the trace of the energy-
momentum tensor. These terms appear due to the explicit
breaking of the scale invariance at the level of the classical
Lagrangian. Despite the fact that our derivation involved
integrals in unbounded momentum space, the second
contribution to the electric current is a finite quantity in
both the ultraviolet and infrared regimes. The absence of
the ultraviolet divergences implies that the anomalous
current does not require regularization and subsequent
renormalization. Our result was obtained in the classical
electromagnetic field background A, in the leading order of
the Wigner expansion. Next, higher-order terms in the
Wigner expansion would correspond to (spatial) derivative
series in terms of the electromagnetic gauge field A, and
conformal factor z. Quantum fluctuations of the electro-
magnetic field on top of the classical magnetic background
would generate perturbative series over the electromagnetic
coupling e at each given order of the Wigner expansion. We
expect that the perturbative series would generate standard
ultraviolet divergences which will be absorbed into the
renormalization of the gauge coupling e. Thus, due to the
renormalizability of QED, we expect that in the leading
(lowest-derivative) order of the Wigner expansion the
quantum corrections would lead to a renormalization of
the electric charge without qualitatively altering the expres-
sion for the anomalous electric current (92).

We have explicitly found that for massive fermions the
electric currents Jpeasure @Nd Jocion (Originating, respec-
tively, from the anomalous symmetry breaking and from
the explicit symmetry breaking) cancel each other in the
leading order in the number of derivatives. Therefore, for
sufficiently heavy fermions the SME should be strongly
suppressed. This conclusion is in agreement with the
decoupling theorem for massive particles [19].

It is clear that the apparent Euclidean covariant structure
of the generated current (89) is common both for the scale
magnetic (5) and scale electric (6) effects [14]. Therefore,
we believe that our conclusion may also be valid for the
scale electric effect, which has not been explicitly discussed
in this paper.
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Finally we notice that there is a potential possibility to
observe the scale magnetic effect in tabletop laboratory
experiments with Dirac and Weyl semimetals. These
materials possess both crucial ingredients, as they host
relativistic massless fermionic excitations subjected to a
gravitational field background. The relativistic fermions
emerge naturally due to topological properties of the
electronic band structure of these materials [35], while
the emergent gravity may be induced by elastic deforma-
tions of their crystal structure [36]. The latter effect is
very common for many solid state systems [37]. Thus,
elastically deformed topological materials may provide a
useful experimental tool to study a plethora of properties

PHYSICAL REVIEW D 96, 056006 (2017)

[23] of relativistic quantum field theory in curved space-
time, including the scale magnetic effect.
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