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Pauli form factor of quark and nontrivial topological structure of the QCD
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We calculate the electromagnetic Pauli form factor of quark induced by the nontrivial topological
fluctuations of QCD vacuum called instantons. It is shown that such a contribution is significant.
We discuss the possible implications of our result in the photon-hadron reactions and in the dynamics of
quark-photon interactions in the dense/hot quark matter.
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I. INTRODUCTION

Nowadays the study of electromagnetic structure of
the elementary particles is one of the hottest topics in
the Standard Model (SM). One well-known puzzle is the
experimental value of the muon anomalous magnetic
moment, which shows the significant deviation from the
SM prediction (see recent reviews [1,2]). Electromagnetic
probes of the hadrons give very important information
about the structure of the strong interaction [3]. Various
models have been developed which enable us to study
electromagnetic properties of hadrons in terms of form
factors [4—13]. In the past decades, the significant progress
has been made, especially regarding the study of the
relation between generalized parton distribution functions
(GPD) and electromagnetic form factors of hadrons
[14,15]. The quark form factors carry the information
about internal structure of the constituent quark and provide
the bridge between partonic picture of the hadrons and their
constituent structure [6,8,16-21].

In this paper, we consider a new nonperturbative con-
tribution to electromagnetic Pauli form factor (EPFF) of a
quark arisen from an instanton induced quark-gluon vertex.
The instanton is the well-known solution of the QCD
equation of motion in the Euclidean space-time, which
has a nonzero topological charge. It was shown that instan-
tons play a very important role in hadron physics (see the
reviews [22-24]). In particular, the instantons lead to the
spontaneous chiral symmetry breaking (SCSB) in the strong
interaction, which is not only one of the main sources for the
observed hadron masses but also leads to the various
anomalies observed in the spin-dependent cross sections
[6,16,25-29]. One of the cornerstones of the instanton-based
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theory of the spin effects in the strong interaction is the
instanton-induced anomalous chromomagnetic quark-gluon
interaction introduced in [ 16]. The strength of this interaction
is determined by the dynamical mass of the quark in the
instanton vacuum [23,30], which is directly related to
the phenomenon of the SCSB. The first attempt to estimate
the effect of instantons to EPFF was made in [17], where the
so-called instanton’s perturbative theory was used. This
approach was developed in the papers [31-33] to obtain
the effect of the small size of the instantons to the deep-
inelastic scattering (DIS) at a large transfer momentum
Q? = —¢*. However, the final result for their contribution
to DIS at the large Q? was found to be very small. The same
conclusion is also valid for the contribution of the small
instantons to the large Q2 asymptotic of the EPFF of quark
obtained in [17]. Here, we will use another way to calculate
the instanton contribution to EPFF. This approach is based on
the effective quark-gluon vertex induced by instantons and
allows us to obtain the prediction for EPFF in the wide
interval of the Q7 including even the very important case of
the real photon, Q> = 0.

II. THE CONTRIBUTION OF ANOMALOUS
QUARK-GLUON INTERACTION TO THE QUARK
ELECTROMAGNETIC FORM FACTOR

The general vertex for a photon-quark interaction for on
shell quark is

D =R () S R0, ()
2M,
where F|, F, are electromagnetic Dirac and Pauli form
factors, respectively, M, is the dynamical mass of the
quark, and o, = i(y,7, — 7,7,)/2. The anomalous quark-
gluon chromomagnetic (AQGC) vertex induced by the
instantons can be written in the form [16,23,30]
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S
Vi3 2) = LTI (3G Py, (2)
2M,
where k? and k3 are the virtuality of the initial and final
quarks, respectively, t = k; — k,, and the general case for
nonzero virtualities of quarks and a gluon is considered.
The form factor F,(k?, k3, 1) suppresses the AQGC vertex
at short distances when the respective virtualities are large.
Within the instanton model, it is explicitly related to the
Fourier-transformed of both the quark zero-mode and
instanton field, which take the forms

(8. K2.2) = waFy (ki D Fy (Kol /2 (Ifo). - (3)

where

Fy(@) =~ (0)Ko(2) = 1, @K1 (2),
Fif2) = 5= 2K(2), (@)

1,(z), K,(z) are the modified Bessel functions, p is the
instanton size, and u, = F,(0,0,0) is the anomalous quark
chromomagnetic moment (AQCM). Within the instanton
liquid model [22,23], where all instantons have the same
size p. ~ 1/3 fm, AQCM is [23,30]

32(Mp.)?
4a(p.)

The first feature is that the strong coupling constant
enters into the denominator showing a clear nonperturba-
tive origin of AQCM. The second feature is the negative
sign of AQCM. As we will see below, this sign of AQCM
leads to the positive sign of the anomalous quark magnetic
moment (AQMM). The value of AQCM strongly depends
on the dynamical quark mass, which is M, = 170 MeV in
the mean field approximation (MFA) [22] and M, =
350 MeV in the Diakonov-Petrov model (DP) [23].
Therefore, for the value of the strong coupling constant
in the instanton model, a,(p.) = 0.5 and average size of
instantons p, = 1/600 MeV~! [23], we get

Ut = —1.6. (6)

(5)

Ha =

uMA = —0.4
The contribution to the electromagnetic Pauli form factor
coming from the AQGC vertex is obtained by the consid-
eration of the diagrams presented in Fig. 1.
To perform analytical calculations the gaussian approxi-
mation for the form factors in Eq. (4)

Fo(ki) m F (k) m e/ (7)

is used with A =2/p.. At low virtuality, Eq. (7) agrees
with Eq. (4) well numerically; hence, we can substitute the
former for the latter without losing much accuracy. Such
approximation was also adopted in paper [34], see Eq. (42).
Furthermore, the Gaussian approximation presented in
Eq. (7) enables us to obtain an analytical result for

PHYSICAL REVIEW D 96, 054030 (2017)

(a) (b)

FIG. 1. The diagrams with anomalous quark-gluon chromo-
magnetic vertex induced by instantons which contribute to EMFF
of the quark. The vertex is denoted by a solid blob. p and p’ are
the momenta of the external legs, 7 is the momentum of the
exchanged gluon.

EPFF, which might be very important for future calcula-
tions of various hadron properties.

The contribution from Fig. 1(b) is the same as that from
Fig. 1(a); hence, the final result should be doubled.
Therefore, the total matrix element is!

2 Ha d*t F,()F,(k*)N
‘M, ] (2r)* (K* - M%) (K — M%)
= —iegu(p")l*(p, p')u(p), (8)
where Cr = tr(T“T%) =% is the color factor, e, is the
electric charge of the quark, and
= —iu(p')o” (k' + M )r" (K + M,)r,t,u(p). (9)

One way to extract Pauli form factor F,(Q?) from iM is to
rearrange the gamma matrices in Eq. (9) and find the term
proportional to ic** /2M ,. However, a simpler way is to use
projector operator method [35,36], by making use of the
identity

IM=—e,Crg

Fo(g?) =t{(§+ M)A (p',p) (F+ M) (p' . p)},
(10)

where ¢*> = (p' — p)*> = —Q? and

M2 k*+2M;

@
NP =z 2 [0 e — e
q q q

(r'+p),|

'For a careful calculation of the hadron properties within the
models with an anomalous quark chromomagnetic (AQGC)
vertex, one needs additionally to consider the confinement effects
which results in an nonzero virtuality k., ~ Aqcp ~ 200 MeV
of the initial and final quark legs in Fig. 1. In principle, this effect
can be taken into account by the Fourier-transformed quark zero
modes presented in Eq. (4). But one can not expect a large
contribution because according to Eq. (7), the suppression factor
is ~exp(—(Aqcppe)?/4), where 1/p, = 600 MeV.
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By working in the Euclidean space-time,with the help of
Feynman parametrization and identity

1 0 (Z”_l
— = da——— ek, 11
I /) MU (11)
we obtain
Ha€y 95 © o
Fy(0Y) == | & da—
(07 =" XA a2

1
X Exp{—M% [A(vl +0,)% = P} - Q2Avlv2}

3 6v, —7
X {DH—ADQ - Q2U1”2(7/1 +2v, = 3)

— MZ(vy + v2) (v + ) (01 +20,) — 2”2)}’
(12)

where [d®x =2 [} dx;dx,dx35(1 — x; —x, — x3) and

2
a
=x,— 14
Uy sz, (14)
a 1
UzE)ClK—f—m. (15)

III. NUMERICAL RESULTS

In our model, the form factor F,(Q?) is proportional to
the quark charge. Therefore, there is the relation between
u- and d-quark form factors

d( )2 L2
F5(Q ):_EFz(Q )- (16)

For simplicity, below only the result for the u-quark case
is presented in the figures. In Fig. 2, the result of the
calculation of the electromagnetic form factor as the
function of Q7 is presented for two different masses of

the u quark. Our numerical result can be fitted very well by
the formula

5 B F,(0,M,)
POMI =T o)

(17)

which can be useful for the applications. We would like to
emphasize that a positive sign of the F, form factor forau
quark (see Fig. 2) is fixed by the negative sign of the
AQCM, Eq. (5). In the Fig. 3, the dependency of the value
of the magnetic moment of the u quark on the value of its
dynamical mass is shown. Its behavior as a function of
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FIG. 2. The F, form factor as a function of Q for the different
dynamical quark mass M, in the comparison with the fit given by
Eq. (17).

quark mass in the range between 80 and 500 MeV can be
fitted very well with the linear function

2
i~ 3 (<0065 +0.97(Mp,)). (18)

The results for ug" = F%(Q? = 0) at the two different
values of the dynamical quark masses obtained in the mean

field approximation [22] and within the Diakonov-Petrov
model [23] are

s =033 for M, = 350 MeV,

pe" = 0.14  for M, = 170 MeV. (19)

Our value for the quark magnetic moment at M, =
350 MeV is in the qualitative agreement with the result
of a calculation within a different approach based on the
Dyson-Schwinger equation [37]. However, we would like
to emphasize that in this paper, the Q%> dependency of the
EPFF is not considered. This Q? dependency in our model

0.5
0.4} -
0.3F 1
=
=
0.21 1
0.1 Exact 4
== == Linear fit
0.0 ‘ L e - Expansjon
) 100 200 300 400 500
M, [MeV]
FIG. 3. Behavior of u¥% versus quark mass: exact expression

(black solid line), linear fit (blue dashed-dotted), expansion
Eq. (24) (red dotted).
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is presented in the Fig. 2. One can mention its rather strong
dependency on the virtuality of photon. In the model, it is
coming from the quark and gluon form factors presented in
the Eq. (7).

IV. THE LARGE Q? BEHAVIOR OF EPFF

The formula for expansion of the form factor at large
Q%> M2 is

Fy(Q%) ~

n=|

1 e CFg U w % 2(n+2)
si”a de—MZn
Z/ n!(n+2)!
0
X [FgDy]n+1 (2[Fqu]n—1

2 k2
- qu [Fqu]n+1> .

where

/°° dPF ,(2)D, ()
k
q(kz)

D, (k?))

d n
[@%mz(nw)@uwmwm, (20
and the same formula for [F,D |; with the corresponding
changing of index g — g. Using the expressions for the
form factors in the gluon and quark sector in Eq. (7) and
D,(k*) = 1/k*, D,(k*) = 1/(k* + M?), one can rewrite it
in the form

Fy(0*) »

1 eqCFg%ﬂa 2 e_kz/Az
7 a2 | *eope
0 ﬂ Z

X [2A2 — e F/N (k2 4 2A2)]
k (n+2)M2n

kz—
d (n=1)!(n+2)!

0\8

X

+
S :M8

(Fng)n+1 (Fqu)n—l

~(F,D),F D), )} (1)

and show that the main contribution to EPFF is coming
from the first term in brackets. Moreover, one can perform
an additional expansion over M 2 /A?. In this approximation
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and ignoring the second term in Eq. (21), one can write the
leading orders in M2/A* expansion in the form

2
F,(Q%) ~ 4eq% <2 In(2) —=

2
+AX—§ [m (8]‘[;[22) 2+yED (22)

where yp is the Euler’s constant. By using the relation
A=~2/p,., it can be rewritten as

1

M2
Fa(Q%) ey ) (zm(z) 5

(Myp.)?

Ty

UMHMWJ%—2+MQ. (23)

Therefore, at large Q2, the form factor behaves as

Fz(QQ) ~ 1/Q2-

Instanton corresponds to the subbarrier transition
between vacua with different topological charges, the
height of the potential barrier between these vacua is
given by the energy of the so-called sphaleron E,, =
3n/(4as(p)p) [23]. For p = p.~0.3 fm and a(p.) ~ 0.5,
we obtain Ej,, ~3 GeV, which is rather a large value;
therefore, the zero-mode approximation should be valid as
far as the external energy scale satisfies Q < 3 GeV. For
O > E;,;, the nonzero modes effects became important.
Furthermore, instead of using a fixed instanton size, one
should integrate over p in the spirit of the paper [31].

V. THE LOW @? BEHAVIOR OF EPFF

It can be shown that in the limit Q> — 0, the form factor is

192y + 211
Fy(0) ~ e, (M,p.)? <y + % (Myp.)?
(1536y + 3089)
9216 (quC)4 + e ’ (24)

where

(2 !
YT M M) T

The expansion given by Eq. (24) describes the exact result
very well in the region of small M p. < 1, Fig. 3. One can
see that F»(0) vanishes in the limit M, — 0. It means that this
contribution to the form factor is directly related to the
phenomenon of SCSB.

VI. CONCLUSION

In this paper, we calculate the quark electromagnetic
form factor within the nonperturbative approach based on
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the instanton picture for the QCD vacuum. It is shown that
the anomalous quark-gluon chromomagnetic interaction
induced by instantons leads to a large magnetic moment of
u and d quarks. Possible applications of our results are as
follows. One of the tasks is to consider the influence of
EPFF on the hadron electromagnetic form factors.

Recently, the electromagnetic form factor for a pion was
calculated in the framework of the Dyson-Schwinger equa-
tion with a nonlocal photon-quark vertex in the paper [38]
(see also [39]). The normalization requires F,(Q*> = 0) = 1
for the pion eletromagnetic form factor. It will be one of our
future tasks to study whether this condition is satisfied
by instanton induced quark-gluon and quark-photon inter-
actions, taking into account their nonlocal effects.

We would like to mention that instanton contribution to
the electromagnetic form factors of proton, neutron, and
pion were calculated using different versions of the
instanton model in [10-13,40] in semiclassical approaches
to the corresponding correlators. However, it would be
interesting to study the electromagnetic properties of
hadrons based on the constituent quark model with an
effective quark-photon and quark-gluon vertices induced
by instantons. In this way, one can take into consideration
the confinement effects as well in spirit of the calculation of
nucleon electromagnetic form factors carried out in [8] for
constituent quarks with inner structure. In our model, it is
evident that due to the existence of an additional scale
related to the instanton size p. ~ 1/3 fm, one can expect
the deviation of the Q® dependency of the hadron form
factors from the quark-counting rule prediction [41-43].

It is well-known that models with an nonperturbative
nonlocal interaction and conserved external currents could
be considered in the framework of gauged effective
Lagrangians [2,39,44,45] or with the help of schemes
based on Dyson-Schwinger and Bethe-Salpeter equations

PHYSICAL REVIEW D 96, 054030 (2017)

[9,20,21,37]. In our work, we consider the quarks with a
constant constituent mass due to the SCSB and the effective
AQGC vertex induced by instantons, as shown in Eq. (2).
This model suffices to mimic the main properties of the
anomalous gluon contribution to F,, while the full treat-
ment, in the framework of effective Lagrangian, will only
slightly change the numerical values.

On the other hand, one can expect that corrections from
mesonic fluctuations should be of order 1/N ., which could
serve as a naive estimation for the precision of our model.

We should stress that EPFF leads to quark spin flip.
Therefore, it should make a contribution to various spin-
dependent photon-hadron cross sections, including polar-
ized semi-inclusive DIS. Another possible application, in
the line of [46], is the study of the influence of the nonzero
value of the anomalous quark magnetic moment on the
dynamics of the quark-gluon plasma (QGP) in the strong
magnetic field. We would like to emphasize that our new
type of photon-quark interaction is very sensitive to the
topological structure of the QCD vacuum, which might be
drastically changed during the deconfinement transition
[47-50]. This phenomenon can lead to, for example, the
suppression of a direct photon production induced by our
anomalous quark-photon vertex in the QGP.
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