PHYSICAL REVIEW D 96, 054016 (2017)
Twist-4 contributions to semi-inclusive ¢* e~ annihilation process

Wei-hua Yang, Kai-bao Chen, and Zuo-tang Liang

School of Physics & Key Laboratory of Particle Physics and Particle Irradiation (MOE),
Shandong University, Jinan, Shandong 250100, China
(Received 4 July 2017; published 18 September 2017)

We present the complete twist-4 results for the semi-inclusive annihilation process e™ + e~ — h +
g + X at the tree level of perturbative quantum chromodynamics. The calculations are carried out by using
the formalism obtained by applying the collinear expansion to this process, where the multiple gluon
scattering is taken into account and gauge links are obtained systematically and automatically. We present
the results for structure functions in terms of gauge invariant fragmentation functions up to twist-4 and the
corresponding results for the azimuthal asymmetries and polarizations of hadrons produced. The results
obtained show in particular that, similar to that for semi-inclusive deeply inelastic scattering, for structure
functions associated with the sine or cosine of an odd number of azimuthal angle(s), there are only twist-3
contributions, while for those of an even number of azimuthal angle(s), there are leading twist and twist-4
contributions. For all of those structure functions that have leading twist contributions, there are twist-4
addenda to them. Hence, twist-4 contributions may even have large influences on extracting leading twist
fragmentation functions from the data. We also suggest a method for a rough estimation of twist-4
contributions based on the leading twist fragmentation functions.
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I. INTRODUCTION

Parton distribution functions (PDFs) and fragmentation
functions (FFs) are two important quantities in describing
high-energy reactions. When three dimensional, i.e., the
transverse momentum dependent (TMD) PDFs and/or FFs
are considered, the sensitive quantities studied in experi-
ments are often different azimuthal asymmetries [1-26]. In
such cases, higher twist contributions can be very signifi-
cant and play a very important role in studying these TMD
PDFs and/or FFs. Twist-3 contributions to semi-inclusive
deeply inelastic scattering (SIDIS) [27-34] and eTe™-
annihilations [35-40] have been extensively calculated in
recent years. Results have been given for cross section and
different azimuthal asymmetries in terms of gauge invariant
PDFs and/or FFs.

In a recent paper, we have carried out the calculations of
twist-4 contributions to the SIDIS process e™N — e gX
[41]. The results obtained show a very distinct feature, i.e.,
while all twist-3 contributions lead to azimuthal asymme-
tries absent at leading twist, the twist-4 contributions are
just addenda to the leading twist asymmetries. We have
twist-4 contributions to all of the eight leading twist
structure functions corresponding to the eight leading twist
TMD PDFs. This implies that studying twist-4 contribu-
tions is important not only for itself but also in determining
leading twist TMD PDFs. It may leads to significant
modifications in extracting leading twist PDFs from exper-
imental data [1-19].

While three-dimensional PDFs are best studied in
SIDIS, three-dimensional FFs are best studied in the semi-
inclusive process eTe™ — hgX. Moreover, we can study
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not only the vector polarization dependent FFs but also
tensor polarization dependent FFs. In view of the con-
clusions presented in [38,39], it is natural and important to
extend the twist-4 calculations to eTe™ — hgX.

In this paper, we present the twist-4 studies to the semi-
inclusive annihilation process ete™ — hgX. We present
the complete calculations at tree level in perturbative
quantum chromodynamics (pQCD) and show the results
of the structure functions in terms of gauge invariant FFs.
We present the results for the unpolarized, the vector
polarization dependent, and the tensor polarization depen-
dent parts, respectively. We also present the azimuthal
asymmetries and hadron polarizations in terms of the gauge
invariant FFs.

The higher twist calculations presented in, e.g.,
[31-33,37-39.,41] benefited very much from the collinear
expansion. We found out that in dealing with higher twist
effects in a quantum chromodynamics (QCD) parton model
for high energy reactions, collinear expansion is indeed
extremely important and powerful. It provides not only the
correct formalism where the differential cross section or the
hadronic tensor is given in terms of gauge invariant PDFs
and/or FFs, but also very simplified expressions so that
even twist-4 contributions can be calculated. The collinear
expansion has been first introduced in 1980 to 1990s and has
been applied to inclusive processes [42—45]. It has been
shown that it can also be applied to the semi-inclusive DIS
process e N — e~ gX [31], and also recently to the inclusive
eTe” = hX [37] and semi-inclusive process e"e™ — hgX
[38]. As has been emphasized in [31-33,37-39,41], the
collinear expansion is a necessary procedure for obtaining a
hadronic tensor in terms of gauge-invariant PDFs and/or
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FFs. Moreover, the hard parts after the collinear expansion
are not only calculable but also reduced to a form indepen-
dent of the parton momenta besides some delta-function.
Correspondingly, the involved PDFs and/or FFs are not only
gauge invariant but are also all defined via a quark-quark or
quark-j-gluon-quark correlator with one independent parton
momentum. Hence, the Lorentz decomposition of such
quark-quark or quark-j-gluon-quark correlator is feasible,
and higher twist calculations can be carried out.

The rest of the paper is organized as follows. In Sec. 1I,
we present the formalism of ete™ — hgX, where we show
both the results of the general kinematic analysis and those
for the hadronic tensor in QCD parton model after collinear
expansion. In Sec. III, we present the results for the
hadronic tensor, the structure functions, the azimuthal
asymmetries, and the hadron polarizations at the tree level
up to twist-4. A short summary and discussion is given
in Sec. IV.

II. THE FORMALISM

To be explicit, we consider the semi-inclusive process
ete” — Z° — hgX where g denotes an antiquark that
corresponds to a jet of hadrons in experiments and #
denotes the outgoing hadron. The cross section is given by

2E,Epdo o
dpd*k

Q4)(L Y )W (g, p, S K).  (2.1)

- 8ns

Here we use the notations as illustrated in Fig. 1; a=e? /4,
x=0/[(Q*=M3)* +T7M7]sin*20y, O° =5 = ¢°, Oy is
the Weinberg angle, M, is the Z-boson mass and I'; is the
decay width. The leptonic tensor is given by

L (1) = c§(Lilyy + Lily = guly - 1) + ics€u,,»

(2.2)

where ¢ = (c$)* + (c$)* and ¢§ = 2c%c; ¢ and ¢
are defined in the weak interaction current J,(x) =
w(x)Cw(x) and T, =y,(c — c4y°). Similar notations
are also used for quarks where we use a superscript g to
replace e. We use also the shorthand notations such as
€A = eﬂmﬁA"Bﬂ . The hadronic tensor is defined as

h

FIG. 1. [Illustrating diagram for e™ + e~ = h+ g + X.
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Wﬁii)(q, p, S, k)
1
= ﬂ;(%)%“(q —p—K —px)

x (014,(0)[p. S. & X){p. S. K X|J,(0)[0), (2.3)
where S denotes the polarization of the hadron and J,(x) is

the quark electroweak current. It is related to the inclusive
hadronic tensor W/(},fl)(q, p.S) by
W/(li/l) (q: p’ Sv k/) (24)

31/
(in) d’k
W v ’ k) S -
H (q p ) /(271')32Ek/

If we consider only the transverse momentum k', depend-
ence, we have

E,do B a’y
Epd’kK,  4r*sQ*

Llw(ll’lZ)W/w(q7 p’S’ klj_)’ (25)

where Ww(q, p.S. k') is the TMD semi-inclusive had-
ronic tensor given by

dk!

W.(q.p,S.K\) :/mwﬁw(q,}’,&y)- (2.6)

A. The general form of the cross section in
terms of structure functions

Formally, the general form of the cross section for et e™ —
hgX is exactly the same as that for eTe™ — VzX discussed
in detail in [39]. We summarize the results here.

The hadronic tensor is divided into a symmetric and an
antisymmetric part, W,, = WS + le}w each of them is
given by a linear combmatlon of a set of basic Lorentz
tensors (BLTYs), i.e.,

WS — ZWW §§”+ZW(,} e (2.7)
A A
WA — Z A 6;‘”+ZWG, e, (2.8)

where /#* and 1" represent the space reflection even and
space reflection odd BLTs, respectively. The subscript o
specifies the polarization.

As has been found out in [39], a distinct feature for BLTs
in semi-inclusive reactions such as e* e~ — hgX is that the
polarization dependent BLTs can be taken as a product of
the unpolarized BLTs and polarization dependent Lorentz
scalar(s) or pseudo-scalar(s). There are nine unpolarized
BLTs given by

v 5 q"q” v o ”
hy: —{9“ . phpy kLKLY, é”k;}}, (2.9)
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hSﬂl/ {e{ﬂqpk Pa v} e{ﬂqpk/ki;}} (210)
i = {pik'). (2.11)
]’:11[4/;:1/ _ {Spwqp’ Sﬂ”qk/}' (212)

The subscript U denotes the unpolarized part. Here p, =
p—aq(p-q)/q* satisfying p,-g=0, AluBYy = ArBY +
AYB*, and A¥BY) = A*BY — AVBF.

The vector polarization dependent BLTs are given by

= {l, (K- SR 55hg Y, (2.13)
Y = {ln, (K- SRl 55hg Y, (2.14)
hy = ([ (K- Sl e55hy™y, (2.15)
WY = { . (K- SR ShEY. (2.16)

where &£ L =¢ Lﬂ k. Sﬂ, = ghvab i, ny; Ay is the helicity of
the outgoing hadron and ST denotes the transverse polari-
zation components. There are 27 such vector polarized
BLTs in total.

The tensor polarized part is composed of S;; -, S; - and
Srr-dependent parts. There are nine S;; -dependent BLTs,
they are given by

hiiyz = SLLh%D’ ZLISA”LDZ = SLLhi/”,yv (2.17)
W = Sy, R =St (2.18)
There are 18 S; r-dependent ones, they are

hity = {(Ky - Sur)hgly €5y Y, (219
iy = (K- Senhg 5 hf Y, (220)
Hl = K Sl i) (221)
Byt = {(Ky - Sur)hg 5 gy (2.22)

There are also 18 Syy-dependent ones, they are
hilys = {SKEn3e ShEni (2.23)
= (SR SRS, 229)
I = (SKE A, SEE Y, (2.25)
i = (SHR SRy, (226)
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where Sk& = k’LaSaﬂ K\, and Ky = € g There are in
total 81 such BLTs. Correspondingly there should be 81
structure functions for ete™ — hgX.

The cross section is given in the helicity Gottfried-Jackson
frame [39] where we choose p = (E,.0,0, p.), and [, =
0(1,sin0,0,c0s0)/2, k' = (Eyp, |k K\ |sing, k)
and

Ep
S = </1h , |S7] cos g, |S7| singyg, 4y, M) (2.27)

Sir = (0, |SLT| Cosgrr, SLT| singyr, 0), (2~28)

Srr = (0,

STTl sin 2()0]“7‘, 0) (229)

In this frame, the cross section is given by

E do (12)( - -
+[S7|(Wr + WT) + S We + WLL)
+1SLr|(Wer + WLT) + [Srrl(Wrr + WTT)]’

(2.30)

where we use W, and W, to denote the parity conserved and
parity violated parts, respectively. For the unpolarized part,
they are given by
Wy = (1 4+ cos?0)W, + sin?0W, + cos OW

+ cos @[sin OW} Y + sin 205 ]

+ cos 2sin oW (2.31)
Wy = sing[sin Wi ? + sin 20W357]
+ sin 2sin20Wir 7. (2.32)

We note in particular that all the § and ¢ dependences are
given explicitly. The Wy; and WU ; are scalar functions
depending on s, £ =2¢-p/q* and k? and are called
“structure functions”. The subscript j specifies different
60— dependence modes for the same ¢— dependence. We
have 6 structure functions corresponding to parity conserved
terms and 3 corresponding to parity violated terms in the
unpolarized case.

The longitudinal polarization (helicity 4, and spin align-
ment S;;) dependent parts take exactly the same form as
the unpolarized part. More precisely, W, and W, take the
same form as Wy; W, and VNVLL take the same form as

Wu, i.e.,

W, = sing[sin@W;"? + sin 20W35?] + sin 2¢sin20W;">*,
(2.33)
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Wy =(1 + cos20)W, | + sin20W,, + cos OW 5 + cos g[sin OWSS? + sin 20WS% 7] + cos 2gsin20W* >,

PHYSICAL REVIEW D 96, 054016 (2017)

(2.34)

Wir =(1 4 cos20)W | + sin?0W, 5 + cos OW ;5 + cos p[sin OWSS? + sin 20WSS¥] 4 cos 2psin? WSS 7, (2.35)

W, = sin @[sin ¢9WLL1 + sin 29WLL2] + sin 2§osm29Wm2"’,

(2.36)

For the transverse polarization dependent parts, there are three azimuthal angles, ¢g, ¢;r and @7y involved. The

corresponding expressions are

Wy = sin g[sin OWS™ 7S + sin 20W5n75] + sin(g + gg) sin? OWS" ™) 4 sin(p — ) [(1 + cos? O) W0 —0s)

+ sin2 OWSA75) 4 cos OWSR 9] t sin(2¢ — gg)[sin OWS 2 74) 1 sin 20Wia 20 7s))

+ sin(3¢p — gg) sin? QW 705),

(2.37)

Wy = cos @g[sin OWSS? + sin 20W5% 7] + cos(¢ + @g)sinOWS™ %) 1 cos(p — ) [(1 + cos20) W ?s)
+ sin29W{}(;S 2705) | cos OW oy ‘”_"’S)] + cos(2¢ — ) [sin QWCTOIS&(['_%) + sin 2«9W‘}°23(2"’_‘”“)]

+ cos(3¢p — ¢S)sin20ﬁ/§°s(3(”_w5);

(2.38)

Wi = sin gy [sin OW 305 + sin 20W;597] + sin(g + g 1) sin’ GW?I}(WWT)

+ sin((p _ (pLT) [(1 + cos? 9) Wzin(éﬂ—(ﬂlj) + sin? eﬁ/sm(éﬂ—(/’n) + cos HWSin(¢_¢LT>]

+ sin(2¢ — (pLT)[smHWzr}(zm our) Sln29W21;(22¢ {p”)} +sin(3p — @) sin GWWG'/' our)

(2.39)

Wyr = cos @pr[sin OW; 71T + sin 20W 5] + cos(@ + @y 1) sin? oW tenr)

+ COS((p _ (pLT)[(l -+ cos 9) WCLOS »=9r7) + sin2 HWCOS(lﬂ—q’LT) —+ cos ewzo;glﬂ—(ﬂl‘r)}

+ COS(2¢ (0LT)[SITI GW(I:‘O; (29—p17) + sin 2€Wc05(2(/) (Pu)] + COS(3(p _ (pLT) sin2 GWZOTSG(p—(/)LT);

(2.40)

Wi = sin(p — 277) [sin OWSn ¢ ™20) 4 sin 20WS00=2911)] 4 sin 2077 sin? OW5n2rr
+5in(29 — 2077)[(1 + cos? O)Wim20=2011) | gin2 gyysne=2011) 4 cos Qqu(z"” 20rr)]

+ sin(3¢ — 2077) [sin OWSn 2 20) 4 sin 20W5nS?2011)] 4 sin(4g — 2077 sin? OWi 0201

(2.41)

Wi = cos(g — 2¢77)[cos OWSm?™2011) y Gin 29W?"2711)] 1 cos 2y sin® QWSS 21T
+ cos(2¢ — 2¢77)[(1 + cos Q)WCT(; (2¢=2¢17) + sin QWCOS(Z(/] 2011) 4 cos QWCTO;SZ(” 2(/)TT)]

+ cos(3¢ — 2¢7r)[sin HWCTOS(3¢_2(’)TT) + sin ZHWCTO;f‘”_z(p”)] + cos(4g — 2¢7r) sin® GWCTO;(4‘”_2"’TT),

We note in particular the following: Since S is an axial
vector and S; 7 is a vector, we have one to one correspon-

dence between W; < VVLT and VVT < Wyr. Also i

corresponds to S’}# in the BLTs given by Eqgs. (2.19)-
(2.26), hence ¢, corresponds to 2¢rr — ¢.

Having the general form of the differential cross section,
we can express all other measurable quantities such as
azimuthal asymmetries and different components of hadron
polarizations in terms of structure functions. The longi-
tudinal components are unique and defined with respect to
the direction of the hadron momentum, i.e., in the helicity

(2.42)

|
basis. The transverse directions can be chosen as the normal
of the lepton-hadron plane (defined by the momenta of
the hadron £ and the electron e7), i.e., the y-direction, or
that of the hadron-jet plane (defined by the momenta of the
hadron 4 and the g). The expressions of these different
components of polarizations in terms of the structure
functions can easily be derived and take exactly the same
form as those for ete™ — VzX given in [39]. We do not
repeat them here.

If we integrate over d°k’,, we obtain the result for the
inclusive process eTe” — hX, i.e.,
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Edo™ _ a2 po0 | 0, B0 4 8,1 (F 4 F) W, 8.K0) =D Wi g, p.S. K. (253)

dp s o

S f(in) S f(in) j,:»(in) e
ol | LT|( r LT) where ¢ denotes different cuts. The W,(,Jy’ ) is a trace of the

+ \STT|( o ) + Fin oo )] (2.43)  collinear-expanded hard part and gauge invariant quark-
Jj-gluon-quark correlator and can be simplified to [38]

= (1+cos?0)F\% +sin2 0F ) + cosOF ™ (2.44)

~ 1 . ~0)-
iy iy y ) Wi = 5 Trlh/ 2 (2.54)
FI = (14cos20) F™ 4 sin2 0F ) + cosOF Y, (2.45)
in in in /(1L 1 7 (Hpa(l
FI = (14+cos) FI), +sin20F ™), +cos0F ™, (2.46) Wi = - 4(p_q)Tr[h,§J":,€ T (259)
(in) sin g (in) sin pg
FT = sin g(sin OF + sin20F;, ),  (2.47) . 1 .
! W = ﬁTr[foJﬂ”:,(,,, +RPED) (2.56)
in) cos in) cos r-q
FI — cos gg(sin OF W s 4 sin 20F W) 0505) - (2.48)
. 4 . ~om 1 £ (2)po e (2.M)
FI) — cos gy (singF W | sin20Fmeseiry (3 49) Wi = g0 g Tl e (2:57)

FI — sing, 1 (sinOF (Li;)lsm‘”” +sin20F (Li[}?in(””), (2.50)  where the hard parts are given by

o (1n) cos2¢rr ~ 1
F) = cos 2¢yy sin OF : (2.51) By = — AT, (2.58)
F (TT) = sin 2¢yy sin OF; <m> sin2rr (2.52)
hy)? = Tty AT, (2.59)

We have in total 19 inclusive structure functions and they

are just equal to the semi-inclusive counterparts integrated < (2o Pt
over d*k| /(2x)% h"" = TFZfiy’iﬂy'iﬂFZ , (2.60)
B. Hadronic tensor in the QCD parton model N}(ﬁ)ﬂ" = g T/ hyoTL. (2.61)

In the QCD parton model, at the tree level of pQCD,
we need to consider the series of diagrams illustrated ~ All the quark-quark and quark-j-gluon-quark correlators
in Fig. 2 where diagrams with exchange of j gluon(s)  involved are functions of one parton momentum and
(j=0,1,2,--)are included. After the collinear expansion, the hadron momentum and spin, i.e., (z, k;, p, S), and
the TMD semi-inclusive hadronic tensor is obtained as are given by

0000

I
(cl) (c2) (c3)
FIG. 2. The first few diagrams as examples of the considered diagram series with exchange of j-gluon(s) and different cuts. We see

(a)j =0, (bl)j = 1and left cut, (b2) j = 1 and right cut, (c1) j = 2 and left cut, (c2) j = 2 and middle cut, and (c3) j = 2 and right cut,
respectively.
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2 prdEdEL e ik, L 0 ot
2(0) :ZX:/Tle Ptk (0] £7(0, 00)
Xy (0)|hX) (hX |y (§) L (€, 00)|0), (2.62)
) p+d§_dz‘fl —ipTE Jotik, £ +
& _;/427[ i € 1KLL (0] £7(0, o0)
x D1, (0)y (0)[hX) (hX |y (§)L(E, 20)]0),

. e d? o e
Eﬁ)_zx:/ ’ iﬂ = /0 ipTdyenir kg

x (0|L7(n,00)D 1, (n)D 1 5(n)L7(0, )
Xy (0)|hX) (hX|p (&) L(E, 00)[0),

(2.63)

(2.64)

+
_‘/) Z/ df d égj_ _,p+§ /z+sz§Lp <0‘£T(O oo)

xDL,)(O)Da( Jw (0)[hX) (hX |y (£) L(E. 00)[0).
(2.65)

+
._‘po- Z/ d§ d fJ_ —lp*.f Jz+ik, - '}:L<0|£ (0 oo)

x D1,y (0)|hX) (hX|pr(8)D 15(8)L(E. )[0),
(2.66)

where D, = —id, + gA,,and £(0, y) is the gauge link. As a
convention, the argument £ in the quark filed operator y and
gauge link represents (0,&7, &, ). We note that the leading

power contribution of W,(,Jy) is twist-(j + 2). However,
|

kS

—(1
Z:';mc) =M?g <D3d L — D3y + S11Dsars +

M
£kS

+kipkia <D3ld + 7D%ldT + 8Dy +

M

ky-Sr

+ iMZE'J_pa (AhD?)dL M

ki -Sr
M

1 -
+ 5 ki ok 1) <ihD§dL +

- (1) kS
ZE/)(I = iMzSJ_pa <G3d -

kS

i -
+ 2 ki pkLay (G3ld L G3L[12T + SLLG3dLL

k. - Sy
M
k- Sy
M

+ M?g) (ﬂh Gar —

+ ik k1) (z,,G;,L +

£
13 L
D3dT +
&
14 L
D3dT +

E
ﬁ Giyr + S1.Gsarr +

13
G3dT

14
G3dT
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because of the factor p° in the definition of _,<, /) given

by Eq. (2.65), the second term in Eq. (2.56) has no
contribution up to twist-4. The leading power contribution
of this term is twist-5.

C. Decompositions of the
quark-j-gluon-quark correlator

In ete™ — hgX, only the chiral even FFs are involved.
We only need to consider the y*- and the y°y%-term in the
decomposition of the correlators in terms of the I['-matrices
such as 20 = 5 yE+ éfl())ysya + - -. We write down all
of the twist-4 terms in the decomposition of these corre-
lators in the following. For =20, they are given by

2 kS
=) _ M~
=Y = P (Dz ]\iI D3y + SpDsrr

ko Surpy  Sirp.
=(0) 2 ki St .,
2Bq’ =——ng| 4G — Gir
o S
+= Gt G3LTT> (2.68)

Here, as in [39], D’s and G’s represent the y*- and y’y®-type
FFs, respectively. The digit j in the subscript denotes twist-
(j + 1); the capital letter such as T, L, or LL denotes the
hadron polarization. There are in total nine twist-4 chiral
even FFs defined via 2,

For é},l), the chiral even parts are

ki Sir ST
TDé_dLT +-7 M2 D3ldTT
ky-Sir
M
kSpr Skk

T
M D3dLT to M2 D%;TT)

STT
Dijr + 3 Dl )

kSpr

S
Dyf o +-1I% Dﬁﬁ)’ (2.69)

M

ki -Sir Skk
T G3ldLT + 7 G%dTT

ki-S§ Skk
LT i+ 305 Gl

ng“ Skk
L Gl 01T GL3
M C3dLT Uy U3drT
kS, i

SJ_ v G4 + S];kT G“

M LT 3dTT |»

(2.70)
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where k| (ko =kyiki,—

denote FFs defined via é'.,(,l .

Up to twist-4, we only need the leading power contributions from =, and =2,

the 71,-terms. They are given by

k3 91pe/2 and g, ,, is defined as g, ,, = Gpu — 71

PHYSICAL REVIEW D 96, 054016 (2017)

Mg — gn,. Here we add a subscript d to

&) &(2.M)

. For the chiral even part, we need only

kS
—(2 — £ kj_ -S S
Z:'/ga)a = pTilg |:M2gl,06 <D3dd - ﬁDéddT + S11D3garr + M & D3deLT + I D3lddTT
kS ki -S Skk
19T
T kipkio (D3dd + ]\; Dijur + SeeDsgars = M Dijurr — AZ DsLdszT)
, k.- Sy v Sk,
+ iM%, </1hD3ddL - Dyjyr — M D3gunr — e D3grr

ky - St

+ zkl{pkj_a} (ﬁhDsddL T

ks
~(2) _ — |
2Epoa = P g |IM7€ | )y | G3aq —

kS

1 -
+ Ekl{/’klf’} < 3dd T3 L G3ddT + SLLG%ddLL

k. - Sy
M
k, - Sy

+M ng_pa (ﬁthdL - Ggur =

+kipkis) </1thdL t—

where we use dd in the subscript to denote FFs defined

oAa2 s ~(2.M
via :2,,) The decomposition of _26 )

same form as that of :26) We just add an additional

superscript M to distinguish them from each other and omit
the equations here.

From Egs. (2.67)—-(2.72), we see that for the twist-4
parts, the decomposition of = and that of = have exact one
to one correspondence. For each D;, there is a Gj
corresponding to it. They always appear in pairs.

takes exactly the

Because of the Hermiticity of 2 and éﬁ;M) the FFs

defined via them are real. For those defined via :,, ) and
;53,), there is no such constraint so that they can be

complex.

D. Relationships derived from the QCD
equation of motion

From the QCD equation of motion, y - Dy = 0, we relate
the quark-j-gluon-quark correlators to the quark-quark

correlator. For the two transverse components E(f)p and
é(f>p , we have
KED =~ ReE!) — /ImE).  (2.73)
KE = —oReE) — & mE).  (2.74)

e S
14 14
Djur + =7 Digarr + 5 e D3ddTT>:|

€
ﬁGide +80.Gagarr +——

S
14 L
GdeT +—= G3ddLT +

L (2.71)

k, - S;r Sk
M G’iddLT . Gé_ddTT
k, Sy Sk

12 PTT ~12
M G3ddLT M G3ddTT>

kSpr kk
€ GL3 S

PTT GJ_'%
M 3ddLT — MZ 3ddTT

kS
5 S];];“ GJ_4 ):| (2 72)
M 3ddTT :

|
Equations (2.73) and (2.74) lead to a set of relationships
between twist-3 FFs given in the unified form [39]

- iGK = —z(DK - GK).  (279)
where S =null, L,7,LL,LT or TT and K = null, L
or /L whenever applicable [46]. Similarly, for the minus

—(0 ~(0
components of :Sﬂ and :& >, we have

2kT220) = Kt (oY _pa )+ zep":pa)

6.—2M

1 pa+ + gpm—pa+ ’ (276)

2k+280 = =kt (g7 1 ~pa + lémﬂw)

_ 0= (2.M) 8p0'r—1 (2.M)

- 1 =po+ —po+ - (2'77)

From Egs. (2.76) and (2.77), we obtain a set of relation-

ships between twist-4 FFs defined via 20 &M and M),
For longitudinal components, we have

D3 = ZD_3d = _zszf&dd’ (278)
D31 = 2D 3411 = —ZZD%MLL’ (2.79)
Gsp =D 3 = ZzD/.t./I3ddLy (2'80)
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where D, = D + G such as D_3;, = D3, —
For the transverse components, we have

G54 and so on.

D3LS = ZD%T)(IS = _ZZDﬁingdS, (281)
Gis = 2D5 5 = —ns? DM . (2.82)

where S = T, LT or TT represents the transverse compo-
nents; ng represents a sign that takes —1 for S = 7" and +1
for S = LT or TT as well as in Egs. (2.86) and (2.87).

We note in particular that Eqs. (2.78)—(2.82) represent 27
equations in total that can be used to eliminate those twist-4
TMD FFs that are not independent in parton model results
for a cross section.

E. Relationships between twist-4 and leading
twist FFs at g=0

The higher twist FFs defined in Sec. II C are new and
much involved. Currently, there is not much data available.
If we neglect the multiple gluon scattering, i.e., set g = 0,
we obtain a set of equations relating them to the leading
twist counterparts. These relationships could be helpful in
understanding the properties of these higher twist FFs, in
particular at the present stage when few data are available.
We give these relationships in this subsection.

By putting g =0 into Egs. (2. 62) (2 66) we obtain

relationships such as = | P 0——k L= |g 0=
=(2) &(2)

kJ_ka_cé(O)|g=O7 ( =pc +7 —op 7/ )|g 0 — szlp (a—‘ /
0z)|,—o- Together with the QCD equation of motion, we
obtain the relationships between the leading twist FFs and

twist-4 FFs in the following. For the twist-4 FFs defined via

éf)l), we obtain that for the longitudinal components

|g 0> “PU

k2l L 1 k3
D3d 2M2 D = EDS 2M2 ZDI, (283)
K> 1 k2
Dsy1 = ﬁ SaLL = EDSLL = —Z—A/leleLL: (2.84)
k2 1 K>
Gaar = i35 Giu =G = =535 2Gu. (285)
and for the transverse components
k2 1 K
ds = ’7S2—A/l12D3Ldzs = EDaLS =~ Tom? ZDIS’ (2.86)
13 K 1 L K2
Gijs = ils—— e Gijs = . -Gy =Ns=5 0 G, (2.87)

where S =T, LT or TT.A
For those defined via E,(,%,), we have, for the longitudinal
components,

PHYSICAL REVIEW D 96, 054016 (2017)

K N , k0
ReD3dd = —2M2 ReD3dd = M2 a Dl’ (288)
K3 , kK 0
ReGiyqr = T]‘;RGG%ML = 4M2 oz — Gy, (2.89)
K K o
ReDsgarr = 2—];2R6D3deLL 24M2 92 Dy, (2.90)
and for the transverse components
K3 K 0
ReD3lddS 2;[21{ D3Ldzds =< Wa_DlLS’ (2.91)
K3 B0
ReGyy5 = ) 1\; ReGs 5 = Wa_GllSv (2.92)

where S = T, LT or TT. All others twist-4 FFs vanish and
also time-reversal invariance demands Di; = 0 in this case.

III. THE COMPLETE TWIST-4 RESULTS

By substituting Eqgs. (2.58)—(2.61) and (2.67)—(2.72) into
Egs. (2.54)—(2.57), carrying out the traces, we obtain the
hadronic tensor results at twist-4. Making the Lorentz
contraction of the hadronic tensor with the leptonic tensor,
we obtain the cross section up to twist-4. We compare the
results with the general form of the cross section given by
Egs. (2.30)—(2.42) and obtain the results for the structure
functions in terms of gauge invariant FFs. We present the
complete results up to twist-4 in this section. For com-
parison, we also show the corresponding results at leading
twist and twist-3. They can be found, e.g., in [38]. There are
also contributions from the four-quark correlators at twist-
4. We present them in Sec. Il E. We also show the results
for the inclusive processes.

A. The hadronic tensor at twist-4

The hadronic tensor up to twist-3 obtained using the
formalismin Sec. Il has been presented in e.g., [38]. We show
only the twist-4 part obtained by substituting Egs. (2.58)—
(2.61) and Egs. (2.67)—(2.72) into Eqgs. (2.54)—(2.57).

For the contributions from W,f,),, we use

700) « 4 a 1 : an

Tr[hﬁw)}’ ] = T F [Ctll(g;wn - g({,,nv}> + lcg’gﬂu ]’ (31)
700).5, a 4 q a c 4. an

Tr[hﬂl/ Y } = + [C3 (gpwn - g?ﬂnv}) + lclg;w ]’ (32)

P

and obtain the twist-4 part of VV,@ as given by
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- AM’n,n eks k,-S SkK
o) u"tv q J_ 1L "OLT 1 TT .1
o = [ <D3 i D37+ SpDapp, + Dy +—5 2 DSTT>
k.- Sy kSpr Skk

£
G%T +— L G3LT A;g G%TT):|

+ ¢ (fth3L i

where we use a subscript 74 to denote the twist-4 part only
For W,(u,), we have contributions from W,(w and W RN = W,(,L L)% We calculate

~(1 a a a
Tr[h< » v = 4ci2n,n, g + 91,97 - gLﬂgJ_}D] 4ici[2n,n e + o) e1," + g7 ,e0,"],

~>(1 o . — " " -  a
el voy] = 4ici2n,i 7 + o) e, + o en,l) — 4ci2n i, g + g1udt = 990,

and obtain

2 kS kk
5,(1L) _ 4M _ €7 ki -Sir Str
Wt4;w T Z(p . q) Mty [C? (D—Sd - ﬁDJ—_3dT + 81D 3a11 + M Dt arr T3 M> DJ—_3dTT

ky - Sy gkfn S]}kT
+C§ (ﬁhD—3dL_ M D 3dT+ M D 3dLT+M DJ—_%3dTT>:|

2 Lo s ki -Spr S¥r 12
+———kipkuy|ci| Do+ 7D—%dT +SpLD5gp + " DYy +—5D

z2(p-q)
ki =St 4 8115” 14 S];kT 14
—ic§ (ﬂhD sa T3 Disar T = Disar T 37 D+3dTT>:|

1 7 q 1 ki-St 14 SliS” 14 STT 14
+z(p-q) kigkioy|€i\ D za, +—75— M D5yr + = M D 3dLT+ > D 5arr

eks k,-S Skk
1
+ic3 (Dlw + Ail DY, + S DYy, + " 1 p2 S3art T AZ Df%dTT)]

For W,(,ZU), we have contributions from Wf,%’M), W,(,%’L) and W,(,zy

R)
Tr[],:l;%/)po.ﬂ]p-F = _Sc?pﬂpu‘dj_{f - 8icgpﬂpy6‘/j_ﬁ’

~(2 c . o
Te[h il pt = 8¢p,p,dy + 8ict pup,eY,

and the result is given by

7/(2.M) Am? a( pMm ]iS ML M ki Sir v St ML
Wigw = _Wl’ul’v i D¥saa = M 7 Diaar + SeeDaa + M D 3gar + 57 M2 D saart

k .S 8kSLT Skk
—c( 1, DM L 0T DML3 L pML3 PTT pML3
3\ M 3ddL T M +3ddT — M +3ddLT ~— M2 +3ddTT | |+

For W,%L), we have
Tr[NG 7] p* = 4(p - Q) llg g + 61,00 — 4 - @icll e en” — o e,

Tr[i\\,/(ﬁ/)pgysﬂ]p+ = _4(p : Q)Cg [gj_gglm/ + .g/ib,giy]] + 4([7 : ('I)lccl] [gﬁ_ﬂej_ug - gj_yelﬂp]’

and the result is
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)
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i gﬁ) = Zéﬂ/{z) {guw [Cil <D—3dd - SEDf3ddT + SeeD_34arr + & Z.WSLT Dl + ﬁDfsddTT>
N L T S s )
+ie, {C(f (/lhD—deL - kLMST DY — {;]};LTDfssddLT - ijTIZngdTT>
+c5 (D—3dd - E_A%Swadr + 81D 3daLe + MD%&MU + %Di_deTT)} } (3.12)

We add all of the contributions from ng), W},}), and

VNV,% together and use the relationships given by Egs. (2.78)—(2.82)

)

to eliminate the not independent FFs. We obtain the twist-4 contributions to the hadronic tensor as given by

4M* (29 —2p),(2q - 2p) an ki Sur St
Wi = 2p-q) { 22(; ) “lel(Ds - ﬁDﬁ +Sp.Dspp + Dy + WD%TT
ky - Sy e Stk
- </1hG3L - TGsLT + lTGé_LT + #G#T
kJ_ kJ_ ng ki -S Skk
#2200 [ere (Dl + L 13, 100+ 01, + 01,
ky - Sr eher st
+ c§Im <ﬂhDi3dL +——— D5y + ‘X/[ Diigr + %DfS‘dTT
ki ki } ki -Sr gliS” sk
2”M2V cRe( 24D 3y, T D3y + M Difur +ﬁDi§dTT
kS kk
£ kJ_ . SLT S
~cttm( Dl 4 5 DB+ SuuDhyy + P DR+ DR
q .4 e ki -Sir 0 S¥r L
+ (191w +ic5e,)Re| D 340 — MD—deT + 812D 3a41 + " D=4 + WD—MdTT
) kJ_ .S €kSLT S/;k
+(c391 + icie1,,)Re (ﬂhD—MdL - e DLy — J_TDJ—_gddLT - %ngddﬁ : (3.13)
I
Here a summation over quark flavor is implicit. We can Wy = c¢cl(Dy — 4k3ReD_344/7), (3.14)
easily check that current conservation g*W 4, = ¢*W 4, =
0 is valid. ZWU3 = chCg(Dl - 4K]2V[RCD—3dd/Z)v (315)
B. The structure functions Wy = (G, — 4k3ReD_sy01 /7). (3.16)
By making Lorentz contraction of the hadronic tensor
given by Eq. (3.13) with the leptonic tensor, we obtain the Wys = 2¢5¢4(Gyy — 43 ReD 3441 /2), (3.17)
differential cross section. By comparing the results
obtained with the general form given by Egs. (2.30)- sin(¢p—gs) a0l 5 n
(2.42) in terms of the structure functions, we obtain the Wr = komeicl(Dip = 4kyReD 3 4r/2),  (3.18)

twist-4 results of the structure functions in the QCD parton
model at leading order pQCD. We now present the results.
For comparison, we include also the leading twist and
twist-3 results here.

Up to twist-4, we have contributions to all the 81 structure
functions. Among them, 18 have both leading twist and
twist-4 contributions. They are given by

ZW%W—%) = 2kLMC§C(3] (DllT - 4K%4R6D£3ddT/Z)v (3.19)

W) = k| yc5ed(Gly — 43 ReD S, /7)., (3.20)
W) =2k | yesel (Gl — 43 ReD S /7). (3.21)
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Wiy = c§cl(Diyy — 4kyReD 34411/7), (3.22)
Wiz = 2¢5¢5(Dypp — 4k ReD 34q1./2),  (3.23)

cos(p—prr) _ e 4/l 2 1
Wir =~k ycic{(Dipr —4xyReD 3, 1/72),

(3.24)
ZWio;é(ﬂ_(pLT) = _2kLMC§C§ (DILLT - 4K12wReDf3ddLT/Z)’
(3.25)
ZWLT(l(ﬂ ) = = kpcicy (GlLT 4’<%/1R6D£§ddLT/Z)v
(3.26)
ZWSLII}g(p_(pLT) = 2k¢MC3C (GILT 4K12V1RCD£§’ddLT/Z)v
(3.27)

cos(2¢0—2¢77) __ 12 1l 2 1
Wrr = k7 ycic (DITT dxyReD 5017/ 2),

(3.28)

cos20=2077) _ 512 e, 4L 2 1
Wrrs = 2k7 yyc5¢5(Digr — 4xyReD 23 yyrr/2),

ZWSTi;(lzw_zwr) = _kleC C3(Gf_TT 4K%/IRGDJ—_33ddTT/ ),
ZWSTH;%M_ZWT) = —2k7 TME5C (GITT 4K12V1ReDJ—_§’ddTT/ 2).
(3.29)

Here, as in [41], we use k), = M/Q to symbolize higher
twist contributions, i.e., k3, symbolizes twist-3 and Kﬁ,, is
twist-4. We also use k| = |l€l|/M to make the equations
look more concise. We may note that the results obtained
take a quite unified form, i.e., a twist-2 FF minus the real part
of the corresponding twist-4 FF. Another 27 have only twist-
4 contributions

Wy, = 8k3,¢¢cD;s /z, (3.30)

PWESH = 242 i3,c¢ciReDL,,,  (3.31)

ZZW%HM = 2k? MK'MC chmD 3d> (3.32)
2Wio = 8k3,¢5ciGyy /2, (3.33)
Zszoszq) = _ZkiMK%/lCTCgImDiSdL’ (3.34)

W =203 kG ciciReD Y, (3.35)
2Wn0) — 8k i cseiD /2, (3.36)
zzWSTin(q)WS) = —k3 k4 ciciRe(DE,r + D4 yr), (3.37)

ZZWSTin(3¢_%) = kiMK%/IC?‘C‘IIRe<DJ—_§dT - Ding)’ (3.38)
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2WSrs) — 8k 2, cocGL/z. (3.39)
2WF) = i3 cselim(D2,, + DY), (3.40)
2WFE) = i i cicdim(D2 - DY), (341)
2?Wypy = 8k3,cSciDsy /2, (3.42)

PWSS = 2212, i3 c¢ciReDL, . (3.43)
2W = 22 i3 ceciimDL,, . (3.44)
ZZWCL%(/)_(’)LT) = =8k, yk3ciciDy +/z,  (3.45)
ZzWCLO;(¢+wI‘T) K ykiciciRe(D25y r = D5y 7). (3.46)
ZZWCL(;(aw_w"T) ke vk cic{Re(DZ3y p+ D5y 7). (3.47)
Zzwzh}(zw_q)”) = _SkJ_MKMC C3G3LT/Z’ (3.48)
ZZWSLi;(mWLT):kiM"%/fC c%Im(D 3dLT DigdLT)’ (3.49)

13 .2 e.q 12 14
= ki ykycicsIm(D=5 r + D5arr),

(3.50)

=~ sin(3¢p—
ZZWLT( =

ZzWCTOTSg(p_ZWT 8k ykyicic{Dyyr/z, (3.51)
ZzW%OTSMTT = —kf MKMCquRe(D 3dTT Di3dTT) (3.52)

2ycosdo—20rr) 74 2 e 9 12 14
=Wrr = —ki yxyciciRe(D=5rr + D+3dTT)’

(3.53)
5 ,5in(20—"2¢7r)
2WnCe=20m) _ 8)2 2 c¢clGh /2 (3.54)
5 78in2
ZzWTT o= _kj_MKMC cglm(DlngT Disdrr) (3.55)

2 sin(4p—=2¢rr) _ _ 14 q 12
W kJ_MKMC c3Im(D dTT+D+3dTT)

(3.56)
The rest 36 have only twist-3 contributions
WY = 4k ykycieiDt, (3.57)
PWis? = 2k ykpycciD*, (3.58)
PWNY = —4k yrpcselGL (3.59)
PWn? = =2k yrpcclGL, (3.60)
PWN = 4k | yykpcsedDE (3.61)
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WY = 2k | ykpctcd DY,
PWSS? = 4k yyxp csIGE,
ZW5" = 2k ykyci G,
PWs = dicycsedDy,
ZZWST“;"S = 2kycéciDy,
W) 243 sl
W) = ke
ZWR " = dryc§e{Gr,
2WS? = 2iy,c¢cdGr,
WO 2 28 eyt
R — i1
2WiTY = 4k yrycsciDEy .
2WiTY = 2k yrpcseiDEy
2WY = —4k Ky cseiGry,
ZZWSLiIng = _ZkJ_MKMC?CgGiL’
PWROT = 4y c4c?G
ZZVNVSL“}?T = 2k c§ciGyr,

2vi/8in(20—@Lr)
Wi

_ 2 e 91
= 2k7 ykpcseiGrr,
ZWSin(Z(P—lﬂLr) — K2 kvl GE
Wi = Kiukmc163Grr,s

2YA/C0S@rr e .q
Wit = dkycse3Dyr,

2W/C0S@rr e .q
Wi " = 2kycici Dy,

270820~ prr) _ ~72 e 4L

Wi = 2k7 pkpcse3 Dy,
21170820~ orr) __ 12 e 4L
“Wir = ki pkmciciDirs

2vi/sin(p—207r7) _ e dvL
ZWor = 4k ykycsciGir

2vy/sin(p—2¢rr) __ e drL
ZWrr = 2k, ykycic3Gir,

2visino—20rr) _ 513 e 4L
ZWrr = 2k ykpc5eiGry.

(3.62)
(3.63)
(3.64)
(3.65)
(3.66)
(3.67)
(3.68)
(3.69)
(3.70)
(3.71)
(3.72)
(3.73)
(3.74)
(3.75)
(3.76)
(3.77)
(3.78)
(3.79)
(3.80)
(3.81)
(3.82)
(3.83)
(3.84)
(3.85)
(3.86)

(3.87)
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ZzwsTi;(;w—Z(ﬂTT) — kiMKMC?CgG%T’ (3.88)
ZZW(}OTSE(/’_Q(I)TT) = dk iy csei D, (3.89)
W) e geielDf, (590
Z2W;~0TS§3¢_2¢TT) — 2kiMKMc§ch%T’ (391)

2Wcos(3(p—2(p11) — 3 ecdpd 3.92
z T = K ykuci1Prr. ( : )

As in [41] for SIDIS, we see again the following two
distinct features: (1) Structure functions for sine or cosine of
even number of azimuthal angles (¢, ¢g, @7 and/or 2¢p77)
have leading-twist and/or twist-4 contributions, while those
for sine or cosine of an odd number of azimuthal angles have
twist-3 contributions. (2) For the structure functions that
have leading twist contributions, there are always twist-4
addenda to them. The leading twist and twist-4 contributions
mix up with each other. However, the twist-3 contributions
are always separated from the leading twist and/or twist-4
contributions, and all of the twist-3 FFs are corresponding to
the azimuthal asymmetries that are absent in leading twist
and twist-4 contributions.

C. Azimuthal Asymmetries

Consider the unpolarized case, i.e., summing over the
spin of the produced hadron, we have only two twist-3 and
two twist-4 azimuthal asymmetries for eTe™ — hgX, i.e.,

D(y)T5(y)D+
= 2k —_— 3.93
(cos @)y 1MKm Tg ()zD; ( )
. D(y)T5(y)G*
(sing) 1MKm Tg(y)le ( )
1 C(y)c§ciReD:
) __12 .2 1€1 3d '
(cos2¢)y 2kLMKM Tg (y)zD, (3.95)
) 1 C(y)c¢ciIimD+
D) __1p2 0 163 3d .
(sin2¢) 3 k7 piky Tg (y)zD, (3.96)
where y = (1 + cos 0)/2,
To(y) = cciA(y) — c5¢5B(y), (3.97)
T4(y) = c§clB(y) - cscl. (3.98)
Ti(y) = 5t = c$ciB(y), (3.99)

and A(y)=(1-y)>+y*=(1+4cos’0)/2, B(y)=1-2y=
—cost, C(y)=4y(1-y)=sin’0, D(y)=,/y(1-y)=

sin@/2. We note that (cos@), and (cos2¢), are parity
conserved, (sin ), and (sin2¢), are parity violated.
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D. Hadron polarizations

We present only results averaged over azimuthal angle ¢.
For the longitudinal components, we have both leading
twist and twist-4 contributions. They are given by

2P ()’)Tg(J’)GlL
Q) =407 2 2 2, (3.100
B = =3 (0 ek — ), (3100

1Tq(y)D1LL
S;) ==Lt (] 2 2y: (3.101
(SrL) 2 TI()D, (1 +ayky —ariky);  ( )

Ti(y)ReD_3,;, — C ¢cipD
aU:4Z o(y)Re 23;&1 (y)efe 3’ (3.102)
T4 (y)Dy
= 4 PaOITE(V)ReD a1 + C(y)eicsGay (3.103)
- 2P, () T3 (y)G1L ’

Q= 4ZTg(y)ReD—3ddLL - C()’)CfccljDuL’ (3.104)

ZzTg()’)DmL

where P,(y) is the longitudinal polarization of ¢
produced in e*e”»Z—qq, P,(y)=T1(y)/T5(y), T{(y) =
—c¢cdA(y) + c§ciB(y). Here, we emphasize in particular
that the factor T{(y) in the numerator and that in the
denominator in Egs. (3.100)—(3.104) can not cancel with
each other, since a summation over flavor ¢ is implicit in
the numerator and in the denominator, respectively. This
also applies to all of the results presented in the following of
this paper.

For the transverse components with respect to the lepton-
hadron plane, we have

8 D(y)Ti(y)Gr
ST = —ky—F———, 3.105
< T> 3KM Tg(y)ZDl ( )
8 D()T3(y)Dr
YY) = —— Ky o2l L 3.106
< T> 3KM Tg(y)ZDl ( )
D()’>Tg()’)DLT
Tr)=— , 3.107
< LT> 3KM T(q)(y)ZDl ( )
) 8 D<y)Tq(y)GLT
Sy == 3 , 3.108
< LT> 3KM Tg(y)ZD] ( )
(S35) = —lk“ &2 C(Y)C?C?Re(ngTT - Digdrr)
T 3 A M™M Tg(y)ZD] 5
(3.109)
_l C(Y)Cfcglm(ngdTT - DingT)

iy = —=k4 K3
< TT> 3 1M™*M Tg(y)ZDl

(3.110)
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We see that (S%), (S7), (S77) and (S} ) have only twist-3
contributions while (S¥%) and (S7;) have only twist-4
contributions.

For the transverse components with respect to the
hadron-jet plane, we obtain

2 T(q)(J’)DllT

(57) =3 kim 0D, (3.111)

(1 4 ayky, — afky),
P,(y)T4(y)Giy

(1 + aykl, — akk?,),
T5(v)D, v

2
(S7) = _gkLM
(3.112)

; 2, PO)TG()Gi; .
(Sir) = _ng_M : Tq((;)Dl e (1 + ayky — ajrkyy),
0
(3.113)

2 T{(y)D;
(Str) = —3Nm 4;@()])57 (14 aUKzzw - O‘tLTK2 ),
0
(3.114)

2 . Tiy)DL
sy — _Z k2 0 ITT
< TT> 3 1M Tg ()’)D1

(1 + ayxiy — i)

(3.115)
(1 + ayk3, — ax3,),

(3.116)

where the a’s are similar to those given by Egs. (3.103)-
(3.104) in the longitudinally polarized case, i.e.,

ZTg(y)RewadT - C(Y)CTC?DiT

ay =4 , 3.117
i 2TI()Dly G-117)
P 4ZPq(y)Tg(y)ReD£§’ddT + C(y)efciGsy 3118
ar = 2 9()GL ’ ( . )
Z Pq()’)To(y) 1T
o — 4ZPq(y)Tg(y)ReDJ—_33ddLT — C(y)ciciGsir
o ZZPq(Y)Tg()’)GlLLT ’
(3.119)
o 4ZTg(y)ReD£3ddLT - C(Y)CfC?D%LT 3120
ar = 2rq T . (3.120)
2Ty (y)Dipr
o 4ZTg(y>ReDJ—_3ddTT - C(y>CTC(IJD§_TT 3121
arr = 214 T . (3.121)
2T (y)Dirr
ot — 4ZPq(y)Tg(y)ReDJ—_§ddTT = C(y)eiciGsrr
" Zqu (y)TB’(y)GlLTT
(3.122)
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FIG. 3. A rough estimation of the twist-4 contribution factor
a/k?,, as a function of z at y = 0.5 and Q = M.

We see that the transverse components with respect to the
hadron-jet plane have both leading and twist-4 contribu-
tions. We also note that the leading twist and twist-3 parts
are the same as those obtained in [38,39].

If we use the relationships given by Eqs. (2.83)-(2.92)
obtained at g = 0, we obtain

dInT{(y)D
dlnz

2C()’) qDl
TO(J’>D1

}, (3.123)

ay ~ _kﬁ_M |:

P [8lan(y)T(q)(y)G1L 2C(y)cfc§’G1L]

ap & —kiy dlnz _Pq(y)Tg(Y)GlL '
(3.124)
OInTE(y)Dyp  2C(y)csclDyy
~—k] : . (3125
e J_M|: all’lZ Tg(y)DlLL ( )
OInT{(y)Di  2C(y)cSeiDy,
~ =k Sream LT (3,126
aT LM|: 81112 Tg(y)Df_T ( )
o2 [P P OTE()Grr  2C(y)cicsGiy
r v dlnz P,()TG(y)Gir]
(3.127)

S qg—k S
(a) (b)

PHYSICAL REVIEW D 96, 054016 (2017)

o2 [P PTG ()G 2C()eieiGhyg
Lr M L Olnz Pq(y)Tg()’)GlLLT ’
1 2 _8ln Tg(y)DlLLT 2C(y)CiC?D1LLT
apr R —kly 7 T ,
dlnz To(»)Dipr
o — 2 [0InP,(y)T¢()Gizr _ 2C(y)ciciGiry
v o Olnz Pq(y)To( )Girr)’
(3.128)
nn 8lan(y)DL ZC(y)CquDJ‘
=kl y gl L T4 1Dll U7 (3.129)
nz o) Dizy

At present stage, we may use these equations to make
rough estimations for twist-4 contributions. To get a feeling
of how large they could be, we plot a;; and a; using the
parameterizations of FFs in [47-49]. We see from Fig. 3
that the modifications could be quite significant.

E. Contributions from the four-quark correlator

The calculations presented above are made only for
eTe™ = hgX where only quark-j-gluon-quark correlators
are considered. Similar to those in deeply inelastic lepton-
nucleon scattering discussed in [41,50], up to twist-4, we
have also contributions from diagrams involving the four
quark correlator

&0 ) (ki ko ko)

P!
/ d“y d*y; d*y,
4 2r)* (2n)*

XZ Olw »)L

x (WX (y)L(y, y1)y(1)]0).

Example of such diagrams are shown in Fig. 4 where we
obtain contributions to ete™ — hgX if the cut is given at
the middle while they contribute to eTe™ — hgX if we
have the left or right cut. Both of them contribute to
ete™ — h+jet+ X, so we consider them together.

It can be shown that the collinear expansion can also be
applied to this case and the gauge links included in the
correlators given by Eq. (3.130) are obtained by taking the

—ikyy+i(ki=k)y1—i(ky=k)y,

(0. y2)w(0)[hX)

(3.130)

kif K ko X Ky Ky Xk ko )X K

ST s ST
(c) (d)

FIG. 4. The first four of the four-quark diagrams where no multiple gluon scattering is involved. In (a), we have k| = k; — k and
Ky = ky — k; in (b) we have the interchange of k; with k; in (c) we have the interchange of k, with k}; in (d) we have both interchanges

of k; with k| and k, with k.
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multiple gluon scattering into account. The hadronic tensor

W), for ete” = h+g+X and W),

h+ g + X can be written as the unified form

for ete” —

1 .
W‘({Z%) - ﬁ/ dZdZ1d22hZ{1q[(c?glﬂv + lcggi/‘”)cs

+ (391 +icier,,)Chpl. (3.131)

Here C, and C,; are TMD correlation functions given by

+
Ci= / d*k,d*kd*k,6 (z —II:—+> S(kizy—pT)o(kszo—p™)

x (2126 (ky +KL)E ) (ki k.kyi p.S),

( (3.132)

where j = s or ps and the unintegrated correlation func-

(0) (0)
4

tions = and 2 are defined as
(4q)s (4q)ps

—ikyy+i(ky=k)y, —i(ky—k)y,

(4q)s — g

=(0) _92/ d4y d4y1 d4)’2
- (27)* 22)* (22)*

x> {0 (v2)shy (0) |1 X) ChX [ (v) by (31)10)

+ (O (v2)r sty (0) [ X) (A X[ (v)y> sy (¥1)]0) }
(3.133)

—ikyy+i(k;=k)y, —i(ky=k)y,

) 7 / dty d'y, d'y,

Stars =8 | 22)f 2n) (20)*

Y {015 (y2)7° sy (0)|AX) (hX | (y) by (v1)]0)

+ (O (y2) sty (0) [ X) (X g (y)7° shyr (v1)|0) },
(3.134)

where we have omitted the gauge links that are the same as
those in Eq. (3.130). The h%” are obtained by summing
over all the diagrams. For hf{q, we obtain

23/21220(z — 25)

h!) — 11335(1 - ZB)
(1/zy +ie)(1/zp —i€)

Y (7 —zp +i€)(zo— 25 —i€)

23/226(z—2p)

— — (1< 2)*. 3.135
e (e RANSCAN
For hj,, we have, hj, = hgj + hf{(l;,
20(z1 — 11 1
hZ,fZ - ZZ_B.(Zl EB) — _(__)___)
(z—zp —i€)(z0 — zp — i€) 7 D

2236(zy + 2 — L) ( 111 >
- B - B + e d 5
(z—zp —i€)(z, — 75 — i€) L T 22
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and Ky (21.2.22) = hi;"(22.2.21). Adding all of them

v+ hy, + hi,. For C, and

they can be decomposed as

together, we obtain /y, = hj
C

ps»
ets
< / dzdzldz2h4qcs = M2 (D4q - ﬁDi_qT + SLLD4qLL
k. -S;r Skk
+ M Di_qLT + ﬁDi_qTT ’
(3.137)
ki -S
dﬁmmw%—w@%péﬁ%m
kSt kk
£ S
+ 5 Gl + 3 Gl )

(3.138)

The contributions to the structure functions are given by

PWagn = —Kk3yc$ciDy,. (3.139)

Wiz = —2k3,¢5¢ Dy, (3.140)

PWagrr = K55Gy, (3.141)

PWagrs = =23,¢5¢1G gL, (3.142)
2Wt™) = —k k3 cSciDLy,  (3.143)
2WE) = 2k iy csedDE . (3.144)
PW) = —k ik ciG . (3.145)
W) = 2k ydcselGly. (3.146)
PWagrrr = =Ky ¢$c{Dygrr, (3.147)
PWagrrs = =2k3,¢5¢iDygrr, (3.148)
PWigrn™" = ki efGlyr,  (3.149)
W) = 2k, it c5eGly 1. (3.150)
W) = k45 eiDdy e (3151)
ZZWZZSL(?;%T) = 2klMK12WC§CgDiqLT’ (3.152)
ZZW?;?T(’TZ"’") = _kZLMK%/ICTCgGéJ(qTT’ (3.153)
Zzwzi;%/;—wn) = _2k2LM’<12v1C§C(1]quTTv (3.154)
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ZZWZ(;ST('?;}_zfﬂTT) _ _ki_MK%/](ﬁC(l]Di_qTT’ (3 155)
2020717 e
z WZ(:;ST<T(§ o) = —2k7 K35 CgDiqTT' (3.156)

We see that they have the same modes as for the leading
twist contributions. They lead to twist-4 modifications of
hadron polarizations that are given by

a _ Tg<y)D4q
4qU = “mg
1 ZTg@)Dl
oy = Pq(Y)Tg()’)G4qL Gagrs = Tg()’)D4qLL
2P (TG, T 2TE(y)Die
a - P, ("TG(y)Gayr o= T6(y)Digr
TP, ()T()Giy " ZT{(y)Diy
al = Pq(J’)T(q)(Y)quLT o= Tg(y)Di_qLT
- E) LT - E)
! ZPq(Y)Tg(Y)GllLT ! ZT4(y)Diyy
= P,(»)T5(»)Gigrr o — Tg()’)DiqTT.
1 ZPq(y>Tg(y)G1LTT 1 ZTg(y)DILTT

F. Reducing to the inclusive process

By integrating the differential cross section for the semi-
inclusive process ete™ — hgX over d?k',, we obtain that
for the inclusive process eTe~ — hX and correspondingly
the inclusive structure functions given by Egs. (2.44)—
(2.52). Among the 19 inclusive structure functions, 6 of
them have leading twist contributions, they are given by

2Fyy = cjel[Dy — Ky (4ReD 54 + Dug)/7),  (3.157)
ZFSI;) =2¢5¢4[Dy —x3,(4ReD_349+ Dy,) /2], (3.158)
2B = ¢5ed[Gr ~ k3 (AReD agap +Gagr) /2], (3.159)
G — 20816y — 13y (AReD gy +Gagr)/2). (3.160)

ZF(LI?I — C?C‘II [DILL — K%4(4R3D—3ddLL + D4qLL)/Z]’

(3.161)

F 212)2 = 2c§c‘3’[b ILL — Kﬁ(“ReD—wdu + D4qLL)/ zl,

(3.162)

where D’s and G’s are the corresponding one-dimensional
FFs that can be obtained by integrating their three-
dimensional counterparts over d*k, /(2z)?. We see that
these six structure functions correspond to the unpolarized,
the longitudinally polarized, and S;;-dependent cases. In
Eqgs. (2.44)—(2.46), they correspond to the (1 + cos? ) and
cos f-terms.
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There are eight structure functions have twist-3 contri-
butions, and are given by

2FWs — 410 0Dy, (3.163)
2FWSNes — oy Dy, (3.164)
2FW s — gy 009Gy, (3.165)
ZFWses — 0y Gy, (3.166)
2FWI T — a6 g, (3.167)
2FmS e — o 4Gy, (3.168)
2FI ST — g ccD, (3.169)
2FCS T — 0 ccID g (3.170)

They all correspond to the transverse components of hadron
polarization, where four of them correspond to the trans-
verse components of the vector polarization with respect to
the hadron-lepton plane, and another four correspond to the
S;r-dependent part. In Egs. (2.47)—(2.50) they correspond
to the sin @ and sin 20-terms.

The rest five of the 19 structure functions have only
twist-4 contributions, and they are given by

ZFW) = 8k c¢ciDy /22, (3.171)

P = 8k2,¢¢c1Gy )22, (3.172)

ZF = 8k2,c¢cT Dy /22, (3.173)

ZZF?;) o2 — _K%/[C?C‘IIRC(DJ—_,%ZdTT - Di_ngT)’ (3.174)
121}?;) s - _Kﬁflcicglm(bgdﬁ - DingT)' (3.175)

They all correspond to the sin®@-terms in Eqs. (2.44)-
(2.46) and Eqgs. (2.51)-(2.52).

These results show thatin e™e™ — Z — h + X, we have
leading twist longitudinal polarization and spin alignment
with twist-4 addenda. They are given by

" 2P,(0)T(y)G, in in
(A) ) = _§W(l +a gy — af Vi)
0
(3.176)
1T6(0)D1e i i
Sy )i = ZZOZLL gy Gmea g2y (3177
(Sce) 2 19D, ( v Km—apKy)s )
ay)” _ZTG()(4ReD 344+ Dsy) _4C<y)C76?D3, (3.178)

ZzT(q)(Y)D1
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a(in)_ZPq(y)Tq( y)(4ReD_ 3ddL+G4qL)+4C(y)Cech3L
=

2P, (NTH(y)GiL
(3.179)
(in) _ T4 () (4ReD 34011, + D4qLL) —4C(y)cieiDsy
e ZZTg(Y)DlLL
(3.180)

We have also twist-3 transverse polarization with respect to
the lepton-hadron plane given by

‘ D(Y)T!(y)G
<S)76~>(m>:—KM (yq) B(y,\) T, (3181)
To(y)zD,

. DWTY(y)D
3 To(y)ZDl
i D(}’)Tq()’)DLT
Sroyn) = _ g 2L (3.183
(Sir) e T
o 8 DTG
<SiT>(m) -k (y) 3(y)GLT‘ (3184)

M N
3 Ti(y)zD,

For the S77-components, we have only twist-4 contributions

xx \(in) _ 1 C(Y)C ¢ Re( —3dTT D+3dTT)
(S5) ) = = ,
3" T4(v)zD,
(3.185)
(s, >(in) _ 1 el » Cy)eq ‘{Im(D 3dTT DﬂdTT)
3 TO(y)ZDl
(3.186)

It is interesting to see that even for the inclusive reaction, we
can study the twist-3 and twist-4 FFs by measuring these
different components of hadron polarization.

IV. SUMMARY

We present the complete twist-4 results for the semi-
inclusive annihilation process e +e~ — h+g(jet) +X.
The calculations have been carried out by using the
collinear expansion where the multiple gluon scattering
has been taken into account, and gauge links are
obtained systematically and automatically. We present
the cross section in terms of structure functions, and the
structure functions are given in terms of the gauge
invariant FFs.

Among the 81 structure functions, 18 of them have both
leading twist and twist-4 contributions, 27 have only twist-
4 contributions, and the rest of the 36 have twist-3
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contributions. All of those correspond to the sine or cosine
of an even number of azimuthal angles that have leading
twist and/or twist-4 contributions; those that correspond to
the sine or cosine of an odd number of azimuthal angles
have twist-3 contributions. For any structure function that
has a leading twist contribution, there is a twist-4 adden-
dum to it.

We also present the results of azimuthal asymmetries and
different components of hadron polarization in terms of
gauge invariant FFs. In the wunpolarized case, for
et +e > h+ g(jet) + X, there are only two twist-3
azimuthal asymmetries, (cos¢), and (sing),, and two
twist-4 azimuthal asymmetries, (cos2¢), and (sin2¢),.
Two of them (the cosines) are parity conserved, and the
other two are parity violated.

For hadron polarization averaged over the azimuthal
angle, we have leading twist contributions with twist-4
addenda to the helicity (4,,), the spin alignment (S;; ), and
the transverse components with respect to the hadron-jet
plane, ic.. (S}, (Sy). (Sir). (Skr). (Sfr). and (Sy). For
the transverse components with respect to the lepton-
hadron plane, ie., (S§), (S}), (i), (S};), we have
twist-3 contributions, while (S%) and (S7) only have
twist-4 contributions.

The four-quark correlators also contribute at twist-4. The
contributions take the same modes as those at the leading
twist, hence, just addenda to the corresponding leading
twist contributions.

For the inclusive reaction et 4+ e~ — h + X, we have
leading twist contributions with twist-4 addenda to the
helicity (4,)™ and the spin alignment (S, ;). For the
transverse components with respect to the lepton-hadron
plane, we have twist-3 contributions to (%)@ (§7)0)
(85,3 and (S} )™; but we only have twist-4 contri-
butions to (S3%)(" and (7).

The results are presented for et e~ -annihilation at the Z-
pole, where parity conserved and parity violated structure
functions contribute. These results reduce to those for
et e -annihilation via virtual photon (y*) if we make the
replacement of ¢y by e, and ¢4, = 0.

We also suggest a method for a rough estimation of twist-
4 contributions based on the leading twist fragmentation
functions. From the estimation, we see that the twist-4
contributions could be very significant and have large
influences on extracting leading twist FFs from the data.
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