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We consider the noncommutative deformation of the finite-temperature holographic QCD (Sakai-
Sugimoto) model in external electric and magnetic field and evaluate the effect of the non-
commutativity on the properties of the conductor-insulator phase transition associated with a baryon
number current. Although the noncommutative deformation of the gauge theory does not change the
phase structure with respect to the baryon number current, the transition temperature Tc, the transition
electric field ec, and magnetic field bc in the conductor-insulator phase transition depend on the
noncommutativity parameter θ. Namely, the noncommutativity of space coordinates have an influence
on the shape of the phase diagram for the conductor-insulator phase transition. On the other hand, the
allowed range of the noncommutativity parameter can be restricted by the reality condition of the
constants of motion.
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I. INTRODUCTION

Noncommutative gauge theories (gauge theories on
noncommutative Moyal space) can be realized as low-
energy theories of D branes with the Neveu-Schwarz–
Neveu-Schwarz (NS-NS) B (two-form) field [1–7]. The
noncommutativity of space coordinates brings nontrivial
properties on the gauge field theory at the quantum level.
A remarkable phenomenon is the so-called UV/IR
mixing [8], where the UV and IR degrees of freedom
of the theory are mixed in a complicated nontrivial way.
Although the noncommutative gauge theories have been
studied extensively, it is hard to investigate them in the
perturbative approach. Little is currently known of the
nonperturbative properties of noncommutative gauge
theories.
The noncommutative Yang-Mills theories have gravity

duals of which the near-horizon region describes the
noncommutative Yang-Mills theories in the limit of large
Nc and large coupling [9–11]. Based on the generalized
gauge/gravity (or AdS=CFT) duality, we can explore the
nonperturbative aspects of the noncommutative gauge
theories. For instance, the noncommutativity of space
coordinates modifies the Wilson loop behavior [12–14]
and glueball mass spectra [15]. The gravity duals of
noncommutative gauge theories with matter in the funda-
mental representation have also been constructed by adding
probe flavor branes [16]. Employing the gravity dual
description of noncommutative gauge theories with flavor
degrees of freedom, we have been able to find that the
noncommutativity is also reflected in the flavor dynamics.
For instance, the mass spectrum of mesons can be modified
by the [16].

Fundamental properties of QCD at low energies are
confinement and chiral symmetry breaking. The Sakai-
Sugimoto model (a holographic QCD model with the
D4-D8-D8-brane system) has been known to capture these
properties of QCD at low energies [17,18]. The holographic
QCD models can be modified to introduce finite temper-
ature. The phase of chiral symmetry breaking and restora-
tion can be interpreted as configurations of probe branes in
this model [19–21]. The effect of the noncommutativity on
the chiral phase transition has been examined by the
noncommutative deformation of the holographic QCD
model at finite temperature. The phase diagrams for the
chiral phase transition can be deformed by the noncom-
mutativity of space coordinates [22].
It has been shown that the large Nc QCD at finite

temperature has a conductor and insulator phase associated
with a baryon number current within a framework of the
finite-temperature Sakai-Sugimoto model in the external
electric and magnetic field [23,24], à la Karch-O’Bannon
[25]. This conductor-insulator phase transition is closely
related to the chiral phase transition in the finite-temperature
Sakai-Sugimoto model. This fact suggests the possibility
that the phase diagrams for the conductor-insulator phase
transition associated with a baryon number current can also
be deformed by the noncommutativity of space coordinates.
We construct the noncommutative deformation of the

finite-temperature holographic QCD (Sakai-Sugimoto)
model in the external electric and magnetic field and
evaluate the effect of the noncommutativity on the proper-
ties of the conductor-insulator phase transition associated
with a baryon number current. As will be seen later, the
baryon number current, the conductivity, and the phase
diagrams for the conductor-insulator phase transition can
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be deformed by the noncommutativity of space coordi-
nates.1 The Wess-Zumino term in the effective action of the
probe branes plays the role of the noncommutative defor-
mation on the properties of the conductor-insulator phase
transition.
This paper is organized as follows. In Sec. II, we

introduce the holographic QCD (Sakai-Sugimoto) model
at finite temperature and discuss the features of the phase
transition. Then, we construct the noncommutative defor-
mation of this model. In Sec. III, we investigate the
response of the baryon number current to the external
electric field and evaluate the noncommutative deformation
of the baryon number current, the conductivity, and the
phase diagrams for the conductor-insulator phase transi-
tion. In Sec. IV, we investigate the response to the external
magnetic field and evaluate the noncommutative deforma-
tion of the phase diagrams. Section V is devoted to
conclusions and discussions.

II. NONCOMMUTATIVE DEFORMATION OF
THE HOLOGRAPHIC QCD MODEL AT

FINITE TEMPERATURE

In this section, we consider a noncommutative deforma-
tion of the holographic QCD (Sakai-Sugimoto) model at
finite temperature based on the prescription of Ref. [16].
The holographic QCD model is a gravity dual for a 4þ 1-
dimensional QCD with UðNfÞL × UðNfÞR global chiral
symmetry of which the symmetry is spontaneously broken
[17,18]. This model is a D4-D8-D8-brane system consist-
ing of S1 compactified Nc D4 branes and Nf D8-D8 branes
pairs transverse to the S1. The near-horizon limit of the
set of the Nc D4 branes solution compactified on S1 takes
the form,

ds2 ¼
�

u
RD4

�
3=2

ð−ðdtÞ2 þ ðdx1Þ2 þ ðdx2Þ2 þ ðdx3Þ2

þ fKðuÞdτ2Þ þ
�
RD4

u

�
3=2

�
du2

fKðuÞ
þ u2dΩ2

4

�
;

R3
D4 ¼ πgsNcl3s ; fKðuÞ ¼ 1 −

uK3

u3
; ð2:1Þ

where uK is a parameter; u is the radial direction bounded
from below by u ≥ uK; τ is the compactified direction
of the D4-brane world volume which is transverse to the
D8-D8 branes; and gs and ls are the string coupling and the
string length, respectively. The dilaton ϕ and the field
strength F4 of the RR 3-form C3 are given by

eϕ ¼ gs

�
u

RD4

�
3=4

; F4 ¼ dC3 ¼
2πNc

V4

ϵ4; ð2:2Þ

where V4 ¼ 8π2=3 is the volume of unit S4 and ϵ4 is the
corresponding volume form. To avoid a conical singularity
at u ¼ uK , the τ direction should have a period of

δτ ¼ 4π

3

�
R3
D4

uK

�
1=2

¼ 2πR ¼ 2π

MKK
; ð2:3Þ

whereR is the radiusofS1 andMKK is theKaluza-Kleinmass.
The parameter uK is related to the Kaluza-Klein mass MKK
via the relation (2.3). The five-dimensional gauge coupling
is expressed in terms of gs and ls as g2YM¼ð2πÞ2gsls. The
gravity description is valid for strong coupling λ ≫ R, where
as usual λ ¼ g2YMNc denotes the ’t Hooft coupling.
Next, we consider the probeD8branes and anti-D8-branes

(D8-branes) which span the coordinates t;xiði¼ 1;2;3Þ;Ω4.
They are treated as probes in the D4-brane background. The
flavor degrees of freedomare introduced by strings stretching
between the D4 branes and D8 (D8) branes. The D8 branes
and D8 branes are connected at u ¼ u0 as shown in Fig. 1.
The connected configuration of the D8-D8 branes indicates
that the UðNfÞL × UðNfÞR global chiral symmetry is broken
to a diagonal subgroup UðNfÞ. We refer to the connected
configuration in the low temperature as the low-temper-
ature phase.
The holographic QCD model at finite temperature has

been proposed in Refs. [19–21]. To introduce a finite
temperature T in the model, we consider the Euclidean
gravitational solution, which asymptotically equals (2.1) but
with the compactification of the Euclidean time direction tE.
In this solution, the periodicity of tE is arbitrary and equals
β ¼ 1=T. Another solution with the same asymptotic is
given by interchanging the role of tE and τ directions,

ds2 ¼
�

u
RD4

�
3=2

ðfTðuÞðdtEÞ2 þ ðdx1Þ2 þ ðdx2Þ2

þ ðdx3Þ2 þ dτ2Þ þ
�
RD4

u

�
3=2

�
du2

fTðuÞ
þ u2dΩ2

4

�
;

R3
D4 ¼ πgsNcl3s ; fTðuÞ ¼ 1 −

u3T
u3

; ð2:4Þ

FIG. 1. The D8-D8 branes configurations at low temperature.

1The noncommutative deformation on the conductivity asso-
ciated with a baryon number current has been examined by
Ref. [26]. The response of the properties of the conductor-
insulator phase transition associated with a baryon number
current to the NS-NS field has been examined by Ref. [27].
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where uT is a parameter. The period of the compactified time
direction is set to

δtE ¼ 4π

3

�
R3
D4

uT

�
1=2

¼ 1

T
ð2:5Þ

to avoid a singularity at u ¼ uT . The parameter uT is related
to the temperature T. The metric (2.1) with the compacti-
fication of Euclidean time tE is dominant in the low
temperature T < 1=2πR, while the metric (2.4) is dominant
in the high temperature T > 1=2πR. The transition between
the metric (2.1) and the metric (2.4) occurs at a temperature
of Td ¼ 1=2πR≃ 0.159=R. This transition is first order and
corresponds to the confinement-deconfinement phase tran-
sition in the dual gauge theory side.
In the deconfinement background, there are two kinds of

configurations of D8 branes and D8 branes as shown in
Fig. 2.One is the connected configuration and the other is the
disconnected configuration in which the D8 branes and D8
branes hang vertically from infinity down to the horizon.
The disconnected configuration of the D8-D8 branes indi-
cates that the UðNfÞL × UðNfÞR global chiral symmetry is
restored in the dual gauge theory side. The transition
between connected-disconnected configuration (chiral
phase transition in the dual gauge theory side) is also first
order. We refer to the disconnected configuration and the
connected configuration in the deconfinement background
as parallel embedding of D8 branes and D8 branes in the
high-temperature phase and U-shaped embedding of D8
branes andD8 branes in the intermediate-temperature phase,
respectively. The intermediate-temperature phase is realized
when the confinement-deconfinement phase transition and
the chiral phase transition do not occur simultaneously.
As mentioned above, the classical configuration of D8

branes and D8 branes exhibits the flavor physics in the dual
gauge theory side. The configuration can be analyzed by
the solution of the equation of motion for the D8 branes.
Substituting the determinant of the induced metric in the
deconfining background and the dilaton into the Dirac-
Born-Infeld (DBI) action, we obtain the effective action for
the D8 branes,

SD8DBI ¼ 2NfT8

Z
d9xe−ϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðgMNÞ

p

¼ 2NfT8V4

gs

Z
d4xduu4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fTðuÞτ0ðuÞ2 þ

R3
D4

u3

s
; ð2:6Þ

where T8 is the tension of the D8 brane and the prime of τ
denotes differentiation with respect to u. The constant of
motion associated with τ, denoted by p, has the form

u4fTðuÞτ0ðuÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fTðuÞτ0ðuÞ2 þ R3

D4
u3

q ¼ p ¼ u40
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fTðu0Þ

p
; ð2:7Þ

where we assumed that there is a point u0 that satisfies the
condition limu→u0τ

0ðuÞ → ∞. The solution to the equation
of motion for τðuÞ is found to be

τ0ðuÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R3
D4

u3fTðuÞ

s �
u8fTðuÞ
u80fTðu0Þ

− 1

�−1=2
; ð2:8Þ

by using (2.7). This solution corresponds to the U-shaped
embedding of D8 branes and D8 branes. There is another
solution to the equation of motion for τðuÞ in the deconfine-
ment background. This solution is simply given by τ0ðuÞ ¼
0 [τðuÞ is a constant] and corresponds to the parallel
embedding of D8 branes and D8 branes.
The asymptotic D8 branes and D8 branes distances can

be obtained by integrating (2.8) with respect to u:

L ¼
Z

dτ ¼ 2

Z
∞

u0

duτ0ðuÞ: ð2:9Þ

The asymptotic distance Lχ and the temperature Tχ at
the chiral symmetry phase transition can be related as
LχTχ ≃ 0.154. For LT < 0.154, the U-shaped embedding
dominates, and chiral symmetry is broken. On the other
hand, for LT > 0.154, the parallel embedding dominates,
and chiral symmetry is restored. When Tχ is higher than Td,
namely, small L=Rð< 0.97Þ, the dual gauge theory is
deconfined but with a broken chiral symmetry [19].
The constant of motion p remains a finite value that is

given by (2.7) in the U-shaped embedding with a broken
chiral symmetry and vanishes in the parallel embedding
with a restored chiral symmetry. In this sense, we can
regard p as an order parameter for the chiral transition in
the deconfined phase. This first-order phase transition
behavior can be analyzed from the dependence of the
asymptotic distance L on p [23].
The holographic dual description of the noncommutative

gauge theories was introduced in Refs. [9–11]. In

FIG. 2. The D8-D8 branes configurations at high temperature.
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accordance with the formulation of Refs. [9–11], we
attempt to construct the gravity dual of the noncommutative
QCD of which the chiral symmetry is spontaneously
broken by deforming the holographic QCD model. Let
us consider the D4-branes solution compactified on a
circle in the τ direction. T dualizing it along x3 produces
D3 branes delocalized along x3. After rotating the D3
branes along the (x2, x3) plane, we T dualize back on x3.
This procedure yields the solution with B23 fields along the
x2 and x3 directions. The solution in the low temperature
takes the form

ds2 ¼
�

u
RD4

�
3=2

ððdtEÞ2 þ ðdx1Þ2 þ hfðdx2Þ2 þ ðdx3Þ2g

þ fKðuÞdτ2Þ þ
�
RD4

u

�
3=2

�
du2

fKðuÞ
þ u2dΩ2

4

�
;

ð2:10Þ

where hðuÞ ¼ 1
1þθ3u3 and θ denotes the noncommutativity

parameter with the dimension of ½length�−1. This solution
with θ ≠ 0 is dual to a gauge theory in which the
coordinates x2 and x3 do not commute. It is obvious that
this solution reduces to the solution (2.1) with the
Euclidean signature at θ ¼ 0. In the deconfined phase,
the solution (2.4) changes to

ds2 ¼
�

u
RD4

�
3=2

ðfTðuÞðdxEÞ2 þ ðdx1Þ2

þ hfðdx2Þ2 þ ðdx3Þ2g þ dτ2Þ

þ
�
RD4

u

�
3=2

�
du2

fTðuÞ
þ u2dΩ2

4

�
: ð2:11Þ

The solution has the same form as the one in the confined
phase (2.10), but with the roles of the τ and tE directions
exchanged.
The effective action of probe D8 branes is given by the

DBI action with the Wess-Zumino (WZ) term,

SD8 ¼ SD8DBI þ SD8WZ;

SD8DBI ¼ T8

Z
d9xe−ϕTr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðgMN þ BMN þ 2πα0FMNÞ

p
;

SD8WZ ¼ μ8

Z
D8

C3 ∧ eð ~Bþ2πls2FÞ; ð2:12Þ

where μ8 is the D8-brane charge. The dilaton field ϕ and
the antisymmetric tensor field ~B ¼ BMNdxMdxN have the
following form:

e2ϕ ¼ gs2hðuÞ
�

u
RD4

�
3=2

; ð2:13Þ

BMNðuÞ ¼
� θ3=2 u3

R3=2
D4

hðuÞ ðM ¼ 2; N ¼ 3Þ
0 ðothersÞ

: ð2:14Þ

We notice that the dependence of the DBI action on the
noncommutativity parameter θ is canceled by the dilaton and
the antisymmetric tensor field. The cancellation of the
noncommutativity parameter dependence in the DBI action
also takes place in the effective action of the probe D7 brane
[16]. Adding the WZ term to the DBI action, we find the
dependence on the noncommutativity parameter in the
effective action of the D8 branes. Hereafter, the parameter
RD4 is fixed to unity, RD4¼ðπgsNcÞ1=3ls¼1, for simplicity.

III. ELECTRIC FIELD

We investigate the response of the noncommutative
deformation of holographic QCD at finite temperature to
an external electric field E, by turning on an appropriate
background value for the Abelian gauge field component of
the unbroken UðNfÞV gauge field in the eight-brane world
volume.
We make an ansatz,

2πα0A0 ¼ μ; 2πα0A1ðtE; uÞ ¼ −ietE þ a1ðuÞ; ð3:1Þ

where μ and e are constants.

A. Deconfinement phase

We first consider the deconfining background, which
dominates at high temperature T > 1=2πR. The induced
metric on the probe D8 brane is

ds2 ¼ u3=2ðfTðuÞdt2E þ ðdx1Þ2 þ hðuÞfðdx2Þ2 þ ðdx3Þ2gÞ
þ ½u3=2ðτ0ðuÞÞ2 þ u−3=2fTðuÞ−1�du2 þ u1=2dΩ2

4;

ð3:2Þ

where the temperature T is related to the parameter uT as
uT ¼ ð16π2=9ÞT2. The DBI action with the WZ term takes
the form

SD8 ¼ SD8DBI þ SD8WZ

¼ N
Z

d4xdu

�
u4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfTðuÞτ0

�
uÞ2 þ 1

u3

��
1þ e2

u3fTðuÞ
�
þ fTðuÞða01ðuÞÞ2

u3

s
− 3μθ3=2u3hðuÞa01ðuÞ

�
; ð3:3Þ
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where N ¼ 2NfNc

3ð2πÞ5ðα0Þ3 and the prime of a1 denotes differ-

entiation with respect to u. The baryon number current jeT
associated with the field a1 is expressed as

jeT ¼ ufTðuÞa01ðuÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfTðuÞτ0ðuÞ2 þ 1

u3Þð1þ e2

u3fTðuÞÞ þ
fT ðuÞða01ðuÞÞ2

u3

q
− 3μθ3=2u3hðuÞ: ð3:4Þ

The DBI action with the WZ term can be written in terms of
the baryon number current as

SD8 ¼ N
Z

d4xduu4
�
1 −

3μθ3=2hðuÞ ~jeT
u2fTðuÞ

�

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfTðuÞτ0ðuÞ2 þ 1

u3ÞðfTðuÞ − e2

u3Þ
ðfTðuÞ − ~j2eT

u2 Þ

vuut ; ð3:5Þ

where ~jeT ¼ jeT þ 3μθ3=2u3hðuÞ. Consider first a U-shaped
embedding with a vanishing current jeT ¼ 0. The corre-
sponding action is given by

SD8 ¼ N
Z

d4xdu
u4

fTðuÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
fTðuÞτ0ðuÞ2 þ

1

u3

��
fTðuÞ −

e2

u3

�
ðfTðuÞ − 9μ2θ3uhðuÞ2Þ

s
: ð3:6Þ

The equation of motion for τðuÞ is

d
du

8>><
>>:u4τ0ðuÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfTðuÞ − e2

u3ÞðfTðuÞ − 9μ2θ3uhðuÞ2Þ
ðfTðuÞðτ0ðuÞÞ2 þ 1

u3Þ

vuut
9>>=
>>; ¼ 0: ð3:7Þ

τ0ðuÞ satisfies the condition in the U-shaped embedding configuration: τ0 → ∞ for u → u0. In the limit u → u0, we have the
constant of the motion associated with τðuÞ as

p1 ¼ u40

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

e2

u30fTðu0Þ
�
ðfTðu0Þ − 9μ2θ3u0hðu0Þ2Þ

s
: ð3:8Þ

The solution of the equation of motion for τðuÞ is

τ0ðuÞ ¼ 1

u3=2
ffiffiffiffiffiffiffiffiffiffiffiffi
fTðuÞ

p
2
64 u8ð1 − e2

u3fTðuÞÞðfTðuÞ − 9μ2θ3uhðuÞ2Þ
u80ð1 − e2

u3
0
fT ðu0ÞÞðfTðu0Þ − 9μ2θ3u0hðu0Þ2Þ

− 1

3
75
−1=2

: ð3:9Þ

The reality conditions of the constant in (3.8) restricts the parameters e and θ as

e2 ≤ u30 − u3T; θ3 ≤ K1−; θ3 ≥ K1þ;

K1� ≡ ð9μ2 − 2u20fTðu0ÞÞ � 3μ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9μ2 − 4u20fTðu0Þ

p
2u50fTðu0Þ

: ð3:10Þ

In the U-shaped embedding, the corresponding (on-shell) action is obtained by substituting (3.9) into (3.6):

SD8U ¼ N
Z

d4xdu
u5=2

fTðuÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
fTðuÞ −

e2

u3

�
ðfTðuÞ − 9μ2θ3uhðuÞ2Þ

s
×

�
1 −

u80ð1 − e2

u3
0
fTðu0ÞÞðfTðu0Þ − 9μ2θ3uhðu0Þ2Þ

u8ð1 − e2

u3fTðuÞÞðfTðuÞ − 9μ2θ3uhðuÞ2Þ

�−1=2
:

ð3:11Þ
In the parallel embedding with τ0ðuÞ ¼ 0, the action becomes

SD8∥ ¼ N
Z

d4xdu
u5=2

fTðuÞ
�
fTðuÞ −

3μθ3=2hðuÞ ~jeT
u2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fTðuÞ − e2

u3

fTðuÞ − ~j2eT
u5

vuut : ð3:12Þ
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The numerator of the fraction in the square root fTðuÞ −
e2=u3 is negative for u3 < u3T þ e2, which is always in the
range of interaction. The only way to ensure a real action
in this case is for the denominator in the same square root
to become negative at the same u. This requires a non-
vanishing current that is given by

jeT ¼ eðu3T þ e2Þ1=3 − 3μθ3=2ðu3T þ e2Þ
1þ θ3ðu3T þ e2Þ : ð3:13Þ

This current depends on the noncommutativity parameter θ.
The parallel embedding therefore describes a chiral-
symmetric conducting phase in the gauge theory, and the
conductivity is given by

σe ¼
ð2πα0Þ2N

V4

jeT
e

¼NfNcλT2

27π

�
ð1þ ~e2Þ1=3− 3 ~μ ~θ3=2ð1þ ~e2Þ

~ef1þ ~θ3ð1þ ~e2Þg

�
; ð3:14Þ

where ~e≡ e=u3=2T , ~θ≡ uTθ, and ~μ≡ μ=uT are dimension-
less parameters. The conductivity depends on the non-
commutativity parameter and becomes the ordinary one in
the limit of θ → 0 [23].
If the parallel embedding corresponds to the state of

thermodynamic equilibrium, we can determine which of
the two possible configurations is preferred by comparing

the electric free energies of the two configurations [19].
However, the parallel embedding corresponds to the con-
ducting phase, which is not in thermodynamic equilibrium.
There is a steady-state current of quarks and antiquarks.
Although the dissipated energy could be negligible, the
kinetic energy of the current carriers should be taken into
consideration.
To determine the transition temperature and transition

electric field strength, we employ the Maxwell equal area
construction method in the L−p diagram. The dependence
of p1 on L can be determined numerically from (3.8)
and (3.9) [with (2.9)] in the U-embedding configuration.
The phase transition occurs when two regions enclosed by
the L−p curve and the horizontal L line (and L axis) are
equal as shown by Fig. 3. We can determine the transition
temperature Tc and the transition electric field strength ec
by seeking for various of T and e to satisfy the Maxwell
equal area law and then construct the phase diagram in
the ðT; eÞ plane with fixed L and θ. The phase diagram at
nonzero temperature, background electric field, and non-
commutativity parameter in the deconfining phase is shown
in Fig. 4. At zero electric field and zero noncommutativity
parameter, the transition temperature reduces to the one of
chiral symmetry breaking restoration [19].
The global behavior of the phase diagrams has not

significantly changed even at finite noncommutativity
parameter θ; that is, the transition temperature Tc decreases
as the transition electric field strength ec increases even at
finite noncommutativity parameter θ. Although Tc at ec¼0
is hardly changed, ec at Tc ¼ 0 increases with an increase
in θ in the range of 0 ≤ θ ≤ 0.50. Both Tc at ec ¼ 0 and ec
at Tc ¼ 0 decrease with decreasing θ in the range of
17.7 ≤ θ. As θ approaches infinity, both Tc and ec turn
back to them at the zero noncommutativity parameter.
The reality condition is not satisfied in the range of 0.50 <
θ < 17.7.

B. Confinement phase

We next consider the confining background, which
dominates at low temperature T < 1=2πR. The induced
metric on the probe D8 brane is

FIG. 3. Illustration of the Maxwell equal area construction.

FIG. 4. Phase diagram at finite temperature and electric field in the deconfining background (L ¼ 1, μ ¼ 1).
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ds2 ¼ u3=2ðdt2E þ ðdx1Þ2 þ hðuÞfðdx2Þ2 þ ðdx3Þ2gÞ þ ½u3=2fKðuÞðτ0ðuÞÞ2 þ u−3=2fKðuÞ−1�du2 þ u1=2dΩ2
4: ð3:15Þ

The total effective action for the D8 branes is given by

SD8 ¼ SD8DBI þ SD8WZ

¼ N
Z

d4xdu

2
64u4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
fKðuÞτ0ðuÞ2 þ

1

u3fKðuÞ
��

1 −
e2

u3

�
þ ða01ðuÞÞ2

u3

s
− 3μθ3=2u3hðuÞa01ðuÞ

3
75

¼ N
Z

d4xduu4
�
1 −

3μθ3=2hðuÞ ~jeK
u2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfKðuÞτ0ðuÞ2 þ 1

u3fKðuÞÞð1 −
e2

u3Þ
ð1 − ~j2eK

u2 Þ

vuut ; ð3:16Þ

where ~jeK ¼ jeK þ 3μθ3=2u3hðuÞ with

jeK ¼ ua01ðuÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfKðuÞτ0ðuÞ2 þ 1

u3fKðuÞÞð1 −
e2

u3Þ þ
ða0

1
ðuÞÞ2
u3

q
− 3μθ3=2u3hðuÞ: ð3:17Þ

The solution of the equation of motion for τðuÞ in the
U embedding (with the vanishing jeK) is given by

τ0ðuÞ ¼ 1

u3=2fKðuÞ

×

�
u8fKðuÞð1 − e2

u3Þð1 − 9μ2θ3uhðuÞ2Þ
u80fKðu0Þð1 − e2

u3
0

Þð1 − 9μ2θ3u0hðu0Þ2Þ
− 1

�−1=2
;

ð3:18Þ

and the constant of motion for τðuÞ is

p2 ¼ u40

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fKðu0Þ

�
1 −

e2

u30

�
ð1 − 9μ2θ3u0hðu0Þ2Þ

s
: ð3:19Þ

In the same way as in the deconfinement phase, the reality
conditions of the constant in (3.19) restrict the parameters e
and θ,

e2 ≤ u30; θ3 ≤ K2−; θ3 ≥ K2þ;

K2� ≡ ð9μ2 − 2u20Þ � 3μ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9μ2 − 4u20

p
2u50

: ð3:20Þ

The asymptotic D8-D8 distance L can be evaluate by
using (3.18). The dependence of L on p2 evaluated
numerically from (3.18) and (3.19) is shown by Fig. 5.
At no electric field, the only possible embedding in the
confined phase is the U embedding, and L becomes a
decreasing monotonic function of p2. However, the behav-
ior of L on p2 can be modified under some external electric
field. For e2 > u3K, the asymptotic behavior of L becomes
the same as in the deconfined phase. There is a threshold
ethrð>u3=2K Þ that modifies the behavior of L on p2, and the
U embedding exists for e < ethr. For e < ethr, the corre-
sponding (on-shell) action is given by

SD8U ¼N
Z

d4xdu
u5=2ffiffiffiffiffiffiffiffiffiffiffiffi
fTðuÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1−

e2

u3

�
ð1−9μ2θ3uhðuÞ2Þ

s

×

�
1−

u80fKðu0Þð1− e2

u3
0

Þð1−9μ2θ3uhðu0Þ2Þ
u8fKðuÞð1− e2

u3Þð1−9μ2θ3uhðuÞ2Þ

�−1=2
:

ð3:21Þ

FIG. 5. Dependence of the asymptotic D8-D̄8 distance L on p2.
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The modification of the behavior of L suggests the
existence of another kind of D8-D8 embedding in the
confining background. The D8 brane and D8 brane are
adjusted in parallel and are connected at u ¼ uK in this
embedding. We refer to this embedding as V-shaped
embedding [23] (see Fig. 6).
In the V embedding, τ satisfies τ0ðuÞ ¼ 0 except at

u ¼ uK , and its action is given by

SD8V ¼N
Z

d4xdu
u5=2ffiffiffiffiffiffiffiffiffiffiffiffi
fKðuÞ

p �
1−

3μθ3=2hðuÞ~jeT
u2

� ffiffiffiffiffiffiffiffiffiffiffiffi
1− e2

u3

1−
~j2eT
u5

vuut :

ð3:22Þ

The reality condition for this action SD8V in e2 > u3K implies
the existence of the nonvanishing current in the following
form:

jeK ¼ e5=3 −
3μθ3=2e2

1þ θ3e2
: ð3:23Þ

TheVembedding is therefore a conductor with conductivity

σK ¼ ð2πα0Þ2N
V4

jeK
e

¼ NfNcλ

48π3

�
e2=3 −

3μθ3=2e
1þ θ3e2

�
: ð3:24Þ

The conductivity also depends on the noncommutativity
parameter as in the deconfinement phase and becomes the
ordinary one in the limit of θ → 0 [23].
In the deconfinement phase, the current is produced

due to the movement of quarks and antiquarks, namely,
fundamental strings. In the confinement phase, the only
charged objects are baryons. The current in the confinement

phase can be regarded due to the movement of baryons and
antibaryons, namely, D4 branes (and D4 branes) wrapped
on the S4. It is thought that this stability of the cups
singularity is provided by the balance of the forces caused
by the D8 brane and the D4 branes pulling against
each other. In accordance with this interpretation, we can
evaluate the phase diagram in the ðuK; eÞ plane in the same
way as the deconfining phase. The phase diagram in the
ðuK; eÞ plane with fixed the D8-D8-brane distance and θ in
the confining phase is shown in Fig. 7.
The global behavior of the phase diagrams has also not

significantly changed even at finite noncommutativity
parameter θ in this situation; that is, the transition value
of uKð¼uKcÞ increases as the transition electric field
strength ec increases. Whereas ec at Tc ¼ 0 with finite θ
is bigger than that with θ ¼ 0 in the range of 0 ≤ θ ≤ 0.50,
ec at Tc ¼ 0 with finite θ is smaller than that with θ ¼ 0
in the range of 17.7 ≤ θ. There is a tendency that ec is
modified by θ as uKc becomes smaller. We note that, even
at finite noncommutativity parameter, ec in the limit
uKc → 0 is the same as that in the deconfinement phase
in the limit T → 0 [23]. As θ approaches infinity, ec at
Tc ¼ 0 turns back to them at zero noncommutativity
parameter. The reality condition is not satisfied in the
range of 0.50 < θ < 17.7 as in the deconfinement phase.

IV. MAGNETIC FIELD

We next investigate the response of the noncommutative
deformation of the holographic QCD model at nonzero
temperature to an external magnetic field B. We make an
ansatz,

2πα0A0 ¼ μ; 2πα0A1ðx2; uÞ ¼ −bx2 þ a1ðuÞ; ð4:1Þ
where μ and b are constants. As was seen in the previous
section, the noncommutativity also has the effect of varying
the transition magnetic field strength bc.

A. Deconfinement phase

Consider again the deconfining background, which
dominates at high temperature T > 1

2πR. The total action
is given by

FIG. 6. The V embedding in the confining background.

FIG. 7. Phase diagram at finite parameter uK and the electric field in the confining background (L ¼ 1, μ ¼ 1).
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SD8 ¼ SD8DBI þ SD8WZ

¼ N
Z

d4xdu

�
u4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfTðuÞτ0

�
uÞ2 þ 1

u3

��
1þ b2

u3

�
þ fTðuÞða01ðuÞÞ2

u3

s
− 3μθ3=2u3hðuÞa01ðuÞ

�

¼ N
Z

d4xduu4
�
1 −

3μθ3=2hðuÞ ~jbT
u2fTðuÞ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfTðuÞτ0ðuÞ2 þ 1

u3Þð1þ b2

u3Þ
ð1 − ~j2bT

u2fT ðuÞÞ

vuut ; ð4:2Þ

where ~jbT ¼ jbT þ 3μθ3=2u3hðuÞ with

jbT ¼ ufTðuÞa01ðuÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfTðuÞτ0ðuÞ2 þ 1

u3Þð1þ b2

u3Þ þ
fT ðuÞða01ðuÞÞ2

u3

q
− 3μθ3=2u3hðuÞ: ð4:3Þ

The solution of the equation of motion and the constant of
motion for τðuÞ in the U embedding (with the vanishing
jbT) are given, respectively, by

τ0ðuÞ ¼ 1

u3=2
ffiffiffiffiffiffiffiffiffiffiffiffi
fTðuÞ

p
×

�
u8ð1þ b2

u3ÞðfTðuÞ − 9μ2θ3uhðuÞ2Þ
u80ð1þ b2

u3
0

ÞðfTðu0Þ − 9μ2θ3u0hðu0Þ2Þ
− 1

�−1=2
;

ð4:4Þ

and

p3 ¼ u40

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fTðu0Þ

�
1þ b2

u30

�
ðfTðu0Þ − 9μ2θ3u0hðu0Þ2Þ

s
:

ð4:5Þ

Although the reality conditions of the constant p3 in (4.5)
have no restriction for the parameter b, it has same
restriction as (3.10) for the parameter θ.
In the U embedding, the corresponding (on-shell) action

without jbT is given by

SD8U ¼N
Z

d4xdu
u5=2ffiffiffiffiffiffiffiffiffiffiffiffi
fTðuÞ

p
×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1þb2

u3

�
ðfTðuÞ−9μ2θ3uhðuÞ2Þ

s

×

2
641−u80ð1þ b2

u3
0
fTðu0ÞÞðfTðu0Þ−9μ2θ3uhðu0Þ2Þ

u8ð1þ b2

u3fTðuÞÞðfTðuÞ−9μ2θ3uhðuÞ2Þ

3
75
−1=2

:

ð4:6Þ

In the parallel embedding with τ0ðuÞ ¼ 0, the action
becomes

SD8∥ ¼ N
Z

d4xdu
u5=2ffiffiffiffiffiffiffiffiffiffiffiffi
fTðuÞ

p �
fTðuÞ −

3μθ3=2hðuÞ ~jbT
u2

�

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

u3

fTðuÞ −
~j2bT
u5

vuut : ð4:7Þ

We can determine the transition temperature Tc and the
transition magnetic field strength bc by the Maxwell equal
area law and construct the phase diagram in the ðb; TÞ plane
with fixed L and θ. The phase diagram at nonzero
temperature, background magnetic field, and noncommu-
tativity parameter in the deconfining phase is shown in
Fig. 8.
The global behavior of the phase diagram has also not

significantly changed even at finite noncommutativity

FIG. 8. Phase diagram at finite temperature and magnetic field in the deconfining background (L ¼ 1, μ ¼ 1).
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parameter θ; that is, the transition temperature Tc increases
as the transition magnetic field strength bc increases even at
finite noncommutativity parameter θ. Although Tc hardly
changes at bc ¼ 0, it significantly changes in the large-bc
regime in the range of 0 ≤ θ ≤ 0.50. In contrast, although
Tc significantly changes at bc ¼ 0, it hardly changes in
the large-bc regime in the range of 17.7 ≤ θ. There is a
tendency for Tc to decrease as θ increases in the range of
0 ≤ θ ≤ 0.50 and Tc to increase as θ increases in the range
of 17.7 ≤ θ. However, Tc at bc ¼ 0with θ ¼ 0.40 becomes
smaller than that at bc ¼ 0 with θ ¼ 0.50. As θ approaches
infinity, both Tc and bc turn back to them at zero non-
commutativity parameter. The reality condition is not
satisfied in the range of 0.50 < θ < 17.7.

B. Confinement phase

We next consider the confining background. In the
U embedding, the solutions of the equation of motion
for τðuÞ and the constant of motion for τðuÞ are given,
respectively, by

τ0ðuÞ ¼ 1

u3=2fKðuÞ

×

�
u8fKðuÞð1þ b2

u3Þð1 − 9μ2θ3uhðuÞ2Þ
u80fKðu0Þð1þ b2

u3
0

Þð1 − 9μ2θ3u0hðu0Þ2Þ
− 1

�−1=2

ð4:8Þ
and

p4 ¼ u40

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fKðu0Þ

�
1þ b2

u30

�
ð1 − 9μ2θ3u0hðu0Þ2Þ

s
: ð4:9Þ

The solution τ0ðuÞ and the constant of motion p4 are same
as in (3.18) and in (3.19) with the substitution of −e2 for b2,
respectively. Because of the difference in sign, the asymp-
totic D8-D8 distance L is a decreasing monotonic function
of p4 for all values of b. It can be concluded that the
only possible embedding in the confined phase is the
U embedding. The on-shell action in the U embedding is
given by

SD8U ¼N
Z

d4xdu
u5=2ffiffiffiffiffiffiffiffiffiffiffiffi
fTðuÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1þb2

u3

�
ð1−9μ2θ3uhðuÞ2Þ

s

×

2
641−u80fKðu0Þð1þ b2

u3
0

Þð1−9μ2θ3uhðu0Þ2Þ
u8fKðuÞð1þ b2

u3Þð1−9μ2θ3uhðuÞ2Þ

3
75
−1=2

:

ð4:10Þ

V. CONCLUSIONS AND DISCUSSIONS

In this paper, we have constructed a noncommutative
deformation of the holographic QCD (Sakai-Sugimoto)

model at finite temperature in accordance with a prescrip-
tion of Refs. [9–11,16] and have examined the response
to external electric and magnetic fields regarding baryon
number currents by this model. The noncommutative
deformation of the gauge theory does not change the
phase structure with respect to the baryon number current.
There is also the conductor phase in addition to the
insulator phase even in the noncommutative deformation
of the confinement background at finite electric field [23].
However, the transition temperature Tc, the transition
electric field ec, and magnetic field bc in the conductor-
insulator phase transition depend on the noncommutativity
parameter θ. Namely, the noncommutativity of space
coordinates has an influence on the shape of the phase
diagram for the conductor-insulator phase transition. It is
known that the noncommutativity of space coordinates also
has an influence on the shape of the phase diagram for the
chiral symmetry breaking-chiral symmetry restoration
within the framework of the noncommutative deformation
of the holographic QCD model at finite temperature [22].
It can be regarded as an example that the noncommutativity
of space coordinates reflects physical quantities [15,28].
The phase diagrams have shown that the transition

temperature Tc, the transition electric field ec, and mag-
netic field bc shift to the commutative ones in the zero
noncommutativity parameter limit. On the contrary, the
phase diagrams have shown that Tc, ec, and bc also shift to
the commutative ones in the infinite noncommutativity
parameter limit. It can be easily seen that the nonvanishing
currents jeT and jeK and the conductivities σT and σK
reduce to the commutative ones in both the zero and infinite
noncommutativity parameter limits. These properties are
suggestive of a kind of Morita duality between irreducible
modules over the noncommutative torus [6,16]. On the
other hand, the allowed range of the noncommutativity
parameter can be restricted by the reality condition of the
constants of motion. It might be remarkable that the
noncommutativity parameter is restricted by the physical
conditions.
In the holographic QCD model, a chemical potential for

baryon number corresponds to a nonzero asymptotic value
of the electrostatic potential on the D8 branes [29–35].
In our model, a constant baryon chemical potential has
been naively introduced. The dependence of Tc, ec, and bc
on the baryon chemical potential should be considered in
detailed procedures.
An alternative gravity dual of the confinement-

deconfinement phase transition in the Sakai-Sugimoto
model has been proposed in Refs. [36–38].
Reference [36] has argued that the gravity dual of the
deconfinement transition is a Gregory-Laflamme transi-
tion into the T-dual type IIB supergravity, where the black
D4-brane geometry is replaced by an localized D3-brane
geometry. It would be interesting to study the properties
of the baryon number current in this model.
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The UV/IR mixing is well known as distinctive features
of noncommutative field theories. The phenomenon of
the UV/IR mixing appears to be the qualitative difference
between ordinary and noncommutative field theory. The
difference in the properties of the baryon number current
between ordinary and noncommutative QCD might be
related to the UV/IR mixing. We hope to discuss this
subject in the future.
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