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We investigate the entanglement entropy in 1þ 1-dimensional SUðNÞ gauge theories with various matter
fields using the lattice regularization. Here we use extended Hilbert space definition for entanglement
entropy, which contains three contributions; (1) classical Shannon entropy associated with superselection
sector distribution, where sectors are labeled by irreducible representations of boundary penetrating fluxes,
(2) logarithm of the dimensions of their representations, which is associated with “color entanglement,” and
(3) EPR Bell pairs, which give “genuine” entanglement. We explicitly show that entanglement entropies (1)
and (2) above indeed appear for various multiple “meson” states in gauge theories with matter fields.
Furthermore, we employ transfer matrix formalism for gauge theory with fundamental matter field and
analyze its ground state using hopping parameter expansion (HPE), where the hopping parameter K is
roughly the inverse square of the mass for the matter. We evaluate the entanglement entropy for the ground
state and show that all (1), (2), (3) above appear in the HPE, though the Bell pair part (3) appears in higher
order than (1) and (2) do. With these results, we discuss how the ground state entanglement entropy in the
continuum limit can be understood from the lattice ground state obtained in the HPE.
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I. INTRODUCTION

Entanglement is a key feature, which distinguishes
quantum worlds from classical worlds. Simply saying,
entanglement allows us to know detailed information
about subsystem A once we measure the other subsystem
B, even though we know nothing about each subsystem
A & B separately before we make a measurement.
Recently these entanglement caught attention since it
becomes more and more clear that the notion of
entanglement is one of the key feature to understand
the gauge/gravity duality [1] and emerging smooth space-
time (see for example, [2]). Needless to say, all of the
forces except for gravity in Nature are described by
gauge theories, and furthermore due to the gauge/gravity
duality, quantum gravity in asymptotic anti-de Sitter
space is also equivalent to certain gauge theory non-
perturbatively. In order to understand how the space-time
emerges through the idea of entanglement and gauge/
gravity duality, deepening our understanding of entangle-
ment in gauge theory must be crucial.
Entanglement in spin system is well defined and there

is no ambiguity for its definition. Decomposing the
Hilbert space into “inside” and “outside,” and by tracing
out the “outside” Hilbert space, we obtain the density
matrix of the “inside” states. Its von Neumann entropy is
the entanglement entropy between “inside” and “outside”.

However the situation is a bit more subtle in gauge
theories. In gauge theories, Hilbert space cannot be
decomposed into two gauge invariant subsystem properly,
due to the local gauge invariance condition, which gives
nonlocal constraints for the allowed states. As a result,
there exists non-local operators such as Wilson loops
which spread both inside and outside, and thus restrict
Hilbert spaces of inside and outside through Gauss’s law
constraints. The absence of the gauge invariant decom-
position brought some confusions for how to define the
entanglement entropy in gauge theories.
The main problem of how to define the entanglement

entropy associated with the nonproduct nature of the
Hilbert space in gauge theories is now solved through
recent works [3–6]. For Abelian gauge theory, Casini et al.
in [3] pointed out that the presence of a nontrivial center,
which commute with all the operators on the inside (Hilbert
space), characterizes the ambiguity of the entanglement
entropy in gauge theories. Clearly this center corresponds
physically to gauge invariant Wilson loop operators pen-
etrating the boundary. They connect inside and outside
Hilbert spaces, and also split the inside Hilbert space into
several different superselection sectors labeled by fluxes of
the penetrating loop. In each superselection sector, the
Hilbert space can now be written as a tensor product of
inside and outside Hilbert spaces Ĥk

in, Ĥ
k
out. They allow us

to define reduced density matrix ρkin such that Trρkin ¼ 1,
where k is the label for different superselection sectors,
specifying the penetrating gauge flux “representations” at
all boundaries. Then the definition of the entanglement
entropy is given as [3]
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SEE ¼ −
X
k

pk logðpkÞ −
X
k

pkTrĤk
in
ρkin log ρ

k
in; ð1:1Þ

where the second term is the weighted average of the
“genuine” entanglement on each sector k with the prob-
ability pk, which we mean EPR Bell pairs obtained in
entanglement distillation,

SðρkinÞ ¼ −TrĤk
in
ρkin log ρ

k
in; ð1:2Þ

while the first term is the classical Shannon entropy for the
probability distribution of the variables on the center.1 Note
that this classical entropy is different from the genuine
entanglement entropy.
The “extended Hilbert space” definition of the entan-

glement entropy is given in [4–6]. In these, we literally
extend the Hilbert space in such a way that the Hilbert
space is no more restricted to gauge invariant state only

QBRSTjphysi ¼ 0: ð1:3Þ

As a result of this extension, the Hilbert space can now
be decomposed as a tensor products of two (gauge
noninvariant) subsystems without ambiguity. In the
lattice formulation of gauge theories, the extended
Hilbert space can be identified to the Hilbert space of
a spin system, so that one can define the entanglement
entropy unambiguously. For example in the Uð1Þ case,
the explicit calculation becomes possible [7,8], and it
has been shown in [4] that this definition agrees
with (1.1).
In non-Abelian gauge theory, however, the extended

Hilbert space entanglement entropy definition needs an
extension of (1.1), which consists of three terms as [8]

SEE ¼ −
X
k

pk logpk þ
X
k

pk

�X
i

log dki

�

−
X
k

pkTrĤk
in
ρkin log ρ

k
in: ð1:4Þ

The first and third term are essentially the same as (1.1),
while the peculiarity of the non-Abelian gauge theory
appears in the second term, which contains the sum over
boundary vertices index i, where i runs all boundary
vertices and ki is the irreducible representation of the
penetrating gauge loop at that boundary with dki being the
dimension of the representation ki.2 Thus the second term
vanishes for the Abelian case since all representations are

1-dimensional. Here the superselection sector is labeled by
k ¼ fkiji ∈ all boundary vertices in Ĥk

ing. Since the rep-
resentations in non-Abelian gauge theory are no more one
dimensional, the requirement of wave function being gauge
invariant (singlet) at the boundaries generates a new type of
entanglement between inside and outside states. In other
words, the non-Abelian gauge theory has a new term in
(1.4), which is the entanglement entropy associated with
“color” at each boundary.
Although the appropriate definition is given, definitely

more detailed aspects of the entanglement entropy, espe-
cially for non-Abelian gauge theories, need to be better
understood both qualitatively and quantitatively. A pur-
pose of this paper is twofold: one is to deepen our
understanding of the formula (1.4) in non-Abelian gauge
theories with various matter fields, by explicitly evaluat-
ing the contributions to each of the three terms in (1.4).
This is because the non-Bell pair contributions, i.e., the
first and second terms of (1.4) are less familiar. The other
is to study the vacuum entanglement entropy of non-
Abelian gauge theories through the lattice formulation.
Gauge theories are well defined on the lattice, and
moreover, once we employ the extended Hilbert space
definition, the gauge theory on the lattice effectively
reduces to the one essentially equivalent to the usual spin
system.
The entanglement entropy for the ground state in

non-Abelian gauge theories is especially interesting and
it is well studied by the strong coupling expansion in
the lattice formulation [6,9–11]. In the formulation by
Kogut-Susskind [12], the Hamiltonian for pure gauge
theories (without matter fields) in lattice regularization is
given by [13]

H ¼ g2YM
2a

X
linkðijÞ

Ĵ2ij þ
1

g2YMa

X
ðplaquette termsÞ; ð1:5Þ

where a is the lattice spacing, gYM is the bare gauge
coupling on the lattice, and Ĵij is the generator of the gauge
transformation at the vertex i for the link ðijÞ, which
satisfies Ĵ2ij ¼ Ĵ2ji. In the strong coupling limit that
gYM → ∞, the ground state, which we call the strong
coupling ground state j0istrong, is given by the tensor
product of the ground state j0iij of each link as

j0istrong ¼ ⊗
ij
j0iij; ð1:6Þ

where j0iij satisfies Ĵ2ijj0iij ¼ 0. Therefore there is no
entanglement for the strong coupling ground state. Note
that plaquette terms disappear in 2 dimensions, so that one
can always obtain this j0istrong as a ground state in
2-dimensional pure gauge theories at an arbitrary value
of the coupling constant. In other words, not only the

1In [3], it is also shown that different choices of the inside
operators give different centers and then it is possible to take a
trivial center such that the classical entropy for the sector
distribution part vanishes.

2Note that k ¼ fk1;k2;…;knbg, where nb is a total number
of boundary vertices.
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ground state obtained in higher dimensional (d ≥ 3) pure
gauge theories at strong coupling limit but also that of
2-dimensional gauge theories at an arbitrary coupling
ground state are given by j0istrong on the lattice.
On the other hand, the vacuum in continuum gauge

theories, which we call the continuum ground state, is
manifestly entangled: tracing out the subsystem makes the
rest subsystem into mixed states like the Bogoliubov
transformation. This is not a contradiction, however, since
the lattice gauge theories at the strong coupling limit is far
from the continuum limit. Due to the asymptotic freedom of
gauge theories, the continuum gauge theory with non-zero
renormalized coupling (the IR theory) is obtained from the
lattice gauge theory in the limit of zero bare gauge coupling
(the UV theory).
Therefore, it is important to understand how the strong

coupling ground state approaches the entangled continuum
ground state in the process of the continuum limit. In
generic dimensions, however, solving the gauge theory on
the lattice analytically is very hard exercise, unless we take
the strong coupling limit or the expansion around it. That is
why people use numerical simulations in lattice gauge
theories, which are shown to be very successful. This
situation is a little different in 2-dimensions, since a
2-dimensional pure gauge theory is in some sense “trivial”
due to the absence of local physical degrees of freedom.
As a result, we can calculate entanglement entropy for any
states at an arbitrary coupling constant [14], so that we
can take the continuum limit analytically. Unfortunately,
genuine entanglement, i.e., the third term in (1.4), vanishes
in 2-dimensional pure gauge theories even in the continuum
limit [14] as is expected.
Once we add matter fields to pure gauge theories in

2-dimensions, genuine entangled states emerge due to the
existence of local degrees of freedom. We thus take these
gauge plus matter theories as toy models of pure gauge
theories in higher dimensions, since gauge plus adjoint
matters in 2-dimensions, for example, are expected to
have analogous behaviors as higher dimensional pure
Yang-Mills theories with compactified extra (d − 2)
dimensions. While pure gauge theories plus matters
can not be solved analytically even in 2-dimensions,3

we can include effects of matter fields order by order in
the hopping parameter expansion (HPE) for the small
hopping parameter K ≡ 1=ð2þ ðmaÞ2Þ, where m is the
bare mass of matter field and ma must be large for the
HPE to work.4

In this paper, using the HPE but at an arbitrary gauge
coupling, we demonstrate how the genuine entanglement
entropy emerges for the ground state of gauge plus matter
fields in 2-dimensions. We mainly consider matter fields

in the fundamental representation, but an essential idea
works similarly for adjoint matters and other representa-
tions. Adding adjoint matters is an interesting set-up,
since it resembles the large N D1-brane gauge theory,
which is dual to the string theory in the curved space-
time [16].
The organization of this paper is as follows. In Sec. II, we

review the lattice study in [6] for the pure gauge theory in
2-dimensions, which has no local physical degrees of
freedom. Therefore, there is no genuine entanglement in
2-dimensional pure gauge theory. Then in Secs. III and IV,
we add matter fields, and study entanglement of various
meson excited states. Section V gives a short summary of
the first part. Then in Sec. VI, we show at the leading order
of HPE that these meson states appear in the ground state of
this theory, which is the eigenstate of the “transfer matrix”
T̂ with the largest eigenvalue. The transfer matrix is the
time translation operator on the lattice with one time unit
and is related to the HamiltonianH as T̂ ¼ e−aH. Then later
in Sec. VII, we consider the higher order corrections of
HPE and show that the strong coupling ground state and
lattice meson states mix to form the true ground state, and at
the K6 order, the ground state of the transfer matrix shows
nonzero genuine entanglement, and we end with discussion
in Sec. VIII on our picture of how the strong coupling
ground state, which has no entanglement, is connected to
the continuum entangled ground state.
Throughout this paper,5 we consider SUðNÞ gauge

theory with N ≥ 3.

II. ENTANGLEMENT ENTROPY FOR
PURE GAUGE THEORY IN
LATTICE FORMULATION

In this section, we briefly illustrate how the second terms
of the entanglement entropy in Eq. (1.4) appear in the 2-
dimensional pure gauge theory on the lattice formulation
[14], using explicit examples.
We will consider the 7 vertex spatial lattice given in

Fig. 1 as a simple example, which is good enough to see the
essential points, and one can easily generalize the results in
this section to more general cases.
Consider following wave function

RðUÞ≡ χFðUÞ ¼ Tr
F
ðUÞðU≡U12U23U34U45U56U67U71Þ;

ð2:1Þ

where Uij ∈ SUðNÞ is the spatial gauge link variable
between the vertices i and j, which satisfies Uji ≡U†

ij,

3Unless we take large N limit [15].
4The massless theory or the continuum limit with the finite

mass corresponds to K ¼ 1=2, its maximum value.

5For N ¼ 2 case, the analysis, especially in Sec. IV, is slightly
modified since meson is un-oriented due to the fact that
fundamental ¼ antifundamental for SUð2Þ.
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and χFðUÞ is the character for the ‘fundamental represen-
tation’ F.6

Straightforward calculation shows that the reduced
density matrix becomes

hU12; U23; U71jρjV12; V23; V71i

¼
Z

dW34dW45dW56dW67χF

× ðU71U12U23W34W45W56W67Þ
× χFðW†

67W
†
56W

†
45W

†
34V

†
23V

†
12V

†
71Þ

¼ 1

N
χFðU71U12U23V

†
23V

†
12V

†
71Þ; ð2:2Þ

where we used (6.19) and integrated out outside-link
variables W34, W45, W56, W67. Therefore the square of
the reduced density matrix is

hU12; U23; U71jρ2jV12; V23; V71i ¼
1

N2

Z
dW12dW23dW71χFðU71U12U23W

†
23W

†
12W

†
71ÞχFðW71W12W23V

†
23V

†
12V

†
71Þ

¼ 1

N3
χFðU71U12U23V

†
23V

†
12V

†
71Þ

¼ 1

N2
hU12; U23; U71jρjV12; V23; V71i; ð2:3Þ

where again we used (6.19). This implies

Trρn ¼ 1

N2ðn−1Þ : ð2:4Þ

As a result, we obtain an entanglement entropy SEE as

SEE ≡ −Trρ log ρ ¼ −lim
n→1

∂
∂nTrρ

n ¼ 2 logN ¼ nb logN: ð2:5Þ

This is consistent with the “area-law” of the entanglement entropy [17], where the boundary is consists of two sites, i.e., site
3 and 7, so the “boundary site number” nb ¼ 2. To see this further, as an example of nb ¼ 4, we consider a different
separation of in and out regions in such a way that link 2-3 and 5-6 are outside and others are inside. Then using (6.19) and
(6.20), it is straightforward to check the reduced density matrix and its square become

hUinjρjV ini ¼
Z

dW23dW56χFðU71U12W23U34U45W56U67ÞχFðV†
67W

†
56V

†
45V

†
34W

†
23V

†
12V

†
71Þ

¼ 1

N2
χFðU67U71U12V

†
12V

†
71V

†
67ÞχFðU34U45V

†
45V

†
34Þ; ð2:6Þ

hUinjρ2jVini ¼
1

N4

Z
dW12dW71dW67χFðU67U71U12W

†
12W

†
71W

†
67ÞχFðW67W71W12V

†
12V

†
71V

†
67Þ

×
Z

dW34dW45χFðU34U45W
†
45W

†
34ÞχFðW34W45V

†
45V

†
34Þ

¼ 1

N4
hUinjρjV ini; ð2:7Þ

so that we obtain

FIG. 1. Toy seven vertex lattice setup. Black vertices and solid
lines belongs to inside andwhite vertices and dotted lines to outside.

6We take the temporal gauge A0 ¼ 0 throughout this paper. As will be seen later, this RðUÞ is the eigenfunction of the transfer
matrix [14].

AOKI, IIZUKA, TAMAOKA, and YOKOYA PHYSICAL REVIEW D 96, 045020 (2017)

045020-4



SEE ¼ 4 logN ¼ nb logN; ð2:8Þ

for nb ¼ 4. It is easy to see in general that

SEE ¼ nb logdR; ð2:9Þ

where dR is the dimension of the irreducible representation
R. These are the essential results of [5,14]. Before we end
this section, we have several comments.
Since there is no physical degrees of freedoms in the

2-dimensional pure gauge theory, the result (2.9) cannot
represent the genuine entanglement in the spirit of the
information theory, which is equivalent to the number of
Bell pairs obtained in the entanglement distillation. See
Sec. 4 of [6], for example.
All calculations in the above are done in the extended

Hilbert space definition [4–6]. The Hilbert space in the
gauge theory cannot be written as a tensor product of inside
Hilbert space and outside Hilbert space. In the above
calculations, however, we trace over all of the out states
without worrying about the gauge constraint. This is
possible only in the extended Hilbert space.
In the extended Hilbert space, we can define the

entanglement entropy, which consists of three contributions
as is given (1.4). Different superselection sectors are
distinguished by the electric flux for the Abelian gauge
theory and by the quadratic Casimir for the non-Abelian
gauge theory at each boundary, and the different Casimir
corresponds to the different “spin,” or representation. Due
to the Gauss’s law in 1þ 1 dimension, we have only one
sector, pF ¼ 1, in our wave function (2.1), restricted in the
fundamental representation. Therefore (2.9) gives only the
second term in (1.4), as the first and the third term in (1.4)
vanish.

Clearly this entanglement entropy (2.9) is associated
with the fact that in and out link variables connected with
each other at the boundary vertex cannot take values freely
due to the gauge invariance constraint, and this gauge
invariance correlates the two link variables. As a result, this
correlation produces the entanglement obtained in (2.9),
which is the “color entanglement.”

III. ENTANGLEMENT ENTROPY
FOR SINGLE MESON STATES

A. 2d gauge theory with the fundamental
scalar field

Now we consider the 2-dimensional gauge theory with
the fundamental scalar field. Again we consider the Fig. 1
lattice setup. For each vertex n, there is a scalar field φn, in
addition to the link variable Uij ≡U†

ji on each link ðijÞ.
Let us consider the following wave function,

Ψðφi; UijÞ≡ 1

N
½φ†

1U12U23U34U45φ5�
Y7
m¼1

e−
γ
2
φ†
nφn ; ð3:1Þ

jN j2 ¼ N
γ2

�
π

γ

�
7N
; ð3:2Þ

where N is the normalization constant. This is a single
“meson” state composed by a scalar “quark” (at site n ¼ 1)
and “antiquark” (at site n ¼ 5) pair. For the wave function
of the scalar field to be normalizable, we have introduced
the Gaussian suppression factor ∝ e−

γ
2
φ†φ with the Gaussian

parameter γ. The normalization constant N is obtained
from the condition

1 ¼
Z

½dφ1dφ2 � � � dφ7�
Z

½dU12dU23 � � � dU71�Ψ�ðφi; UijÞΨðφi; UijÞ;

where we use (A1) and (A10). Similarly, using (A1), (A2), and (3.2), the reduced density matrix ρðφin; Uin;ϕin; VinÞ
becomes

ρðφin; Uin;ϕin; V inÞ

¼
Z

½d ~φ4 � � � d ~φ7�
Z

½dW34 � � � dW67�Φðφin; ~φout;Uin;WoutÞΦ�ðϕin; ~φout;V in;WoutÞ

¼ γ

N

�
π

γ

�
−3N

�
ðφ†

1U12V
†
12ϕ1Þ

Y3
n¼1

e−
γ
2
φ†
nφn−

γ
2
ϕ†
nϕn

�
; ð3:3Þ

and a square of the reduced density matrix thus is given by

ENTANGLEMENT ENTROPY FOR 2D GAUGE THEORIES … PHYSICAL REVIEW D 96, 045020 (2017)

045020-5



ρ2ðφ; U;ϕ; VÞ ¼
Z

½d ~φdW�ρðφ; U; ~φ;WÞρð ~φ;W;ϕ; VÞ

¼
�
γ

N

�
π

γ

�
−3N

�
2 Y3
n¼1

e−
γ
2
φ†
nφn−

γ
2
ϕ†
nϕn

Z
½d ~φdW�ðφ†

1U12W
†
12 ~φ1Þð ~φ†

1W12V
†
12ϕ1Þe−γð ~φ

†
1
~φ1þ ~φ†

2
~φ2þ ~φ†

3
~φ3Þ

¼
�
γ

N

�
π

γ

�
−3N

�
2 Y3
n¼1

e−
γ
2
φ†
nφn−

γ
2
ϕ†
nϕnðφ†

1U12ÞcðV†
12ϕ1Þb

Z
½d ~φ2d ~φ3�e−γð ~φ

†
2
~φ2þ ~φ†

3
~φ3Þ 1

N
δadδ

c
b

×
Z

½d ~φ1� ~φd
1 ~φ

†
1ae

−γð ~φ†
1
~φ1Þ

¼ 1

N
ρðφin; Uin;ϕin; V inÞ; ð3:4Þ

where we have performed the W12 integral using the
formula (A10) in the third equality, and then the φ integral
using (A2) in the fourth equality. From Eq. (3.4), the
entanglement entropy is obtained as

SFund:EE ¼ −Trρ log ρ ¼ logN: ð3:5Þ

Here logN simply represents the color charge entangle-
ment between scalar quark and antiquark in the funda-
mental representation.
A few comments are in order.
(i) This logN term corresponds to the second term

of (1.4). First of all, since a color is neither physical
nor observable, this term cannot be the genuine
entanglement related to the Bell pair, i.e., the third
term in (1.4). A reason why Eq. (3.5) does not satisfy
the area-law of the entanglement is simply because
the flux takes the fundamental representation at the
“boundary vertex” 3 only but the trivial representation
at the “boundary vertex” 7. Furthermore, since we
have already fixed the representation in this setup, the
first term of (1.4) cannot appear in Eq. (3.5).

(ii) We can easily show the following. The entanglement
entropy is given again by (3.5) for the wave
functions

φ†
5U56U67U71φ1; ð3:6Þ

instead of (3.1), while it vanishes if all fields (quark,
antiquark and all link variables) belong to either
inside or outside such that

φ†
1φ1; φ†

1U12U23φ3; φ†
4U45U56U67φ7;

ð3:7Þ

as expected.
(iii) The situation is very similar to the pure gauge theory

in Sec. II. Regarding that the link variable U56
c
d

made up of two scalar fields φ5
c and φ†

6d as
U56

c
d ≈ φ5

cφ†
6d, the result in Eq. (2.5) can be

understood as follows. The argument of log for
the entanglement entropy is the dimensions of the
representation, i.e., the entanglement associated with
color numbers. The coefficient in front of logN
counts a number of boundary vertices in which the
gauge flux penetrates. As we will see in the next
subsection, the adjoint matter field gives the
log ðN2 − 1Þ instead of logN contribution to the
entanglement entropy.

B. 2d gauge theory with the adjoint scalar field

For completeness, we show the result with the adjoint
matter field Φ. We take

ΨðΦi; UijÞ ¼
1

N
½χðΦ1U12U23U34U45Φ5U

†
45U

†
34U

†
23U

†
12Þ�

Y7
i¼1

e−βTrΦ
2
i ; ð3:8Þ

for the wave function with the adjoint scalar field Φ at the vertex 1 and 5, where β is the Gaussian suppression factor. The
lattice setup is same as Fig. 1.
Applying (A7) and (A11) to the condition

1 ¼ 1

jN j2
Z

½dΦ�½dU�χðΦ1U12U23U34U45Φ5U
†
45U

†
34U

†
23U

†
12ÞχðΦ1U12U23U34U45Φ5U

†
45U

†
34U

†
23U

†
12Þ

Y7
i¼1

e−2βTrΦ
2
i ; ð3:9Þ

the normalization constant is determined as
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1

jN j2 ¼
16β2

N2 − 1

� ffiffiffiffiffi
2β

π

r �7ðN2−1Þ
: ð3:10Þ

Then, the reduced density matrix is given by

h ~Φin; V injρjΦin; Uini

¼ 1

jN j2
Y3
i¼1

e−βTrΦ
2
i−βTr ~Φ

2
i

Z
½dX4;6;7�

Y
i¼4;6;7

e−2βTrX
2
i

Z
½dW�½dX5�χðΦ1U12U23W34W45X5W

†
45W

†
34U

†
23U

†
12Þ

× χð ~Φ1V12V23W34W45X5W
†
45W

†
34V

†
23V

†
12Þe−2βTrX

2
5

¼ 4β

N2 − 1

� ffiffiffiffiffi
2β

π

r �3ðN2−1Þ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
≔A

χðU†
23U

†
12Φ1U12U23V

†
23V

†
12
~Φ1V12V23Þ

Y3
i¼1

e−βTrΦ
2
i−βTr ~Φ

2
i ; ð3:11Þ

and its square becomes

h ~Φin; V injρ2jΦin; Uini

¼ A2

Z
½dX2�½dX3�

Y
i¼2;3

e−2βTrX
2
i

Z
½dX1�½dW�χðU†

23U
†
12Φ1U12U23W

†
23W

†
12X1W12W23Þ

× χðW†
23W

†
12X1W12W23V

†
23V

†
12
~Φ1V12V23Þe−2βTrX2

1

Y3
i¼1

e−βTrΦ
2
i−βTr ~Φ

2
i

¼ A
4β

N2 − 1

� ffiffiffiffiffi
2β

π

r �3ðN2−1Þ
1

4β

� ffiffiffiffiffi
π

2β

r �
3ðN2−1Þ

× χðU†
23U

†
12Φ1U12U23V

†
23V

†
12
~Φ1V12V23Þ

Y3
i¼1

e−βTrΦ
2
i−βTr ~Φ

2
i

¼ 1

N2 − 1
h ~Φin; V injρjΦin; Uini; ð3:12Þ

Therefore, the entanglement entropy is obtained as

SEE ¼ logðN2 − 1Þ; ð3:13Þ
which confirms that the argument of log counts a dimen-
sion of the representation for the flux at the boundary
vertex.

C. Entanglement entropy for a single meson
with the multiple splitting

Let us consider the situation where vertices 1,2,4,5 and
links (12),(23),(45),(56) belong to inside and the rest
belong to outside. See Fig. 2.
Let us consider the following wave function

Ψðφi; UijÞ≡ 1

N
½φ†

2U23U34U45U56U67φ7�

×
Y

m¼1;2;4;5

e−
a
2
φ†
mφm

Y
n¼3;6;7

e−
a
2
φ†
nφn ; ð3:14Þ

1

jN j2 ¼
a2

N

�
π

a

�
−7N

: ð3:15Þ

It is straightforward to show

FIG. 2. Black vertices and solid lines belong to inside and white
vertices and dotted lines to outside as before. Scalar quark/
antiquark are at vertices 2 and 7 and gluon is penetrating at the
boundary vertices 3, 4, and 6 but not 1. The color indices for the
reduced density matrix can be seen pictorially in the right figure.
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ρin ¼
1

jN j2
Z

½d ~φdW�ðφ†
2U23W34U45U56W67 ~φ7Þð ~φ†

7W
†
67V

†
56V

†
45W

†
34V

†
23ϕ2Þ

× e−að ~φ
†
3
~φ3þ ~φ†

6
~φ6þ ~φ†

7
~φ7Þe−

a
2
ðφ†

1
φ1þφ†

2
φ2þφ†

4
φ4þφ†

5
φ5Þ−a

2
ðϕ†

1
ϕ1þϕ†

2
ϕ2þϕ†

4
ϕ4þϕ†

5
ϕ5Þ

¼ a
N2

�
π

a

�
−4N

ðφ†
2U23V

†
23ϕ2Þ½χFðU45U56V

†
56V

†
45Þ�e−

a
2
ðφ†

1
φ1þφ†

2
φ2þφ†

4
φ4þφ†

5
φ5Þ−a

2
ðφ↔ϕÞ: ð3:16Þ

This reduced density matrix can be shown pictorially in
Fig. 2. We thus obtain

ρ2in ¼
1

N3
ρin; ð3:17Þ

SEE ¼ 3 logN; ð3:18Þ
which is again consistent with the second term in (1.4),
since a number of boundaries on which the penetrating flux
of the fundamental representation exists is nb ¼ 3 (at
vertices 3, 4, and 6). The boundary 1 does not contribute
since there is no penetrating flux there.
So far, we obtain the entanglement entropy

SEE ¼ nb logdR; ð3:19Þ
where dR is the dimension of the representation R, and nb
is the number of boundaries on which there is nontrivial
flux in the representation R of the gauge group.

IV. ENTANGLEMENT FOR MULTIPLE
MESON STATES

We next consider multiple meson states and evaluate
their entanglement entropy. In Sec. IVA, we first consider a
two meson state where two meson excitations do not
overlap each other. Next in Sec. IV B, we consider a
various types of overlapped two meson states whose
excited fluxes go through the same boundary. We classify
these states as in Fig. 3, and consider the entanglement

entropy for all of these cases. In Sec. IV C, we consider a
four meson state where all excited fluxes penetrate the same
boundary.
One of the main differences between these multiple

meson excitations and single meson excitations in the
previous section is that we need to decompose the product
of the same link variables of multiple meson excitations at
the same boundary into a sum of irreducible representa-
tions. As a results of this decomposition, we have several
different superselection sectors, labeled by the irreducible
representation R of the penetrating flux. This results in
nonzero contribution to the first term of the entanglement
entropy in (1.4), which is the Shannon entropy associated
with the superselection sector distribution.
In this section, we again use the lattice setup in Fig. 1.

A. Two mesons without overlapping

We first consider a two meson state without overlap.
Explicitly, let us consider the following wave function,

Ψðφi; UijÞ

¼ 1

N
ðφ†

5U56U67U71φ1Þðφ†
2U23U34φ4Þ

Y7
i¼1

e−
γ
2
φ†
i φi ;

ð4:1Þ

jN j−2 ¼
�
γ2

N

�
2
�
π

γ

�
−7N

: ð4:2Þ

FIG. 3. Two meson configurations which we consider in this subsection.
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A straightforward calculation shows that the reduced
density matrix and its square are given by

ρinðφ; U;ϕ; VÞ

¼
�
γ

N

�
2
�
π

γ

�
−3N

ðϕ†
1V

†
71U71φ1Þðφ†

2U23V
†
23ϕ2Þ

×
Y3
i¼1

e−
a
2
φ†
i φi−

γ
2
ϕ†
i ϕi : ð4:3Þ

ρ2inðφ; U;ϕ; VÞ ¼ 1

N2
ρinðφ; U;ϕ; VÞ; ð4:4Þ

Thus the entanglement entropy is

SEE ¼ logN2 ¼ 2 logN; ð4:5Þ

which is simply the twice of the single meson result (3.5),
and can be understood from (3.19).

B. Two mesons sharing the same boundary

We next consider several types of two overlapping
meson states whose excited fluxes penetrate the same
boundary, as shown in Fig. 3.

1. Case (a): Opposite meson direction
with 4 (anti)quarks at different positions

Let us consider the following state corresponding to
Fig. 3(a),

Ψaðφi; UijÞ

¼ 1

N a
ðφ†

2U23U34U45φ5Þðφ†
6U

†
56U

†
45U

†
34φ3Þ

Y7
n¼1

e−
γ
2
φ†
nφn ;

ð4:6Þ

jN aj−2 ¼
�
γ2

N

�
2
�
π

γ

�
−7N

: ð4:7Þ

Overlapping links need to be decomposed into a sum of
irreducible representations. Explicitly, let us consider the
link variable between 3 and 4 vertices. Since there are one
fundamental (U34) and one antifundamental (U†

34) links,
this state split into a sum of “singlet” and “adjoint” states as
follows. Let us first rewrite our state as

Ψaðφi; UijÞ

¼ 1

N a
ðφ†

2→3U34φ4→5Þðφ†
6→4U

†
34φ3Þ

Y7
n¼1

e−
γ
2
φ†
nφn ; ð4:8Þ

where φi→j’s are defined by

ðφ†
2→3Þa ≡ ðφ†

2U23Þa; ð4:9Þ

ðφ†
6→4Þa ≡ ðφ†

6U
†
56U

†
45Þa; ð4:10Þ

ðφ4→5Þa ≡ ðU45φ5Þa: ð4:11Þ

We then decompose this state as

ðφ†
2→3U34φ4→5Þðφ†

6→4U
†
34φ3Þ

¼ ðΦ†
23ÞjaðΦ46Þbi

�
ðU34ÞabðU†

34Þij −
1

N
δajδ

i
b

�

þ 1

N
ðφ†

2→3φ3Þðφ†
6→4φ4→5Þ; ð4:12Þ

where

ðΦ†
23Þja ≡

�
ðφ3Þjðφ†

2→3Þa −
1

N
δjaðφ†

2→3φ3Þ
�
;

ðΦ46Þbi ≡
�
φb
4→5ðφ†

6→4Þi −
1

N
δbiφ

†
6→4φ4→5

�
: ð4:13Þ

As mentioned, the first and the second terms in the r.h.s.
of (4.12) represent the adjoint and the singlet states,
respectively.
The reduced density matrix for this state becomes

ρinðφin; Uin;ϕin; V inÞ

¼ 1

N2
ρð1Þðφin; Uin;ϕin; V inÞ

þ
�
1 −

1

N2

�
ρðadjÞðφin; Uin;ϕin; V inÞ; ð4:14Þ

where

ρð1Þðφin; Uin;ϕin; V inÞ

¼ γ2

N

�
π

γ

�
−4N

ðφ†
2U23φ3Þðϕ†

3V
†
23ϕ2Þ

Y4
n¼1

e−
γ
2
φ†
nφn−

γ
2
ϕ†
nϕn ;

ð4:15Þ

ρðadjÞðφin; Uin;ϕin; V inÞ

¼ γ2

N2 − 1

�
π

γ

�
−4N

ðφ†
2U23V

†
23ϕ2Þðϕ†

3φ3Þ
Y4
n¼1

e−
γ
2
φ†
nφn−

γ
2
ϕ†
nϕn

−
1

N2 − 1
ρð1Þðφin; Uin;ϕin; V inÞ; ð4:16Þ

and these matrices satisfy

Trρð1Þ ¼ TrρðadjÞ ¼ 1; ρ2ð1Þ ¼ ρð1Þ; ð4:17aÞ
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ρ2ðadjÞ ¼
1

N2 − 1
ρðadjÞ; ρð1ÞρðadjÞ ¼ ρðadjÞρð1Þ ¼ 0:

ð4:17bÞ

Using these relations, the entanglement entropy for this
state Ψa is given by7

SEE ¼ −lim
n→1

∂
∂nTrρ

n

¼ −lim
n→1

X
R

∂
∂n

�
1

N2n þ
�
1 −

1

N2

�
n
�

1

N2 − 1

�
n−1

�

¼ −
�

1

N2
log

1

N2
þ
�
1 −

1

N2

�
log

�
1 −

1

N2

�	

þ
�
1 −

1

N2

�
logðN2 − 1Þ

¼ logN2: ð4:18Þ
In the third line, the first two terms correspond to the
Shannon entropy for the superselection sector distribution
(pð1Þ ¼ 1=N2 and pðadjÞ ¼ 1 − 1=N2), i.e., the first term in
(1.4), while the third term corresponds to the dimension of
the adjoint representation, i.e., the second term in (1.4). On
the other hand, since the genuine entanglement, the third
term in (1.4), is absent here, we cannot extract any Bell
pairs from this state.

2. Case (b): Two excited mesons in the same direction
with 4 (anti)quarks at different positions

Instead of the wave function (4.6), we next consider the
state

Ψbðφi; UijÞ

¼ 1

N b
ðφ†

2U23U34U45φ5Þðφ†
3U34U45U56φ6Þ

Y7
n¼1

e−
γ
2
φ†
nφn ;

ð4:19Þ

jN bj−2 ¼
�
γ2

N

�
2
�
π

γ

�
−7N

; ð4:20Þ

where quark-antiquark pairs lie in the same direction as
Fig. 3(b). In this case, we can decompose the state into
“symmetric” and “antisymmetric” states. Similarly to the
previous case, the reduced density matrix becomes

ρinðφin; Uin;ϕin; V inÞ

¼ N þ 1

2N
ρðsymÞðφin; Uin;ϕin; V inÞ

þ N − 1

2N
ρðasymÞðφin; Uin;ϕin; V inÞ; ð4:21Þ

where these matrices satisfy

TrρðsymÞ ¼ TrρðasymÞ ¼ 1;

ρ2ðsymÞ ¼
2

NðN þ 1Þ ρðsymÞ; ð4:22aÞ

ρ2ðasymÞ ¼
2

NðN − 1Þ ρðasymÞ;

ρðsymÞρðasymÞ ¼ ρðasymÞρðsymÞ ¼ 0: ð4:22bÞ

Therefore the entanglement entropy for Ψb is evaluated as

SEE ¼ −lim
n→1

X
R

∂
∂n

��
N þ 1

2N

�
n
�

2

NðN þ 1Þ
�

n−1

þ
�
N − 1

2N

�
n
�

2

NðN − 1Þ
�

n−1
	

¼ −
�
N þ 1

2N
log

N þ 1

2N
þ N − 1

2N
log

N − 1

2N

	

þ
�
N þ 1

2N
log

NðN þ 1Þ
2

þ N − 1

2N
log

NðN − 1Þ
2

	

¼ logN2: ð4:23Þ

The result is very similar to the previous case: The first two
terms in the second equality correspond to the Shannon
entropy for the superselection sector distribution with
psym ¼ ðN þ 1Þ=ð2NÞ and pasym ¼ ðN − 1Þ=ð2NÞ, and
the next two terms correspond to the color entanglement
with dsym ¼ NðN þ 1Þ=2 and dasym ¼ NðN − 1Þ=2, while
there are no Bell pairs in this state.

3. Case (c) and (d): 4 (anti)quarks at the
same positions

In the previous two examples, that entanglement entropy
for two mesons in different quark-antiquark positions is
logN2, which however does not contain any Bell pairs. We
here consider two meson states in the same (anti)quark
positions, which are shown to have the different entangle-
ment entropy. However, again all contributions come from
non-Bell pair parts.
Let us consider the following two wave functions,

Ψcðφi; UijÞ ¼
1

N c
ðφ†

2→3U34φ4→5Þ2
Y7
n¼1

e−
γ
2
φ†
nφn ; ð4:24Þ

Ψdðφi; UijÞ

¼ 1

N d
ðφ†

2→3U34φ4→5Þðφ†
4→5U

†
34φ2→3Þ

Y7
n¼1

e−
γ
2
φ†
nφn ;

ð4:25Þ7We here use limn→1
∂An

∂n ¼ A logA and limn→1
∂An−1

∂n ¼ logA.

AOKI, IIZUKA, TAMAOKA, and YOKOYA PHYSICAL REVIEW D 96, 045020 (2017)

045020-10



jN cj−2 ¼ jN dj−2 ¼
γ4

2NðN þ 1Þ
�
π

γ

�
−7N

; ð4:26Þ

which correspond to two meson excitations in the same
and opposite directions at the same (anti)quark positions,
in Fig. 3(c) and (d), respectively.
The reduced density matrices for these states

become

ρc;inðφin; Uin;ϕin; V inÞ ¼ ρðsymÞðφin; Uin;ϕin; V inÞ; ð4:27Þ

ρd;inðφin; Uin;ϕin; V inÞ ¼
N þ 1

2N
ρð1Þðφin; Uin;ϕin; V inÞ

þ N − 1

2N
ρðadjÞðφin; Uin;ϕin; V inÞ:

ð4:28Þ

where ρðsymÞ satisfies the relation (4.22a), while ρð1Þ and
ρðadjÞ satisfy the relation (4.17). Note that ρc does not have
ρðasymÞ since identical scalars cannot form antisymmetric
combinations. Similar calculations as before give the
entanglement entropy as

Sc;EE ¼ log
NðN þ 1Þ

2
; ð4:29Þ

Sd;EE ¼ −
�
N þ 1

2N
log

�
N þ 1

2N

�
þ N − 1

2N
log

�
N − 1

2N

�	

þ N − 1

2N
logðN2 − 1Þ: ð4:30Þ

For the case (c) in the same direction, the entanglement
entropy is given solely by the color entanglement of the
symmetric representation without Shannon entropy for the
superselection sector distribution, while for the case (d) in
the opposite direction, both Shannon part and the color
entanglement part appear. Again there is no Bell pair in
both cases.

4. Case (e) and (f): Only 2 (anti)quarks
at the same position

To make the classification complete, we consider the
following wave functions,

Ψeðφi;UijÞ ¼
1

N e
ðφ†

2→3U34φ4→5Þðφ†
4→5U

†
34φ3Þ

Y7
n¼1

e−
γ
2
φ†
nφn ;

ð4:31Þ

Ψfðφi;UijÞ ¼
1

N f
ðφ†

2→3U34φ4→5Þðφ†
3U34φ4→5Þ

Y7
n¼1

e−
γ
2
φ†
nφn ;

ð4:32Þ

jN ej−2 ¼ jN fj−2 ¼
γ4

NðN þ 1Þ
�
π

γ

�
−7N

; ð4:33Þ

where mesons are in the opposite and the same directions
with 2 (anti)quarks are at the same position, corresponding
to Fig. 3(e) and (f), respectively.
The reduced density matrices become

ρe;inðφin; Uin;ϕin; V inÞ

¼ 1

N
ρð1Þðφin; Uin;ϕin; V inÞ

þ
�
1 −

1

N

�
ρðadjÞðφin; Uin;ϕin; V inÞ; ð4:34Þ

ρf;inðφin; Uin;ϕin; V inÞ ¼ ρðsymÞðφin; Uin;ϕin; V inÞ;
ð4:35Þ

where ρð1Þ, ρðadjÞ, and ρðsymÞ satisfy the relation
(4.17) and (4.22a). The resultant entanglement entropy
becomes

Se;EE ¼ −
�
1

N
log

1

N
þ
�
1 −

1

N

�
log

�
1 −

1

N

�	

þ
�
1 −

1

N

�
logðN2 − 1Þ; ð4:36Þ

Sf;EE ¼ log
NðN þ 1Þ

2
: ð4:37Þ

Again, for the case (f) in the same direction, is given
solely by the color entanglement of the symmetric
representation without Shannon entropy part, while for
the case (e) in the opposite direction, both the Shannon
part and the color entanglement part appear. Both states
have no genuine entanglement.

C. Four mesons at the same position

Let us consider a more complicated example, four
mesons at same position as is given in Fig. 4. Our wave
function is

Ψðφ; UÞ ¼ 1

N
½φ†

3U34φ4�2½φ†
4U

†
34φ3�2

Y7
i¼1

e−
γ
2
φ†
i φi

¼ 1

N
ðφ†ϕÞ2ðϕ†φÞ2

Y7
i¼1

e−
γ
2
φ†
i φi ;

jN j−2 ¼ γ8

4!NðN þ 1ÞðN þ 2ÞðN þ 3Þ
�
π

γ

�
−7N

; ð4:38Þ
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where we define φ≡ φ3 and ϕ≡U34φ4. We will omit the

damping factor such as
Q

7
i¼1 e

−γ
2
φ†
i φi from now on just for

simplicity.
One can decompose our wave function as follows.

Ψðφ; UÞ ¼ 1

N

�
Ψ1ðφ; UÞ þ ΨN2−1ðφ; UÞ

þΨ1
4N

2ðN−1ÞðNþ3Þðφ; UÞ
�
; ð4:39Þ

where

Ψ1ðφ; UÞ ¼ 2

NðN þ 1Þ ðφ
†
3φ3Þ2ðφ†

4φ4Þ2; ð4:40Þ

ΨN2−1ðφ; UÞ ¼ 4

N þ 2
ðφ†

3φ3Þðφ†
4φ4Þ½ðφ†

3U34φ4Þðφ†
4U

†
34φ3Þ

−
1

N
ðφ†

3φ3Þðφ†
4φ4Þ�; ð4:41Þ

Ψ1
4N

2ðN−1ÞðNþ3Þðφ; UÞ ¼ ðφ†
3U34φ4Þ2ðφ†

4U
†
34φ3Þ2

−
2

N þ 2
ðφ†

3φ3Þðφ†
4φ4Þ

×

�
2ðφ†

3U34φ4Þðφ†
4U

†
34φ3Þ

−
1

N þ 1
ðφ†

3φ3Þðφ†
4φ4Þ

�
: ð4:42Þ

Here R of ΨRðφ; UÞ denotes the irreducible representation
of SUðNÞ. Note that above Ψ1, ΨN2−1 and Ψ1

4N
2ðN−1ÞðNþ3Þ

are not normalized at this moment. Like the case (c) before
for two mesons at the same position, anti-symmetric
combinations disappear. See Appendix C for the derivation
of (4.39). Since these wave functions are mutually orthogo-
nal, our reduced density matrix also becomes the sum of
each sector as

ρðφ;ϕÞ ¼
X
R

pRρRðφ;ϕÞ; ð4:43Þ

where R ¼ 1;N2 − 1 and 1
4 N

2ðN − 1ÞðNþ 3Þ.

From (4.40)–(4.42), together with the normalization that
TrρR ¼ 1 for each ρR, we obtain8

ρ1ðφ;ϕÞ

¼ γ4

NðN þ 1ÞðN þ 2ÞðN þ 3Þ ðφ
†
3φ3Þ2ðϕ†

3ϕ3Þ2
�
π

γ

�
−3N

;

ð4:44Þ

ρN2−1ðφ;ϕÞ

¼ γ4

ðN2 − 1ÞðN þ 2ÞðN þ 3Þ
�
π

γ

�
−3N

ðφ†
3φ3Þðϕ†

3ϕ3Þ

×

�
ðφ†

3ϕ3Þðϕ†
3φ3Þ −

1

N
ðφ†

3φ3Þðϕ†
3ϕ3Þ

�
; ð4:45Þ

ρ1
4N

2ðN−1ÞðNþ3Þðφ;ϕÞ

¼ γ4

N2ðN − 1ÞðN þ 3Þ
�
π

γ

�
−3N

�
ðφ†

3ϕ3Þ2ðϕ†
3φ3Þ2

−
4

N þ 2
ðφ†

3φ3Þðϕ†
3ϕ3Þ

�
ðφ†

3ϕ3Þðϕ†
3φ3Þ

−
1

2ðN þ 1Þ ðφ
†
3φ3Þðϕ†

3ϕ3Þ
��

; ð4:46Þ

while (4.38) directly gives the reduced density matrix as

ρðφ;ϕÞ

¼ γ4

6NðN þ 1ÞðN þ 2ÞðN þ 3Þ
�
π

γ

�
−3N

×

�
ðφ†

3ϕ3Þ2ðϕ†
3φ3Þ2 þ 4ðφ†

3ϕ3Þðϕ†
3φ3Þðφ†

3φ3Þðϕ†
3ϕ3Þ

þ ðφ†
3φ3Þ2ðϕ†

3ϕ3Þ2
�
: ð4:47Þ

A comparison of these with the formula (4.43) yields

p1 ¼
1

6

ðN þ 2ÞðN þ 3Þ
NðN þ 1Þ ; pN2−1 ¼

2

3

ðN − 1ÞðN þ 3Þ
NðN þ 2Þ ;

ð4:48Þ

p1
4N

2ðN−1ÞðNþ3Þ ¼
1

6

NðN − 1Þ
ðN þ 1ÞðN þ 2Þ : ð4:49Þ

Since these density matrices satisfy the relation

ρRρR0 ¼ 1

dR
δRR0ρR; ð4:50Þ

FIG. 4. Four mesons we consider in this subsection. For
simplicity, we consider the case that a distance between quark
and antiquark is one lattice spacing for all four mesons.

8Here we omit the damping factor
Q

3
i¼1 e

−γ
2
ðφ†

i φiþϕ†
i ϕiÞ.
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the resulting entanglement entropy for this state is
given by

SEE ¼ −lim
n→1

∂
∂nTrρ

n ¼ −lim
n→1

X
R

∂
∂n

�
pn
R

dn−1R

�

¼ −
X
R

pR logpR þ
X
R

pR logdR; ð4:51Þ

where dR is the dimension of the irreducible representation
R. Equation (4.51) corresponds to Eq. (1.4) with the
vanishing Bell pair term.

V. COMMENTS ON THREE CONTRIBUTIONS
TO THE ENTANGLEMENT ENTROPY IN THE

EXTENDED HILBERT SPACE

We have discussed the entanglement entropy for the
1þ 1 dimensional non-Abelian gauge theory on the lattice.
In the extended Hilbert space definition, we have three
contributions to the entanglement entropy as (1.4). In this
section, we illustrate these three contributions, by consid-
ering the following three examples: (1) two spins, (2) the Z2

gauge theory on 1d spatial lattice and (3) the SUð2Þ gauge
theory with the fundamental scalar field on 1d spatial
lattice. All of these examples give the same mathematical
structure in the extended Hilbert space definition and result
in the same values of entanglement entropy; however, the
interpretation differs for each cases. These viewpoints are
probably not new for experts, but we think it is still useful
to present it here.

A. Two spins

Let us consider two spins, whose Hilbert space is a tensor
product of left and right spins and both of which takes two
values (�), which is

H ¼ j�ileft ⊗ j�iright ¼ fjþþi; jþ−i; j−þi; j−−ig:
ð5:1Þ

If we consider following specific state,

jψi ¼ 1ffiffiffi
2

p jþþi þ 1ffiffiffi
2

p j−−i; ð5:2Þ

clearly this gives entanglement entropy SEE ¼ log 2. This
represents the genuine entanglement since one can extract
this by entanglement distillation.

B. Z2 pure gauge theory on 1d spatial lattice

Instead of above two spins, let us consider a Z2 pure
gauge theory on the 1d spatial lattice. To simplify the
argument, we take an extreme situation that the space is
composed of only two links, (12) and (23), with the

periodic boundary condition (vertices 1 and 3 are identical).
See Fig. 5. Each link variable Uij takes � values and the
corresponding basis is denoted by j�iσ3, which satisfy
σ̂3j�iσ3 ¼ �j�iσ3 , where Pauli σ̂3 is a link operator. The
non-trivial gauge transformation is given by acting σ̂1 on
both links (12) and (23). Here σ̂1 is the electric flux
operator. See Sec. II of [4] for more detail. We have
eigenfunctions of σ̂1,

j�iσ1 ≡
1ffiffiffi
2

p ðjþiσ3 � j−iσ3Þ; ð5:3Þ

where the eigenvalue � represents the electric flux on the
corresponding link. Therefore, there exist only two inde-
pendent gauge invariant states in this setup, which are given
by jþþiσ1 or j−−iσ1. Note that states such as jþ−iσ1 or
j−þiσ1 are not allowed. It is not gauge invariant due to
Gauss’s law; the electric flux cannot take different values
between (12) and (23).
However, in the extended Hilbert space, we allow

nongauge invariant states, then the Hilbert space becomes

H ¼ fjþþiσ1 ; jþ−iσ1 ; j−þiσ1 ; j−−iσ1g; ð5:4Þ

which gives the same structure as (5.1). Under this setup, let
us consider the following specific state

jψi ¼ 1ffiffiffi
2

p j þ þiσ1 þ
1ffiffiffi
2

p j − −iσ1 : ð5:5Þ

Clearly the state (5.5) shows the entanglement entropy
SEE ¼ log 2 in the extended Hilbert space definition due to
mathematically the same structure as two spins case.
However physical interpretation is different.
In physical Hilbert space, the two physical states

jþþiσ1 and j−−iσ1 can not be mixed with each other by
any “local” gauge invariant operation.9 This means that
jþþiσ1 and j−−iσ1 belong to different superselection
sectors. In addition, in physical Hilbert space, allowed
states are jþþiσ1 and j−−iσ1 only. Therefore once we fix
the superselection sector (either þ or −), then physical
Hilbert space shows manifestly a tensor product structure

FIG. 5. Due to the Gauss’s law constraint, the physical Hilbert
space is 2-dimensional for the Z2 pure gauge theory on the 1d
spatial lattice. Here � represent “electric fluxes,” which label
superselection sectors.

9For example, if one want to convert jþþiσ1 into j−−iσ1 by
using only local operations, one must have unphysical jþ−iσ1 orj−þiσ1 as a intermediate state.
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between inside and outside. Therefore SEE ¼ log 2 is not
the genuine entanglement entropy, but rather should be
interpreted as the distribution entropy associated with
superselection sectors, which is given by

S ¼ −
X
i

pi logpi with p� ¼ 1

2
ð5:6Þ

where� represents the electric flux at the boundary. This is
a typical example of the first contribution in (1.4).

C. SUð2Þ gauge theory with fundamental matter

Let us consider again 1d spatial lattice in Fig. 1, where
vertices 1, 2, 3 and link (71), (12), (23) are inside and the
rest are outside. We consider the wave function for the
excited meson which is given by

Ψðφi; UijÞ ¼
1

N
½φ†

3U34φ4� ¼
1

N
½φ†

insideaφ
a
outside�; ð5:7Þ

where we omit the Gaussian factor for the normalization,
but keep explicitly the color index a ¼ � in the funda-
mental representation. We denote φ3 ¼ φinside and
φoutside ¼ U34φ4, where link (34) and vertex 4 are both
outside. This is the one we studied in Sec. III. Note that this
wave function is gauge-singlet. We focus on the color
degrees of freedom for φ†

inside and φoutside. Taking a map as

φ†
inside� ↦ j�iinside; ð5:8aÞ

φ�
outside ↦ j�ioutside; ð5:8bÞ

then the meson wave function (5.7) becomes

jψi ¼ 1ffiffiffi
2

p jþþi þ 1ffiffiffi
2

p j−−i: ð5:9Þ

See Fig. 6. Mathematical structure is the same as Sec. V B.
In extended Hilbert space, we include gauge-nonsinglet
jþ−i and j−þi states and the Hilbert space becomes

H ¼ fjþþi; jþ−i; j−þi; j−−ig; ð5:10Þ
then we have SEE ¼ log 2 for the entanglement entropy.
However physics is different again; This log 2 is due to the
“color” entanglement, which is associated with the color
singlet meson between inside and outside (anti)quarks.
Note that here we have only one superselection sector, the
fundamental representation at the boundary. Thus the first
contribution of (1.4) vanishes. In this way, one obtain color

entanglement associated with all the boundary with the
dimension of color representation as

S ¼
X
i

log di; ð5:11Þ

in each superselection sector, where i represents all
boundary vertex and di is the dimension of the color
representation.
Note that since gauge singlet condition prohibits the

color configuration jþ−i and j−þi, one cannot destroy the
color entanglement by LOCC. This implies that one cannot
extract the entanglement by the distillation, just as the same
as superselection sector prohibits jþ−iσ1 and j−þiσ1 in
Sec. V B and one cannot extract the entanglement by the
distillation in that case.

Summary

We calculate the entanglement entropy for a specific
state in three cases. For all cases, the extended Hilbert space
is constructed as a tensor product of 2-valued (�) degrees
of freedom at inside (left side) and outside (right side),
giving the same structure (5.1), (5.4), and (5.10). Thus the
states (5.2), (5.5), and (5.9) automatically give the same
entanglement entropy log 2. However the interpretations for
the results are different.
In the two spin model, there is no constraint in the

system, i.e., the extended Hilbert space is just the physical
Hilbert space itself. In other words, there is no extension of
the Hilbert space. Then we can interpret the entanglement
entropy as just the number of Bell pairs, the third
contribution in (1.4).
In the Z2 pure gauge theory case, the states jþþiσ1 and

j−−iσ1 are separated by the gauge constraint, i.e., these two
belong to different superselection sectors. Then the entan-
glement entropy just originates from the probability dis-
tribution for the each sector, becoming the Shannon
entropy, the first contribution in (1.4).
In the SUð2Þ gauge theory case, although jþþiσ1

and j−−iσ1 belong to the same superselection sector
(fundamental representation at the boundary), the color
degrees of freedom � is not observable. Since the entan-
glement entropy here is associated with color, it should be
nonextractable, and it corresponds to the second contribu-
tion in (1.4).
Lesson from the second and third examples is that there

appears the entanglement which cannot be extracted by
local operations when we consider entanglement in gauge
theories. This is because gauge theories prohibit the local
operations which break the gauge invariance.

VI. TRANSFER MATRIX AND HOPPING
PARAMETER EXPANSION

In the previous sections, we consider the entanglement
entropy for various states, which are chosen by hand, in

FIG. 6. Due to gauge singlet condition for mesons, Hilbert
space for quark-antiquark color configuration is 1-dimensional.
� represent color charge.
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order to demonstrate how the first and the second con-
tributions in (1.4) appear in the 1þ 1 lattice gauge theories
with scalar fields. Our next task is to calculate the
entanglement entropy for the ground state of the 1þ 1
dimensional SUðNÞ gauge theories with the fundamental
scalar field on the lattice. We are particularly interested in
how the genuine entanglement, i.e., the third contribution in
(1.4) shows up in this theory. In this section, we give several
definitions and formula useful for this purpose. The
calculation of the entanglement entropy will be given in
the next section.

A. Lattice action and transfer matrix

Actions for gauge field and fundamental scalar field on
the 2-d lattice are denoted as

S ¼ SG þ SM: ð6:1Þ
Explicitly the pure gauge action SG is given by

SG ¼ β
X
n⃗

trðUP;n⃗ðFÞ þ U†
P;n⃗ðFÞ − 2Þ; β≡ 1

g2YMa
2
;

ð6:2Þ
where the plaquette UP;n⃗ðFÞ is defined as a minimal closed
loop in the 2-dimensional (Euclidean) space-time as

UP;n⃗ ¼ Un⃗;0Un⃗þ0̂;1U
†
n⃗þ1̂;0

U†
n⃗;1̂
; ð6:3Þ

F stands for the fundamental representation, i.e.,UðFÞ is an
N × N unitary matrix forG ¼ SUðNÞ, μ̂ is the unit vector in
the μ direction (μ ¼ 0, 1 represent Euclidean time direction
and space direction, respectively), gYM is the bare gauge
coupling constant and a is the lattice spacing. The gauge
invariant action for the fundamental scalar field is given by

SM ¼ a2
X
n⃗

φ†
n⃗ð∇2 −m2Þφn⃗; ð6:4Þ

a2∇2φn⃗ ¼
X
μ¼0;1

fUn⃗;μðFÞφn⃗þμ̂ þ U†
n⃗−μ̂;μðFÞφn⃗−μ̂ − 2φn⃗g;

ð6:5Þ

where m is the mass of the scalar field.
The entanglement entropy for the ground state of the

theory is often calculated in the path integral formalism
using the replica method. In this paper, however, in order to
distinguish all three contributions in (1.4), we employ the
operator formalism, as in the previous case for the pure
gauge theories [14], where the transfer matrix and its
eigenstates (instead of the Hamiltonian) were used to
calculate the entanglement entropy. The transfer matrix
T̂ is defined to generate the time translation by one
(temporal) lattice unit [18,19] and thus is symbolically
denoted as

T̂ðat; aÞ≡ e−atHLðat;aÞ: ð6:6Þ

where at (a) is the lattice spacing in the temporal (spatial)
direction and HLðat; aÞ is the lattice “Hamiltonian” for the
discrete time. In the at → 0 limit while keeping the spatial
lattice spacing a nonzero, we recover the lattice
Hamiltonian (1.5) for the continuous time as

H ¼ lim
at→0

HLðat; aÞ ¼ − lim
at→0

1

at
log T̂ðat; aÞ: ð6:7Þ

Although eigenvalues and eigenstates are different between
H and T̂ at nonzero at, they agree in the continuum limit
that ðat; aÞ → ð0; 0Þ. In particular, the eigenstate for the
largest eigenvalue of T̂ corresponds to the ground state of
the theory at at ¼ a ≠ 0 in one to one, and it approaches to
the ground state of the continuum theory as a → 0.
Hereafter we simply write T̂ ¼ T̂ða; aÞ.
To derive the transfer matrix from the path integral with

the given action (6.1), we first take the temporal gauge
Un⃗;0 ¼ 1 for ∀n⃗, and then define T̂ as

hΨoutjðT̂ÞNt jΨini ¼
Z

ΨNt¼Ψout

Ψ0¼Ψin

YNt−1

n0¼1

DΨn0e
SGþSM ; ð6:8Þ

where Ψn0 ¼ fUn0 ;φn0g represents the gauge field Un0 ¼
fUn⃗;1g and the scalar fields φn0 ¼ fφn⃗g at a give time slice
n0, and we fix them to Ψin at n0 ¼ 0 and Ψout at n0 ¼ Nt.
We next rewrite the left-hand side of (6.8) as

Z
ΨNt¼Ψout

Ψ0¼Ψin

YNt−1

n0¼1

DΨn0

YNt−1

n0¼0

hΨn0þ1jT̂jΨn0i; ð6:9Þ

which must be equal to the right-hand side.
We thus obtain

hΨAjT̂jΨBi≡ TðΨA;ΨBÞ
¼ T0ðΨAÞcGTGðUA;UBÞTMðφA;φBÞT0ðΨBÞ;

ð6:10Þ
where

T0ðΨÞ ¼
YNl−1

n¼0

exp

�
1

2
fφ†

nUnφnþ1 þ φ†
nþ1U

†
nφn

− ðm2a2 þ 2Þφ†
nφn⃗g

�
; ð6:11Þ

cGTGðU;VÞ¼
YNl−1

n¼0

expfβtrðUnV
†
nþVnU

†
n−2Þg; ð6:12Þ

TMðφ;ϕÞ ¼
YNl−1

n¼0

exp ½ϕ†
nφn þ φ†

nϕn�; ð6:13Þ
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with the periodic BC in space thatUNl
¼ U0, VNl

¼ V0 and
φNl

¼ φ0, ϕNl
¼ ϕ0, where n represents the 1-dimensional

spatial lattice point, we suppress an index for the direction
μ ¼ 1 of Un;1 and Vn;1 is omitted for simplicity, and cG is a
normalization factor such that the largest eigenvalue of TG
is one [see (6.16)].
Note that the expression of T̂ which satisfies (6.8) is not

unique. Instead of (6.10), the asymmetric choice,

hΨAjT̂jΨBi ¼ cGTGðUA;UBÞTMðφA;φBÞT2
0ðΨBÞ; ð6:14Þ

also satisfies it, and thus can be used equally well. We use
(6.14) rather than (6.10) for our convenience.

B. Character expansion

In Ref. [14], the character expansion is applied to the
pure gauge part of the transfer matrix TG as

cGTGðU;VÞ ¼
YNl−1

n¼0

X
R

dRλRðβÞχRðUnV
†
nÞ ð6:15Þ

¼ λNl
1 ðβÞ

YNl−1

n¼0

�
1þ

X
R≠1

dR
λRðβÞ
λ1ðβÞ

χRðUnV
†
nÞ
	

ð6:16Þ
where χRðUÞ ¼ trUðRÞ is a character for the irreducible
representation R with its dimension dR ¼ χRð1Þ, and
R ¼ 1 denotes the trivial representation, and cG ¼ λNl

1 ðβÞ.
The expansion coefficient is given by

λRðβÞ≡ 1

dR

Z
dUχRðUÞ exp ½βχFðU þ U† − 2Þ�; ð6:17Þ

which satisfies

0 ≤
λRðβÞ
λ1ðβÞ

≤ 1; lim
β→∞

λRðβÞ
λ1ðβÞ

¼ 1: ð6:18Þ

Note that χRðU†Þ ¼ χR̄ðUÞ and λRðβÞ ¼ λR̄ðβÞ. We take
cG ¼ λNl

1 ðβÞ for the normalization.
There are several useful formula for the group integral as

follows.

Z
½dU�χRðAUÞχR0 ðU†BÞ ¼ 1

dR
δRR0χðABÞ; ð6:19Þ

Z
½dU�χRðAUBU†Þ ¼ 1

dR
χRðAÞχRðBÞ; ð6:20Þ

Z
½dU�χRðAUBU†ÞχRðCUDU†Þ

¼ 1

d2R−1

�
χRðAÞχRðCÞχRðBÞχRðDÞþχRðACÞχRðBDÞ

−
1

dR

�
χRðAÞχRðCÞχRðBDÞþχRðACÞχRðBÞχRðDÞ

	�
;

ð6:21ÞZ
½dU�χRðAUBU†CUDU†Þ

¼ 1

d2R−1

�
χRðACÞχRðBÞχRðDÞþχRðAÞχRðCÞχRðBDÞ

−
1

dR

�
χRðACÞχRðBDÞþχRðAÞχRðCÞχRðBÞχRðDÞ

	�
:

ð6:22Þ

C. Hopping parameter expansion (HPE)

We rescale T̂ → cGT̂ so that cG does not appear anymore.
We also rescale scalar fields as φn →

ffiffiffiffi
K

p
φn and ϕn →ffiffiffiffi

K
p

ϕn with the hopping parameter K ¼ 1=ðm2a2 þ 2Þ, so
that T2

0 and TM becomes

T2
0ðΨÞ ¼

YNl−1

n¼0

exp ½−φ†
nφn þ Kfφ†

nUnφnþ1 þ φ†
nþ1U

†
nφng�;

ð6:23Þ
TMðφ;ϕÞ ¼

YNl−1

n¼0

exp ½Kðφnϕ
†
n þ φ†

nϕnÞ�: ð6:24Þ

Assuming that K is small, we can expand the transfer
matrix around K ¼ 0, which is called the hopping param-
eter expansion (HPE) [20,21]. In this case, the Feynman
rule for the scalar field is given by

hðφ†
nÞaφb

mi¼δnmδ
b
a;hϕa

nϕ
b
mi¼hðϕ†

nÞaðϕ†
mÞbi¼0; ð6:25Þ

hðφ†
naÞaφb

nbðφ†
ncÞcφd

ndi
¼ δbaδ

d
cδna;nbδnc;nd þ δdaδ

b
cδna;ndδnc;nb : ð6:26Þ

We define states as

hΦBjn;mi ¼ ϕ†
nVn→mϕm; Vn→m ≡ VnVnþ1 � � �Vm−1

ð6:27Þ
hΦBj0i ¼ 1: ð6:28Þ

We then calculate T̂j0i up to the order K4 and T̂jn;mi up
to the order K3, which are given below.
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Tj0i ¼
�
1þ K2NNl þ

3

2
K4NNl þ

1

2
K4N2N2

l

�
j0i þ

X
n

ðK2 þ 2K4 þ K4NNlÞjn; ni þ
1

2
K4

X
n

jn; nijn; ni

þ K4
X
n≠m

jn; nijm;mi þ
X
n

K3

�
λF
λ1

�
fjn; nþ 1i þ jn; n − 1ig þ

X
n

K4

�
λF
λ1

�
2

fjn; nþ 2i þ jn; n − 2ig; ð6:29Þ

Tjn; ni ¼ Nf1þ 2K2ðN þ 1Þ þ K2NðNl − 2Þgj0i þ K2jn; ni þ K2N
X
m

jm;mi þ K3

�
λF
λ1

�
ðjn; nþ 1i þ jnþ 1; ni

þ jn; n − 1i þ jn − 1; niÞ þ K3N

�
λF
λ1

�X
m

ðjm;mþ 1i þ jmþ 1; miÞ; ð6:30Þ

Tjn; nþ 1i ¼ NKf1þ 4ðN þ 1ÞK2 þ NðNl − 3ÞK2gj0i þ K2

�
λF
λ1

�
jn; nþ 1i þ K3

�
λF
λ1

�
2

fjn; nþ 2i þ jn − 1; nþ 1ig

þ K3fjn; ni þ jnþ 1; nþ 1ig þ K3N
X
m

jm;mi; ð6:31Þ

Tjn; n − 1i ¼ NKf1þ 4ðN þ 1ÞK2 þ NðNl − 3ÞK2gj0i þ K2

�
λF
λ1

�
jn; n − 1i þ K3

�
λF
λ1

�
2

fjn; n − 2i þ jnþ 1; n − 1ig

þ K3fjn; ni þ jn − 1; n − 1ig þ K3N
X
m

jm;mi; ð6:32Þ

Tjn; nþ 2i ¼ NK2j0i þ K2

�
λF
λ1

�
2

jn; nþ 2i þ K3

�
λF
λ1

�
3

fjn; nþ 3i þ jn − 1; nþ 2ig

þ K3

�
λF
λ1

�
fjn; nþ 1i þ jnþ 1; nþ 2ig; ð6:33Þ

Tjn; n − 2i ¼ NK2j0i þ K2

�
λF
λ1

�
2

jn; n − 2i þ K3

�
λF
λ1

�
3

fjn; n − 3i þ jnþ 1; n − 2ig

þ K3

�
λF
λ1

�
fjn; n − 1i þ jn − 1; n − 2ig; ð6:34Þ

Tjn; nþ 3i ¼ NK3j0i þ K2

�
λF
λ1

�
3

jn; nþ 3i þ K3

�
λF
λ1

�
4

fjn; nþ 4i þ jn − 1; nþ 3ig

þ K3

�
λF
λ1

�
2

fjn; nþ 2i þ jnþ 1; nþ 3ig; ð6:35Þ

Tjn; n − 3i ¼ NK3j0i þ K2

�
λF
λ1

�
3

jn; n − 3i þ K3

�
λF
λ1

�
4

fjn; n − 4i þ jnþ 1; n − 3ig

þ K3

�
λF
λ1

�
2

fjn; n − 2i þ jn − 1; n − 3ig; ð6:36Þ

Tjn; nþ li ¼ K2

�
λF
λ1

�
l
jn; nþ li þ K3

�
λF
λ1

�
lþ1

fjn; nþ lþ 1i þ jn − 1; nþ lig

þ K3

�
λF
λ1

�
l−1

fjn; nþ l − 1i þ jnþ 1; nþ lig; ðfor l > 3Þ ð6:37Þ

Tjn; n − li ¼ K2

�
λF
λ1

�
l
jn; n − li þ K3

�
λF
λ1

�
lþ1

fjn; n − l − 1i þ jnþ 1; n − lig

þ K3

�
λF
λ1

�
l−1

fjn; n − lþ 1i þ jn − 1; n − lig; ðfor l > 3Þ: ð6:38Þ
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There are mixings among states, therefore we have to
diagonalize them. Up to the K2 order, the states jn; nþ li
and jn; n − li for l ≥ 3 are the eigenstates for the transfer
matrix, since

Tjn; n� li ¼ K2

�
λF
λ1

�
l
jn; n� li; ðfor l ≥ 3Þ: ð6:39Þ

Thus at this order, all we have to do is to diagonalize the
mixing among j0i; jn; ni; jn; n� 1i, and jn; n� 2i states.

VII. ENTANGLEMENT ENTROPY FOR THE
GROUND STATE BY THE HPE

A. Taking into higher order corrections in K

In Secs. II and III, we have seen that a single Wilson loop
or a single meson state holds nonzero entanglement entropy
due to the second term of (1.4), which is associated with the
color entanglement. In Sec. IV, we discussed multiple
meson states, whose fluxes connect quarks-antiquarks
through the boundary. In this case, by decomposing the
wave function into irreducible representations, we obtain
multiple superselection sectors, and as a result, nonzero
entanglement entropy associated with the first term (the
classical Shannon entropy for the probability distribution of
each irreducible representation) as well as the second term
(the color entanglement part) of (1.4) appear. We have
shown these explicit examples, in order to illustrate how we
obtain these non-Bell terms in the entanglement entropy in
the extended Hilbert space definition.
One might wonder whether the Bell pair part of the

entanglement, third term of (1.4), never appears in
2-dimensional gauge theory. In the pure gauge theory,
we cannot have any Bell pairs due to the absence of local
degrees of freedom [14]. In gauge theories with matter
fields, of course, we can always prepare an appropriate
linear combination of meson states by hand, which pro-
duces the Bell pair part in (1.4). Our main interest/concern
here, however, is how the ground state of the gauge theory
(the strong coupling ground state) acquires entanglements
including Bell pairs from matter fields, and how entangle-
ments for the ground state of the continuum gauge theory
can be understood in terms of the lattice ground state.
In the 2-dimensional gauge theory without matter fields,

which corresponds to the leading order of the HPE (K ¼ 0),
the ground state can be calculated exactly at an arbitrary
coupling without strong coupling expansion,10 and it is
written by the tensor product of a trivial state on each link
satisfying Ĵ2ijj0iij ¼ 0 as

j0istrong ¼ ⊗
ij
j0iij: ð7:1Þ

Thus the entanglement entropy of the strong coupling
ground state j0istrong vanishes at K ¼ 0.11

Therefore, in this section, we study how the higher order
in K of the HPE makes the strong coupling ground state
entangled, and which part of (1.4) appears. We will show
the following properties.

(i) The strong coupling ground state has no entangle-
ment up to order K2 in HPE (Sec. VII B).

(ii) The first term (the Shannon part for the super-
selection sector distribution) and the second term
(the color entanglement part) first appear at the order
K3 for the ground state (Sec. VII C).

(iii) The third term (the Bell pair part) first appears at the
order K6 for the ground state (Sec. VII E).

Since all these contributions are positive definite order by
order in the HPE, they never cancel each other. Therefore,
the above observations imply that the 2-dimensional Yang-
Mills theory with matter fields keeps all three types of
entanglements in (1.4) in the continuum limit.
From now on, we simply denote the strong coupling

ground state j0istrong as j0i.

B. Eigenstates and eigenvalues of T̂ up to OðK2Þ
We first consider contributions at OðK2Þ, and diago-

nalize the transfer matrix T̂. At this order, the generic state
jΨiK which mixes with the strong coupling ground state j0i
can be expressed as

jΨiK ≡ f0j0i þ
X
n

anjn; ni

þ
X
n

bnjn; nþ 1i þ
X
n

cnjn; n − 1i

þ
X
n

dnjn; nþ 2i þ
X
n

enjn; n − 2i: ð7:2Þ

We thus determine the K dependent coefficients an, bn, cn,
dn, en, and f0 in such a way that

T̂jΨiK ∝ jΨiK ð7:3Þ
is satisfied. As long as the HPE converges, the ground state
in the HPE must contain j0i, so that we will consider the
state with f0 ≠ 0. We can set f0 ≡ 1 without loss of
generality, and we denote it as

jGþiK ≡ j0i þ
X
n

anjn; ni

þ
X
n

bnjn; nþ 1i þ
X
n

cnjn; n − 1i

þ
X
n

dnjn; nþ 2i þ
X
n

enjn; n − 2i: ð7:4Þ

10In 2-dimensions, there is no plaquette term (i.e., magnetic
field), therefore its Hamiltonian has a similar structure to the
strong coupling limit of higher dimensional ones.

11This state corresponds to the wave function χ1ðUÞ, while the
wave function χRðUÞ with R ≠ 1 describes an excited state,
which yields nonzero entanglement entropy as (2.9).
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At the OðK2Þ, using the transfer matrix T̂ given in
Sec. VI C, the ground state is given by

jGþiK ¼ j0i þ
X
n

aþn jn; ni;

where aþn ¼ K2

Gþ
K − ð1þ NNlÞK2

; ð7:5Þ

Gþ
K ¼1

2
f1þK2ð1þ2NNlÞg

þ1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−2ð1−2NNlÞK2þf1þ4NðNNlþ2ÞNlgK4

q
:

ð7:6Þ

The complete list of all other eigenstates and eigenvalues at
this order are given in the Appendix E.
In the K → 0 limit, this state jGþiK has a maximum

eigenvalue of the transfer matrix, Gþ
K ¼ 1, which corre-

sponds to “zero energy”, since the transfer matrix is related
to the “Hamiltonian” as T ≈ e−aH. We therefore identify
this state as the ground state at OðK2Þ, which is composed
of the strong coupling ground state j0i and lattice pointlike
exited meson states jn; ni. It is thus clear that this state does
not have any entanglement. More precisely, we can write
this ground state as a product state as

jGþiK ¼
�
j0iin þ K2

X
in

jn; ni
��

j0iout þ K2
X
out

jn; ni
�

þOðK3Þ: ð7:7Þ

This means that there is no correlation between inside and
outside and thus no entanglement at this order.
On the other hand, the vacuum state j0icont: in the

continuum gauge theory is expected to have nonzero
entanglement. So there still remains a qualitative difference
(whether it is entangled or not) between the ground state
jGþiK at OðK2Þ and the continuum ground state j0icont:
This indicates we need higher order of the HPE than K2.
Indeed, since the vacuum state in the continuum theory is
realized in the continuum limit as

lim
K→1=2;
β→∞

jGþiK → j0icont:; ð7:8Þ

where K ¼ ð2þ ðmaÞ2Þ−1 → 1=2 and β ¼ ðg2YMa2Þ−1 →∞
as a → 0 for finite mass m and coupling gYM, the higher
order terms in the HPE become more and more important as
we approach the continuum limit. Note that our calcula-
tions include all order of the gauge coupling constant at
each order of the HPE. What we will see next is that once
we take into account higher order corrections, jGþiK
contains various contributions of the entanglement in (1.4).

C. Entanglement appear at OðK3Þ corrections
As a next step, we check howK3 order effects modify the

properties of jGþiK. At the order K3, jGþiK becomes

jGþiK ¼ j0i þ K2
X
n

jn; ni þ K3
λF
λ1

X
n

ðjn; nþ 1i

þ jn; n − 1iÞ þOðK4Þ: ð7:9Þ

We therefore see that the OðK3Þ contributions
(quark-antiquark pairs separated with unit length) give
the entanglement, once we divide the system into inside
and outside.
Before we will see that the first and the second terms of

(1.4) for the entanglement entropy becomes nonzero at this
order, let us first explain how we obtain the above result.
The eigenvalue equation is given by

T̂jGþiK ¼ Gþ
K jGþiK; ð7:10Þ

which must be solved order by order. Expanding T̂; jGþiK ,
andGþ

K in power series ofK, and using the results atOðK2Þ
in (7.5) and (7.6), we have

T̂ ¼ T̂0 þ K1T̂1 þ K2T̂2 þ K3T̂3 þOðK4Þ; ð7:11Þ

jGþiK ¼ jGþ
0 i þ K1jGþ

1 i þ K2jGþ
2 i þ K3jGþ

3 i þOðK4Þ
¼ j0i þ 0þ K2

X
n

jn; ni þ K3jGþ
3 i þOðK4Þ;

ð7:12Þ

Gþ
K ¼ Gþ

0 þ K1Gþ
1 þ K2Gþ

2 þ K3Gþ
3 þOðK4Þ

¼ 1þ 0þ K22NNl þ K3Gþ
3 þOðK4Þ; ð7:13Þ

and solve the equations at each order in K.
Since (7.5) and (7.6) satisfy eigenvalue Eq. (7.10) up to

OðK2Þ, it is enough to consider onlyOðK3Þ terms. The left-
hand side of (7.10) becomes

K3ðT̂3jGþ
0 i þ T̂2jGþ

1 i þ T̂1jGþ
2 i þ T̂0jGþ

3 iÞ; ð7:14Þ

while the right-hand side of (7.10) is

K3ðG3jGþ
0 i þ G2jGþ

1 i þ G1jGþ
2 i þG0jGþ

3 iÞ: ð7:15Þ

We therefore obtain

T̂3j0i þ T̂0jGþ
3 i ¼ Gþ

3 j0i þ jGþ
3 i; ð7:16Þ

where we used jGþ
1 i ¼ 0 and Gþ

1 ¼ 0, which are seen from
(7.5) and (7.6), and T̂1 ¼ 0 for jn; ni from (6.30). Since
T̂3j0i ¼ λF

λ1

P
nðjn; nþ 1i þ jn; n − 1iÞ from (6.29), the

above equation is equivalent to
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T̂0jGþ
3 i þ

λF
λ1

X
n

ðjn;nþ 1i þ jn;n− 1iÞ ¼ Gþ
3 j0i þ jGþ

3 i:

ð7:17Þ

By substituting the ansatz that

jGþ
3 i ¼ ωj0i þ

X
n

αnjn; ni þ
X
n

βnjn; nþ 1i

þ
X
n

γnjn; n − 1i; ð7:18Þ

into (7.17), together with the relation

T̂0j0i ¼ j0i; T̂0jn; ni ¼ Njn; ni;
ðand the rest is zeroÞ ð7:19Þ

from (6.29)–(6.38), we have

ωj0i þ N
X
n

αnj0i þ
λF
λ1

X
n

ðjn; nþ 1i þ jn; n − 1iÞ

¼ ðGþ
3 þ ωÞj0i þ

X
n

αnjn; ni þ
X
n

βnjn; nþ 1i

þ
X
n

γnjn; n − 1i: ð7:20Þ

Comparing l.h.s. and r.h.s., we finally obtain,

βn ¼ γn ¼
λF
λ1

; Gþ
3 ¼ αn ¼ 0; ð7:21Þ

while ω is an arbitrary constant.
In conclusion, we have obtained the eigenstate at the

order of K3 as

jGþiK ¼ ð1þ ωK3Þj0i þ K2
X
n

jn; ni þ K3
λF
λ1

X
n

ðjn; nþ 1i þ jn; n − 1iÞ þOðK4Þ

¼ ð1þ ωK3Þ
�
j0i þ 1

ð1þ ωK3Þ
�
K2

X
n

jn; ni þ K3
λF
λ1

X
n

ðjn; nþ 1i þ jn; n − 1iÞ þOðK4Þ
	�

∝ j0i þ K2
X
n

jn; ni þ K3
λF
λ1

X
n

ðjn; nþ 1i þ jn; n − 1iÞ þOðK4Þ; ð7:22Þ

Gþ ¼ 1þ 2NNlK2 þOðK4Þ: ð7:23Þ

This exactly gives Eq. (7.9).
At this order, the ground state includes terms such as

ji; iþ 1i and jiþ 1; ii, where ith vertex is located in the
inside and (iþ 1)th vertex is located in the outside. Thus
there appears the nontrivial electric flux penetrating the
boundary, so that we have a nontrivial superselection sector
distribution. Namely, the term ji; iþ 1iðjiþ 1; iiÞ belongs
to a (anti)fundamental sector, whereas the other terms to a

singlet sector. Then the state makes the non-zero entangle-
ment entropy corresponding to the first and second terms
in (1.4).
We can confirm that there is no Bell pairs at this order by

investigating each superselection sector. For simplicity, we
here assume that there is only one boundary between ith
inner vertex and (iþ 1)th outer vertex with the outer link
variable Ui;iþ1.
The singlet sector for the ground state still shows the

tensor product structure,

jGþiKjsinglet ¼
�
j0iin þ K2

X
in

jn; ni þ K3
λF
λ1

X
in

ðjn; nþ 1i þ jn; n − 1iÞ
�

⊗
�
j0iout þ K2

X
out

jn; ni þ K3
λF
λ1

X
out

ðjn; nþ 1i þ jn; n − 1iÞ
�
þOðK4Þ: ð7:24Þ

Thus the singlet sector is not entangled at all.
Next let us focus on the fundamental sector (the

discussion for the anti-fundamental sector is almost same).
In this sector the state is simply ji; iþ 1i up to its
normalization. If we explicitly denote the color degrees
of freedom að¼ 1; 2;…NÞ, the state can be represented as

jGþiKjfundamental ∝ K3
λF
λ1

ji; iþ 1i þOðK4Þ

¼ K3
λF
λ1

X
a

ðji; bdyia in ⊗ jbdy; iþ 1iaoutÞ

þOðK4Þ; ð7:25Þ
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where ji; bdyia corresponds to a quark at ith vertex with
flux going to outside area, and jbdy; iþ 1ia to the similar
object. (As the wave function, these objects are represented
as ðφ†

i Þa and ðUi;iþ1φiþ1Þa, respectively.) Clearly the state
gives the entanglement entropy logN originating entirely
from the color degrees of freedom. For each color, the state
shows the tensor product structure, indicating the absence
of Bell pairs.
Before closing this subsection, we calculate the entan-

glement entropy for this ground state, which is given by

jGþiK ¼ jGþiKjsinglet þ jGþiKjfundamental

þ jGþiKjanti-fundamental; ð7:26Þ

up to OðK4Þ, where the state in the singlet sector
jGþiKjsinglet is given by Eq. (7.24) while the one in the
fundamental sector jGþiKjfundamental by Eq. (7.25). The
corresponding reduced density matrix ρred: becomes

ρred: ¼ p1ρ1 þ pFρF þ pF̄ρF̄; ð7:27Þ

where

p1 ¼
jN inj2jN outj2

jN j2 ; pF ¼ pF̄ ¼ c2FN
jN j2 ; ð7:28Þ

ρ1 ¼
1

jN inj2 inj1ih1jin; ρF ¼ 1

N injFihFjin;

ρF̄ ¼ 1

N injF̄ihF̄jin; ð7:29Þ

with

jN in=outj2 ¼ ð1þ K2NNin=outÞ2 þ K4NNin=out

þ 2c2FNðNin=out − 1Þ; ð7:30Þ

jN j2 ¼ jN inj2jN outj2 þ 2c2FN; cF ≡ K3
λF
λ1

; ð7:31Þ

j1iin¼j0iinþK2
X
in

jn;niþcF
X
in

ðjn;nþ1iþjnþ1;niÞ;

ð7:32Þ

jFiin ¼
X
a

ji; bdyia in; jF̄iin ¼
X
ā

jbdy; iiāin: ð7:33Þ

Here NinðoutÞ is a number of sites in the inside (outside)
region, thus Nl ¼ Nin þ Nout, and jN j2 and jN in=outj2
are defined as jN j2 ¼ KhGþjGþiK , jN in=outj2 ¼
in=outh1j1iin=out. It is easy to see

ρ21 ¼ ρ1; ρ2F ¼ 1

N
ρF; ρ2F̄ ¼ 1

N
ρF̄: ð7:34Þ

The total entanglement entropy SEE for this state is given by

SEE ¼
X

R¼1;F;F̄

f−pR logpR þ pR logdRg; ð7:35Þ

where d1 ¼ 1; dF ¼ dF̄ ¼ N.

D. OðK4Þ and OðK5Þ corrections
By almost the same way as the previous subsection, we

obtain OðK4Þ correction to the state jGþiK and eigenvalue
Gþ as

jGþiK ¼ j0i þ K2
X
n

jn; ni þ K3
λF
λ1

X
n

ðjn; nþ 1i þ jn; n − 1iÞ þ K4ð3
X
n

jn; ni þ 2
X
n

jn; nijn; ni þ
X
n≠m

jn; nijm;mi

þ
�
λF
λ1

�
2X

n

ðjn; nþ 2i þ jn; n − 2iÞÞ þOðK5Þ; ð7:36Þ

Gþ ¼ 1þ 2NNlK2 þ
�
7þ 2

λF
λ1

þ 2NNl

�
NNlK4 þOðK5Þ; ð7:37Þ

again having three sectors (singlet, fundamental, and antifundamental).
This is obtained from Eq. (7.10) at order K4 as follows. Using expansions (7.11), (7.12), and (7.13) at order K4,

we obtain

T̂4j0i þ T̂2

X
n

jn; ni þ T̂1

λF
λ1

X
n

ðjn; nþ 1i þ jn; n − 1iÞ þ T̂0jGþ
4 i

¼ Gþ
4 j0i þ 2NNl

X
n

jn; ni þ jGþ
4 i: ð7:38Þ

A comparison between the l.h.s. and r.h.s. in (7.38), together with the formula (6.29) and the ansatz
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jGþ
4 i ¼ ωj0i þ

X
n

αnjn; ni þ
X
n

αn;njn; nijn; ni þ
X
n≠m

αn;mjn; nijm;mi þ
X
n

βnjn; nþ 1i þ
X
n

γnjn; n − 1i

þ
X
n

δnjn; nþ 2i þ
X
n

εnjn; n − 2i; ð7:39Þ

gives

δn ¼ εn ¼
�
λF
λ1

�
2

; βn ¼ γn ¼ 0; ð7:40Þ

αn;m ¼ 1 ðfor n ≠ mÞ; αn;n ¼
1

2
; αn ¼ 3; ð7:41Þ

Gþ
4 ¼

�
7þ 2

λF
λ1

þ 2NNl

�
NNl: ð7:42Þ

These lead to results (7.36) and (7.37).
Let us consider whether the ground state wave function

(7.36) atOðK4Þ in the HPE contains the Bell pair part of the
entanglement entropy (1.4). To see this, we examine singlet
sector and (anti)fundamental sector separately. Again we
assume a single boundary between the ith inner vertex and
the (iþ 1)th outer vertex.
We first analyze the singlet sector in the following way.

If we assume that the Bell pair part is absent, we
immediately notice that the term jn; niinjm;miout, where
the nth vertex is in the inside and the mth vertex is in the
outside, must appear in the ground state as

jGþiKjsinglet ⊃ c4K4jn; niinjm;miout ð7:43Þ
with the coefficient c4 ¼ 1, which is determined from the
result at the lower order given in (7.24), since such a term
must be a part of the tensor product of inside-only excited
states and outside-only excited states. Inversely, if c4 ≠ 1,
such a state cannot be written as a tensor product state given
in (7.24). The result (7.41) indeed shows c4 ¼ 1 for our
wave function (7.36) at OðK4Þ. Therefore no Bell pair part
appears in this sector.
In the higher orders, we can employ the similar analysis.

With the assumption on the tensor product structure, we can
predict coefficients of new terms at the higher order from
results at lower orders. At OðK5Þ, for instance, the term
jn; nijm;mi cannot exist since there is no corresponding
inside-only or outside-only excited terms at lower orders.
Indeed we cannot construct jn; nijm;mi states from j0i by
the OðK5Þ part of T̂, since we need at least OðK6Þ terms,
which consist of two “U”-shaped contributions.12

The (anti)fundamental sector at K4 order has almost the
same structure as the K3 order case, where only difference
is the distance of (anti)quark from the boundary. As is the
case of OðK3Þ, we can explicitly represent the state as

jGþiKjfundamental ∝ K3
λF
λ1

ji; iþ 1i þ K4

�
λF
λ1

�
2

ðji; iþ 2i þ ji − 1; iþ 1iÞ þOðK5Þ

¼ K3
λF
λ1

X
a

ðji; bdyia in ⊗ jbdy; iþ 1iaoutÞ þ K4

�
λF
λ1

�
2X

a0
ðji; bdyia0in ⊗ jbdy; iþ 2ia0outÞ

þ K4

�
λF
λ1

�
2X

a00
ðji − 1; bdyia00in ⊗ jbdy; iia00outÞ þOðK5Þ

¼ K3
λF
λ1

X
a

�
ji; bdyia þ K

λF
λ1

ji − 1; bdyia
�

in
⊗

�
jbdy; iþ 1ia þ K

λF
λ1

jbdy; iþ 2ia
�

out
þOðK5Þ;

ð7:44Þ

again without producing any Bell pairs.
We can apply the similar analysis to the OðK5Þ

case, and get the tensor product structure. With the
fact that there appears no new superselection sector at
OðK5Þ,13 we thus conclude that there is no Bell pair at
this order.

In the next subsection we will see that once we take into
account OðK6Þ corrections, the ground state cannot be
written as a tensor product state predicted from lower order
results. As a consequence, we obtain the Bell pair part
at OðK6Þ.

E. Bell pair appears at OðK6Þ corrections
To show that the Bell pair part appears in the ground state

at OðK6Þ, we perform the same analysis.

12Each “U”-shape is OðK3Þ, see Appendix D for details.
13At the OðK6Þ, a new adjoint sector appears.
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Suppose again that the ith vertex is located in the inside while the (iþ 1)th vertex is in the outside. We focus
on the singlet sector of the ground state, and we thus look at the coefficient c6, which is associated with the term at
OðK6Þ as

jGþiKjsinglet ⊃ c6K6ji; iiinjiþ 1; iþ 1iout: ð7:45Þ

As was discussed in the previous subsection, if there is no Bell pair, jGþiKjsinglet must be the tensor product of the
inside-only excited state and the outside-only excited state, and vice versa. Then, the term ji; iiinjiþ 1; iþ 1iout must
come from the product of ji; iiin and jiþ 1; iþ 1iout at lower order in the HPE. Eq. (7.36) and the absence of terms
such as ji; iiin or jiþ 1; iþ 1iout at OðK5Þ imply that the c6 term at OðK6Þ in (7.45) must be obtained from lower
orders as

½j0iin þ K2ji; iiin þ 3K4ji; iiin þOðK6Þ�in
⊗ ½j0iout þ K2jiþ 1; iþ 1iout þ 3K4jiþ 1; iþ 1iout þOðK6Þ�out

⊃ K2ji; iiin ⊗ 3K4jiþ 1; iþ 1iout þ 3K4ji; iiin ⊗ K2jiþ 1; iþ 1iout
¼ 6K6ji; iiinjiþ 1; iþ 1iout; ð7:46Þ

which gives c6 ¼ 6. Inversely if c6 ≠ 6, which is the case
we will see, there are Bell pairs in this ground state.
To calculate c6, we consider the corresponding terms in

the eigenstate equation,

T̂jGþiK ¼ Gþ
K jGþiK: ð7:47Þ

Since at least the fourth order part of the transfer matrix in
the HPE is needed to generate the ji; iijiþ 1; iþ 1i state in
the future time, together with jGþ

1 i ¼ 0, the relevant part of
the left-hand side can be calculated as

ðT̂6jGþ
0 i þ T̂4jGþ

2 iÞjK6;ji;iijiþ1;iþ1i

¼
�
T̂6j0i þ T̂4

X
n

jn; ni
�





K6;ji;iijiþ1;iþ1i

¼ 6þ 2NNl þ
1

N
: ð7:48Þ

See Appendix D. 3 b for the explicit calculation to derive
this result.
On the other hand, since ji; iijiþ 1; iþ 1i term appears

only at Knðn ≥ 4Þ order and Gþ
1 ¼ 0, the right-hand side is

evaluated as

ðGþ
0 jGþ

6 i þ Gþ
2 jGþ

4 iÞjK6;ji;iijiþ1;iþ1i
¼ 1 × c6 þ 2NNl × 1 ¼ c6 þ 2NNl: ð7:49Þ

Thus Eq. (7.47) leads to

c6 ¼ 6þ 1

N
⇒ c6 ≠ 6: ð7:50Þ

We therefore conclude that there is the Bell pair part
of the entanglement entropy in the singlet sector for the
ground state.

Finally, we estimate the Bell pair part of the entangle-
ment on the singlet sector at K6 order. Since the ground
state jGþiK in Eq. (7.36) has the following structure

jGþiKjNon-singlet ¼ OðK3Þ; ð7:51Þ

the probability distribution p1 for the singlet sector
(k ¼ 1) and pk≠1 for the non-singlet sector (k ≠ 1)
are given by

p1 ¼ 1þOðK6Þ; pk≠1 ¼ OðK6Þ: ð7:52Þ

Therefore, the Bell pair part, the third term of (1.4), is
estimated in the HPE as

SBellEE ≡ −
X
k

pkTrĤk
in
ρkin log ρ

k
in

¼ −TrĤ1
in
ρ1in log ρ

1
in þOðK6Þ; ð7:53Þ

In fact one can explicitly show that for the ground state
wave function up to OðK6Þ, the Bell pair part of the
entanglement appears only from the singlet sector.
Therefore we here focus on the singlet sector of the
ground state jGþiK and evaluate the leading contribution
of the Bell pair part in the HPE.
As discussed, the singlet sector of the ground state has

the following structure.

jGþiKjsinglet ¼ jΨiin ⊗ jΨioutþ
K6

N
ji; iiin ⊗ jiþ 1; iþ 1iout

þOðK7Þ; ð7:54Þ

Here jΨiin ⊗ jΨiout corresponds to the l.h.s. of (7.46) if we
focus only on the ith and iþ 1th vertices. In addition, jΨiin
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and jΨiout of course contain also purely inside only and
outside only excitations, respectively. In particular, jΨiin=out
becomes j0iin=out at K ¼ 0 as we have seen in previous
section. Since the first term of (7.54) has a tensor product
structure, the second term is crucial to generate the Bell pair
part of the entanglement.
From (7.54), we can obtain the reduced density matrix

ρred: neglecting OðK7Þ for the singlet state as

jN singletj2ρred:
¼ jΨiinouthΨjΨioutinhΨj

þ K6

N
jΨiinouthiþ 1; iþ 1jΨioutinhi; ij

þ K6

N
ji; iiinouthΨjiþ 1; iþ 1ioutinhΨj

þ
�
K6

N

�
2

ji; iiinouthiþ 1; iþ 1jiþ 1; iþ 1ioutinhi; ij:

ð7:55Þ

Here the norm jN singletj2 is

jN singletj2
≡ KhGþjGþiKjsinglet
¼ inhΨjΨiin outhΨjΨiout

þ K6

N inhi; ijΨiin outhiþ 1; iþ 1jΨiout

þ K6

N inhΨji; iiin outhΨjiþ 1; iþ 1iout

þ
�
K6

N

�
2

in
hi; iji; iiin outhiþ 1; iþ 1jiþ 1; iþ 1iout:

ð7:56Þ

To diagonalize the reduced density matrix (7.55), we would
like to solve the following eigenvalue problem

ρred:jPi ¼ pjPi; jPi ¼ αjΨiin þ βji; iiin; ð7:57Þ

which leads to

�
ρ11 − p ρ12

ρ21 ρ22 − p

��
α

β

�
¼ 0; ð7:58Þ

where

jN singletj2ρ11 ¼ inhΨjΨiin outhΨjΨiout
þ K6

N inhi; ijΨiin outhiþ 1; iþ 1jΨiout;
ð7:59Þ

jN singletj2ρ12 ¼ inhΨji; iiin outhΨjΨiout
þ K6

N inhi; iji; iiin outhiþ 1; iþ 1jΨiout;
ð7:60Þ

jN singletj2ρ21
¼ K6

N inhΨjΨiin outhΨjiþ 1; iþ 1iout

þ
�
K6

N

�
2

inhi; ijΨiin outhiþ 1; iþ 1jiþ 1; iþ 1iout;

ð7:61Þ

jN singletj2ρ22
¼ K6

N inhΨji; iiin outhΨjiþ 1; iþ 1iout

þ
�
K6

N

�
2

inhi; iji; iiin outhiþ 1; iþ 1jiþ 1; iþ 1iout:

ð7:62Þ

Thus, the eigenvalue is given by

p ¼ ρ11 þ ρ22 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðρ11 − ρ22Þ2 þ 4ρ12ρ21

p
2

: ð7:63Þ

To evaluate this, we use

in=outhΨjΨiin=out ¼ 1þOðK2Þ; ð7:64Þ

in=outhn; njΨiin=out ¼ N þOðK2Þ; ð7:65Þ

in=outhn; njn; niin=out ¼ NðN þ 1Þ; ð7:66Þ

which can be obtained by recalling in=outhn; nj0iin=out ¼ N
and in=outh0j0iin ¼ 1, together with the fact that in the

leading order in HPE, we have jΨiin ¼ j0iin þOðK2Þ.
Then the leading contribution of (7.63) yields

p≃ 1 − K12; K12: ð7:67Þ

We therefore obtain the entanglement entropy SBellEE for the
singlet state as

SBellEE ¼ −ð1 − K12Þ logð1 − K12Þ − K12 logK12 þOðK14Þ
¼ ð1 − logK12ÞK12 þOðK14Þ: ð7:68Þ

Note that we obtain entangled OðK12N0Þ Bell pairs
in the HPE from the OðK6N−1Þ term in the wave function
(7.54).
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VIII. SUMMARY AND DISCUSSIONS

In this paper, we studied 1þ 1 dimensional SUðNÞ
gauge theories with matter fields, mainly in the funda-
mental representation of the gauge group. In the first
part of this paper, the entanglement entropy for various
meson states is evaluated using the extended Hilbert
space formalism [4–6]. We show that the entanglement
entropy has two different contributions. One is the
classical Shannon entropy for various different super-
selection sector distribution, which is the first term in
(1.4), and the other is the sum over the logarithm of the
dimensions for the irreducible representation at all
boundaries, which is the second term in (1.4). In the
second part, we consider the ground state in the HPE
and show that the first term and the second term in (1.4)
appear from the ground state at the OðK3Þ, while the
third term, which corresponds to the number of Bell
pairs obtained by the entanglement distillation, appears
at OðK6Þ. Since all terms in (1.4) are positive definite,
they also remain positive even in the continuum limit
(β ¼ 1=ðg2YMa2Þ → ∞ and K ¼ 1=ðm2a2 þ 2Þ → 1=2).
This means that the continuum vacuum of gauge
theories with the fundamental matter fields in 1þ 1
dimensions contains all terms in (1.4). Unfortunately, it
is very hard to calculate these three contributions
precisely in the continuum limit, since higher and higher
order terms in the HPE are needed toward the con-
tinuum limit.
Even though precise values are unknown, it is certain

that the true vacuum state contains not only the strong
coupling ground state j0istrong, which is the ground state
of the pure gauge theories, but also gauge invariant
meson states, which consist of multiple pairs of scalar
and antiscalar fields. Since there are no contributions to
the entanglement entropy from the strong coupling
ground state j0istrong, all of the positive values of three
terms in (1.4) are caused by multiple meson states.
Therefore the entanglement entropy for the true ground
state comes mainly from the meson pair with small
separation (a few lattice spacings) at small K. In the
continuum limit (β → ∞ and K → 1=2), however, the
separation n between the entangled meson pair (the Bell
pair) can become infinitely large due to the higher order
of the HPE, so that r ¼ na becomes nonzero in the
continuum limit. These suggest that the continuum
vacuum entanglement is due to the “condensation” of
multiple meson states. More precisely, the continuum
vacuum is fully filled with lattice meson states. This is
the key picture we obtain through the analysis in this
paper. We end this paper with several comments.
Our results also imply an interesting property. If we

take the continuum limit as β → ∞ but K < 1=2, the
matter field becomes infinitely heavy, and thus decou-
ples from the low energy physics in the continuum limit,

so that the continuum theory is the pure gauge theory.
This infinitely heavy matter, however, produces nonzero
(genuine) entanglement of the pure gauge vacuum. This
means that the entanglement might be very sensitive to
degrees of freedom at high energy, which cannot be
detected at low energy. This left-over entanglement
might be much smaller than the entanglement of the
continuum gauge theory with matters, which could be
divergent. Even though the entanglement is not observ-
able in the strict sense, it is interesting if this leftover
entanglement can be detected by some mathematical
means.
To make the above picture for the entanglement entropy

in the continuum limit more quantitative, we have to
perform some kind of resummation for the HPE. At this
moment, unfortunately, we do not have an explicit idea
how to do this generically and we are not sure if this is
possible. However in 1þ 1 dimensions, the gauge theory
with matter fields is in principle solvable at least in the
large N limit [15]. We therefore have a good chance to
obtain the entanglement entropy for this model in the large
N limit. This direction is worth investigating furthermore
in future. Note that in this paper we focus especially on
the ground state but it is also interesting to study excited
state entanglement entropy and their time evolution. It is
also interesting to generalize our analysis to higher
dimension.
Finally all of above results suggest interesting points

in holography. In the gauge theory side, the natural
extended Hilbert space definition gives three different
terms for the entanglement entropy. In the gravity
side, however, we have only a minimal area term (RT
formula [22]), at least in the large N limit. There-
fore, which term dominates in the large N limit among
three terms in (1.4) is an important question, when we
compare the results with those in the gravity side. It is
interesting that the genuine entanglement part (=the Bell
pair part) may not be dominant one in the large N limit. In
order to deepen our understanding of the holographic
meaning of the entanglement entropy, it is important to
find the corresponding gravity dual to all of these three
terms in extended Hilbert space entanglement entropy.
Last but not least, it is interesting to ask what corresponds
to the extended Hilbert space in the dual gravity side.
We hope to come back to these questions in the near
future.
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APPENDIX A: USEFUL FORMULAS

We use a; b; c; d;…, and i; j;… as color indices in
fundamental representation (which run 1;…; N) of the
SUðNÞ gauge group.

1. Matter fields

Scalar field φ in Fundamental representation For the
scalar field φc in the fundamental representation with
φ†φ≡ φ†

cφc, we have following useful Gaussian integral
formulas:

Z
½dφ�e−aφ†φ ¼

� ffiffiffi
π

a

r �
2N

; ðA1Þ

Z
½dφ�φ†

cφde−aφ
†φ ¼ δdc

1

a

� ffiffiffi
π

a

r �
2N

; ðA2Þ

Z
½dφ�φ†

aφbφ†
cφde−aφ

†φ ¼ ðδbaδdc þ δdaδ
b
cÞ

1

a2

� ffiffiffi
π

a

r �
2N

:

ðA3Þ

The last formula gives

Z
½dφ�

�XN
b¼1

φ†
bφ

b

��XN
d¼1

φ†
dφ

d

�
e−

P
N
c¼1

aφ†
cφ

c

¼ NðN þ 1Þ
a2

� ffiffiffi
π

a

r �
2N

: ðA4Þ

Hermitian N × N matrix scalar Xc
d field Next we

consider the Gaussian integral for the Hermitian N × N
matrix field. This is an adjoint representation matter field
for gauge group UðNÞ, whose Gaussian integral becomes

Z
½dX� exp ð−aTrX2Þ ¼

� ffiffiffi
π

a

r �N2

; ðA5Þ

Z
½dX�Xa

bXc
d exp ð−aTrX2Þ ¼ δadδ

c
b
1

2a

� ffiffiffi
π

a

r �N2

;

ðA6Þ

while the Gaussian integral for the field in the adjoint
representation of the gauge group SUðNÞ leads to

Z
½dX�Xa

bXc
d exp ð−aTrX2Þ

¼
�
δadδ

c
b −

1

N
δabδ

c
d

�
1

2a

� ffiffiffi
π

a

r �N2−1
; ðA7Þ

where the traceless condition is used. The above formulas
are obtained by expanding

X ¼
XN2−1

A¼0

tAXA;
XN2−1

A¼0

ðtAÞabðtAÞcd ¼ δadδ
c
b ðA8Þ

for UðNÞ and

X ¼
XN2−1

A¼1

tAXA;
XN2−1

A¼1

ðtAÞabðtAÞcd ¼ δadδ
c
b −

1

N
δabδ

c
d

ðA9Þ

for SUðNÞ, where XA is real and trðtAtBÞ ¼ δAB.

2. Link variables (= exponential of gauge fields)

For link variables Ua
b; Uc

d;… in the funda-
mental representation (a; b; c; d ¼ 1;…; N), the integra-
tion over the group with the invariant Haar measure
½dU� gives

Z
½dU�Ua

bU†c
d ¼

1

N
δadδ

c
b; ðA10Þ

which can be derived from the symmetry under group
transformation U → LUR [13]. Similarly, one can
show [13]

Z
½dU�Ua

bUc
dU†i

jU†k
l

¼ 1

N2 − 1
½δajδibδclδkd þ δalδ

k
bδ

c
jδ

i
d

−
1

N
ðδajδkbδclδid þ δalδ

i
bδ

c
jδ

k
dÞ�: ðA11Þ

where not only a; b; c; d but also i; j; k; l are indices of
the fundamental/anti-fundamental representation and
thus run from 1 to N.
For generic representations R and R0, Eq. (A10) is

replaced with

Z
½dU�Ua

bðRÞU†c
dðR0Þ ¼ 1

dR
δRR0δadδ

c
b; ðA12Þ

where dR is the dimension of the representation R
(dR ¼ N for the fundamental and dR ¼ N2 − 1 for the
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adjoint) and a; b; c; d ¼ 1;…; dR in this case. Furthermore
Eq. (A11) becomes

Z
½dU�Ua

bðRÞUc
dðRÞU†i

jðRÞU†k
lðRÞ

¼ 1

d2R − 1

�
δajδ

i
bδ

c
lδ

k
d þ δalδ

k
bδ

c
jδ

i
d

−
1

dR
ðδajδkbδclδid þ δalδ

i
bδ

c
jδ

k
dÞ
�
: ðA13Þ

APPENDIX B: CHARACTERS
FOR LINK VARIABLES

Characters are very useful in order to handle link
variables for gauge theories, and we review briefly in this
appendix.
For a gauge group element g ∈ G and its representation

gðRÞ, the character is defined as

χRðgÞ≡ Tr
R
½gðRÞ�: ðB1Þ

The character satisfies several important properties. One
of them is that the product of characters can be
expressed as the sum of characters. The other important
property of character is that different representation
characters are orthogonal under the group integral.
To illustrate these, let us consider the group SUð2Þ as

an example. One can label representations by their spin
j. Their dimensions are given by dj ¼ 2jþ 1. Since
characters are invariant under the group transformation,
one can always choose a basis such that RðgÞ becomes a
rotation along the “z”-axis. Then it is clear that a
number of parameters for each character is given by
the dimension of its Cartan subalgebra. More explicitly,
characters for spin-j representations of the SUð2Þ are
given by

χ1
2
ðθÞ ¼ 2 cos

θ

2

�
R
ð1
2
Þ

z ðθÞ ¼
�
ei

θ
2 0

0 e−i
θ
2

��
; ðB2Þ

χ1ðθÞ ¼ 1þ 2 cos θ

0
B@Rð1Þ

z ðθÞ ¼

2
64
cos θ − sin θ 0

sin θ cos θ 0

0 0 1

3
75
1
CA;

ðB3Þ

χjðθÞ ¼ Tr
j
½eiJzθ� ¼

Xj

m¼−j
eimθ ¼ sin ðjþ 1

2
Þθ

sin θ
2

: ðB4Þ

For the SUð2Þ, the fact that the product of characters
can be expressed as the sum of characters is equivalent

to a familiar Clebsch-Gordan expansion in quantum
mechanics:

χj1ðθÞχj2ðθÞ ¼
Xj1þj2

j¼jj1−j2j
χjðθÞ: ðB5Þ

For example,

χ1
2
ðθÞχ1

2
ðθÞ ¼ 4cos2

θ

2
¼ 4 ×

1þ cos θ
2

¼ χ0ðθÞ þ χ1ðθÞ:
ðB6Þ

The property that different representations are orthogo-
nal is expressed as

Z
½dg�χjðgÞχ�j0 ðgÞ ¼ δjj0 : ðB7Þ

This can be seen as follows. For the SUð2Þ, due to its
pseudoreality, χjðgÞ ¼ χ�jðgÞ. Using (B5), above inte-
grand can be expressed as a sum over different repre-
sentations of characters. From the invariance of the
measure, ∀h ∈ G; ½dg� ¼ d½ðhgÞ� ¼ d½ðghÞ�, it is clear
that only the singlet representation gives nonzero value
after the integral. We take

R ½dg� ¼ 1 as the normaliza-
tion condition.

APPENDIX C: TENSOR PRODUCT
DECOMPOSITION OF THE

WAVE FUNCTION

In this appendix, we discuss the decomposition of the
wave function given in Sec. IV C as

Ψðφ; UÞ ¼ ½φ†
bUb;bþ1φbþ1�2½φ†

bþ1U
†
b;bþ1φb�2

≡ ½ðφ†ϕÞðϕ†φÞ�2; ðC1Þ

where φ≡ φb and ϕ≡Ub;bþ1φbþ1. We regard φ and ϕ as
objects in inside and outside regions, respectively. Since
there are 2 sets of “fundamental ⊗ antifundamental”
matters in the inside, one can decompose it into 2 sets
of “adjoint ⊕ singlet” as

ðφ†ϕÞðϕ†φÞ ¼ TrðXYÞ þ 1

N
ðφ†φÞðϕ†ϕÞ; ðC2Þ

where we define “adjoint matters” by

Xa
b ≡ φ†

bφ
a −

1

N
δabðφ†φÞ;

Ya
b ≡ ϕ†

bϕ
a −

1

N
δabðϕ†ϕÞ: ðC3Þ

In this notation, we can rewrite our wave function as
follows.
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Ψðφ; UÞ ¼
�
1

N2
ðφ†φÞ2ðϕ†ϕÞ2 þ 2

N
TrðXYÞðφ†φÞðϕ†ϕÞ

þ ½TrðXYÞ�2
�
: ðC4Þ

The first term belongs to the singlet sector, which comes
from “singlet ⊗ singlet”, while the second term to the
adjoint sector from “singlet ⊗ adjoint”. The third term
corresponds to “adjoint ⊗ adjoint”, and we therefore need
to further decompose this term into irreducible representa-
tions. For SUðNÞ, the tensor product decomposition of
adjoint ⊗ adjoint is

N2− 1⊗N2− 1

¼ 1⊕ ðN2− 1Þs ⊕ ðN2− 1Þa
⊕

1
4
N2ðN− 1ÞðNþ 3Þ⊕ 1

4
N2ðNþ 1ÞðN− 3Þ

⊕
1
4
ðN2− 1ÞðN2− 4Þ⊕ 1

4
ðN2− 1ÞðN2 − 4Þ; ðC5Þ

where 1
4N

2ðN − 1ÞðNþ 3Þ and 1
4 N

2ðNþ 1ÞðN − 3Þ are
totally symmetric and antisymmetric traceless combination
for original indices, respectively, while two adjoint repre-
sentations, ðN2 − 1Þs and ðN2 − 1Þa, comes from these “s”
ymmetric and “a” ntisymmetric representations by the
partial trace. Finally 1

4 ðN2 − 1ÞðN2 − 4Þ and its conjugates
are mixed symmetric and traceless. See Fig. 7. In SUð2Þ

and SUð3Þ, some of these representations are absent but our
final result is true for these special cases.

1. Tensor product decomposition for components

As a first step, we decompose Xa
bXi

j into irreducible
combinations. We follow the standard procedure in the
representation theory of SUðNÞ. Namely, we first symme-
trize and antisymmetrize Xa

bXi
j, and then remove the trace

of these combinations. We continue this manipulation until
we obtain the trivial representation. From now on we
assume N ≥ 4.14 The final result becomes

Xa
bXi

j ¼ ð1Þaibj þ ðN2 − 1sÞaibj þ ðN2 − 1aÞaibj þ
�
1
4
N2ðN − 1ÞðNþ 3Þ

�
ai

bj
þ
�
1
4
N2ðNþ 1ÞðN − 3Þ

�
ai

bj
; ðC6Þ

where

ð1Þaibj ¼
1

ðN2 − 1ÞTrðX
2Þ
�
δajδ

i
b −

1

N
δabδ

i
j

�
; ðC7Þ

ðN2 − 1sÞaibj ¼
1

2ðN þ 2Þ ½δ
i
bðX2Þaj þ δajðX2Þib þ ðX2Þabδij þ ðX2Þijδab−

2

N
TrðX2Þðδajδib þ δabδ

i
jÞ�; ðC8Þ

ðN2 − 1aÞaibj ¼
1

2ðN − 2Þ ½δ
i
bðX2Þaj þ δajðX2Þib − ðX2Þabδij − ðX2Þijδab−

2

N
TrðX2Þðδajδib − δabδ

i
jÞ�; ðC9Þ

�
1
4
N2ðN − 1ÞðNþ 3Þ

�
ai

bj

¼ 1

2

�
Xa

bXi
j þ Xa

jXi
b −

1

N þ 2
ðδibðX2Þaj þ δajðX2Þib þ ðX2Þabδij þ ðX2ÞijδabÞ

þ 1

ðN þ 1ÞðN þ 2ÞTrðX
2Þðδabδij þ δajδ

i
bÞ
�
; ðC10Þ

14Although intermediate steps cannot be applied directly to N ¼ 2, 3, our final result is valid even in these cases.

FIG. 7. Young diagrams for the tensor decomposition (C5).
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�
1
4
N2ðNþ 1ÞðN − 3Þ

�
ai

bj

¼ 1

2

�
Xa

bXi
j − Xa

jXi
b −

1

N − 2
ðδibðX2Þaj − δijðX2Þab þ ðX2Þibδaj − ðX2ÞijδabÞ

þ 1

ðN − 1ÞðN − 2ÞTrðX
2Þðδajδib − δabδ

i
jÞ
�
: ðC11Þ

One can obtain the same decomposition for Ya
bYi

j just replacing X to Y. There are no contributions from the last 2 terms of
(C5). This is simply because our wave function is “real.”

2. Decomposition for ½TrðXYÞ�2
By using previous results, we can decompose adjoint ⊗ adjoint into irreducible representations. Since the contraction

with different representations vanish, one can decompose ½TrðXYÞ�2 as follows.

½TrðXYÞ�2 ¼ ½TrðXYÞ�2j1 þ ½TrðXYÞ�2jN2−1s þ ½TrðXYÞ�2jN2−1a
þ½TrðXYÞ�2j1

4N
2ðN−1ÞðNþ3Þ þ ½TrðXYÞ�2j1

4N
2ðNþ1ÞðN−3Þ; ðC12Þ

where

½TrðXYÞ�2j1 ¼
1

N2 − 1
TrX2TrY2; ðC13Þ

½TrðXYÞ�2jN2−1s ¼
1

N þ 2

�
TrðX2Y2Þ − 1

N
ðTrX2ÞðTrY2Þ

�
; ðC14Þ

½TrðXYÞ�2jN2−1a ¼
1

N − 2

�
TrðX2Y2Þ − 1

N
ðTrX2ÞðTrY2Þ

�
; ðC15Þ

½TrðXYÞ�2j1
4N

2ðN−1ÞðNþ3Þ

¼ 1

2

�
TrðXYÞTrðXYÞ þ TrðXYXYÞ − 2

N þ 2
TrðX2Y2Þ þ 1

ðN þ 1ÞðN þ 2ÞTrX
2TrY2

�
; ðC16Þ

½TrðXYÞ�2j1
4N

2ðNþ1ÞðN−3Þ

¼ 1

2

�
TrðXYÞTrðXYÞ − TrðXYXYÞ − 2

N − 2
TrðX2Y2Þ þ 1

ðN − 1ÞðN − 2ÞTrX
2TrY2

�

¼ 0: ðC17Þ

Each symbol jR denotes the projection into each irreducible representationR. A reason why the last vanishes is the same as
the case of two mesons at the same position with the same direction, which do not have the totally antisymmetric
combination.
Explicitly we have

ðX2Þab ¼ ðφ†φÞ
��

1 −
2

N

�
φaφ†

b þ
1

N2
δabðφ†φÞ

�
; ðC18Þ

ðXYÞab ¼ ðφ†ϕÞϕ†
bφ

a −
1

N
fðφ†φÞϕ†

bϕ
a þ φ†

bφ
aðϕ†ϕÞg þ 1

N2
δabðφ†φÞðϕ†ϕÞ; ðC19Þ

TrX2 ¼
�
1 −

1

N

�
ðφ†φÞ2; ðC20Þ
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TrðXYÞ ¼ ðφ†ϕÞðϕ†φÞ − 1

N
ðφ†φÞðϕ†ϕÞ; ðC21Þ

TrðX2Y2Þ ¼ ðφ†φÞðϕ†ϕÞ½
�
N − 2

N

�
2

ðϕ†φÞðφ†ϕÞ þ 1

N3
ð2N − 3Þðφ†φÞðϕ†ϕÞ�; ðC22Þ

TrðXYXYÞ ¼ ðφ†ϕÞ2ðϕ†φÞ2 − 4ðN − 1Þ
N2

ðφ†ϕÞðϕ†φÞðφ†φÞðϕ†ϕÞ þ 1

N3
ð2N − 3Þðφ†φÞ2ðϕ†ϕÞ2; ðC23Þ

�
TrðX2Y2Þ − 1

N
ðTrX2ÞðTrY2Þ

�
¼

�
N − 2

N

�
2

ðφ†φÞðϕ†ϕÞTrðXYÞ: ðC24Þ

3. Summary

To summarize, the final results are explicitly given as

Ψðφ; UÞ ¼ Ψ1ðφ; UÞ þΨN2−1ðφ; UÞ þΨ1
4N

2ðN−1ÞðNþ3Þðφ; UÞ; ðC25Þ

where

Ψ1ðφ; UÞ ¼ 1

N2
ðφ†φÞ2ðϕ†ϕÞ2 þ ½TrðXYÞ�2j1 ¼

2

NðN þ 1Þ ðφ
†
bφbÞ2ðφ†

bþ1φbþ1Þ2; ðC26Þ

ΨN2−1ðφ; UÞ ¼ 2

N
ðφ†φÞðϕ†ϕÞTrðXYÞ þ ½TrðXYÞ�2jN2−1s þ ½TrðXYÞ�2jN2−1a

¼ 4

N þ 2
ðφ†

bφbÞðφ†
bþ1φbþ1Þ

�
ðφ†

bUb;bþ1φbþ1Þðφ†
bþ1U

†
b;bþ1φbÞ −

1

N
ðφ†

bφbÞðφ†
bþ1φbþ1Þ

�
; ðC27Þ

Ψ1
4N

2ðN−1ÞðNþ3Þðφ; UÞ ¼ ½TrðXYÞ�2j1
4N

2ðN−1ÞðNþ3Þ

¼ ðφ†
bUb;bþ1φbþ1Þ2ðφ†

bþ1U
†
b;bþ1φbÞ2

−
2

N þ 2
ðφ†

bφbÞðφ†
bþ1φbþ1Þ

�
2ðφ†

bUb;bþ1φbþ1Þðφ†
bþ1U

†
b;bþ1φbÞ−

1

N þ 1
ðφ†

bφbÞðφ†
bþ1φbþ1Þ

�
:

ðC28Þ

Note that this result also holds for the N ¼ 2 case.

APPENDIX D: FEYNMAN DIAGRAMS FOR
TRANSFER MATRIX IN THE HPE

The hopping parameter expansions (HPE) for the
transfer matrix can be evaluated efficiently using
Feynman diagrams. We consider the SUðNÞ gauge
theory with fundamental scalar fields in 2-dimensional
lattice space-time, where the horizontal direction corre-
sponds to the spatial direction while the vertical direc-
tion corresponds to the Euclidean time direction,
respectively.
The transfer matrix is defined in Sec. VI. As is clear

from the expression, it represents a transition from a
“current state” (which we denote as ΨB ¼ fϕ; Vg) to a
“future state” (which we denote as ΨA ¼ fφ; Ug) by

unit time shift. As mentioned, we take the temporal
gauge, therefore all gauge link variables along the time
direction are set to unity.

1. Diagrams

a. States

The gauge invariant “quark-antiquark” states jn;mi
labeled by site positions ðn;mÞ are defined as

hΨAjn; ni ¼ φ†
nφn;

hΨAjn;mi ¼ φ†
nUn→mφmðn < mÞ;

hΨAjn;mi ¼ φ†
nU

†
m→nφmðn > mÞ; ðD1Þ

where
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Un→m ¼ Un;nþ1Unþ1;nþ2 � � �Um−1;m: ðD2Þ

These states can be represented graphically as

ðD3Þ

for the “current” states, and

ðD4Þ

for the “future” states. Here a matter field is represented as a
white or black circle for φ† or φ respectively, while a
(spatial) gauge field is a line with direction. Current fields
are on the bottom and future fields are on the top such that
the (Euclidean) time goes upward.
The ground state j0i is represented as an empty diagram.

b. Transfer matrix

The transfer matrix T̂ is given by15

hΨAjT̂jΨBi ¼ TGðU;VÞTMðφ;ϕÞT2
0ðΨBÞ: ðD5Þ

Using hopping parameter K, we can represent T0ðΨBÞ;
TMðU;VÞ as

ðD6Þ

ðD7Þ

In the last line of both equations, we expand them in the
power series of K (HPE). Here we define An ¼ e−ϕ

†
nϕn and

A ¼ Q
nAn, which give damping factors under the ϕ

integral for normalization.16

Ignoring the difference between a meson and its
Hermitian conjugation, we have two types of diagrams,
horizontal pairs and vertical pairs. Notice that vertical lines
have no direction, due to the temporal gauge we take.
Vertical lines are simply connecting color degrees of free-
dom on both ends in the (anti-)fundamental representation.

2. Evaluating the transfer matrix in HPE

In this subsection, we explicitly evaluate the action of the
transfer matrix to some states. At the OðK3Þ in the HPE,
generic matrix elements are given by hΨAjT̂jαi where
jαi ¼ fj0i; jn;mig. In other words, the ground state j0i
mix with at most a single meson state, and one can neglect
multimeson states at this order.17

By inserting the completeness relation, we get

hΨAjT̂jαi ¼
Z

dΨBhΨAjT̂jΨBihΨBjαi: ðD8Þ

We thus get hΨAjT̂jαi at OðKsÞ order from the follow-
ing rules,
(1) Start from the diagram representing hΨBjαi.
(2) ExpandT0 andTM in termsofK andpickupall allowed

terms, i.e., terms which satisfy
P

nðhnþvnÞ≤s, where
hn and vn are numbers of horizontal and vertical
pairs, respectively. Then act these terms on the
above hΨBjαi (graphically putting corresponding
diagrams), and integrate ϕ (=current matter fields)
in the total diagrams.

(3) Finally act TG on the diagrams, and integrate V
(=current link variables).

16We here ignore irrelevant constants such as powers of π ’s.

15In this appendix, we use rescaled T̂ which is used after
Sec. VI C. Therefore cG does not appear here. 17The multimeson states are important once we take into

account higher order corrections in the HPE.
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We have several comments for integrals of matters and link
variables.

(i) The integration of ϕ can be done by using corre-
lation functions for scalar fields such as

hðϕ†
nÞaϕb

mi ¼ δnmδ
b
a;

hϕa
nϕ

b
mi ¼ hðϕ†

nÞaðϕ†
mÞbi ¼ 0;

hðϕ†
naÞaϕb

nbðϕ†
ncÞcϕd

ndi ¼ δbaδ
d
cδna;nbδnc;nd

þ δdaδ
b
cδna;ndδnc;nb ; ðD9Þ

where a; b; c; d ¼ 1; 2;…N are color index18 Non-
zero contributions can be obtained if and only if the
integrand contains same number of and at each
site at the bottom (current). In addition we see that

the number of and must be globally equal and

the total number of vertical pairs must be even.
(ii) In the diagrammatic representation, the integration

by ϕ at the bottom (current) connects a line attaching
to a white circle with a line attaching to a black circle
at the same site, and then remove these circles. For
example,

ðD10Þ

If a closed loop or a shrunk point without links appear after the integral, a factor N must be attached as

ðD11Þ

We can explicitly check the above rules using (D9).
(iii) As explained in Sec. VI, TG can be expanded in terms of characters as

TGðU;VÞ ¼
YNl−1

n¼0

X
R

dR
λRðβÞ
λ1ðβÞ

χRðUn;1V
†
n;1Þ: ðD12Þ

With the orthogonality condition (6.21), one can easily perform the gauge field integration on each link. For
example, if TGðU;VÞ acts on gauge fields ðVn;nþ3Þab and V’s are integrated, we can represent this procedure
graphically as

ðD13Þ

We see in this case that TG plays a role of uplifting gauge fields with the factor λF=λ1 for each link.

18We take the irrelevant multiplicative constant of T0 to normalize the first equation.
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(iv) More generally, acting on links which belong to the irreducible representation R, TG uplifts gauge fields with the
factor λR=λ1.

(v) For more complicated links which do not belong to one irreducible representation such as a product of links in some
representations, we should decompose them into irreducible representations before the integration. For example,
Va

bV†d
c, which belongs to fundamental × antifundamental representations, can be decomposed into singlet and

adjoint part as

Va
bV†d

c ¼
�
1

N
δacδ

d
b

�
þ
�
Va

bV†d
c −

1

N
δacδ

d
b

�
: ðD14Þ

We can visualize this as

ðD15Þ

where the doubled line without direction represents the gauge field in the adjoint representation. Each pair ða; cÞ or
ðb; dÞ correspond to an index of the adjoint representation of the gauge field, whose dimension is N2 − 1.

(vi) With matter fields, we can represent the decomposition (C2) as:

ðD16Þ

where squares correspond to the adjoint parts of the matter field. This leads to the following relation we will
use later.

ðD17Þ

3. Some examples

a. hΨAjT̂jn;ni at OðK3Þ
We derive the explicit form of hΨAjT̂jn; ni at OðK3Þ. We start from the diagram
At K0 order we only have

ðD18Þ

where we denote color indices explicitly. We thus obtain
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T̂jn; nijK0 ¼ Nj0i: ðD19Þ

At K1, from the comment we gave before, the acting pair must be horizontal. However one horizontal pair cannot make
even number matter fields on each site, so there are no contribution at this order.
At K2 order, next, we can consider two vertical pairs or two horizontal pairs. In both cases two pairs must share the same

link as

ðD20Þ

We finally obtain

T̂jn; nijK2 ¼ K2NðNNl þ 2Þj0i þ K2jn; ni þ K2N
X
m

jm;mi: ðD21Þ

At OðK3Þ order, there are three horizontal or vertical pairs. Only the “U” shape diagram, consisting of two vertical and
one horizontal pairs, are allowed, since other cases lead to an odd number of scalar fields on some site. Employing rules
(D10) and (D11) and taking care for the direction, we have
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ðD22Þ

As a result, we obtain

T̂jn; nijK3 ¼ K3

�
λF
λ1

�
ðjn; nþ 1i þ jnþ 1; ni þ jn − 1; ni þ jn; n − 1iÞ

þ K3N

�
λF
λ1

�X
m

ðjm;mþ 1i þ jm;m − 1iÞ: ðD23Þ

b. The detail for the calculation of (7.48)

Here we show the derivation of (7.48), coefficient of ji; iijiþ 1; iþ 1i term at K6 order. All we have to consider is
T̂6jGþ

0 i ¼ T̂6j0i and T̂4jGþ
2 i ¼

P
nT̂4jn; ni.

First let us consider T̂6j0i. We have six mesonlike pairs in T̂, which act on j0i. The four of them must be devoted to
construct the future state ji; iijiþ 1; iþ 1i and the other two must be conjugated with each other in the horizontal direction.
So we have following patterns of configurations to integrate:
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ðD24Þ

where j ≠ i − 1; i; iþ 1. For the first configuration, the integration can be done as

ðD25Þ

where we use (D17). For the other configurations, we have

ðD26Þ

For T̂4

P
njn; ni, all of pairs in T̂ should be used to make ji; iijiþ 1ijiþ 1i. So we have

ðD27Þ

Combining all results, the coefficient of ji; iijiþ 1; iþ 1i becomes 2NNl þ 6þ 1
N.
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APPENDIX E: OðK2Þ EIGENSTATES AND EIGENVALUES OF T̂

In this appendix, we derive eigenvalues and their eigenfunctions of the transfer matrix T̂ at OðK2Þ, where j0i and jn;mi
with jn −mj ≤ 2 mix with each other. First, we classify these eigenstates depending on the value of f0 (zero or nonzero) as

jGiK ≡ f0j0i þ
X
n

anjn; ni þ
X
n

bnjn; nþ 1i þ
X
n

cnjn; n − 1i þ
X
n

dnjn; nþ 2i þ
X
n

enjn; n − 2i;

jEiK ≡X
n

anjn; ni þ
X
n

bnjn; nþ 1i þ
X
n

cnjn; n − 1i þ
X
n

dnjn; nþ 2i þ
X
n

enjn; n − 2i; ðE1Þ

which correspond to f0 ≠ 0 case and f0 ¼ 0 case, respectively. Here jGiK’s should include j0i while jEiK’s denote the
complement of jGiK ’s.19
All relevant eigenvalues and eigenfunctions are obtained as follows.
(i) States jG�iK with eigenvalues G�

K are given by

jG�iK ≔ j0i þ
X
n

a�n jn; ni; where a�n ¼ K2

G�
K − ð1þ NNlÞK2

; ðE2Þ

G�
K ¼ 1

2
f1þ K2ð1þ 2NNlÞg �

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2ð1 − 2NNlÞK2 þ f1þ 4NðNNl þ 2ÞNlgK4

q
: ðE3Þ

(ii) State jGbciK with the eigenvalue Gbc
K is given by

jGbciK ≔ Kj0i þ K
λF
λ1
− ð1þ NNlÞ

X
n

jn; ni þ
X
n

ðbGn jn; nþ 1i þ cGn jn; n − 1iÞ; ðE4Þ

Gbc
K ¼ K2

�
λF
λ1

�
; ðE5Þ

where coefficients bGn and cGn must satisfy

X
n

ðbGn þ cGn Þ ¼ −
1

N
−

Nl
λF
λ1
− ð1þ NNlÞ

þ K2

�
1

N

�
λF
λ1

�
− Nl − ðNNl þ 2Þ Nl

λF
λ1
− ð1þ NNlÞ

�
: ðE6Þ

(iii) State jGdeiK with the eigenvalue Gde
K is given by

jGdeiK ≔ K2j0i þ K2

ðλFλ1Þ
2 − ð1þ NNlÞ

X
n

jn; ni þ
X
n

ðdGn jn; nþ 2i þ eGn jn; n − 2iÞ ðE7Þ

Gde
K ¼ K2

�
λF
λ1

�
2

; ðE8Þ

19G for jGiK means that it contains the strong coupling ground state j0i, while E for jEiK represents the lattice excited states. Their
subscript K denotes that the state depends on K.
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where coefficients dGn and eGn must satisfy

X
n

ðdGn þ eGn Þ ¼ −
1

N
−

Nl

ðλFλ1Þ
2 − ð1þ NNlÞ

þ K2

�
1

N

�
λF
λ1

�
2

− Nl

− ðNNl þ 2Þ Nl

ðλFλ1Þ
2 − ð1þ NNlÞ

�
:

ðE9Þ
(iv) State jEaiK with the eigenvalue Ea

K is given by

jEaiK ≔
X
n

aEn jn; ni where
X
n

aEn ¼ 0; ðE10Þ

Ea
K ¼ K2: ðE11Þ

(v) State jEbciK , which gives the eigenvalues Ebc
K ,

defined as

jEbciK ≔
X
n

ðbEn jn; nþ 1i þ cEn jn; n − 1iÞ;

where
X
n

ðbEn þ cEn Þ ¼ 0; ðE12Þ

Ebc
K ¼ K2

�
λF
λ1

�
: ðE13Þ

(vi) State jEdeiK with the eigenvalue Ede
K is given by

jEdeiK ≔
X
n

ðdYn jn; nþ 2i þ eYn jn; n − 2iÞ;

where
X
n

ðdYn þ eYnÞ ¼ 0; ðE14Þ

Ede
K ¼ K2

�
λF
λ1

�
2

: ðE15Þ
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