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The thermal contribution to the chiral vortical effect is believed to be related to the axial anomaly in
external gravitational fields. We use the universality of the spin-gravity interaction to extend this idea to a
wider set of phenomena. We consider the Kubo formula at weak coupling for the spin current of a vector
field and derive a novel anomalous effect caused by the medium rotation: the chiral vortical effect for
bosons. The effect consists in a spin current of vector bosons along the angular velocity of the medium. We
argue that it has the same anomalous nature as in the fermionic case and show that this effect provides a
mechanism for helicity transfer, from flow helicity to magnetic helicity.
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I. INTRODUCTION

Recently, macroscopic manifestations of the axial
anomaly have attracted significant attention in the literature
(for a review, see [1,2]). This triangle loop diagram violates
classical conservation of the axial charge in the presence of
electromagnetic (EM) fields (see e.g., [3]),

∂μJ
μ
A ¼ 1

2π2
E · B; ð1Þ

where JA is the axial current.
In a chiral medium, it results in vector and axial currents

directed along the magnetic field or local angular velocity:
chiral effects. Moreover, the chiral vortical effect (CVE)
survives in the absence of EM fields while the theory is
nonanomalous in this limit; for instance,

JμA ¼
�
μ2V þ μ2A
2π2

þ T2

6

�
ωμ; ð2Þ

where μVðAÞ is a vector (axial) chemical potential, ωμ ¼
1
2
ϵμναβuν∂αuβ is vorticity and uμ is the 4-velocity of the

fluid element. There is an intensive discussion on the origin
of (2), see e.g., [4–13]. It is also known that this effect may
result in event-by-event contributions to parity and charge
parity violating observables in heavy ion collisions (see
e.g., [2]).
Despite the anomaly, it is possible to introduce a

conserved generalization of the axial charge [14].
Including the contribution of the anomalous effects, the
axial charge is given by

∂tðN5 þHmh þHmfh þHfhÞ ¼ 0 ð3Þ

where Hfh ¼
R ðμ2Vþμ2A

2π2
þ T2

6
Þω0d3x is the flow helicity,

Hmh ¼ 1
4π2

R
A · Bd3x is the magnetic helicity, Hmfh ¼

1
2π2

R
μVv · Bd3x is the mixed magnetic/flow helicity, and

J05 ¼ N5 is the difference between the number of right and
left particles. Note that the macroscopic contributions in (3)
are of topological origin: these helicities measure the
linkage between field and flow lines. In this expression
it may seem that the flow helicity Hfh can be transferred
into the chiral asymmetry. On the other hand, there is no
known microscopic mechanism to support such a process.
Indeed, the anomaly is unmodified by medium effects (at
finite temperature and density). The issue persists in the
other transition of the axial charge between the macro-
scopic terms in (3).
In this article, we concentrate on the latter issue in a

neutral medium (μVðAÞ ¼ 0), asking the following question:
Is it possible to find a microscopic mechanism to transfer
Hfh toHmh? If the answer is “yes,” then there is at least an
indirect way to generate chiral asymmetry from a helical
flow via the anomaly caused by an intermediate generation
of Hmh. But first, it is instructive to concentrate on the
origin of the thermal contribution to (2), henceforth referred
to as the tCVE. This effect is believed to be connected with
the gravitational cousin of the axial anomaly (see e.g.,
[15]), consisting in an axial charge nonconservation due to
an external gravitational field. The coefficient in front of the
gravitational anomaly is argued to be connected with the
coefficient in the tCVE conductivity [8,16]. Although this
picture is widely accepted, note that there is an ongoing
discussion on other possible origins of this effect
[12,17,18]. In particular, there are strong arguments in
favor of the relation between the tCVE and global anoma-
lies in effective field theory [12,17].
It is known that the gravitational anomaly is a more

general phenomenon taking place for chiral bosons as well
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[19–22]. Moreover, due to the features of gravitational
interaction, this anomaly can appear in the axial current
constructed on fields of arbitrary spin. Thus, following the
conjectured connection of the gravitational anomaly and
the tCVE, one expects to find other anomalous effects for
fields with s ≠ 1

2
.

With this motivation, we begin our consideration of the
relevant spin currents looking for effects analogous to the
fermionic tCVE. We explore the novel anomalous transport
via the example of the chiral vortical effect for vector
bosons (bCVE), concentrating on the direct and instructive
derivation relying on the Kubo formula in the weakly
coupled limit. In full similarity with [8,17], the correspond-
ing conductivity is expressed as

σV ¼ lim
pk→0

ϵijk
−i
2pk

hKiT0jijω¼0; ð4Þ

where Kμ ¼ ϵμναβAν∂αAβ is the Chern current [23].
As in the fermionic case, the corresponding conductivity

appears as a resummation of a divergent series of three-
dimensional “conductivities” indicating its relation to the
global anomalies [12,17]. We further propose that there is a
wider set of novel anomalous effects in spin currents
constructed on higher spin fields. While the arguments on
their relation with the gravitational anomaly are rather
convincing in the holographic setup, further field-theoretic
study is required. However, it should be stressed that the
bCVE and the tCVE have the same origin, and that it is
evident at the level of the derivation.
When considering the bCVE for photons in a slowly

varying helical motion of the medium, one finds a process
generating Hmh out of Hfh. Therefore, the answer for the
question above is yes. The process of helicity transfer
Hfh → Hmh extends the generalized axial charge picture
[14,24,25] to bosonic theories, where the helical charge
Hmh could have a nonelectromagnetic nature. We also
argue that the generation of magnetic helicity provides a
microscopic mechanism to produce chiral asymmetry out
of the helical motion of the medium.
This article is organized as follows. First, we discuss the

gravitational anomaly in Kμ for vector bosons and its
similarities with the fermionic case. We use this analogy as
a guiding principle to motivate the study of polarization
effects for vector bosons. Then we show that a rotating
bosonic system exhibits a novel contribution toKμ (bCVE),
which is analogous to the tCVE in JμA. We state that the
similarity between gravitational anomalies hints at a
possibly deeper connection between the two chiral vortical
effects and argue that they have the same origin. Finally, we
use bCVE to establish a microscopic mechanism for
helicity transfer.

II. GRAVITATIONAL ANOMALY

The gravitational anomaly for fermions is a consequence
of the well-known triangle loop diagram in external

gravitational fields [15]. Once it is taken into account,
the divergence of the axial current reads

∇μJ
μ
5 ¼ −

1

192π2
ϵμναβRλ

ρμνR
ρ
λαβ ð5Þ

where Jμ5 ¼ ψ̄γμγ5ψ and ψ is the massless Dirac field.
This result can be generalized to the case of other

massless fields running in the triangle loop. Indeed, for
vector bosons such a diagram gives (see e.g., [20,22])

∇μKμ ¼ 1

96π2
ϵμναβRλ

ρμνR
ρ
λαβ; ð6Þ

where Kμ ¼ 1ffiffiffiffi−gp ϵμναβAν∂αAβ. This anomaly is a particular

example of a wider set of phenomena which is tied to the
universality of the spin-gravity interaction (see e.g.,
[15,22]). Note that despite the nonzero divergence
∇μKμ ¼ 1

2
Fμν ~Fμν, chirality is conserved for massless

vector bosons and h∇μKμi, naïvely, vanishes in external
gravitational fields.
Some reservations should be made in the case of gauge

bosons. The divergence ∂μKμ is a gauge invariant quantity,
while the Chern current is not. However, a constant bulk
current is always a sloppy concept: it is not the constant
bulk current that is measured, but rather the change in the
charge, tied to the gauge invariant divergence. In the
following section, we derive perturbatively the anomalous
contribution to Kμ constructed on a vector boson field.
When gauge bosons are involved, we assume that the
observable is the change in the charge happening, say, at the
boundary of the system. Note that the charge

R
K0d3x is

invariant under local gauge transformations and gives �1
for right- (left-) polarized “photons,” counting the differ-
ence between the number of left and right particles, while
the gauge noninvariant current Ki should be understood
only as a contribution to the 4-divergence. One may also
reformulate that in terms of the change in the angular
momentum when polarized photons leave the medium.
The two anomalies (5) and (6) are fully analogous in the

sense of spin current. It is argued in [20] that if one
introduces an infinitesimal mass for fermions and vector
bosons, which is always an eligible procedure in any
consideration of the anomaly, then both currents are
connected with relativistic generalizations of one-particle
Pauli-Lubanski pseudovector. Further, we keep this limit-
ing picture in mind when taking the massless limit in the
final results.
It is worth mentioning that the origin of the tCVE is

under active discussion. In the hydrodynamic limit, the
gravitational anomaly involves higher derivatives giving no
contribution of the first order to the axial current. Some
possible solutions [26] and alternative anomalous origins
[12,17,18] are suggested in the literature. Despite this issue,
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there is a connection between the gravitational anomaly
coefficient and the tCVE conductivity [8] which becomes
explicit in the holography [16]. Henceforth we employ this
picture, in particular, as a motivation.

III. KUBO FORMULA

This section is focused on the derivation of the vortical
conductivity for vector bosons in the limit of a weakly
interacting medium: a gas of vector bosons. The operators
in the corresponding Kubo formula (4) read

Kμ ¼ ϵμναβAν∂αAβ;

Tμν ¼ FμλFν
λ − gμν

�
1

4
F2 −

1

2
m2A2

�
: ð7Þ

We remind the reader that σV is defined by the equilibrium
behavior of the corresponding retarded two-point function
at zero frequency and in the small momentum limit (for
details see [8]),

Gi;0j
R ðω; pÞjω¼0 ¼ iϵijkpkσV þOðp2Þ: ð8Þ

The two-point function at zero frequency is given by the
Euclidean Green’s function Gi;0j

R ¼ −iGi;0j ¼ hKiT0ji. The
relevant leading diagram is given in Fig. 1.
To avoid ambiguity, we begin by considering a massive

vector field. In the calculation below, we employ the Proca
formalism, taking the massless limit at the end of the
procedure. According to the Matsubara technique, the two-
point function reads

Gμ;0αð0; p⃗Þ ¼ β−1
X
n

Z
d3q
ð2πÞ3

ϵμνρσpσqρðqαδ0ν þ q0δανÞ
ððp − qÞ2 þm2Þðq2 þm2Þ

where p0 ¼ 0 and q0 is the bosonic thermal frequency
running in the loop: q0 ¼ ωn ¼ 2πiTn. For brevity, we also
omit the terms that result in zero contributions on symmetry
grounds. It is worth mentioning that the same diagram with
photon lines is gauge independent. The issues originate in
treating Kμ by itself, not this particular contribution.
For massless fermions, the effect of interest is known to

be related to the ζ-function resummation of conductivities
in three-dimensional Euclidean theories. This result pro-
vides an argument towards another origin of the tCVE
based on global anomalies [12,17]. We find it instructive to
partially generalize this statement. The two-point function

above is clearly divergent in UVand it has to be regularized.
The derivation is simplified in the dimensional regulariza-
tion where it is sufficient to relate some momentum
integrals [27]. Then, expanding in powers of p and taking
the m → 0 limit, one finds

Gi;0jð0; p⃗Þ ¼ −β−1
X
n

ϵiklpl

Z
d3q
ð2πÞ3

δjkω
2
n þ qkqj

ðω2
n − q⃗2Þ2 : ð9Þ

Finally, in similarity with the fermionic case, the bCVE
conductivity reads

σV ¼ 1

2
T2

X∞
n¼−∞

jnj ¼ T2

12
: ð10Þ

Note that the factor of 1
12
in the bCVE conductivity is due to

the ζ-function regularization of a formally divergent sum
(see [17]). In the case of finite mass, the result is modified
and tends to 0 in the limit of infinite mass-to-temperature
ratio; in what follows we assume the massless limit. A
similar feature is present in the case of the chiral separation
effect: a magnetic-field-driven contribution to the fermionic
axial current (see [28]). Finally, for the resulting spin
current of massless vector bosons we have

K⃗ ¼ T2

6
Ω⃗; ð11Þ

where Ω⃗ is the local angular velocity of the medium. We
stress that the coefficient in bCVE is tied to the gravita-
tional anomaly for bosons as much as in the fermionic case
[8,16,26] and that this perspective may be extended to
higher spin effects.
Notably, one may arrive at the same result by following

the one-point function calculation. This procedure is
analogous to the axial current derivation in the fermionic
case [4], and we omit it here.

IV. HELICITY TRANSFER

Considering the bCVE for photons in the hydro-
dynamic limit, we are interested in the magnetic helicity
change. As mentioned above, the Chern current is a
gauge-dependent quantity requiring careful treatment.
However, a gauge transformation cannot influence the
divergence ∂μKμ, which, in turn, defines the helicity
change

R
d3x∂μKμ ∼ ∂tHmh.

One expects that multiple photons of the same polari-
zation result in a helical “condensate” equivalent to a
nonzeroHmf in the considered region of the space. Thus, in
a naïve approximation, the current (11) generates regions of
opposite helical charges at the boundaries. This idea could
be extended to a local form with the relativistic version of
(11), given by

Kμ ¼ T2

6
ωμ: ð12ÞFIG. 1. The two-point function of the vector field spin current

and the stress-energy tensor.
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Relying on the vector boson condensation and turning on
the hydrodynamic perturbations, we find

hE · Bi ¼ ∂μ
T2

12
ωμ: ð13Þ

Consequently, a flow with ∂
∂tHfh ≠ 0 is expected to

generate Hmh [29].
This process is of particular interest since it provides a

mechanism to generate microscopic asymmetry through a
change in macroscopic motion of the medium via an
intermediate generation of hE · Bi. It is instructive to note
the connection of the discussion above with the tCVE
renormalization (see [17,30]). There, it is pointed out that in
the presence of dynamical gauge fields, the tCVE reads

Jμ5 ¼
T2

6

�
1þ e2

4π2

�
ωμ: ð14Þ

The coupling e is explicitly restored to make the relation of
the second term to the axial anomaly evident. This result
supports the proposed mechanism of helicity transfer to
chirality and provides an example of an interesting inter-
play between the bosonic anomalous spin current and its
fermionic counterpart. Indeed, the condensate of polarized
photons results in an additional anomalous contribution to
the axial current. Note that the corresponding coefficient is
fixed by two multiples coming from different anomalous
phenomena. Other chiral effects may also be modified, see
discussions in [18,31–35].
In the theory of magnetohydrodynamics (MHD), it is

well known that the dynamics of a magnetic fluid consid-
erably depends on topological properties of the field and
flow configuration. Particularly, in the ideal MHD limit,
magnetic field lines are frozen in the medium volume
element and the magnetic helicity is conserved. In other
words, the electric field is completely screened and there is
no way to change Hmh. When the ideal limit of infinite
conductivity is relaxed, the helicity is changing due to
reconnections. However, this process is slower than mag-
netic energy dissipation and the helicity constrains the
dynamics of the system. The bCVE current connects the
two helicities in a plasma of light bosons and may result in
a considerable modification of the MHD evolution.
The photon properties are modified in the medium,

including the Debye mass screening by the Coulomb
interaction. In the case of gluons or other non-Abelian
vectors, this issue is additionally complicated by a possible
generation of a magnetic mass. These effects depend on the
coupling and disappear in the noninteracting limit. In this
note we restrict ourselves to the leading order contributions
and leave a detailed analysis of possible modifications of
the conductivity by the interaction for future considera-
tions. Note, however, that the connection of chiral effects
with the anomaly results in an additional robustness, which
is also supported in the strongly coupled limit by

holographic considerations. In the case of the bCVE,
one may rely on a bottom-up construction for a strongly
interacting theory with no fermions. The key properties of
such a model involving the relevant gravitational anomaly
remain the same as in [16], and the axial (spin) current
gains the bCVE contribution connected with its anomaly.

V. DISCUSSIONS

In this note, we propose a set of novel anomalous effects
consisting in spin currents of various fields along vorticity.
We argue that these effects have a common origin for
different spin values and can be thought of as a generali-
zation of the tCVE. We explicitly derive the anomalous
contribution for the case of bCVE in the weakly coupled
limit using the Kubo formula.
We further discuss the connection between the bCVE and

the corresponding anomaly (6). While the relation of the
tCVE with the gravitational and global anomalies is under
discussion, the arguments based on the holographic picture
[16] are rather convincing. The gravitational anomaly takes
place for fields of any spin (see e.g., [15,22]). We argue that
the universality of spin-gravity interaction provides a strong
argument in favor of the existence of other chiral effects in the
spin currents for s > 1 fields.
Inverting the chain of arguments, we see no contradiction

in the relation between the tCVE and the gravitational
anomaly. Indeed, comparing the derivations of the tCVE
and the bCVE one concludes that these effects have a
common origin which is expected to be the same for higher
spins as well. The similarity of effects in spin currents is a
feature of the gravitational interaction, in agreement with the
picture above. It would be interesting to study s > 1
contributions in detail to probe the underlying anomalous
dynamics (see e.g., [5,8,12])—especially the relation of these
anomalous effects to the global anomalies [36].
We show that the bCVE provides a mechanism to

produce magnetic helicity out of the medium helical
motion. In turn, the axial anomaly caused by polarized
photons can generate chiral asymmetry, supporting (3).
That extends the idea of the correction to the tCVE by
gauge bosons (14), which may be thought of as an interplay
between the bosonic and fermionic vortical effects. The
bCVE current also mixes flow and magnetic helicities,
resulting in a more involved and rich dynamics. For MHD
in chiral plasma, where microscopic and macroscopic
helicities play a crucial role, the interplay between them
is a matter of principle. Note that this relation between the
helicities also takes place in systems with no fermions.
We emphasize that various systems may exhibit the

bCVE and higher spin anomalous effects. For instance, the
bCVE could take place in P-odd condensed matter systems
such as P-wave superconductors and superfluids, QGP, and
in cosmological primordial plasma. In particular, it would
be interesting to study the effect on gluons at high
temperatures and their contribution to QGP polarization
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effects. It should also be mentioned that anomalous trans-
port can take place in certain cold atom systems with spin-
orbit coupling (see e.g., [37]). These systems may also
exhibit the bCVE. Finally, we stress that it would be
interesting to study the bCVE and higher spin effects in the
chiral kinetic theory [38–40].
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