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An important aspect of Weyl anomalies is that they encode information on the irreversibility of the
renormalization group flow. We consider, Ab = bUV — b'R, the difference of the ultraviolet and infrared
value of the [JR-term of the Weyl anomaly. The quantity is related to the fourth moment of the trace of the
energy momentum tensor correlator for theories which are conformal at both ends. Subtleties arise for
nonconformal fixed points as might be the case for infrared fixed points with broken chiral symmetry.
Provided that the moment converges, Ab is then automatically positive by unitarity. Written as an integral
over the renormalization scale, flow-independence follows since its integrand is a total derivative.
Furthermore, using a momentum subtraction scheme (MOM) the 4D Zamolodchikov-metric is shown to be
strictly positive beyond perturbation theory and equivalent to the metric of a conformal manifold at both
ends of the flow. In this scheme l_?(u) can be extended outside the fixed point to a monotonically decreasing
function. The ultraviolet finiteness of the fourth moment enables us to define a scheme for the 6£ ~ by R?-
term, for which the Rz—anomaly vanishes along the flow. In the MOM- and the R2-scheme, E(,u) is shown to
satisfy a gradient flow type equation. We verify our findings in free field theories, higher derivative theories
and extend Ab and the Euler flow Af, for a Caswell-Banks-Zaks fixed point for QCD-like theories to next-

to-next-to leading order using a recent (G>G?)-correlator computation.
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I. INTRODUCTION

It is well known that moments of the correlator of the
trace of the energy momentum tensor (TEMT) provide
information on the flow of Weyl anomalies in theories with
an ultraviolet (UV) and an infrared (IR) conformal fixed
point (FP). For example the 2D Weyl anomaly (77 ,)cgr =
—(p./(24x))R, where T7 , is the TEMT, R the Ricci scalar
and . = 1 for a free scalar field, is probed by the second
moment

AGP = pN = B =3z / 2 (0(x)0(0), 20 (1)

of the TEMT in flat space 7% |y, — ©. This formula is
Cardy’s version [1] of the celebrated c-theorem [2] and
(-+-), stands for the connected component of the vacuum
expectation value (VEV). Positivity follows reflection
positivity [1] or the positivity of the spectral representation
[3]. In 3D there are no Weyl anomalies on dimensional
grounds but a relation analogous to (1) exists for the
moment of two electromagnetic currents related to the flow
of the parity anomaly [4].

In this work we exploit the finiteness conditions for
2-functions, worked out in a previous paper [5], to obtain
results on 4D Weyl-anomalies. In 4D an analogous relation
to (1) has been proposed in [3,6,7] and indirectly in [8],
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Ab = DbV — pR = % / d*xx*(®(x)0(0)). >0,  (2)

where b is the CIR-term [7] of the Weyl or conformal
anomaly [9].1’2
1
<T/) (x)> == (_6s X )II’IZ
4 \/g (x)
= —(PIREs+ PRH? + PEW?)

+ 4b™OH + 4AR, (3)
and H is the commonly used shorthand [10,11]
= ! R
(d-1)
Above 5,y = %X) under g, — e >Wg ;. and E,, W? and

R are the Euler, the Weyl squared and the Ricci scalar. The
superscript IR indicates that all modes have been integrated

'In this paper the coefficients in front of the geometric
invariants are denoted by p-functions, in (dis)accordance with
[10-12] ([13,14]). The association of the letters a, b and ¢ with
the geometric invariants is variable in the literature. Our notation
follows Shore’s review [12] in this respect.

*The cosmological constant A may or may not be tuned to
zero by an appropriate UV-counterterm. Note that the para-
metrization (T,5) = g,sA™ 4 -+ is being used. In QCD-like
theories, for example, the cosmological constant receives con-
tributions from the gluon condensate A™(u) = f(u)/2(G?),-

term. This term is essential for £ (77,) = 0 cf. Sec. III C.
u
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out. The quantities SR, =~ are scheme-independent and

determined by the IR-theory. In the case where the IR-
theory is a CFT, #FT = 0 [15,16] implies that fSET # 0 are
to be regarded as the true Weyl anomalies. Turning our
attention to the b'R-term, the first thing to notice is that this
term shifts linearly when adding local term to the UV-
action (conventions as in [5])

1 - - 1
[:UV - ﬁUV -+ ga)()Hz, bIR - blR - ga)o. (4)

This is presumably related to regularization dependence
found in explicit computations (e.g., [9,15,17-20]). The
LIR-term is therefore sometimes viewed as not being
meaningful. One of the main points of our paper is that
in physical meaningful quantities, such as Ab (2), this
ambiguity has to cancel. For the flow, w, is merely to be
seen as the initial condition which does not affect the
difference Ab. A valuable result of this paper is that we
show that the [IR flow is given by,

1

- (&) R
8b =g [ wiamp. (5)

an integral over )(50’, the scale derivative of the renormal-
ized (©O)%-correlator. In particular we identify a MOM-
type scheme for which

200 (1) = 20NN ()P B (). M () 20, (6)
with yMOM(y), the 4D analogue of the Zamolodchikov-

metric, being a positive definite matrix along the flow.
Since ¥}°M can be written as a In y-derivative it follows
that Ab is flow-independent. The positivity of y¥iOM allows
us to define a b(u)MM outside the FPs as a monotonically
decreasing function. Building on the observation that Ab is
UV-finite for asymptotically-free and asymptotically-safe
flows [5], Ab > 0 follows from the spectral representation.
Furthermore, finiteness allows us to define a scheme
(R?-scheme) for which the R?-anomaly vanishes along
the flow. In this scheme b = b(u)¥°™ is shown to obey a
gradient flow type equation. Furthermore we provide Ab to
NNLO in QCD-like theories using a recent NNLO com-
putation of the (G2G?)-correlator. The latter also extends to
the Euler flow A, since it is proportional to Ab up to
NNLO around the Caswell-Banks-Zaks (CBZ) FP.

The paper is organized as follows. The flow properties of
CIR are presented in Sec. I with the MOM- and R?-scheme
for the (@O)-correlator and the b-coupling defined in
Secs. I A and IIB respectively. The main part consists
of the description of the properties of Ab, b™(u) and the
Zamolodchikov-metric %, in Sec. IIC followed by a
discussion of the IR- and UV-convergence of the corre-
lator indicating potential limitations. Section II, which can
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be considered as the main part of the paper, is summa-
rized in Sec. IIE. The explicit scheme change of the
Zamolodchikov-metric from the MOM- to the MS-scheme,
Ab at a CBZ-FP and the renormalisation of G” in the R>-
scheme are discussed in Secs. III A, IIIB and IIIC
respectively. Free field theory computation of scalars and
fermions are presented in Sec. IIID and a free higher
derivative computation is deferred to Appendix D. Three
derivations of (2) using anomalous Ward identities (WI), an
anomaly matching argument and an explicit derivation in
QCD-like theories are provided in Appendices A 1, A2,
and A 3 respectively. The antisymmetric part of the gradient
flow equation is elaborated on in Appendix B. Comments
on different ways of handling the gravity counterterms are
discussed in Appendix C followed by the computation of
LIR-flow in a higher derivative theory in Appendix D.
Conventions of the QCD p-function and the CBZ-FP are
specified in Appendix E.

II. THE FLOW OF IR (OR Ab)

Before writing the fourth moment (2) in terms of the 4D
Zamolodchikov-metric and showing positivity, monoto-
nicity, and the gradient flow type property, we specify
some definitions, notations and assumptions of this paper.
We work with the conventions of a Euclidean field theory
and assume the operator-part of the TEMT to be of the form
0 = $9(0,] (summation over Q is implied). We refer the
reader our previous work [5] regarding the terminology of
the TEMT 77, which splits into an operator, equation of
motion and gravity part. At the exception of the free field
theory examples in Sec. III D dimensionless couplings are
assumed. The bare interaction Lagrangian is parametrized
by L= ggOQ, g2 are couplings and [00] = Zp"0p
denote renormalized (composite) operators defined by
the local quantum action principle (QAP) ([O4(x)]) =

(=0a(x)) In Z where Z and dy(y) = qA o are the partition

function and the variational derlvatlve of the localized
coupling respectively. Curved space is a tool to expose the
Weyl anomalies (3) at lower-point functions and has no
further physical meaning in this work.

The object of study is the (®®)-correlator (O = [O]
since it is physical e.g., [21,22])’;

Toolp) = / 27 (0(x)0(0)),

= Cho(p)p* + c1(O) (7)

>The restrictive structure of (7) follows from the flat-space

translational ~ WI [ d*xe'?*(0,4(x)0,5(0)),. = Pﬁf}fyb 4
2
Z

Pflgyél“(z) +Pi§2(®>. From the traces of the spin 0 and 2

structures, P,(l?,)a,, ~ p4 and Pff,l,y =0 (note P((,%y) = cr), one

infers that T)(p) ~ C},(p).
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for which C},(p) is UV-finite [5] and IR-finite for p > 0
with subtleties for p — 0 for theories spontaneously broken
chiral symmetry to be discussed in Sec. II D 1. The contact
term (CT) ¢y is of no relevance for the flow itself, the scalar
product is defined as usual a-b =a,b” and p = ./p- p.
Defining

M(929>(P) = Pzraa(l’)
1 .
=563 d*xe*Px*(0(x)0(0)),, (8)
with
P2 263 ((9],(1(9 a) s P2p4 = ], (9)

the fourth moment (2) is then proportional to M é? (0). The

bare quantities Mﬁ,ze) (p) and Cj,(p) satisfy unsubtracted

Kaillén-Lehmann spectral/dispersion representations of the
form4;

)~ [ aste =Pt

where the spectral function p(s) is of mass dimension
four and defined as a formal sum over a complete set of
spin 0 physical states,

s) = (22)*>_0((pa)o)d(p:

+ My (), (11)

= 5)[(n(p,)|©[0)> > 0,
(12)

with p, denoting momenta in Minkowski-space and 0(x) is
the step-function.
From the representations Eqgs. (10), (11) one deduces that

Mé? (p) —Cly(p) is a finite p-dependent function for
which M) (0) = M) (00) = C},(0) — Cly(c0)  holds.
Furthermore, using and with Egs. (7), (8) it follows that

2)

2
My (0) )

=Cy(0). My (c0) = Chyloo). (13)

*The dispersion relation for the correlation function (7) reads

TR(p) = J5° ds 285 + wf(u) + oF (1) p? + wop*.
stants a)§4 (u) take care of the quadratic and quartic divergences
whereas the logarithmic part is convergent and @y, is therefore a
true constant independent of y. Eq. (10) and (11) are obtained

from the ones above by using p*Cl,(p) = Lge(p) — Tpe(0) —
2 a
pzf;zl“yg(()) and M(%)(P) = PyTge(p)-

The con-
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Together with (2) this implies

- 1.

Ab = §M(99) 0), (14)
which modifies to Ab = 1 (Mfg? (0) — Mfgé) (00)) in the case
where there is a finite contribution at infinity. This is for
instance necessary when adding a term (4) to the UV
Lagrangian as discussed towards the end of Sec. Il A 1. The
reason for introducing Cl,(p) is that, contrary to
M(Hi,)(p), it is monotonic in p allowing us to define a
positive Zamolodchikov-metric in the MOM-scheme
(cf. Sec. ITA1). We stress that Mé?(O) is a bare, u-
independent, quantity and in the case where it is IR- and
UV-finite (cf. Sec. I D) it therefore qualifies as a physical

observable. Three different derivations of (2) are given in
Appendices A1, A2 and A 3.

A. Generic scheme-definition for the (©0)-Correlator

In order to perform a RG-analysis, the bare term in (8) is
written as a sum of a renormalized term and a counterterm,

Mg (9%(p/uo)) = Mg ™ (p/ . 9% (/o))
+LHR(9Q(ﬂ/ﬂ0)) (15)

R(p/may(n)=
M;g’ (p/posi/posas(u)) but most of the time M(%)(p),

Méi))’ (p,u) and L} (u) are used as shorthands. Since

Clo(p)—M 229) (p) is finite one may use the same renorm-
alization prescription for C},

Above uq is some reference scale and M2 90

Cho(p) = Cgy (p. 1) + Lo (), (16)
connecting with the notation in our previous work [5].
Crucially, it is the choice (15) of splitting the bare
correlation function into a nonlocal renormalized part

M (90) and a local part L 7 (counterterm) which deﬁnes
a scheme R and 1ntr0duces a renormalization scale u. > The
anomalous part of the equation above is

d 2).R
2 = (g5 =2 )i
_ d R
(dlnﬂ 2€>CHH (p,//l)
d 1R
= - dln 2€ LHG' (lu)’ (17)

*In perturbation theory the counterterm is a Laurent series in e
and requires the scale u. Nonperturbatively the scale p is
identified with p cf. next section. Moreover, in what follows
R refers to the split (15) and we do not specify the renormaliza-
tion of the couplings and operators, linked by the quantum action
principle, other than assuming a mass-independent scheme.
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the quantity entering (5) and related to the R>-anomaly
[5,10,11] [Eq. (48) of the 3rd reference]. The u-dependence
arising through the coupling x5, (1) = x5 (g2 (x)). In both
equations above the € — 0 limit is smooth and we do
therefore not distinguish between a four and d-dimensional
2% and adapt the same attitude to other quantities.

1. Definition of a MOM-scheme for the 2-point function

Below we define a scheme which is most effectively
imposed on C}, rather than Méze)’R. The renormalization
condition is

Cop ™ (P 1)l =y = O, (18)

that the renormalized two-point function equals zero at p =

u (recall p=+/p?) which is straightforwardly imple-
mented by

Cho(p) = (Chy(p) = Coo)) + Copw) . (19)
——

o)

1,
LmMOM (1)

This is equivalent to the so-called MOM-scheme (and
variations thereof), introduced for lattice Monte-Carlo
simulations [23], where the renormalized momentum space
correlation function is set to its tree-level value for some
momentum configuration set to equal p. A solution to
Egs. (17), (18) is given by

Inp/po
Coo" M (p.p) = / MW )d g, (20)
Inp/uo
and therefore

Culp) = [ 2 g
00 0 p/ 00
0

o ™M (pn)

+/ AMOM (Y d In ' + Cly(o0)
Inp/po

L3 )
_ / ZMM () d i + €y (o). (21)
Inp/uo

Together with (14) this implies Eq. (5) in the MOM-scheme

and allows us to obtain ¥ M (i) from Cly(p) as follows
AN = Clp) (22)
00 dlnp s 06

Since the Lie derivative with respect to the pf-function
vector field commutes with the S-functions themselves
(cf. Sec. I C 3 for more details)
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)(59 = ﬁAﬂB)(ZxQB (23)

holds. Together with p-independence of the S-functions
this implies in the MOM-scheme

M () = = Chs(p. ). (24)

P=H

dnp

Above

Fas(pop) = / x40, (0)][05(0)]).
= p*Clp(p.p) +--- (25)

in analogy with (8) where the u-dependence comes from
the renormalization of [0, p]. Eq. (24) is consistent with the
representation of the Zamolodchikov-metric in conformal
field theories (CFTs) Clz(p,u) = =M (u) In(p/po) +
const (e.g., [24]) where the coupling space is referred to as a
conformal manifold. The difference is that we consider the
Zamolodchikov-metric flowing between two FPs rather
than in a CFT only. Transformation under scheme changes
for MM and yMOM are discussed in Sec. IIC3. The
formulas of this section allow us to clarify that (14)
invariant under (4) is to be adapted to

Ab = _ (M) (0) — M) (). (26)

oo —

In order to see this note that (13) still holds under (4),
M gg) (n) » Mé%)) (1) + @y, and that in (26) the arbitrary
simply cancels in the difference on the right-hand
side (RHS).

2. Positivity of the Zamolodchikov-metric
in the MOM-scheme

From the positivity of the spectral function p(s) > 0 and
(10) it follows that C},(p) strictly increasing when p
decreases. This in turn with (21) implies that

M (u) > 0 for pu > 0. (27)

From the spectral representation of C!,, and (24) it follows
that the Zamolodchikov-metric oM itself,

g () >0 for u>0, (28)

is also a positive matrix along the flow. In both cases strict
positivity is tied to nontrivial unitary theories. Note that
even if the spectral representation of C}; had a logarithmic
divergence then it would vanish under the p-derivative.
In 2D a positive definite Zamolodchikov-metric has been
defined by Osborn [25] through the Weyl consistency
relations and later in [26] via a derivative of a configuration
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space cutoff. Our definitions seem more closely related to
the latter than the former. We are not aware of a direct
extension of the definitions in [25,26] to 4D. However, such
a question has been raised in the review [27] without any
detailed analysis.

B. A scheme for which the R*>-anomaly (or $,) vanishes
along the flow

The general formalism allows us to define different
schemes for different couplings by splitting the bare
coupling into a renormalized and counterterm part. This
applies in particular to gravity couplings, related to vacuum
graphs,

‘Cgravity = _(aOE4 + bOfI2 + COW2)' (29)

Below we define scheme for by, named R>-scheme, for
which 8, = 0 outside the FP and for which b is governed
by a gradient flow type equation. It is noted that this is
a priori possible since f, =0 for CFTs [15,16] which
define the endpoints of the flow. At the technical level
P =0 is established by the remarkable link between
(©...0)-correlators and the gravity terms (29) by the
QAP e.g., [10-12].

We find it helpful to think of b, as the coupling of the R?-
term similar to the role of the QCD-coupling and the field
strength tensor squared G*. Although the R’-term is not
quantized itself, b(u) runs since it mixes with other
dynamical operators, e.g., the G>-term in QCD-like theo-
ries. The key observation is that the UV-finiteness of the
fourth moment [or CL,(0)] (8) then allows to absorb this
finite part into the renormalization of G* in which case
p, = 0 along the flow.

In order to make this statement transparent it proves
useful to briefly digress and clarify the effect of the choice
of scheme for a coupling g2 on the conjugate renormalized
composite operator [O]. A choice of scheme R is given,
as usual, by a separation of the bare coupling into a

. . R
renormalized coupling g2 (i) and counterterm L' (u)

98 = uH (g2 (u) + Ly (). (30)

For clarity let us mention that we have previously sup-
pressed the R;-label when talking about dynamical
couplings. The bare couplings are independent of the
RG-scale, ﬁ
g2 (u) up to a constant which has to be determined
experimentally. The local QAP defines the renormalized
composite operator by

gg =0, and Lg‘ (u) therefore determines

([0 = (=00l % " M2,  (31)

v=0R2

where v = a, b, ¢ from (29) and ¢g* are generic couplings.
In principle one may choose different schemes for different
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couplings and parameters which leads to a proliferation of
scheme dependences on the left-hand side (LHS).
Returning to our task we define the coupling

by = i~ (R + L), (32)

in analogy with (30) and assume a renormalisation scheme
R, for the <®®>-correlator.6 A double variation of the
metric (g,, — e~25) g,,) 1s finite since both the partition
function and the metric are finite. When Fourier trans-

formed and projected on the p*-structure one obtains

[ s (=00 (-b0) 1 2]
= /ddxeip'x<®(x)®(0)>|p4 + 8by = [finite].  (33)
This implies the nontrivial, known, relation
LR = —%Lgfl + [finite], (34)

quoted for in the MS-scheme in [28]. The difference in
signs in (34) is somewhat unfortunate but imposes itself in
this sector cf. [5] for more detailed remarks.

The observation that the finiteness of LE);,R* implies the
finiteness of Lf” can be used to define a scheme, which we
call R2-scheme, by = u/=*(b¥* + LK) with

2 2
bR =b+ L, L¥ =o0. (35)
This is equivalent to saying that it is not necessary to
renormalize since there are no divergences. In the R’-
scheme we therefore have that

2 d 2
By (M):—<m—2€)L§ =0, u>0. (36)

This means that the sz—coupling does not receive RG-
running by other dynamical operators.” All that remains is
to determine the previously mentioned unknown constant
by experiment. The VEV of the TEMT, (77 ), is of course
invariant under scheme-changes as illustrated in Sec. III C
for QCD-like theories.

®We comment on other ways of handling the R2-term in the
literature in Appendix C.

"Where the characterization “other” refers to the fact that the
R?-gravity term is not quantized and therefore does not contribute
to the running of the sz—coupling. Whether or not in such a case
a scheme exist where the R?-coupling does not run is beyond the
scope of investigations of this work. This question can be
posed in a well-defined framework, modulo ghosts due to higher
derivatives, since R>-gravity has been shown to be renormali-
zable [29].

045011-5



VLADIMIR PROCHAZKA and ROMAN ZWICKY

Before continuing towards the flow of [JR-term we
digress in discussing whether or not schemes could exist for
which the other Weyl-anomaly (3) vanish along the flow.
An a priori no-go argument is that, unlike the R?-anomaly,
the other anomalies have generically a non-zero flow
difference. We consider two types of gravitational trace
anomalies (cf. [30] for a more refined discussion without
inclusion of [IR though):

(1) p-functions terms. For the f, .-function terms, the

analogous argument as above would require L, and

L, to be finite.

(a) p,E,term: The counterterm of E, has been
shown to be finite only when multiplied by €
[31]. This is typical for topological terms since
their nontotal derivative parts are necessarily
evanescent. The local QAP then implies finite-
ness constraints on €L, where L, is the counter-
term associated with the topological invariant.
Since L, is not finite we conclude that there does
not exist a scheme where /3, can be set to zero
along the flow.

(b) B.W2-term: The W? term is associated with the
spin 2 part of the (©,,0,,)-correlator. The latter
is generically divergent in the relevant structure
contrary to the (@®)-correlator. The essential
point is that the TEMT is protected in the UV by
the additional couplings originating from the
dynamical B-functions. For example in QCD-
like theories © ~pG* + --- whereas ©,, =

% gpan - G,,Gg + - --. In the convergence cri-
terium for asymptotically free theories in [5], this
means that ngg =2 and ne,e, = 0 which

satisfies and violates the convergence criteria
in Sec. III.1 of this reference. Hence we
conclude that L, is not finite when the regulator
is removed and f. can therefore not be set
to zero.
(2) bOR-term: Is not a p-function term and therefore
does not derive from (36). Thus the same trick is not
applicable.

C. Properties of Ab, l;g’; (u) and the
Zamolodchikov-metric )(fl‘,‘

Clarifying the properties of the quantities Ab, l_)% (1)
and ;(fg is linked to understanding their scheme depend-
ences. The following hierarchy or degree of complication
emerges. The global flow Ab (Sec. IIC 1) is scheme-

independent. The local flow properties, discussed in Sec. 11

C 2, are scheme-dependent. The infinitesimal change along
R

the flow dﬁ’w bR = Ly xB PP (A3) is dependent on the

R,-scheme and the local value BZ‘; (1) is dependent on both
the R,- and R;,-scheme.

PHYSICAL REVIEW D 96, 045011 (2017)
1. Properties of Ab (global flow)

Let us summarize the various ways in which Ab (14) can
be expressed as an integral using (2), (10) and (21)8

A = £ (M5 (0) = My (o))
_ 2713 & xxt (©(x)0(0))2 (37)
_ % /_ : 2R () dIngd (38)
:%A“w%ﬁ>o. (39)

The following properties are immediate

(i) Positivity: Ab > 0 follows from the positivity of the
spectral function p(s) > 0 as well as the positivity of
the Zamolodchikov-metric in the MOM-scheme
(28). Since O¢gr — 0 and therefore Ab|cep = 0, a
nonzero value measures the departure from confor-
mality. Note that the ®(x)®(0)-correlator can be
interpreted as a probe that records a response of a
theory with couplings ¢ (u = x7!).

(ii) Scheme-independence of Ab follows from the
scheme-independence of the spectral function p(s)
and the fact that the spectral representation does not
require subtractions. Similarly since Ab can be
expressed in terms of a bare correlation function
(37) the scheme-independence of the latter implies
scheme-independence of Ab. Further remarks on
scheme dependence and independence can be found
in Sec. IIC 3.

(iii) Flow-independence follows from combing Eqgs. (17)
and (A3) into

d - 1 d
bR)f — ngRl
dinu 8dnu

(P h), (40)

which shows that the flow of »™ derives from a
potential and is therefore independent of the flow
itself. More explicitly this equation, when integrated
over dInu and particularised to the MOM-scheme,

gives
-1
Ab = £ (Cj" M (p. 00) = C3" ™ (p. 0))
(19) 1
~3 (ng(O) - ng(oo))
(13) 1

=2 (M) (0) ~ My (e0). (41)

*Formally (©(x)0(0))2" = (©(x)©(0)), — wo[125(x) where
(©(x)0(0)), is evaluated by any regulator respecting the sym-
metries and w, = Mézg)(oo) is assumed for definiteness. The
regulator R can be removed smoothly since the moment is UV-
finite.
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A B
guv,9uv

A B
91R, 1 91R,

FIG. 1. Possible RG-flow trajectories from an UV-FP g\, g5
to an IR-FPs. The trajectories 7, , and 7 flow into the IR;- and
IR,-FPs respectively. Hence Aby = Aby # Abz_with the last
statement being the generic case. '

Eq. (26). Hence this derivation provides an
alternative to the one presented in Sec. I A 1.
Flow-independence only poses itself for two or
more couplings, as illustrated in Fig. 1, and trans-
lates in our case to the question whether (the
difference of) 2-point functions can depend on the
approach in coupling space. Local reversibility of
RG-flows implies that this cannot be the case. If one
assumes for example that the RG-flow can be
linearised around a FP then the limit is automatically
uniform and the flow therefore independent of the
path.

Equivalently flow-independence can be obtained
by rewriting (38) as line integral of a vector V¥ over
coupling space

ab=g [ "B i = [ P VRag. (@)

gIr

Path-independence follows from V% being curl-free
which is true if and only if V¥ derives from a
potential VX = —9gf™. Contracted by p& gives
= pEVE = —pBopfR = dlnﬂfR for which
fR= LgéR is a solution (17). We refer the reader
to Appendix B for related and refined discussion of

these quantities. Note that we have used that Lee is
independent of b in wntlng /}Bang.a as a total

In p-derivative of Leg .

It should be added that flow-independence is not
straightforward in the case where the coupling
manifold is topologically nontrivial e.g., not simply
connected. In this case the Stokes like argumentation
(42) breaks down and the correlation functions in
(41) are multivalued. This topic certainly deserves
further study but is beyond the scope of this paper
and we refer the reader to Ref. [32] for recent
discussion on how to count RG-flows.
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2. Properties of b(p) =I;§‘; (u) outside the
fixed points (local flow)

The extension of b outside the FP is scheme-dependent.
It is dependent on the scheme for the (®®)-correlator and
the b-coupling which were discussed in Secs. I A and I B
respectively. Hence generically b(u) = l_)% (). For extend-
ing the flow integral the preferred scheme is the MOM-
scheme where the Zamolodchikov metric is positive and
properties of monotonicity and gradient flow follow.

(i) Monotonicity: From (21) we may define,

_ _ 1 o
BN =B =5 [ A, @)

a flow dependent extension satisfying the boundary
conditions )M (co) = byY and bEOM(0) = b .
Due to the positivity of y3°M (27) the functlon
bM}?M (u) is monotonically decreasing along the flow
(with decreasing p).

(1) Gradient flow type equation: From the anomalous
WI (A2) the following Eq. (A3) was derived’;

8 ABﬁAﬂB dlnﬂ '{ = (ﬂAaA +ﬁ,[77zbab)

(44)

For R, = MOM-scheme, (44) would be a gradient

flow type equation if it were not for the ﬂf” -term.
Since the latter vanishes in the R, = R?-scheme one
can then obtain a gradient flow equation. For a
compact presentation of the gradient flow formulas
the following notation is introduced

_ 1
b%[zOM(,M), Gap(u) = SZ%SM(/J)’ (45)

b(p) =
and T = —Inu, increasing towards the IR, and
shorthand = diT. The equation then assumes the
familiar form

b=—p0,b = ~Gupp'p® <0.  (46)
One then obtains the gradient flow type equation of
the form

aAl; = (Gap + QAB)ﬂBv (47)

’Note that the R, scheme-dependence of the Zamolodchikov-
metric and b ought to cancel on the RHS of the second equation.
Equation (44) is equivalent to one of Osborn’s Weyl consistency
relations cf. Eq. (3.10c) in [25] upon identifying x5 — —x4,
and 4™S — d +1U,p.

045011-7



VLADIMIR PROCHAZKA and ROMAN ZWICKY

where G p = —Gp, is an antisymmetric part whose
form is discussed in Appendix B. In the case where
the antisymmetric part vanishes, (47) becomes a
proper gradient flow equation and can be inverted to
give 8 =G*80,b where GP = (G,5)~" is the
inverse matrix which exists since the eigenvalues
of G'B are strictly positive (28). Covariance of
Eq. (47) under couplings scheme change is shown
in the next section. Note that Eq. (47) is though not
covariant under R,-scheme changes.

3. Transformation of the Zamolodchikov-metric under
scheme changes

The Zamolodchikov-metric has been implicitly defined
through (17) and (23) in an arbitrary scheme R, and
explicitly for the MOM-scheme (24). The expression of Ab
(37) is obviously scheme independent and so the question
of how the scheme dependence of y}CM cancels in the
representation (38) is of interest which we aim to clarify in
this section. It is appropriate to distinguish between the

|

R R
800 = Xoi® — Xoi' = Lpw = pL0gw =

PHYSICAL REVIEW D 96, 045011 (2017)

scheme dependence due to renormalization condition (18),
denoted by R, and a redefinition of the g¢-scheme of the
dynamical couplings (30) which we have ignored for most
part of the paper. It is worthwhile to emphasise that the
transformations have a geometric interpretation in the space
of couplings in that the R ,-transformation is governed by a
Lie derivative on a 2-tensor (infinitesimal change of a
tensor along a flow) and the g2-transformation corresponds
to a coordinate change (generalized rotation).

(1) Changing the renormalization from R, to R,,

corresponds to

R LR 1R,

R
2 X1 N2
Mg = Myp + @, Lyg™ =Lyp"" — wap,

(48)

where w,p is finite, local and p-dependent. The split
Myp(p.p) = M (p, ) + Ll’];(,u) is defined in
analogy to (15) with regards to the (O, Op)-corre-
lator (25). With (17) and (23) this results in

dinp”

R R
SxaB =Xt —Xap = Lpwap = PLOgwap + {(0pp2)wag + A < B}, (49)

where the abbreviation @ = p*pB8w,p was used and Ly
denotes the Lie derivative with respect to the vector field
pA. Hence (38) is manifestly invariant under the scheme
change (48) provided @ vanishes at both the UV and IR
boundary. Under such circumstances a scheme change
might be regarded as being cohomologically trivial. In-
cidentally (49) also clarifies that the Zamolodchikov metric
for a scheme, other than MOM-scheme, is defined as
follows'”

)(}B = _Lﬁng(ﬂ)
= —(BROoLYK (1) + {(04PO)L G (1) + A < B}).
(50)

It is noteworthy that this does not correspond to a total

derivative with respect to In y.
(2) Independence under a change in the coupling con-
stant scheme follows from the f-function as well as

lOEquation (50) can either be derived by straightforward
computation or one may use that on a scalar, with no explicit
u-dependence, ﬁ = pCOc = Ly and that the Lie derivative
along a vector field acts trivially on itself. The reason that the
general definition is more involved, than the MOM-scheme, (24)
is that the -, unlike the p-, derivative does not commute with the

p-functions.

[

AMOM - transforming as tensors. Going from the

scheme ¢” — ¢* results in

5g/P 59A 598
pr = 5 s, )(ﬁoQ :(Sg—’P(SQ—QX%)M’ (51)

where the first equation results from the chain rule

and so does the second since y¥OM is derived from

([0AMN[05(0))e = =d1a()) (=Bip0)) In 2
sg" 599

= 577547 ~Or) (00 In 2

5g" 592

o9 5g"

([0p()][00(0)]).,
(52)
where the prime denotes the change of the coupling

scheme and 6,5 () = /8¢ (x). Clearly f"*'Cyp, =
BBy 4 which shows the scheme independence.

D. UV and IR convergence the Ab-integral
representation

For Egs. (2), (39), (38) being a valid way to compute Ab
the integrals need to be finite. We shall see that (39) is not
finite in the spontaneously broken phase which implies that
either Ab diverges or that the formalism needs to be
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adapted. Before investigating the representation (39) it is
instructive to consider Ab ~ [ d*xx*(©(x)©(0)), (2). First,
(©) is well-defined since (77,) is scale independent and
differs from (®) by the finite Weyl-anomalies vanishing in
flat space. Hence it is the correlation of the two ®@-operators
which is subject to potential divergences in the UV (x — 0)
as well as the IR (for x — o0).

The technical discussion parallels the one in [33] with a
slightly more refined discussion on the subtle case of the
chirally broken phase in Sec. IID 1. In order to analyse
the UV- and IR-convergence one needs to investigate the
behavior of the spectral function close to the FP. In the
case where the scaling dimension (i.e., classical plus
anomalous dimension) of the most relevant operator is
A the spectral density (12) behaves like p(s) ~ s2~2 and
from (39)

_ 0
Ab~/ & gaa (53)
0

s

It is understood that the identity operator (i.e., the
cosmological constant term), for which A =0, is sub-
tracted by an appropriate UV-counterterm as other-
wise p(s) ~s72.

It is useful to distinguish the cases of a nontrivial and a
trivial FP. [i.e., asymptotically safe (AS) and asymptotically
free (AF)]. The case where there is spontaneous breaking of
chiral symmetry is subtle cf. Sec. II D 1. For the AS-case
Ayy > 4 and Ay < 4 in which case the dispersion repre-
sentation (53) converges both in the UV and the IR. For the
AF-case A =4 (53) is potentially both divergent in the IR
and UV requiring a refined discussion taking into account
the logarithmic behavior. In our previous paper [5] it was
shown that AF-free theories, including the multiple cou-
pling case, converges in the UV. In perturbation theory this
can be seen by resumming the logarithms order by order.
An IR-AF theory behaves in the same way with s — s~!
which leads to the same integral as in the UV [33] and is
therefore convergent.

In conclusion in all cases where the theory is a CFT in
the IR and UV the integral representations (39), (38), and
(2) are finite and do hold. Potential problems with the
formulas occur when the theory is not a CFT in either the
UV or IR. This is not surprising since for the IR effective
action derivation of (2) (cf. Appendix A 2), conformality at
the FPs is an assumption. The cases where the FPs are not
conformal include the free massive nonconformally
coupled scalar and the free massive vector boson
(cf. Sec. III D), as well as the chirally broken case which
might belong to the former type in the IR. A few short
comments on extending the framework to include dimen-
sionful couplings. Generally dimensionful couplings
should not worsen the UV-convergence. For example
applying the fourth moment projector P, to the fermion
correlator m*(gqgq), in Appendix B in [5], the p — o
limit exists ensuring UV-finiteness. The convergence in the
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IR is less obvious but if the dimensionful parameter is a
mass the latter can act as an IR cutoff and is therefore
expected to improve the IR-behavior.

1. Spontaneous broken chiral symmetry in the infrared

The case of spontaneously broken chiral symmetry (e.g.,
QCD) is more cumbersome when viewed from standard
chiral perturbation theory. The 7z Goldstone bosons are free
scalars in the far IR and the operator-part of the TEMT
contains a term ® = —%Dﬂ'z + --- at the classical level
(e.g., [34]). This EMT cannot undergo the improvement
proposed in [35] which removes the term above, since the
improvement term is incompatible with chiral symmetry
[33,34,36,37]. This is reflected in the generally accepted
view that chiral symmetry and conformal symmetry are
incompatible with each other.

Adapting the view that chiral symmetry is not compat-
ible with conformal symmetries may lead to problems since
in this case IR # 0 and the Ab formulas might need to be
reconsidered. The most concrete way is to approach the
problem by computation. In the limit of free pions the
(©(x)0(0)) — 1 (Ox?(x)0x*(0)) correlator corresponds
to a bubble graph which contributes a term of the form
TCpo(p) ~ p*In(dm2 + p*) + .-+ to the TEMT-correlator
where a quark mass m, (m2 ~ myAqcp) was introduced
as an IR-regulator. (cf., the closely related discussion in and
around Eq. (2.26) in [33]). This leads to M(;) (0) ~
In(4m2) 4 - - - which diverges in the chiral limit m, — 0.
Unlike in the UV-case it does not seem possible that this
behavior is improved by resumming interactions since
corrections necessarily come with additional powers of
p*/f% where f, is the pion decay constant. A series of the
form  In(4mz + p*)3-,50%,(p*/f3)" (In(4m3 + p?))
with a, < n does not resume to an expression which is
finite in the limit p?, m2 — 0. This is the case since each
coefficient n > 1 vanishes in this limit and the non-zero x,-
term gives rise to a divergence.'' Hence if ® — —10x is
the correct prescription for a chirally broken theory then

"In principle Tyy(p) ~ p* In(4m2 + p?) + ---. might also
affect the formula for Af, when expressed as a dispersion
relation of the four-dilaton scattering amplitude [13,38]. Note
that the four dilaton scattering amplitude contains a term propor-
tional to ['gy(p), where two dilatons couple to the same TEMT on
each side, e.g., [33,39] Eq. (3.7) in the first reference. This term
does not vanish when the individual dilatons are put on shell since
the p? variable corresponds to the sum of two dilaton momenta
p* = (pi + p»)*. Whether or not such a divergence is cancelled
by other terms deserves some further study. Clearly it is at most
the formula and not the a-theorem itself which is troubled by the
chiral phase. Due to the topological nature of the Euler term /3, is
well-defined at each end. Therefore one may introduce a mass for
the quarks and compute Af, via a two-step process Af, =

Aﬂa|mq¢0 —AB,| N2-1 free scalars in order to take into account the
sz — 1 free massless Goldstone bosons.
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this implies that Ab diverges or that the formula (39) has to
be amended. Whether or not this prescription is really
correct is not known to our knowledge in the sense of being
verified by experiment.

Hence the caveat to the reasoning above is that we do not
know for sure whether the chirally broken phase is a CFT in
the IR or not. The degrees of freedom of an effective theory
are not always necessarily clear a priori or simply a
working assumption justified a posteriori by their success.
Low energy QCD is described by an effective theory of
pions, known as chiral perturbation theory (yPT), which is
extremely successful in many domains but whether or not
IR conformality per se has been tested is unclear. For
example it has been advocated [39] that to describe three-
flavor yPT; it might be advantageous to supplement yPT
with an additional pseudo-Goldstone (dilaton) resulting
from the spontaneous (anomalous) breaking of scale
invariance. The effective theory is known as yPT, [39]
and it is currently unclear whether or not this is a valid
description in the sense of improved convergence over
xPT5. The EMT undergoes an improvement in the dilaton
field, which is not constrained by chiral symmetry break-
ing, and seems to eliminate some of the dangerous kinetic
terms (cf. Eq. (3.7) in [40]) discussed above. The remaining
kinetic terms are absent in the case where the low energy
constants ¢y, (u) — 1 for m,, u — 0 which is the chiral-
scale limit advocated in [40]. In summary in yPT, the EMT
can be improved in the dilaton sector which in principle
allows for the elimination of the previously discussed and
dangerous [Jz>-term. It would be interesting to compute (2)
nonperturbatively on the lattice and to check whether or not
a chiral logarithm of the form Inm3 ~ Inm, is present.

E. Section summary

Since this section is the heart-piece of this work we
summarize before continuing the paper. The integral
representations Egs. (2), (39), (38) are well-defined when
the theory is conformal in the IR and UV. The latter might
not be the case for the chirially broken IR-phase (cf.,
Sec. IID 1) and the free field theories of the nonconfor-
mally coupled scalar and vector particle (cf., Sec. III D).
For the latter two cases the operator-part of TEMT, which
excludes equation of motion terms, reads ® = — % Cl¢p? and
0= —%DA% which are only scale but not conformal

invariant and the Ab-integral (2) diverges in the IR and
UV respectively. The IR and UV divergences of the free
field correlators also seem to be the underlying reason why
these cases are found to be regularization dependent in
actual calculation [15,17-20] as documented in the classic
textbook of Birrell and Davies [9]. In summary if (37) is
well-defined then positivity and scheme-independence of
the spectral function imply the global properties Ab > 0
and Ab  scheme-independence. Flow-independence
follows from the fact that the integrand of (38) can be
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written as a total Iny derivative (17) (with € — O-limit
implied). The extension of h(u) outside the FP is scheme-
dependent. In the MOM-scheme (cf. Sec. Il A 1) for the
(®O@)-correlator, positivity of the Zamolodchikov-metric,
as derived in Sec. Il A 2, allows us to extend the b(u) as a
monotonically decreasing function (43) and in the R’-
scheme (cf. Sec. I B) for the byR>-term, b(u) is shown to
satisfy a gradient flow type Eq. (46).

III. EXAMPLES IN QCD-LIKE AND FREE
FIELD THEORIES

Below details on renormalization are illustrated in
Secs. III' A and III C for QCD-like theories and examples
are given for a CBZ-FP and free field theories in Secs. III B
and III D respectively. Other examples, such as the O(N)
sigma model in the large N limit, can be found in the earlier
work [6]. This reference also discusses examples in
d=4—-¢ and d =3 dimensions which are not directly
related to our work since we strictly adapt d =4 in
association with the CIR-flow.

A. Zamolodchikov-Metric in the MOM- and
MS-Scheme

In this section we exemplify the Zamolodchikov-metric
in QCD-like theories in the MOM-scheme and the MS. The
result can be extracted to NNLO using a recent computa-
tion of field-strength correlator in [41]. The convention for
the QCD coupling and the logarithmic f-function are given
in Appendix A 3. With these definitions the operator-part of
the TEMT reads © = £[G?] and therefore g9 = 1 f2x,,-

The MOM-metric is obtained by using (22) and iden-
tifying ng(as(p)) = 16C§° in [Eq 4.18] [41]

d
MOM _ _ 1
Xgg - dlnp p:ﬂng(as(p))
n 73 28
= 2—752 (1 + ag (?CA - ?NFTF>> + O(d?),

(54)

with a, = ¢*/(4x)?> and the standard group theoretic
symbols are specified in Appendix A 3. In principle we
could quote O(a?) but refrain from doing so since we
believe that there is no further insight to be gained from it.
The MS-metric is obtained by using (17) and identifying

LIMS = 167, in [Eq 4.18] [41] (LIMS =ri Ve 1+ 0(e72))

MS _ _
X9 <dln/4

17 10
:L‘JZ 1 +2aS 7CA_7NFTF +O(a%)
2n 2

- 2e) LEMS = 20, (ayriD)
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A few remarks are in order. First, the LO expression is the
same in both schemes and positive in accordance with
positivity in CFTs. The O(ay) coefficient differs but in the
absence of the knowledge of the higher terms no firm
conclusions can be drawn on positivity. Nevertheless it is
instructive to see for what number of flavors the sign of the
second term changes. If we fix N, = 3 then the critical
number is N%|yiom = 15.6 and N%|yg = 5.1 in the MOM-
and MS-scheme respectively. This indicates that the MOM-
scheme is more likely to be positive than the MS-scheme.
In fact N%|yom = 15.6 is very close to a CBZ-FP where the
critical coupling is very small and positivity can be
expected to hold for the first few coefficients of yNOM.
The difference between the MOM- and MS-metric at O(ay)
is due to the O(a,)/e*-term in the bare term. Hence the
single logarithm € In(p?), relevant to the definition of the
metric, needs to be complemented with an additional O(e)-
term which cannot be deduced without further computation
in order to obtain a finite result. Yet since the O(ay)/€*-
term equals —f3,O(a?)/e-term, the difference between the
two metrics has to be proportional to f, which is easily
verified

n
2™ =iy =5 52+ 0@).  (56)

Note, the pfj-coefficient is consistent with the generic
formula for a scheme change (49).

B. Caswell-Banks-Zaks fixed point

The CBZ-FP [42,43] is a perturbative IR-FP which is
analytically tractable and therefore often serves to illustrate
conformal window studies explicitly. The CBZ-FP in
QCD-like theories (cf. Apendix A 3 for the conventions)
is found by tuning N, and N in some quark representation
such that #(a!®) = 0 with B approximated by some low
order in perturbation theory and crucially a!R being small.
This amounts to keeping the parameter x = —%I/\},—" <1
small and introducing the following power counting
a, ~O(x) and B~ O(k?).

Since Ab is determined from the 2-point function we
may use the recent NNLO computation of the (G*G?)-
correlator [41] (® = $/2[G?] in QCD-like theories) to
obtain Ab and S, to NNLO which is O(x*). Concretely
Ab is obtained from (38)

1 [ £\ 2
1 faf
-3 ; 0, (é) ur:;!(]w(u)du, (57)

where to deduce the second equality, (55) and integration

by parts were used. The first pole residue r}él), known from
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[44], is quoted in [5] [Sec. II1.4.2.] in the notation used
here. Using the formula above we get

1(1.0)
AT (qie)2

1 1(1,0 11,1
_%(2ﬂ2”gé )"'ﬂl”gé ))(aiR)S

Ab =

I (3 100 1y L 102
o (Eﬂﬂg; "+ gy + Eﬂlrg; )> (@)
+0(a3). (58)

Solving f(a,™) = 0 up to the fourth order gives

alR__l@<1+ﬂ0ﬂ2+ﬁg(2ﬂ%_ﬁlﬁ3)

N — o(pY). 59
roto(142 1 )+ (5. (59)

Inserting this expression into (58) and using (E4) the final
result of this section reads

o 72
Ab = N (142( =
72007 CK( + (25) o

53 x 4231
= 1 K
3% x 254
(60)

Note that LO and NLO expression agrees with Ref. [10].
The O(x*) term is new and it is observed that the factor of

{5 has dropped from the final expression. With the knowl-

edge of the four loop expression r}“’” one could easily

extend this expression to O(x°) by using the evaluation of
the f-function to five loops [45]. It is noted that since k =
=3/2fy/N. >0 in the conformal window the above
expression is manifestly positive in accordance with (2).
Effectively (60) corresponds to Euler flow difference
Ap,/2 since it can be shown that in QCD-like theories
AB, = 2Ab + O(x®) [311."

C. The R?*-scheme in QCD-like theories and the
renormalization of G?

It is instructive to consider the case of a QCD-like theory
to understand what happens in this R>-scheme. From the
work of Hathrell [11], related to QED but sufficient for our
purposes, the relevant part of the TEMT reads

(17,) = $(d=4)(G*) ~ (d = 4)boH> + -, (61)

in terms of bare quantities. The relation of the latter to the
renormalized finite quantities is as follows

"It is presumably possible to obtain the Zamolodchikov-
metric for the f,-flow, )(Zg ~ G,, (notation as in [10,38] on the
LHS and RHS respectively) in QCD-like theories from Eq. (2.20)
in [38]. For a one coupling theory the antisymmetric Sy, = 0,

)(%S = —y4s~ Ay is known to NNLO and the knowledge of
)fggg ~ By, to NLO seems sufficient to get X9 at NNLO.
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(d=4)(G?) =2 ([G°])™

A=
SN

MS

(62)

where by = p¢=*(bMS + LMS) and the MS-scheme depend-
ence has been labeled. In both equations the dots stand for
terms which are not essential for our discussion. Note that
when (77 ,) is expressed in terms of renormalized quantities
the L,-term cancels and the (d —4)bH? vanishes in the
e — 0 limit and (77,) = B/2([G*])MS — pMSH? + - - .,

Thus the question is what happens to this picture in the
R?-scheme. Taking the definition into account (35) we see
that the equations above change to

1

SN

(d=4)(G?) =5 (G +---. (63)

&~

with by = u*bk*. When inserted in (61) this gives the
same scheme-independent VEV of the TEMT

(1) =SS = gy + o = L@ 4

(64)

when expressed in terms of renormalized quantities in the
€ — 0 limit. The above reasoning can be restated as
BUIGTIMS = ([G*)F) = 2(8)'S = p§ )H? = 2p)/SH?
valid up to terms previously denoted by dots.

D. Ab in free field theory

Free field theory flows are instructive and relevant since
they describe the transition from an asymptotically free
theory to the chiral broken phase of free massless goldstone
bosons [46]. A higher derivative massive free field theory
computation is deferred to Appendix D. Concretely we
think of a massive free field of spin s consisting of (2s + 1)
degrees of freedom in the UV which decouple in the IR.
Within this setup (2), or the adaption

A

26 = gPolpeo [ direr(@WOO)..  (65)

1
8
with f’z defined in (9), can be considered as an efficient
[JR-anomaly calculator provided (cf. Sec. I1E) that the
integral is convergent in the IR and the UV. For this to be
the case conformality ought to be broken by soft terms only.
This is the case for the free massive conformally coupled
scalar and fermion for which the operator-part of the TEMT
are ® = m?¢* and ® = mgq (Dirac fermion) respectively.
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Using the formula (65) we get

- 1

Ab o) =§m45’8(0,m2) = 1[unit],

= 1

Abyoe(oy =—gm* (2m*B(0,m?) + By (0,m?)) = 6[uni],
(66)

where [unit] is a normalization factor

[unit] = (67)

384072°

(2880 = 3/4 - 3840 converting to the conventions of [9])
and

I'(e)
(47)

is the bubble-integral for equal mass scalars with primes
denoting derivatives with respect to p? and I is the Euler
function. It is readily seen that (66) agrees with the results
in the literature [9] (cf., Table 1 of chapter 6.3) by taking
into account the conversion c|jg = 4/ 3Ab and the factor
two for Dirac versus Weyl fermions. The convergence of
the integral presumably is in 1-to-1 correspondence with
scheme-independence of direct computation using a regu-
larization method to derive (3). For example the {- [47] and
dimensional-regularization [17] yield the same result. This
contrasts the case of the free nonconformally coupled scalar
and the vector particle for which those methods yield
different results. This is reflected here in that the for-
mula (65) is IR and UV divergent for the nonconformally
coupled scalar ©® = —1[J¢* + m*$* and the vector par-
ticle. This issue clearly deserves further study in view of the
remarks at the beginning of this section. An interesting
aspect is that the scalar to Dirac fermion ration is 6 for the
Ab but 11 for AB, and might therefore give rise to tighter
bounds.

Bulpton?) = s [ el 4 21 =007, (68)

IV. SUMMARY AND OUTLOOK

Amongst the Weyl-anomaly contributions (3) the b[IR-
term has received considerably less attention as compared
to the Weyl and the Euler term, presumably because it is
ambiguous b — b —twg under £ — L + (wy/72)R* (4).
Our starting point was the observation that whereas such an
ambiguity is present in each theory it disappears in the flow,
Ab=bY — bR, since the IR and UV ambiguity are
identical. On the technical level the crucial ingredient is
the UV-finiteness property of the (®®)-correlator, dis-
cussed in our previous work [5], allowing us to identify Ab
with a bare and therefore RG-scale invariant correlator (37).
The quantity Ab describes the global flow properties,
cf. Sec. IIC 1, which include scheme-independence and
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positivity Ab > 0 which are most clearly seen from the
spectral representation (39) as previously observed [7]. The

integral representation of Ab follows from an anomalous
Ward identity (A2)

_ 1 [
ab = [ R )

_1/oo d
8 ) dlny

The integrand being a total derivative implies flow-inde-
pendence of Ab which is one of the main results of this

work. The quantity ;(}B is the 4D analogue of the
|

Co (pp)dIng. (69)

1
8

DM (u) = bRy —¢ / ™ B %) (w')dIn g,
In gt/ po

which is monotonically decreasing along the flow (43)
where R, is the scheme-prescription of the byR*-term (32).
Moreover the UV-finiteness [5] allows us to define a
scheme, referred to as the RZ-scheme, for which the R2-
anomaly vanishes along the entire flow ﬁfz = 0. In these
particular schemes, b}/ (u) obeys a gradient flow type
Eq. (46), (47) which in the notation here reads

= 1
b (1) = = AN pAPE < 0. (71)
Furthermore in Sec. ITI B we extend Ab for Caswell-Banks-
Zaks fixed point to NNLO using a recent computation of
the (G?G?)-correlator. This corresponds to fourth order in
the Caswell-Banks-Zaks coupling and constitutes also an
extension of the Euler flow Af, (a-theorem) to the same
order since Af, = 2Ab up to the sixth order [31].

It is noteworthy that, due to topological protection, /3, is
well-defined at both the UV- and IR-CFT. As discussed
above such a term is also irrelevant for Ab but requires an
adaptation of the moment formula (2) to (37).13

Generally the Al_y—integral representations (37)—(38) are
correct when conformality is broken by soft terms only,
e.g., ® = m?¢* and ® = mgq, in which case the integrals
converge in the IR and UV and (37) can be regarded as a
LJR-anomaly calculator. UV-convergence is ensured for
asymptotically safe and asymptotically free theories [5].
Free field theories are a class on their own, coherent with

BOne may distinguish a total of four scheme choices: the
dynamical couplings g2, the h-coupling (R ,-scheme), the choice
of the 2-point function for the dynamical operators (R,-scheme)
and wyR?-term (4). Other than in Sec. I C 3 the scheme of the
dynamical couplings have not been considered. The R;,-scheme
and the wyR>-term are related in that by = @4 (b% () +
LZ}” (1) + wy) where wq is p-independent cf. Appendix C for
further remarks.
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Zamolodchikov-metric and independence with respect to
the (0,05)%-scheme is ensured by the local quantum
action principle cf. Sec. II C 3.

The key point in discussing the local flow properties
(cf. Sec. 1 C2) is the discussion of scheme-dependences
since flows, in general, are known to be scheme-dependent
outside ﬁ>7<zed points. The definition of the Zamolodchikov-
metric y,5 (2-form) in the MOM-scheme (24) is
considerably simpler than the generic Lie derivative
definition (50). For the former positivity yYoM(u) > 0
is shown to hold nonperturbatively using a spectral

representation. This suffices to define a quantity
___d
(= _dlny)

b <0, (70)

|

our finding that convergent correlation functions diverge at
fixed order in perturbation theory. Since propagators of
massive fields @) of spin s contain terms scaling like
(k*)s~!, the representation in (37) diverges in the UV for
conformally coupled fields of spin 1 and higher.14 UV-
convergent cases include the previously quoted free spin 0
(conformally coupled) and spin 1/2 particles for which we
find results (cf. Sec. III D) in accordance with direct [IR-
computations [9]. Nonconformal couplings of the type ® =
—%Dqﬁz + m¢?* worsen the situation and already lead to
UV-divergences in (37) for spin O fields. IR-divergences
occur for nonconformally coupled spin O fields Ab ~
In(my) (cf., the discussion in Sec. IID 1).

The problems of a free spin 1 particle might be cured by
using a gauge invariant formulation, e.g., providing mass to
the spin 1 field via a Higgs-mechanism as mentioned
elsewhere [6]. The nonconformally coupled scalar is
relevant since it is associated with the Goldstone boson
of a spontaneously broken chiral symmetry. The IR-
divergence does not appear to resume to a finite expression
cf., Sec. IID 1. Since chiral symmetry and conformal
symmetry are regarded as excluding each other, removing
the Clz?-term, with 7z denoting the Goldstone bosons, by
the usual improvement [35] seems prohibited. If the
prescription ® — —%Dzzz is correct then Af,, the flow
of the Euler term, still seems well-defined since its
topological nature permits to bypass the problem in an
efficient manner cf. footnote 11 What happens for the flow
of (IR is less clear. It might either indicate that the flow Ab
diverges or that the formulas need to be amended. It is
possible that this situation may change should there exist a
phase where scale symmetry is spontaneously broken

"“This seems linked to the scheme-dependence found for direct
evaluation of the spin 1 term via (3) cf. [9].
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(Goldstone-Nambu realization) and the pion degrees of
freedom are supplemented by a dilaton in which case
improvement might be possible. Clearly the question of IR-
divergencies of the chirally broken phase deserves further
study.15 The resolution for the [1R-flow has the potential to
render it more predictive for theories with broken chiral
symmetry, e.g., a bound on the conformal window which
differs from the one of the a-theorem.
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APPENDIX A: DERIVIATIONS
OF Ab ~ [d*xx*(©(x)0(0)),

In this Appendix we derive the fourth moment formula
for Ab (2) using anomalous WIs, the (Weyl) anomaly
|
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matching procedure by Komargodski and Schwimmer
[13,48] and indirectly by veryfing (5) for QCD-like theories
using result by Hathrell [11] on the renormalization of the
field strength tensor in curved space in Secs. A1, A2,
and A 3 respectively. We stress that the derivations of in
Sec. A 1 and A 2 are general and do not rely on the specific
interplay of ¢ and b in QCD-like theories.

1. The fourth moment and Ab from an anomalous
Ward identity

Anomalous WIs can be obtained by applying operator
combinations of the form D (x,u)=— (8 £ 64(x) (1))
to the partition function. A single application gives

D_(x.u)InZ = g((T7,(x))" = pA{[04(x)])")

=4pR\/g00H + - - -, (A1)
where the dots stand for terms which cancel from the final
expression. The quantity g denotes the determinant of the
metric g,;. Note, the u-dependence of b is balanced on
the LHS by the second term. The WIs are anomalous in the
sense that they display the Weyl anomaly on the RHS of
(A1). Applying a second D-operator leads to

Do (0.p)D_(x.p)InZ|, 5 = (T7,(x)T*(0))F = p*B*([04(x)][05(O)])F)
+ (217, (x)) = B2 (0pB*){[04 (x)]) *)8(x)

= —8bhR[1%5(x),

where the vanishing of the commutator, [, #*64()] = 0.
was used. The anomalous WI (A2) corresponds to
Eq. (6.21) in [12] (in Minkowski space). With regard to
the notation [12,25], the identification 4b™ (1) =4(c" (1) —
bR(u))=d(u)=d+1p2Uy(u) and 4b™ = d, gives a con-
sistent picture. Note that by combining different anomalous
WIs some Weyl consistency conditions arise [12]. This is of
little surprise since the commutator above encodes the
essence of the Weyl consistency relations.

Applying [d*xx* to (A2) and differentiating with
respect to the scale ﬁ one obtains

d
dlnpy

- 1
b = AR (A3)

upon using (17), (23) and © = p4[0,]. Above we have
directly assumed the ¢ — 0 limit and crucially used the fact

that dl‘f] . M@‘R( p,p) = 0, the renormalized counterpart of

15 . . . .
So does a systematic study of dimensionful couplings, e.g.,
[38] for local RG-formulations, beyond the remarks in Sec. II D.

(A2)

[
the (T7,(x)T#,(0))X-correlation function, is scale indepen-

dent. This is the case because the counterterm b in (29) is
scale independent. Combining Eqs. (17) and (A3) one
obtains Eq. (26), Ab = 1 (M$)(0) — M{y) (c0)), with more
detail shown in Sec. II C 1, which is equivalent to (2) and
completes the task of this Appendix.

2. The fourth moment and Ab a la
Komargodski and Schwimmer

The fourth moment formula for Ab (2) is derived here in
close analogy to the second moment formula for #2° in [48]
building on the anomaly matching procedure in [13]. The
derivation proceeds by matching the term b™® in the IR
effective action

InZ = bR / d*x\JgH? + - - -, (A4)

with the path integral expression. Above the dots stand for
nonlocal and Weyl-invariant contributions. The local part of
(A4) is dictated by the IR trace anomaly (3). The
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correctness of (A4) follows from a Weyl-variation g, —
e"»Wg  for which (T7,) = (=8, )InZ and (=8, ) H* =
40JH. In what follows it is convenient to assume a
conformally flat background g, = e‘z"(x)éﬂ,, for which

In Z = —4b® / d*x(Os)? + O(s?). (AS)

One might wonder whether the presence of W? and E,
would interfere in this picture. This is not the case since for
conformally flat background W? vanishes and E, does not
contain a quadratic term in s(x). In passing we remark that
this fact is at the heart of the difficulty of establishing the
4D a-theorem (ApS, > 0).

On the other hand In Z written as the Euclidean path
integral over dynamical fields ¢; reads

Z — </ D¢'e_sd_vn(¢ifg;w)+b0 fd4x\/§H2>

_ ( / Dipye=Sinbi9) b [ d4x(ms)2+<9(s*)) (A6)

PHYSICAL REVIEW D 96, 045011 (2017)

where the conformally flat metric was assumed in the
second equality and b is the bare gravitational counterterm
with conventions specified in (29). Note that these con-
ventions imply a somewhat unfortunate sign of the initial
condition by = —bYV.'"® The quantity b™® is found by
performing a derivative expansion of the quantum part
of the path integral in order to match the (Cls)?-term in
(AS). Concretely

ln/D¢ie‘de'l<¢f’s) = anO—/d4xs(x)<®(x)>

% // d*xdys(x)5(y)(©(x)0(»))

+0O(s), (A7)

where here (...) refers to the flat-space VEV. The TEMT
correlators appear in the expansion since s(x) is the source
term for the latter. The four derivative term (A5) is matched
by Taylor expanding the double integral term in (A7) to
fourth order

1
s() = s(0) 4+ 7 (% =9 = 9) (¥ = ) (x = 3)70,0,0,055(x) + O(). (A8)
Using the Euclidean rotational symmetry the following replacement
1
(=) =) (= y)P(x = 3)7 = 5 (x =) (F¥7 + 508 + 5°5), (A9)
is valid under the integral. Changing the integration variable to y = z 4+ x one gets
1 1
5[] #rsestemem. = [ s [ #zere), -
1
b ax(Os))? / d224(0(2)0(0)).. (A10)
Substituting (A7) in (A6) and using the derivative expansion (A10) leads to
- 1
—pR —1In Z|4f(ms)z = by + 30 d*z24(0(2)©(0)).., (Al1)
and
- - 1
Ab = DbYY — bR = 3 d*xx*(®(x)0(0)),. > 0, (A12)
then follows by using the initial condition by = —bhYV in the above equation. It is important to note that this derivation

implicitly relies on the theories being conformal in the UV and IR since #S¥T = 0 and so the b and 3, do not interfere in the
Weyl anomaly (3) when reduced to a conformally flat background.

"°It is instructive to underlay this statement in the language of the QCD-like example of Sec. A 3. Using d = 4, the following lengthy

chain applies of equations by = bUY + LYV = pVV =

—(6YV — bYV) = —bYV, when taking into account that L} = 0 and ¢V = 0.
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Adding a term 6L ~ wyR? (4), resulting in by — by +
éwo does not affect (A12) since it is present in both the UV
and IR term bYY = —b; of D' = —b, + §C},(0). Stated
more simply b, is only an initial value which does not affect
the difference accumulated in the flow. A more serious
issue is the question as to whether the fourth moment
converges in the UV and IR which is discussed in Sec. II D.

3. The fourth moment and Ab a la Hathrell
in QCD-like theories
In this section we rederive the formula (5) in QCD-like
theories by direct use of the expressions for ﬂMS & Lﬂ MS,
the local QAP and results on the renormalization of 62 in
the external gravitational field. The link between the gravity
counterterms (29) and (@...0)-correlators is given by the
QAP and establishes L)S = —1 L, (34) which consists
in our first step. The relation between b and b is as follows

b(u) =o(u) —bu). V=0 (A13)

where o(u) = o(ay(u)) is a quantity related to the renorm-
alization of G? in a curved background [1 1].17 In some
more detail the bare b in the Lagrangian (29) [with ¢ — 0
allowed by finiteness of L, (34)] is

bo = b = b(u) + Ly(n), (A14)

where we remind the reader that the u-dependence arises
from a,(u). From the explicit expression of Lg;)MS given in
Sec. III. 1 of [5], it is observed that (¢ — O implied)

1 fas
3/ Oy <§>u<1 —(%) r}él)(u)du
MS | ra,
= % - §A 0, (’i) urgg (u)du

1 fa_ (P
__ MS_
=—0 3, 0, <u) urgq (u)du

LYS(u) =

(A15)

where in the last line the formula ¢ = —f,,/(2p) [11] was
used along with the formula for ,Bbl

@“=—( d

-2 LMS
dinpy e) b
1 A(

_ U play) o, (Bu) 5 a0
16 a, /) a"( u >urgg

"The quarks and gluons that are integrated out in an external
gravitational field lead to a curvature term [JR which when
dwergent needs to be subtracted.

"From (A16) one infers that pMS = O(a?) since r%l) =
0O(a?) and that the R?>-anomaly-term is absent for theories with
B = —poa, which is the case for A' = 1 supersymmetric Yang-
Mills theory.

(u)du. (A16)
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Taking the IR limit (a; — a,™®) in (A15) we get

i a,® é 1(1)
32/0 O (u) urgy ' (u)du.

(A17)

LII;/[S (a‘ITR) — _O.IR.MS

Further usmg Ly(al®) = pYY -
account 6¥¥ = 0 one arrives at

b™ (A14) and taking into

-1

1 a,.IR ﬂ
Ab = 32, 0, <u) urgg (u)du (A18)

in agreement with (57). Since the latter is equivalent to the
fourth moment (37) the task of this section is completed.

APPENDIX B: ON THE ASYMMETRIC PART TO
THE GRADIENT FLOW EQUATION (47)

The goal of this Appendix is to discuss the antisymmetric
part G 4g 10 (47). Clearly such a term does not affect global
results since it vanishes when contracted by #*4? in (46).

The possibility of such a term can be inferred directly
from the definition 4%, = —EﬂLl‘Zf (50), related to G4 as
in (45). It is straightforward to obtain
(B1)

ﬁA)(ZXZB = -0 f" —ﬂA)?EBv

where

fR=Ly =p Ly ks =0uFf.  (B2)
with F§ = ,BCL“C';z and the square bracket denoting anti-

symmetrization in the indices A and B as usual. Now

OAF§ = OAP LEE + pCOALEE

= V5Lgc + B OsLgc (B3)
whose antisymmetric part is not obviously vanishing.
Hence at this formal level the vanishing of G5 = % I =

%Q[AF E cannot be concluded and QAB has therefore to be
included in (47). The antisymmetric part is the reason why
Eq. (47) is referred to as gradient flow type rather than
gradient flow only.

An interesting question is as to whether 7% is finite or
not. Equation (B1) implies so since 4 ;(A -, and O R are
both finite. The former is finite since y%, is an anomalous
dimension of the (0,0p)-correlator and Jgf™ is the
derivative of the finite quantity f7* = Lg’gR [5]. In
Eq. (B1) an evanescent term proportional to 2ef4L 4z
was omitted which comes from the d-dimensional relation
1k = (2¢ = LyLLK e.g., (17). Such a term can though
safely be neglected since it is finite even in the free field
theory limit. On a final note, the relation to Osborn’s
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formalism is that Oy Fg ~ J4Up) in the notation used in
the Weyl consistency paper [25] and the formula F § =
ﬂcL“C']E{2 resembles the one given in Eq. (2.17) in [49] in the
2D case.

APPENDIX C: DIFFERENT WAYS
OF HANDLING THE GRAVITY
COUNTERTERMS

The gravity counterterms Ly = —(aoEs + boH? +
coW?) (29) are not always treated uniformly in the
literature. We first describe the two different ways and
then show that they give rise to equivalent RG equation for
the VEV of the TEMT."

(1) The authors of Refs. [11 28,50] and ourselves
(cf. Sec. IIB) impose - Vo = 0 for v=a, b, c
therefore treating the coefflclents of the gravity

|
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terms like regular couplings. This leads to
(17 ) = 0 for the generally accepted definition
"

of (77,) (3).

(2) Jack and Osborn decide not to treat v, as couplings
but as pure counterterms (choosing the MS-scheme
in particular), which translates in our notation to

vo = u“* L, This then obviously leads to
dll’l/l< >#0

Hence one might wonder whether these two ways of
dealing with the gravity counterterms are reconcilable. In
fact, as Jack and Osborn remark, below Eq. (2.8) [10], these
two ways are equivalent. Let us see how this works,
assuming that the @y and the ¢, terms are not present
which simplifies the presentation. In our way (item 1) the
RG equation for the VEV of the TEMT is homogeneous
and reads

d 0]
dlnu <Tp/)> = (81 +ﬂAaA +ﬂbah> <Tp/J>|b0:;4("‘4>(b+Lb) =0. (C1)
If treated a la Jack and Osborn (item 2) the RG equation is inhomogeneous
d P 9 A P
dln/l <T ﬂ> 81 +ﬁ 814 <T p>|h0:y(d’4)Lb = 4ﬂbDH + ) (C2)
! 2
where f, = dln L, was used. Note that the 81nﬂ—terms Lpg = ((a¢) m2g? +@) (D1)
vanish in mass- 1ndependent schemes as assumed in this M

work. Now (C1) is seen to be equivalent upon noticing that
(T?,) = 4bUJH + - - - and using that 9,b = —1. At last we
would like to state that it is our understanding that in both
formalisms one can add an arbitrary (u-independent)
constant to by — by + u~*fw,. This constant term is
related to the famous [JR-ambiguity in the trace anomaly
[9,15,17-20] which arises in tree-level computations in
form of scheme-ambiguities. Note that if w, was u-
dependent then one would deduce different conclusions
from the RG-equations. Let us note at last that the u-
independence of (77,) might be of importance for the
possibility of defining the gluon condensate as the deriva-
tive of the cosmological constant term with respect to the
renormalized coupling ([G*])® = 29, AR [51,52].

APPENDIX D: FLOW-INDEPENDENCE OF A
HIGHER DERIVATIVE FREE THEORY

In Ref. [53] the higher derivative theory, of the Lee-Wick
type [54], was considered

“This is our interpretation on the topic which emerged from
illuminating exchange with Hugh Osborn.

It was found that the [IR-flow is dependent on the ratio
m/M and therefore not flow-independent [53]. The ratio of
masses defines different trajectories in the coupling space,
e.g., Fig. 1 for an illustration. Below we present a
conformally coupled extension of this model which leads
to a flow-independent result in accordance with our
findings in Sec. IIC 1 (for dimensionless couplings). In
summary (D1) can be written in terms of two free massive
fields one of them with negative norm. This is of no major
concern since Lee-Wick field theories are known to be
unitary in all examples at least at the one-loop level. The
standard conformal R¢?-improvement is applied to each
field separately. The LIR-flow is then given by just twice
the value for the free scalar field (66) which is in particular
mass-independent.

The solution of the eom of (D1) shows that the 2-point
function propagates two degrees of freedom [m%,2 =

(MZ/Z)(I 1—4m2/M2)]
/ &2 ((x)p(0)) =

M2
(p* +mi)(p* + m3)

om ( 1 1 )
- mi—mi\p®+m} p2+m% '
(D2)
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These two degrees of freedom can be made explicit
at the Lagrangian level by introducing an auxiliary field
X5 [55]

Lo =5 ((09)* + m>§> = M>(3)* + 2,06¢).  (D3)

| —

Upon using the eom y5 = ((0/M?)¢ of (D3), one recovers
(D1). An even more convenient form is obtained by
substituting ¢ = x| + x5

L1 =3 (04 = G4 +m2GA + 22 = M)
=200 - @ +mit - i) (DY

In the second line we have passed to the mass eigenstates,
m%yz quoted above, by a hyperbolic rotation conserving the
kinematic structure. It is apparent that y,; and y, correspond
to free massive positive and a negative normed states
respectively. The two scalar fields can be conformally
coupled by the standard technique (y = %) [35]

1
L5 =35 ((001) = (Ox2)?* + mixt = m3s + 1R (7 = 3)).

(Ds)

Conformality can be made manifest for a conformally flat
metric g,z = e‘zs(x)éaﬂ introducing the Weyl-invariant
fields 7, = e*y1,. The function s(x) conveniently act
as a source for the TEMT. The action S$3™[s]=

[ d*x\/gL53 assumes the form (An = (n — 1))

Sl = [ da((@n) - 0

+mizi — m3zs + AnR(rt - 73)). (D6)
where /g = e~ has been absorbed into 7, , = e~m, 5,
R=6(0s - (9s)?) (90 =
5aﬂaa;(aﬁ;( is understood to be contracted with the flat
metric. Crucially, the action (D6) is manifestly conformally
invariant for n = % up to the mass terms which break the
symmetry softly. The TEMT then follows from

and here and below

<®<x)> :(_SS(X)”s:OanZm%X%_m%)(%_FO(AW)’ (D7)
where Es(x) indicates that y; , but not 7, , are kept fixed.

This is the TEMT of two free massive fields for which Ab is
then simply twice the result of a free field (66)

Al_7|['hd = ZAZJ(O’O) = Z[unlt] (DS)
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It is interesting to note that the negative norm state gives a
positive contribution to the [1R-flow. This is intimately tied
to the fact that Lee-Wick theories are unitary (at least at
one-loop). Most importantly we find, contrary to [53], that
this model is independent of the mass ratio and therefore
flow-independent.

At last it might be instructive to give the conformally
coupled higher derivative version of the action (D6) by
performing the previous steps backwards

- - O¢)?

SHICEE / d'x ((8«:5)2 g+ D0

(- AR\ 2404
+A;1R(¢2<1+%> (ﬁz;p))’ (DY)

where M? = 3 + m3 was used. The corresponding higher
derivative TEMT assumes the form

(O(x)) = <_Ss(x))|s:0 In Zyg = m*¢? — (An),

(D10)

(Og)
M2

which one would naively expect from an improved
version of (D1). Equation (D10) differs from the expression
given in [53]. We have checked by explicit compu-
tation that (D10) [or (D9)] with (2) give the same result
as in (DS).

APPENDIX E: CONVENTION FOR THE
QCD-LIKE g-FUNCTION

In this work the bare S-function /3 of DR are defined by

ding (d-4)
ding 2

p= +p=—c+p. (E1)

The logarithmic g-function (E1) is convenient for QCD and
is to do with the unusual appearance in the Langrangian

L= T;;;Gz For multiple couplings £ = g; OQ the linear
p-function guarantees that p4 = mgA transforms like a

vector in coupling space. We parametrize

ﬂ = _[}Oas _ﬁlasz _ﬂZasB _ﬁ30s4”"
2
A g
=== E2
4= 4 (4r)? (E2)

where f,_; in MS-scheme can be found in Ref. [56].
The first two coefficients, which are universal in mass-
independent scheme, read
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11 4
Bo = <_CA ——NFTF>,

3 3
34 20
pi = (g C/za - ?NCNFTF - 4CFTFNF> s

where Cp, C, are quadratic Casimir operators of the
fundamental (quark) and adjoint (gluons) representations,
Ny the number of quarks and tr[T97T"] = T8 is a Lie
algebra normalization factor of the fundamental represen-
tation. These factors are given by

o N1
F= "N,

1
Cy=N,, Tp=3. (E3)

for an SU(N,.) gauge group.
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1. The Caswell-Banks-Zaks fixed point

The CBZ-FP [42,43] corresponds to a large N, N ¢ limit
with Ny =4 N, —«N, and k < 1. The O(x*) calculation
in Sec. III B corresponds to

2 25 13
fo=3xNe :_<2‘3K>N%;
(701 53 N\ (14731 N
pr= (—12 €K>Nm ﬁ3—< 142 +275C3>N“

(E4)

where f3 was given in [56].
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