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We study the dynamical Casimir effect resulting from the oscillatory motion of either one or two flat
semitransparent mirrors, coupled to a quantum real and massless scalar field. Our approach is based on a
perturbative evaluation, in the coupling between mirrors and field, of the corresponding effective action,
which is used to compute the particle creation rate. The amplitude of the oscillation is not necessarily small.
We first obtain results for a single mirror, both for nonrelativistic and for relativistic motions, showing that
only for the latter may the effects be significant. For two mirrors, on the other hand, we show that there are
interesting interference effects, and that in some particular cases the results differ from those obtained
assuming small amplitudes, already for nonrelativistic motions.
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I. INTRODUCTION

The dynamical Casimir effect (DCE), or motion-induced
radiation, refers to a plethora of phenomena in which real
particles are created from the quantum vacuum due to the
presence of external, time-dependent conditions. The crea-
tion of particles in a one-dimensional cavity with a moving
perfect mirror was first studied by Moore [1], and sub-
sequently by Fulling and Davies [2], as a toy model of
black hole evaporation. Over the years, the DCE has received
increasing attention and has become a relevant topic in
studies on cavity quantum electrodynamics and cavity
optomechanics, superconducting waveguides with time-
dependent boundary conditions, refractive index perturba-
tions in optical fibers, quantum friction, etc., in addition
to analogue gravity models. For some recent reviews, see
Refs. [3-6].

In this work, we evaluate the particle creation rate for a
system which consists of either one or two flat, infinite,
parallel semitransparent mirrors, undergoing oscillatory
motion. Nonperfect moving mirrors have been considered
a long time ago in Ref. [7], where the authors studied the
quantum radiation from a dispersive mirror moving non-
relativistically in 1 + 1 dimensions. Later on, more general
models have been considered by several authors [8].

Our approach here relies on a main assumption: namely,
that of the mirrors being semitransparent, which justifies
our use of a perturbative expansion in the strength of the
coupling between each mirror and the quantum field. This
approach is the dynamical counterpart of the perturbative
calculations of the static Casimir force for dilute dielectric
bodies [9,10], in which the small parameter is € — 1, where
€ is the permittivity.

Since the amplitude of the oscillatory motion(s) is not
assumed to be necessarily small, our results will be non-
perturbative in that amplitude, and therefore our approach
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may be regarded as complementary to others which are
nonperturbative in the mirror-field couplings but restricted to
small amplitudes and nonrelativistic motion. We will con-
sider a simplified model involving a vacuum real scalar field,
with the mirrors described by means of §-potentials, and will
present calculations up to second order in the coupling
constants. The results could be generalized to more realistic
models involving the electromagnetic field and to higher
perturbative orders. In particular, we have in mind situations
in which there is particle creation due to a varying refractive
index perturbation n(#,x) =nq+6én(t,x) with sSn<1 [5,11].

The model considered in this paper has been first
analyzed in the context of the DCE in Ref. [7], in 1 41
dimensions. It was pointed out there that, due to infrared
divergences, an approach perturbative in the coupling
constant is not possible. However, these divergences are
typical for two-dimensional massless fields. As we will see,
they disappear in higher dimensions, and the perturbative
calculations are perfectly well defined (to our knowledge,
this point has not been explored before). Generalizations of
the o-potential models have been considered more recently
in the context of optomechanics [12].

This paper is organized as follows: in Sec. II, we describe
the system that we consider subsequently and introduce
our conventions and notation. Then we consider the in-out
effective action, presenting the corresponding weak-
coupling expansion. In Sec. III, we compute the imaginary
part of the effective action for the case of an oscillating
single mirror. Using the Jacobi-Anger expansion, it is
possible to compute the imaginary part of the effective
action for oscillatory motions of arbitrary amplitude,
including relativistic corrections. In Sec. IV, we consider
the case of two oscillating mirrors. We discuss interference
effects and compare the results with those coming from a
small-amplitude approximation. Section V contains the
conclusions of our work.
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II. CLASSICAL MODEL AND IN-OUT
EFFECTIVE ACTION

A. The classical action

We follow the functional integral formalism, whereby the
system is defined in terms of its (real time) action S, for a
real scalar field ¢ in D = d + 1 dimensions. The action also
depends on the configuration of the mirror (or mirrors),
which play the role of “external fields” here. In the examples
that we shall consider, they are assumed to be infinite and
parallel planes [ 13]; it is sufficient to give just one function of
time to determine the position of each mirror. Furthermore,
we assume S to have the structure

S=38,+58, (1)

where S, denotes the free real scalar field action:

1
Sule) =5 [ 0,00, @

the part of the total action which is independent of the
configurations of the mirrors. The S; term accounts, on the
other hand, for the interaction between the field and
the mirror(s). For a single, flat, zero-width mirror, moving
along the normal direction to its plane, its instantaneous
position may be completely determined by an equation with
the form

xl = q(x?), (3)

where x¢ denotes the coordinate normal to the plane.
The class of mirrors considered in this work has, therefore,
translation invariance along the spatial “parallel” coordinates
x = (x',....x%1). Besides this, the coordinates which are
relevant to describe the motion will also be denoted
(irrespective of the value of d) as z = x¢, and ¢ = x°, and

we will assume its action S; to be given by

Si==5 [ @ 0ok - a0l (&)

where 1 is a constant that determines the strength of the
coupling, and y(f) denotes the Lorentz factor: y(f)=

1/+/1 = §*(t), which is only relevant to the relativistic-
motion case (in our conventions, the speed of light ¢ = 1).

When considering two mirrors, denoted by L and R, no
direct coupling is assumed to exist between them, aside from
the indirect one which will result from the mediation of
the scalar field. Thus, the total interaction action becomes the
sum of the corresponding terms S = S; + Sg, where

Sur=="58 [ @u7()ole - aa(0)0?(0). (5

PHYSICAL REVIEW D 96, 045004 (2017)

withy, (1) =1/4/1 - é]%’R(t), where the functions ¢; and

qr define the motion of the respective mirror.

The action considered here can be thought of as a toy
model for the interaction of a nonperfect mirror with the
electromagnetic field and, with some modifications, for a
situation in which a refractive index perturbation concen-
trated on a plane travels along a trajectory given by
x? = gq(x9).

B. The effective action

The (in-out) effective action is a functional of the
functions that determine the instantaneous position of
the mirrors, and is simply related to the vacuum persistence
amplitude, namely

el = /D(pei‘s(‘/’) = {Oout|Oin) g20) - (6)

The probability P of pair creation of real particles asso-
ciated with the vacuum field, during the whole motion of
the mirror(s), is given by

e (7)

We note first that I" can be split as I' = Iy + I';, where '
is the effective action corresponding to the free action S,
and therefore it will be discarded. On the other hand,

el = <ei31(fl’)>, (8)

where the average symbol of a given functional of the
vacuum field is understood in the functional sense, with S,
defining a (complex) Gaussian weight:

[ Deg...ei5@

<...> =W.

©)

For weak coupling, we use an expansion in cumulants,
which proceeds as follows: we assume the strength of
the S; term, controlled by the value of the A coefficients,
is such that we may expand I" in powers of that term.

I'; may then be expanded in powers of S;; denoting by ng)
the kth-order term in that expansion, we see that

=T+ 4+ 41 4. (10)

= (S s (1

where the subscript ¢ denotes the connected part of the
Feynman diagrams (resulting from the application of Wick’s
theorem to the calculation of the Gaussian averages).
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In what follows, we deal with the explicit evaluation of
the imaginary part of the effective action for either one or
two mirrors [as mentioned previously, this quantity is
related to the probability of particle creation in Eq. (7)].
Our focus shall be on the D = 4 case, although we will
also comment on some particular cases where different
values of D produce qualitatively different results.

III. A SINGLE MIRROR
The first-order term in Eq. (11) leads to

0 = =5 [ ¢ 06 - ) oel). (12

which may be interpreted as an infinite renormalization for
the mirror, regarded as a particle moving in one spatial
dimension (corresponding to the z coordinate). Thus, FEI)
may be written as follows:

Y = —m, / dr,

where 7 denotes the proper time corresponding to the
trajectory defined by ¢(7), and the mass m,, regularized by
means of a UV cutoff A, is given by

(13)

my =

AL 2 ()
L _aa. (14

A

2

A dP

4 pa- / p
2 A (27)P p
where L has the dimension of length, and L¢~! is the total
“volume” of the mirror, as measured along the d — 1 spatial
coordinates which are parallel to its surface. & is a

dimensionless, regularization-dependent constant.
For the second-order term, we see that

r'? ’iz/dD /de’y 08(z = q(t))y~

x (1)8(z' = (1) (o (X)e(x)))?

_! /dD /de'}/ (1)5(z — (1)1

x (x,x" )y~ (1)8(z = q(1')),

where

(Gx.x"))%, (16)

2
0 (x,x') = %

with the free Feynman propagator G for the scalar field
given by

PHYSICAL REVIEW D 96, 045004 (2017)

G(x,x') = G(x = x') = (p(x)p(x'))
B / (Cziﬂfb PG p),
G(p) = P Ji o (17)
Thus, in Fourier space, Eq. (15) becomes
2 dPk -
=3 [ Gas P WIEWE (8
where
- i [ dPp -
() = 5 [ G566 -1 (19)
and
Fy() = [ @xeboy (0l - g2
= (2m) 7167 (k) £, (K0, k) (20)
R0kt = [y e, @1)

In this perturbative approach, the probability of creation
of a pair of particles is

p=amir?) - | %m[ﬁ%nm) 2

and therefore the total energy &£ of the created particles
reads
de
== | Gy

A. Low-velocity motion

. (22)

D RIF,(K)Plko].  (23)

We now assume the explicit form of ¢(7), the mirror’s
oscillatory motion, to be harmonic:

q(t) = ecos Qt. (24)

We will first consider a nonrelativistic motion, with €Q < 1
and therefore y =1 (in which we will denote f}, E}),
and then compute corrections in powers of the maximum
velocity v = eQ.

The usual approaches to this problem consider small
amplitudes for the oscillation, and then the exponential in
Eq. (21) is expanded in powers of e:

o 1
e~*al) = 1 — jkde cos Qr — 5 (kée cos Qt)? + (25)
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Instead of doing this, we use the Jacobi-Anger expansion
and get

F(KO, k4 =2z f i"J,(k%)8(k° — nQ),  (26)

n=-—oo
where J, denotes a Bessel function of the first kind.
This expression is valid for any amplitude value. The

effective action F becomes extensive in the volume of
the mirror, and proportlonal to the extent 7 of the time
coordinate. Thus, defining 7\ = '’ /(TL1), which has
the dimension of energy per unit of (d — 1)-dimensional
volume,

7 4ﬂ2/ dk[I1

n=-—oo

()] leo-ne Xk =0 olJa(k%€)].
(27)

Finally, since we are interested in the imaginary part of the
effective action, we get, to this order,

1 +o0
2
Iy = )

x / AT ) sar, o ()
(28)

In other words, the imaginary part of the effective action is

determined by the imaginary part of 11?, at some special
points in momentum space, which depend on the properties
of the mirror’s oscillation.

To proceed, we need a more explicit expression for

<2)(k). This object is, generally, UV divergent, but not
its imaginary part, since the divergences are (at most)
polynomials in %, i.e., entire functions.

By using a Feynman parameter a, the p momentum
integral can be performed using dimensional regularization,
the result being

~ 2 - D4
fi®) (k) = —%% A ' daf—a(1 — )k (29)

This is IR divergent when D = 2, while for D =3 itis IR
and UV finite, its form being

~E e (30

) =~

Thus,

A

Im{[1 (k)] = T-0(K| = k()72 (D=3).  (31)
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In the particular case of D = 4, we have a UV-divergent
term which, being a constant, does not contribute to the
imaginary part of the effective action. Thus, from the
minimally subtracted part,

2

1% (k) = —=— log(—k> 2
(k) 972 og(—k%), (32)
we obtain
=) 2o
Im[IT (k)] = 7 Ok — |k|)z (D =4), (33)

where 6 denotes Heaviside’s step function.
We can then write down the explicit results for D = 3
and D = 4 to this order:

> 2R [alel [, (ke))?
Imfy}”]ps = Ton k! — e
n=i /0 V (n€Q)* — (k%)
2= e
iy oy = 55> [ Ak (34)

Note that from Eq. (23), one could also extract the total
power dissipated per unit area: one should insert a factor
2nQ into the series in Eq. (34) and divide the result by the
total time elapsed.

Let us now compare our D = 4 result in Eq. (34) with the
result of a calculation perturbative in the amplitude. To that
end, we expand the Bessel functions for small arguments;
we see that the leading contribution comes just from the
n = 1 term. Hence,

22 IR el 22e*Qf3
2
Imly} )]D:4:Wz ; dk?[J, (ke)]* = T
n=1
(35)

which is consistent with the results in Ref. [14] for the
specific motion of the mirror defined by Eq. (24). A
numerical evaluation of the series shows that the leading
perturbative result is highly accurate in the nonrelativistic
limit €Q < 0.1. This is illustrated in Fig. 1.

We now compute the relativistic corrections to these
results, expanding the y~! factor in f , in powers of v. From
Eq. (21) we obtain

2

+o0 . .
1)2 / dre®1e= % 40sin2Qr + O(v*).

f,-f=Af=

[Se]

(36)

Using again the Jacobi-Anger expansion, we get
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FIG. 1. Imaginary part of the effective action for a single mirror,
normalized by the perturbative result, as a function of Qe.

~ 71' il
Af = Tﬂ; €)[8(ko = (n+2)Q)
+ 8(ko — (n = 2)Q) — 28(ko — nQ)]. (37)
and therefore
22?
2
AIm[yg )]D:4 = 12822
I raq|
x Z/ dkJ,(Jn +J o =20, |-
(38)

To compare this with the nonrelativistic result, we write
both in a way which shows the dependence in v more
explicitly:

,1291
2
il s = Sy, > [l (39)
and
2Q0 &2
2
Alm[yg >]D74 32][2 / dulJ (u), (40)

where the latter has been obtained from Eq. (38) by using
recurrence relations of the Bessel functions.

We made a numerical evaluation of these expressions
and found that the series in Egs. (39) and (40) are
dominated by the first terms, and are of the same order
of magnitude. More concretely, we found that the relativ-
istic correction can be fitted as

2
Alm [Yg )]0:4

Im[y}”

= (.252? (41)

Ip—4

for v < 0.3.
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B. Ultrarelativistic motion

In order to obtain closed analytical expressions in the
ultrarelativistic case, we have found it convenient to
consider, instead of a harmonic motion, the oscillatory
motion ¢(¢) = en(t), where € sets the amplitude of motion,
and 7(¢) oscillates between —1 and 1, depending linearly on
t in each half-period:

0 1 —Qt, 0
) =

Note that this motion has infinite acceleration at the return
points. Physically, this is an idealization of a smooth
trajectory in which the change of velocity at the return
points takes place during a small finite time interval
Ar < 1/Q, and therefore the acceleration at those points
is of the order |a| = 2¢Q/At. We shall keep in mind that
this finite returning time At will act as a “cutoff,” a fact that
will reflect itself when encountering a UV divergence
below. Note that this cutoff is a parameter of the motion,
not an artifact of the calculation. A similar motion (but with
a single half-period) has been considered before by Moore
[1] and Fulling and Davies [2] in 1 4+ 1 dimensions.

The main reason to introduce the idealization above is a
practical one: it simplifies the calculation. Indeed, (neglect-
ing the contribution of this small interval) the velocity in
Eq. (42) always has modulus v = €€, and the Lorentz
factor becomes time independent. Thus,

7, (K0, k) = /1 - (eQ)? /  dte

Noting that e~#“e(t) has a period 7 = 4/Q, we expand it in
Fourier space,

I/\

(42)

/\
.'o|4> :OIN

<t<

ikote—ikda](t)‘ (43)

—lkden § C e—l(u,,t

n=—00

(44)

with @, = 2%, and

1 T nd . ;
Cn _ _/ dl‘e_lkié”(t)elw”t. (45)
7 Jo

By means of the usual “uncertainty relation” between time
and frequency, we note that the Fourier series above have
an implicit cutoft:

| lma ~ (A1) (40)
or
[inax| ~ (QAL)™! (47)
The explicit form of the Fourier coefficients is
F (K0, k) = 274 /1 — (eQ)? Z C,5(k ), (48)
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D=4
2.0 Rmax = 5000 1
; Hmax = 1000
1.5; Rmax = 500 ]
< [ Rmax = 100
%10 1
g |
(=] L
0.5 1
0.0F; ‘ . ‘ ‘ ]
0.0 0.2 04 0.6 0.8 1.0
Qe
FIG. 2. Imaginary part of the effective action for a single mirror
with relativistic motion, normalized by A = 2%, as a function of

Qe. The different curves in the figure show the dependence with
the returning time, i.e. with the maximum acceleration of the
mirror.

with

keQ? e—ikds _ (_l)neikde

C —
! 2i @) - (keQ)?

(49)

Then we see that the effective action per unit time and unit
area becomes

@ _

14 [1—(eQ) }

/-‘roodk

and its imaginary part in D =4 is

l\)l'—

(K)]10=0, 1, =0|Cul?. (50)

\n\<nmx

PQ1— 0> gy (% u?
Im[y(z)] == / du——5s—>—>
ID=4 " 642 v ;::1 0 (%)% — u?]?
x [1 = (=1)"cos(2u)]. (51)

By a change of variables in the integral, it may be written as
follows:

AP2Q1—w
2
Im[yf, Npos = T

/) duﬁ%(“)v (52)

with

nmax

Z cos(mm) ‘ (53)

This sum grows logarithmically with the cutoff. Figure 2
shows the results for different terms in the series as a
function of the velocity. Recalling that n,,,,, ~ (QA7)~!

see that the imaginary part of the effective action grows as
—In(QA?), as At — 0.
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D=3
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FIG. 3. Imaginary part of the effective action (multiplied by
10?) for a single mirror with relativistic motion, as a function of
v = Qe,in D = 2 + 1. It is finite in the limit At — 0 and has the
same qualitative behavior as the case D = 3 + 1.

It is worth observing that the dissipative effects vanish
in the ultrarelativistic limit. This is a consequence of the
o-potential interaction in our model [see Eq. (4)], in which
the effective coupling between the mirror and the quantum
field is A/y: the mirror is transparent as v — 1.

It is interesting to repeat this calculation in 2+ 1
dimensions, where this kind of motion produces a finite
imaginary part of the effective action even in the limit of
infinite acceleration. The corresponding result is

N Uz/”du w
e (1= u22, /1= (42

o

%1 = (=1)"cos(nzu) =
i) = Y LT E ) Ty s

n=1 n

Inserting Eq. (55) into Eq. (54) and performing the integral,
we obtain

|

The plot in Fig. 3 shows the same qualitative behavior as
the previous case. The imaginary part of the effective action
has a peak at a velocity close to » = 0.9 and then vanishes
in the ultrarelativistic limit » — 1.

To conclude this section, we have seen that the imaginary
part of the effective action diverges logarithmically with the
maximum acceleration of the mirror in 3 + 1 dimensions,
and is finite in 2 4 1 dimensions. It is also finite in 1 4 1
dimensions [1,2]. The fact that the UV behavior of the
imaginary part of the effective action get worse for higher
dimensions is well known and related to the phase space
available for the created particles.

(56)
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IV. TWO MIRRORS

Let us consider now two mirrors, each one moving with a
harmonic time dependence, and having a constant average
distance a:

qr(t) = ep cos(Qt +5.),

qr(t) = a + eg cos(Qgt + ). (57)
Note that we have included here also the phases 6, z. As we
will see, they become relevant when there are two mirrors.

The first relevant term in the perturbative expansion
corresponds again to order 2. In this term, there are three
contributions:

M = (S0P + (S0 + (8,8 (58)

the first two of which reduce to the second-order term for
the respective single mirror (the phases disappear in those
terms). Thus, we will only keep the last term, which is also
the only contribution to this order which depends on the
average distance a. This term describes the “interference”
between mirrors in the particle creation rate.

Denoting that contribution by F(L ,3, we see that

Iy MR/ dPx / dPx'6(z - 4. (1)2((@(D)p(x))?

x 6(z' — qg(
=3 [ @ /dD '8z - q () (x, ¥)
x 8(2" = qg(')), (59)
where
%) (x, %) = i2 Ap(G(x, X'))2, (60)
which is of course identical to the kernel I (x, x') except

for a multiplicative constant.
With a similar notation to the one used in the previous
subsection, we also see that

M =3 [ Gap MWL) Fal, (1)
where
d°p - -
)= itin [ GH6IGP-1 ()
and
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Foalk) = / dPxe 35l — ) o(x0)]

= (2z)* ot (kll)}L.R(kO’ k%),

- too :

fL,R(kO’ kd) = / dtelkote_lkqu’R(t>. (63)
Here,
- K09L +oo
Fr(k® k4) = 2me™ o Z i"J, (ke )8(K° —nQ;), (64)
and
= i(KO2R _kd q) -
Fr(K0, k4) = 27e' " ox > i, (kleg)s (K0 — nQp).

(65)

Thus, we see that the second-order term will vanish
unless Q; and Q satisfy

(66)

np € = ngllp

for some natural numbers n; z—i.e., unless the frequencies
are commensurable. Among the different possibilities for
this to happen, let us first consider the simplest one,
corresponding to equal frequencies: Q; = Qp = Q. Then,

+oo
yLR e Z / 4 cos nécos ka

n=—0o0

X (IR (0] 10k, 07 n (K€1) (Ker),
(67)

with 6 = 6 — ;. Note that if we set 6 = 0, ¢, = € and

a = 0, the three contributions of ng) reduce to the result

for a single mirror with coupling 1; + A, as expected.
We will now discuss in some detail the particular case

a >0, e, = eg = ¢ in four dimensions. We have

(2)] 2

I n|Qa
Im[y, ] = Zcos n6/ dx cos x[J,,(xe/a)]?.
0

167°a =
(68)

As in the case of one mirror, we can evaluate the imaginary
part of the effective action perturbatively in the amplitude
of the oscillation, keeping only the n = 1 term in the series,
and expanding the Bessel function for small arguments.
The result is

2) ] )42 62

s [2QacosQa + ((Qa)?

—2)sinQalcoss
(69)

and has some interesting properties. We first note that the

sign of Im[yflg] is not necessary positive, because this is
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D=4, 6=x, Qe=0.1
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FIG. 4.

Imaginary part of the effective action for two mirrors [normalized with A = ¢ 41; 7 X 1072 for (a) and A =
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D=4, 6=n, Qe=0.1
015 T T T

0.10f ]

0.05}F ]

0.00

Imy, ,?/A

—0.05F ]

—-0.10} ]
2.60 2.65 2.i0 2.i5 2.20

Qa

()

22

-3
% 1073 for (b)],

as a function of Qa. (a) The exact (red) and perturbative (blue) results are almost indistinguishable. (b) Zoom near a zero of the

imaginary part of the effective action.

D=4, 6=nr, Qa=1

1.
=
<, 0999
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L
0.998 | ‘ ‘ ‘
0. 0.05 0.1 0.15 0.2
Qe
(a)

FIG.5.

D=4, §=n, Qa=2

1.6}
5
§‘ 1.4}
T
=
&~
E 12}
0 0.05 0.1 0.15 0.2
Qe
(b)

Ratio of the exact and perturbative results as a function of Qe, for (a) Qa = 1 and (b) Qa = 2. In the case of Qa = 2, the figure

illustrates the difference between perturbative and exact results in a region close to a zero of the imaginary part of the effective action.

only the interference part of the imaginary part of the
effective action. It vanishes for some particular values
of Qa =2.08,5.94, ..., etc., whatever the dephasing o.
Moreover, it also vanishes for § = z/2, for any value of a.
In the particular case Qa < 1, we obtain

~/12€2|Q.|3

2
il = 19222 ¢

Im[y, % 086,

(70)

which is twice the result for a single mirror [Eq. (35)]
multiplied by cos 6.

It is interesting to assess the accuracy of the perturbative
result in Eq. (69). In Fig. 4(a), we plot Im[y(Lz,g} for a fixed
value of Qe, as a function of Qa. The exact [Eq. (68)] and
perturbative [Eq. (69)] results are indistinguishable, unless
Qa is close to a zero of the perturbative result. This is
illustrated in Fig. 4(b). The terms of higher order produce
only a small shift in the position of the zeros.

In Figs. 5(a) and 5(b), we plot the ratio of the exact and
perturbative results as a function of Qe, for fixed values of

Qa. These results verify the significant difference between
perturbative and exact results in the region near to the zeros
of the imaginary part of the effective action.

V. HIGHER ORDERS, AND MORE MIRRORS

The results presented in the previous sections can be
easily generalized to include higher-order corrections in 4.
For example, the third-order contribution to the effective
action for a single, nonrelativistic mirror reads

FSS) :% dPx, / dez/de3H(3)(x1,x2,x3)
x 8(z1 = q(11))8(z2 = q(12))8(z3 — q(13)).  (71)

where

= 1/136()‘1 —x3)G(xy — x3)G (x5 — xp).

H(3)(xl’x2ax3) 2
(72)
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Now, since I1) depends only on the differences between
pairs of arguments, its Fourier transform may be written as
follows:

0% (ky, ky, k3) = (27)P8(ky + ky + k3)[1®) (ky, k). (73)

Then, the effective action becomes extensive in time and
the parallel coordinates, defining a density as in the second-
order case:

1 +00 dkd dkd -
3
RS a2 1Y (12,01, k22,0, k5)

"Ny np=—00
X S, (k€)J , (K3€)T _p,—, (= (K] + KS)€). (74)
Again, the imaginary part is determined by the correspond-
ing absorptive part in 1%, that is given by
3
( 4”)D/2

1 1
x/ dal/ da,0(1 — ay — ay)
0 0

X [(arky + oy (kg + ky))?
—akt — ay(ky + ky)?P/2 73, (75)

% (ky. ky) = r3-D/2)

More generally, the term of order n can be written as
follows:

1"5”) —%/del/dez.../denH(xl,x2,...,xn)
x (21 = q(11))--.6(z, — q(1,)). (76)

where

H()Cl,X2, (—1)’1/1nG<X1 —X2)

2
X G(xy = x3)...G(x, — x1), (77)

of which only the part which is completely symmetric with
respect to its arguments contributes to Eq. (76).

When considering N mirrors, the interaction action &;
will be of the form

S=>8" (78)

where each term is proportional to a coupling constant
A% The contribution of order n to the effective action
will be proportional to ((S;)").. Therefore, we see that the
expansion in powers of the coupling constants A1) (assum-
ing all of them to be of the same order) includes, up to order
n < N, n-body interactions between the mirrors. This is
entirely analogous to what happens for the static Casimir
energy, when computed using a perturbative expansion in
the dielectric contrast [9].

PHYSICAL REVIEW D 96, 045004 (2017)
VI. CONCLUSIONS

We have considered the DCE for semitransparent mirrors,
having as the main goal the development of a systematic
perturbative approach to compute the imaginary part of the
effective action in powers of the coupling constant between
the mirrors and the quantum field. The approach is valid in
dimensions D > 3, because of the infrared divergences that
arise in D = 2.

We presented explicit results for the case of one or two
oscillating mirrors, considering both relativistic and non-
relativistic motions, without restricting the calculations to
the small-amplitude limit. Technically, this has been
accomplished by using the Jacobi-Anger expansion. The
resulting expressions for the imaginary part of the effective
action are suitable to compute relativistic corrections,
expanding the y~! factors in powers of v7.

For the case of a single mirror undergoing harmonic
oscillations, we have shown that the results in the non-
relativistic case are practically identical to those of a
perturbative expansion in the amplitude of oscillation, to
the lowest nontrivial order. However, in our approach, it is
very simple to incorporate relativistic corrections, going
beyond the usual nonrelativistic results. Then we consid-
ered, for the case of a single mirror, an example of
ultrarelativistic motion which corresponded to accelera-
tions concentrated in time at the return points, having an
essentially constant speed elsewhere. For 2 4+ 1 and 3 + 1
spacetime dimensions, we found a qualitatively similar
behavior, where the dissipation reaches a maximum at a
relativistic speed, but vanishes when the speed of the
oscillation reaches the speed of light. In 2 + 1 dimensions,
the imaginary part of the effective action is finite in the
limit of infinite acceleration, while in 3 + 1 dimensions, it
diverges logarithmically.

The case of two mirrors oscillating about a constant
distance a is qualitatively different. Indeed, we have found
departures from the calculation perturbative in the ampli-
tudes in the nonrelativistic case (the only case we
considered for two mirrors). Those departures are con-
centrated close to the zeros of the imaginary part of the
effective action, regarded as a function of Qa. Moreover,
we have found that the interference term in the effective
action vanishes unless the mirrors move with commen-
surable frequencies.

Finally, we considered briefly the calculation of higher-
order corrections for an arbitrary number of mirrors. It is
conceptually interesting to remark that the contribution of
order n to the effective action includes up to n-body
interactions, as happens when computing the static Casimir
energy for dilute bodies [9,10].

Our approach can be generalized to more realistic sit-
uations involving the quantum electromagnetic field where
the “mirrors” are, for instance, refractive index perturbations
or relativistic flying mirrors in a plasma [15]. Moreover, it is
also possible to consider other geometries for the mirrors.
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