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Intersecting surface defects and two-dimensional CFT
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We initiate the study of intersecting surface operators/defects in 4D quantum field theories (QFTs). We
characterize these defects by coupled 4D/2D/0D theories constructed by coupling the degrees of freedom
localized at a point and on intersecting surfaces in spacetime to each other and to the 4D QFT. We
construct supersymmetric intersecting surface defects preserving just two supercharges in N' = 2 gauge
theories. These defects are amenable to exact analysis by localization of the partition function of the
underlying 4D/2D/0D QFT. We identify the 4D/2D/0D QFTs that describe intersecting surface operators
in A/ = 2 gauge theories realized by intersecting M2 branes ending on N M5 branes wrapping a Riemann
surface. We conjecture and provide evidence for an explicit equivalence between the squashed
four-sphere partition function of these intersecting defects and correlation functions in Liouville/Toda
CFT with the insertion of arbitrary degenerate vertex operators, which are labeled by two representations

of SU(N).
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I. INTRODUCTION

The rich dynamics that a quantum field theory (QFT) can
display may be probed with defects of various dimensions.
Classic examples are the Wilson and 't Hooft lines, which
probe the state of the system through the response of an
electrically and magnetically charged heavy particle respec-
tively. In recent years, the construction of novel defects of
various (co)dimensions has significantly enlarged the
probes available to quantum field theorists. Chief amongst
these are codimension two defects, which can discriminate
phases that are otherwise indistinguishable by the classic
Wilson—"t Hooft criterion [1]. Codimension two defects
define surface defects in four dimensions (see [2—11] for
early work) and vortex lines in three dimensions [12—-15].
For a recent review on surface defects see [16].

Defects in a QFT can be defined by coupling the bulk
QFT to additional degrees of freedom that are localized
on the support of the defect. Canonically, the coupling
is implemented by gauging global symmetries acting
on the defect degrees of freedom with bulk gauge
symmetries and/or by identifying bulk and defect global
symmetries through couplings between defect and bulk
matter fields. A defect global symmetry associated to the
defect conserved current J,, is gauged with a bulk gauge
field A;, through the following coupling integrated over
the defect:
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/ dxA,(x,x; = 0)J#(x) 4 seagullterms.  (1.1)
D

This construction realizes a defect operator as a lower-
dimensional QFT on the support D of the defect interact-
ing with the bulk QFT and provides a uniform description
of the Wilson lines, vortex lines and surface defects,
among others [17]. The realization of defect operators as
defect degrees of freedom coupled to the bulk QFT has
played a key role in unraveling the action of various
dualities on defect operators; see, e.g., [15,18].

The set of defects in a QFT can be enlarged by
considering intersecting defects. These are constructed
intuitively by letting a collection of defects of various
codimensions intersect in spacetime. This picture has a
natural QFT realization. First, each defect comes equipped
with its own localized degrees of freedom which couple to
the bulk QFT as described above, just as if the defect were
inserted in isolation. In the presence of multiple defects,
this construction can be further enriched by adding new
intersection degrees of freedom along the intersection
domain of the defects and letting them couple to the
corresponding defect degrees of freedom (as well as the
bulk). This is again accomplished by gauging the flavor
symmetries acting on the intersection degrees of freedom
with gauge symmetries residing on the various defects
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(and/or bulk) and/or by identifying them with defect (and/
or bulk) global symmetries. Intersecting defects exhibit
quite a rich dynamics as they bring together under a single
roof the intricate dynamics of QFTs in various dimensions.

In this paper we initiate the study of intersecting surface
defects in 4D gauge theories. More precisely, we consider
the case of orthogonal planar surface defects intersecting at
a point (see Fig. 1 for a pictorial representation). We focus
our investigations on intersecting surface defects in 4D
N = 2 supersymmetric field theories that preserve the 0D
dimensional reduction of 2D A = (0,2) supersymmetry.
These intersecting surface operators on R* are constructed
by coupling an A/ = (0,2) 0D theory [19] at x! = x*> =
¥ =x*=0ta2DN = (2,2) theory at x> = x* = 0 and
to a 2D N = (2,2) theory at x! =x?> =0. These 2D
theories are in turn coupled to the bulk 4D A/ = 2 theory
[20]. This construction is very general, and defines a very
large class of intersecting surface defects.

Pleasingly, the expectation values of these intersecting
surface defects in the Q-background [21] and on the
squashed four sphere [22,23] are amenable to exact
computation by supersymmetric localization, yielding
novel nonperturbative results in 4D QFTs. Consider an
intersecting defect on the squashed four sphere S} with the
surface defects wrapping orthogonal two spheres S? and S%
that intersect at two points, the north pole and south pole of
Si. We show that the expectation value of the intersecting
defect takes the form

(1.2)

intersection 2
2 Zsz ZS% ZSf( ZOD |Zinstanton | s

where Zg: is the one-loop determinant of the bulk 4D
N = 2 theory together with the classical contribution, and
Zg and Zg denote the one-loop determinants and classical
contributions of the 2D N = (2,2) theories living on the
respective surface defects, which are coupled to the 4D
theory. Zzintersection g the one-loop determinant of the
intersection degrees of freedom pinned at the poles and
coupling to the 2D (and 4D) theories. Finally, |Zi,anton|*
are two copies of the instanton partition function, one for
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FIG. 1. Intersecting codimension two defects supported on
planes R, and R3,. There are localized degrees of freedom living
on the planes R%Z and IR{%4 and at the origin; the latter couple to
the former degrees of freedom, which in turn couple to the 4D
gauge theory living in the bulk R*.

PHYSICAL REVIEW D 96, 045003 (2017)

the north pole and one for the south pole of S7, encoding
the contribution of instantons in the presence of the
intersecting surface defects. The 2D and 0D fields intro-
duce new elements to the instanton computation, by
specifying the allowed singular behavior of the 4D gauge
fields and by contributing extra zero modes to the integral
over the appropriate instanton moduli space. In this paper
we perform the detailed computation of the expectation
value of intersecting defects in 4D theories without gauge
fields (see Sec. III).

We proceed to identify a family of intersecting surface
defects in 4D N =2 theories which admit an elegant
interpretation in 2D nonrational conformal field theory
(CFT) and realize the low-energy dynamics of two inter-
secting sets of M2 branes ending on ny M5 branes wrapping
a punctured Riemann surface. The configuration of inter-
secting M2 branes is labeled by a pair of irreducible
representations (R, R) of SU(n;). On the M5 branes
resides a 4D N =2 theory dictated by the choice of
Riemann surface [24] and the M2 branes insert a surface
operator [25,26], whose field theory description we pro-
vide. Our construction realizes intersecting M2 brane
surface operators in 4D N = 2 theories on M5 branes that
admit a choice of duality frame with an SU(n;) x SU(n¢) x
U(1) symmetry [27], which allows for the gauging of the
corresponding global symmetries of the defect fields. This
includes, among many other theories, N =2 SU(n;)
supersymmetric quantum chromodynamics (SQCD) with
2n; fundamental hypermultiplets and the N = 2* theory,
that is N =2 SU(n;) super-Yang-Mills with a massive
adjoint hypermultiplet.

We state, for clarity, our results and conjectures for the
simplest 4D N = 2 theory in this class: the theory of n?
hypermultiplets, living on n; M5 branes wrapping a trinion
with two full and one simple puncture.

Conjecture 1. The M2-brane intersection labeled by
representations (R',R) of SU(n;) ending on the ny M5
branes is described by the joint 4D/2D/0D quiver diagram
in Fig. 2 [28].

The SU(n;) x SU(n;) x U(1) global symmetries acting
on the innermost chiral multiplets of the right and left N' =
(2,2) quiver gauge theories are identified with each other
and with those acting on the bulk hypermultiplets via
defect, 2D N = (2, 2) superpotentials, one localized in the
(x', x?)-plane and the other in the (x*,x*)-plane. Quintic
superpotentials identify the remaining U(1) global sym-
metry of each 2D theory to rotations transverse to the
corresponding plane. The N = (0,2) Fermi multiplet
localized at x' =x?> =x* =x* =0 is gauged with the
innermost gauge group factor of the left and right
N = (2,2) quiver gauge theory. The Fermi multiplet has
an E-term or J-term superpotential [29] quadratic in the 0D
N = (0,2) restrictions of the 2D chiral multiplets.

The representation data (R’, R) labeling the intersecting
M2 branes are encoded in the ranks of the gauge groups of
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FIG. 2. 4D/2D/OD quiver diagram (later denoted 7 g..,;) describing the M2-brane intersection labeled by representations (R, R)
ending on n; M5 branes wrapping a trinion with two full and one simple puncture. The 4D degrees of freedom are denoted in A/ = 2
quiver notation, the 2D ones in A/ = (2,2) quiver notation, and the 0D ones in the dimensional reduction of 2D N = (0,2) quiver
notation, with dashed lines representing Fermi multiplets and solid arrows chiral multiplets. The ranks of the gauge groups are
determined by the representations (R’, R) as in Fig. 3 and the complexified Fayet-Iliopoulos (FI) parameters of the innermost gauge
group factors are opposite while the others vanish. In both halves of the quiver the adjoint chiral multiplets are coupled through cubic
superpotentials to their neighboring bifundamental chiral multiplets. The 2D chiral multiplets charged under U(n,) or U(n!,) are
coupled through cubic and quintic superpotentials to the 4D degrees of freedom, and appear in E or J terms for the 0D Fermi
multiplet. More generally, the 4D SU (n;) x SU(n;) x U(1) symmetry can be partly or fully gauged to insert this 4D/2D/0D quiver in
a larger 4D quiver gauge theory; we then call this 4D/2D/0D quiver “local” to insist on the presence of other 4D degrees of freedom.

the 2D N = (2,2) gauge theories on the left and right of

the diagram by realizing (R’,R) by a pair of Young

diagrams, as in Fig. 3. The number of boxes in each column

of the Young diagram determines the rank of the gauge

group of the corresponding N = (2,2) gauge theory [30].
The complexified FI parameters

. 3
T—lf'f—%

(1.3)
for the innermost gauge groups U(nm,) and U(n!,) are
opposite while the FI parameters for all other gauge groups
vanish [31]. The surviving complexified FI parameter
encodes the position on the Riemann surface where the
intersecting M2 branes end. For the precise brane configu-
ration see Sec. IV.

The same quiver with v + 1/ arbitrary FI parameters
corresponds to the insertion of v sets of M2 branes labeled
by antisymmetric representations [32] (1, A" "1 1) and
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FIG. 3. Gauge group ranks corresponding to Young diagrams
of (R',R).

V' sets labeled by (A"~*+% [, 1). Their respective
positions on the Riemann surface are encoded in the FI
parameters [33].

Conjecture 2. The instanton partition function in the
Q-background IR‘G‘1 e, of the family of intersecting defects
captured by the 4D/2D/0OD quiver diagram in Fig. 2 equals
the W, conformal block on the four-punctured sphere with
two full punctures, one simple puncture and an arbitrary
degenerate puncture. The choice of internal momentum
labeling the conformal block maps to a choice of boundary
condition for the vector multiplet scalars of the innermost
gauge group factors in the intersecting defect theory.

A degenerate puncture of the W, algebra is labeled by
two dominant weights (Q',Q) of SU(n;) through the
momentum vector

1
— b - -Q,
“ b

(1.4)
where b parametrizes the Virasoro central charge [34]. The
data of the degenerate puncture are realized in the quiver
diagram through the irreducible representations (R',R),
which have highest weights (€', Q). The R, . deformation
parameters are given in terms of the Virasoro central charge
by ¢; = band e, = 1/b with b > 0 [35]. The masses of the
4D and 2D matter fields are encoded in the momenta of the
two full punctures and the simple puncture (see Sec. V).

Conjecture 3. The expectation value on the squashed

four sphere S}

2 2 2
Xp X1 tXx3

2 2
x3—|—x4_
_2+

r

p panbl (1.5)

045003-3



GOMIS, LE FLOCH, PAN, and PEELAERS

of the intersecting surface theory in Fig. 2, with the right
N =(2,2) quiver on the squashed two sphere at
x3 = x4 = 0, the left N' = (2,2) quiver on the squashed
two sphere at x; = x, =0, and with the bifundamental
N = (0, 2) Fermi multiplet localized at the north and south
poles of S} at x, = r and x, = —r respectively, is given by
the A, _; Toda CFT correlator on the four-punctured sphere
with two full punctures, one simple puncture and an
arbitrary degenerate puncture labeled by (Q',Q). The
Toda CFT central charge parameter is given by b*> = £/ l.

Conjecture 4. The M2-brane intersection labeled by
representations (sym” (1, sym”[]) of SU(n;) ending on the
ng M5 branes allows for an alternative description in terms of
the joint 4D/2D/0D quiver diagram in Fig. 4 [36]. Similarly
to Conjecture 2, the instanton partition function of the 4D/
2D/0D gauge theory coincides with a W), conformal block
on the four-punctured sphere with two full punctures, one
simple puncture and a degenerate puncture labeled by the
symmetric representations (sym’ [J, sym”[d). Similarly to
Conjecture 3, the S‘g expectation value coincides with the
Ap—1 Toda CFT correlator with these four punctures.

These results enrich the fascinating connections uncovered
by Alday, Gaiotto, and Tachikawa (AGT) [37] between 4D
theories (see also [38]) and between 2D theories [26] and 2D
Toda CFT. Our mapping of the intersecting defects in Fig. 2
with the most general Toda degenerate field insertion, which
is labeled by the pair of representations (R', R), completes
[26], where one of the representations was taken to be trivial
(see also [25,39—-43]). Realizing the most general degenerate
insertion crucially requires considering intersecting defects,
with degrees of freedom localized along intersecting surfaces
and points on spacetime.

FIG. 4. Joint 4D/2D/OD quiver diagram describing the M2-
brane intersection labeled by the n and n’-fold symmetric
representations ending on n; M5 branes wrapping a trinion with
two full and one simple puncture. The complexified FI param-
eters of the two gauge group factors are equal. Cubic and quartic
superpotentials couple the 4D degrees of freedom to the 2D ones.
The OD chiral multiplets on the intersection appear in E and
J-type superpotentials for 0D N = (0,2) Fermi multiplet com-
ponents of the 2D N = (2,2) (anti) fundamental chiral multip-
lets. As in Fig. 2, the 4D SU(n;) x SU(n;) x U(1) symmetry can
be global or gauged.
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FIG. 5. Joint 4D/2D/0D quiver realizing an M2-brane surface
operator in A/ = 2 SQCD. This has the same matter content as the
quiver in Fig. 2.

Extending our story to other 4D N = 2 theories with the
properties described above is straightforward. In the field
theory, we gauge the SU(n;) x SU(n;) x U(1) global sym-
metry of the 2D/OD degrees of freedom with an SU(n;) X
SU(ng) x U(1) symmetry of the 4D theory. In the corre-
spondence with Toda CFT, we insert an extra degenerate
puncture labeled by (Q/,Q) on the punctured Riemann
surface realizing the 4D A/ = 2 theory under consideration.
As an example, the 4D/2D/0D quiver diagram for an M2-
brane intersecting surface operator in 4D SQCD is given by
Fig. 5 [44]. The partition function of this theory is conjec-
turally computed by the Toda CFT five-point function on the
sphere, with two full punctures, two simple punctures and a
degenerate puncture that encodes the choice of the intersect-
ing surface operator.

The paper is organized as follows. In Sec. II we provide a
general framework for the construction of quarter-super-
symmetric intersecting defects in N' = 2 QFTs. In Sec. III
we compute exactly the expectation value of intersecting
surface defects on the squashed four sphere. Section IV
discusses the M-theory realization of the intersecting surface
defects of interest to this paper. Here we also show how the
proposed 4D/2D/0D quiver gauge theories of Figs. 2 and 4
naturally arise in theories admitting a type-IIA description.
Section V states the conjectured relation with Liouville/Toda
degenerate correlators precisely. It describes the concrete
and nontrivial verifications of our conjectures done in
Appendixes A and B. We conclude with some interesting
open questions and future directions.

II. COUPLING INTERSECTING DEFECTS

A planar, half-supersymmetric surface defect in a 4D
N = 2 theory can preserve either 2D N = (2,2) or N =
(0,4) supersymmetry. Indeed, the supercharges [46] of the
bulk supersymmetry algebra

{02. 00} = €"Py; (2.1)
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preserved by a half-supersymmetric defect spanning the
(x!', x?)-plane generate either a 2D N = (2,2) supersym-
metry algebra, say, (Q!, 02, _ﬁ, Q), or an N' = (0,4)

algebra, e.g., (01, Qﬁ)

Surface defects preserving these symmetries can be
constructed by coupling a 2D A = (2,2) or N = (0,4)
QFT supported on the defect to the 4D theory. This is done
by gauging global symmetries of the defect QFT with bulk
gauge or global symmetries and by additional potential
terms [47]. The minimal coupling (1.1) and potential terms
must be supersymmetrized. A strategy to write down the
action of these surface defects which makes manifest the
supersymmetry of the defect theory is to rewrite the 4D
N =2 theory as a 2D N = (2,2) or N' = (0,4) theory
[48]. Indeed, by decomposing the 4D multiplets in terms of
the 2D N = (2,2) or N = (0, 4) ones, the bulk Lagrangian
can be reproduced from the action constructed out of the
lower-dimensional multiplets [53]. The coordinates trans-
verse to the defect appear from the lower-dimensional
viewpoint as continuous labels of the multiplets. The
advantage of this approach is that it is now straightforward
and manifestly 2D N = (2,2) or N = (0,4) supersym-
metric to couple the bulk theory to a 2D N = (2,2) or
N = (0,4) theory by gauging the flavor symmetries of the
defect theory with bulk symmetries. The matter multiplets of
the 4D N = 2 theory (i.e., hypermultiplets) can also be
coupled via a localized N = (2,2) or V' = (0,4) super-
potential to the matter multiplets on the defect, thus
identifying the defect flavor symmetries with either bulk
gauge or global symmetries. In this way, the surface defect
coupled to the bulk is represented as a 2D N = (2,2) or
N = (0,4) QFT. Schematically, the action describing the
surface defect takes the form

S = S4p + Sap + Sopjap- (2.2)
This leads to a large family of surface operators in 4D
N = 2 theories.

The class of N = (2, 2) preserving surface defects that is
most relevant for us is encoded by the local four-dimen-
sional/2D quiver diagram of Fig. 6 [54]. These surface
defects were studied in detail in [26] and given a 2D
CFT interpretation. Related N = (2,2) surface defects
were analyzed in [45]. The n; fundamental and antifunda-
mental chiral multiplets on the inner end of the 2D quiver
couple to the n? hypermultiplets via a localized cubic
superpotential preserving 2D A = (2,2) supersymmetry.
The superpotential identifies the SU(n¢) x SU(n;) x U(1)
flavor symmetry acting on the chiral multiplets with a
subgroup of the symmetry acting on the hypermultiplets.
The hypermultiplet scalars (Q,Q), which transform in
conjugate representations of SU(ng) x SU(ng) x U(1),
are bottom components of 2D A/ = (2, 2) chiral multiplets
which we denote (Q®, 0°P) [55]. If we denote by ¢ and §
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FIG. 6. Local 4D/2D quiver diagram describing a class of N =
(2,2) preserving surface defects. The 4D SU(n;) x SU(ny) X
U(1) symmetry can be global or gauged.

the fundamental and antifundamental 2D chiral multiplets,
the relevant defect superpotential is

s = [ o)) [ @ogao®. (23)

This manifestly 2D A = (2,2) supersymmetric super-
potential couples a gauge invariant meson operator of
the 2D theory to the hypermultiplets. Since masses in
4D N =2 and 2D N = (2, 2) theories are vacuum expect-
ation values of scalars in background vector multiplets for
the flavor symmetries, the superpotential fixes the masses
of the hypermultiplets in terms of the sum of the masses of
the 2D fundamental and antifundamental chiral multiplets
(see Sec. III). In addition to (2.3), a quintic superpotential
couples the (next-to) innermost bifundamental chiral mul-
tiplets ¢" and "' to ¢ and ¢ and to the chiral multiplet
whose bottom component is a transverse derivative of Q,

s = [ atxo)ole) [ @ogq3a(05-10.)0)

(2.4)

It identifies the remaining 2D flavor symmetry U(1) (under
which adjoint and bifundamental chiral multiplets have
charges 2 and —1 respectively) to rotations transverse to the
defect.

In this paper we study intersecting surface defects in 4D
N = 2 theories constructed from N/ = (2, 2) planar surface
defects spanning the (x!,x?)-plane and the (x*, x*)-plane.
The defects intersect at the origin of R*. These intersecting
surface defects can preserve two supercharges [56] of the 4D
N =2 theory: (Ql, 02). The field theory description of
these intersecting defects is invariant under the OD dimen-
sional reduction of 2D N = (0,2) supersymmetry. When
the intersecting defect is superconformal it preserves the
following subalgebra of the 4D N = 2 superconformal
algebra:
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su(1)1), @ su(l|l), ® u(l); c 3u(2,2[2). (2.5)

The field theory construction of these intersecting sur-
face defects allows for the insertion of a 2D N = (0, 2)
QFT dimensionally reduced to zero dimensions at the
intersection point. This defect N' = (0,2) QFT can now be
coupled to the 2D N = (2,2) QFTs living in the (x!,x?)
and (x3,x*)-planes. The global symmetries of the 0D
intersection QFT can be gauged with those of the 2D NV =
(2,2) QFTs or 4D N =2 QFT. This gauging can be
explicitly carried out by first writing down the 2D N =
(2,2) QFTs living in the (x', x?) and (x*, x*)-planes as 0D
N =(0,2) theories in the spirit explained above. This
requires decomposing a 2D N = (2,2) vector multiplet
into a 0D N = (0, 2) vector multiplet and chiral multiplet
and a 2D V' = (2, 2) chiral multiplet into a 0D N = (0, 2)
chiral multiplet and Fermi multiplet. In this way, the 2D
N = (2,2) QFTs can now be rewritten as 0D N = (0,2)
theories and gauging the flavor symmetries of the 0D N/ =
(0,2) theory at the intersection with those of the N =
(2,2) theories in the (x!,x?) and (x*, x*)-planes becomes
standard. In general, it is possible to add 0D A = (0,2)
superpotentials coupling the various matter multiplets in
zero, two and four dimensions while preserving all the
symmetries. Each A/ = (0,2) Fermi multiplet admits so-
called E-type and J-type superpotentials [see [57] for more
background material on N = (0,2) theories]. This con-
struction furnishes the Lagrangian description of our
quarter-supersymmetric surface defects. Schematically it
looks like

L R L R L
S =S+ S§D> + S<2D) + Sop + Sgn)/m + S<2D)/4D + S(()D)/ZD

+ Sé@/m + Sob/2p/4D- (2.6)

The schematic action (2.6) captures a large class of
intersecting surface operators. We now describe two cases
of importance for brane systems later in the paper. In both
cases the 0D theories involve A = (0,2) Fermi or chiral

multiplets (no vector multiplets).

The first class of intersecting surface defects we focus on
in this paper is summarized by the local 4D/2D/0D quiver
diagram of Fig. 2. The left and right 2D N = (2,2)
theories couple via cubic and quintic superpotentials to
the 4D hypermultiplets. If we denote by (q(),q(L),
q%’iLf), é?}f)) and (q(r). 4(r)- qlgg), Z]E’g)) the inner fundamental,
antifundamental, and bifundamental chiral multiplets of the
left and right V' = (2,2) quivers with respect to their
corresponding gauge group, and by Q%LD) and Q(ZI% the 2D
chiral multiplets whose bottom components are the hyper-

multiplet scalars Q and 0, then the superpotential cou-
plings are

PHYSICAL REVIEW D 96, 045003 (2017)

R ~
S8 = [ @4500)00) [ PO a0

+ d(r Ry (k) A7) (05 — 104) OFR))) (2.7)
. .
SéD)/4D = /d4x5(x1)5(x2) / d29(L)(‘I(L)CI(L) Q%?)
=+ Q(L)ql(’f)é?f)é@)((@ - iaZ)Q%E)))- (2'8)

The cubic superpotentials identify the SU(n;) x SU(n;) X
U(1) flavor symmetries acting on the inner fundamental
and antifundamental chiral multiplets of the left and right
N = (2,2) quiver to each other and to a subgroup of the
symmetry acting on the hypermultiplets. The quintic
superpotentials identify the remaining U(1) flavor sym-
metries acting on bifundamental and adjoint chiral multip-
lets of each 2D theory to rotations transverse to that plane.
In Sec. III we explore the consequences of this identifica-
tion for the masses and R-charges of the various fields.

The 0D V' = (0,2) Fermi multiplet A has an S[U(n!,) x
U(n,)] flavor symmetry, which is gauged with the inner-
most gauge group factors of the left and right N' = (2,2)
theories [58]. The couplings of A with the 2D fields can be
obtained by embedding a 0D S[U(n),) x U(n,)] N =
(0,2) vector multiplet in the corresponding 2D N =
(2,2) vector multiplets. As explained in [47], gauging
does not eliminate the U(1) flavor symmetry acting only on
A, and a background vector multiplet for this symmetry
could be added. This is prevented by a OD N = (0,2)
E-type or J-type superpotential, for instance E[A] =
q(1)q(r) restricted to zero dimensions. Since the S‘g parti-
tion function we compute is only sensitive to superpoten-
tials through the global symmetries that they identify, our
methods do not fix them.

The second class of intersecting surface defects
we study in this paper is given by the local 4D/2D/0D
quiver diagram of Fig. 4. In this case the superpotential
couplings are

R ~
S<2D)/4D = /d4xa(x3)5(x4)/dze(R)<LI(R)Q(R)Q%1%

+ qR PR dr) (05 = i04)OFR)). (2.9)
o = [ atsa(e)o0) [ @00 O
+qw)w)dw (9 = i0,)07)). (2.10)

where ¢(;) and @) denote the adjoint chiral multiplets.
This again identifies the flavor symmetries of the left and
right 2D quiver with the one of the 4D hypermultiplets and
with transverse rotations.
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The OD N = (0,2) chiral multiplets y and 7 each have
an S[U(n!,) x U(n,)] flavor symmetry. Both of these
S[U(n!,) x U(n,)] global symmetries are gauged with
the innermost gauge group factors of the left and right
N = (2,2) theories. As before, gauging does not eliminate
global U(1) symmetries acting only on y and y and there
should exist E or J-type superpotentials identifying those
symmetries to bulk symmetries. The analysis is compli-
cated by J-type superpotentials due to 2D superpotentials
and E-type superpotentials capturing derivatives in trans-
verse dimensions: the added OD superpotentials must fulfil
the overall constraint Tr(E-J) =0 for supersymmetry.
Since our computations are not sensitive to the precise
superpotential, we do not pursue it here.

III. LOCALIZATION ON S}
OF INTERSECTING DEFECTS

In this section we perform the exact computation of the
expectation value of quarter-supersymmetric intersecting
surface defects on the squashed four sphere S7,

2 2
x3+x4_

2 2. .2
Xg X7+ X3
-+ 7 Z = 1, (3.1)

I%

where b2 = £/¢ is a dimensionless squashing parameter. A
4D theory on the round four sphere S* has an OSp(2|4)
supersymmetry algebra [22]. Upon squashing the sphere to
S}, the symmetry of the theory is reduced to SU(1|1). Any
4D N = 2 theory can be placed on S} while preserving this
symmetry [23].

A 2D N = (2,2) theory on the round S? preserves
OSp(2|2) [43,59-61]. When the sphere is squashed to 7,
the symmetry of the theory is SU(1|1) [60]. A 2D N =
(2,2) theory on the round S? can be coupled to a 4D A/ = 2
theory on S$* while preserving OSp(2[2) [49]. Upon
squashing the four sphere to S‘g, the combined 4D/2D
system preserves SU(1|1), provided the 2D theory is
placed either on the Sf, at x3=x,=0 or at
x; = x, = 0, which we call S%R) and S(zL) respectively. In
fact, we can place a 2D N = (2,2) theory at x3 = x4 = 0
and another one at x; = x, = 0 while preserving SU(1/1).
This allows us to couple the 4D N = 2 theory on S‘g to a
2D N = (2,2) theory on S7, and to a 2D N = (2,2)
theory on S%L). This setup can be further enriched by adding
localized degrees of freedom at the intersection of the 2D
theories, that is the north and south poles of S‘; at xo =r
and x, = —r with x; = x, = x3 = x4 = 0 respectively; see
Fig. 7 for a cartoon. The localized degrees of freedom,
pinned at the poles, are the dimensional reduction of a 2D
N = (0,2) theory down to zero dimensions. Consistently
coupling the A= (0,2) multiplets to the 4D and 2D
degrees of freedom on S‘g requires turning on a background

PHYSICAL REVIEW D 96, 045003 (2017)

FIG. 7. Intersecting surface defects supported on two intersect-
ing two spheres S%L> and S(ZR . There are localized degrees of
freedom living on the two spheres S(2L> and S%R) and at their
intersection points, i.e., the north and south poles (denoted NP
and SP in the figure); the latter couple to the former degrees of
freedom, which in turn couple to the 4D gauge theory living in
the bulk S7.

field for a flavor symmetry of the OD theory that includes
the U(1) x U(1) rotations of S}. This background field is
necessary for the 0D NV = (0, 2) theories at the poles of S}
to be invariant under the SU(1|l1) symmetry of the
combined system (see below). In this way, the quarter-
supersymmetric intersecting defects we have introduced in
the previous sections can be placed on S} while preserv-
ing SU(1|1).

Our primary goal is to compute the S‘,ﬁ partition function
of the intersecting defects in Fig. 2. We accomplish this by
supersymmetric localization with respect to the super-
charge Q in SU(1|1). It is precisely this supercharge that
was used to compute the S?, partition function of a4D N =
2 theory [23] and the S? partition function of a 2D N =
(2,2) theory [60]. We localize the path integral by choosing
the “Coulomb branch localization” OQ-exact deformation
terms of the 4D and 2D theories in [23,60]. In the absence
of 4D gauge fields, the saddle points of the 4D and 2D
fields are the same as if the theories were considered in
isolation. Finally, the north and south pole N = (0,2)
Fermi multiplet action coupled to the saddle points of the
2D and 4D fields can be easily integrated out using the
computation of the index of 1D A/ = (0,2) supersymmet-
ric quantum mechanics [62].

Putting all these facts together we arrive at the following
integral representation [63] of the partition function of the
intersecting defects in Fig. 2:

do'L) do®)
7 = ZfreeHM /
SZ ;; ;; (271’) rankG®*) (Zﬂ)rankG(R)

x ZS?L) (o), B(L))ZS?R) (o'®), BR)

X Zb%ersection(o.(L)’ B(L) G(R), B(R))

’

(3.2)
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Here Zfree HM is the S} partition function [23] [64] of the n?

hypermul‘uplets w1th dimensionless masses M ;;, measured

Js>
in units of 1/V ¢,

ne 1
ZfreeHM — . . (33)
S jl;ll Ty(5 + 95— iMj,)

Furthermore, G'“-(®) denote the total gauge groups of
the left/right 2D theories while Zg (o!"/%), BE/R) s
the integrand of the S? partition function of the 2D

N = (2,2) theory on the left/right of the quiver diagram.
The integrand is given by [43,59,60] [65]

[(—w(im + ioc + ))
1+ w(lm +io —

_ io+5 —EH
ZSi((T’B) Zm Zmz

weER

o] o

with 7 = e 2%rt¥ where &g is the FI parameter and 9 its
corresponding topological angle. B and ¢ take values in the
Cartan subalgebra of the gauge group and o and w are the
roots of the gauge group and weights of the representation
of the chiral multiplets respectively, while )V is the order of
the gauge Weyl group. We use conventions adapted to
quiver gauge theories; i.e., fundamental chiral multiplets
transform antifundamentally under their flavor symmetry
and vice versa. The parameter m in (3.4) is complex: the
real part measures the mass and the imaginary part the
‘R-charge of the 2D chiral multiplet through [43,59,60]

I (R
e~ Rl

2
- i
m) = ¢ml) — ERELD) [q)]-
~ -~ i 71
L) = £ml) +§R§f)>[ @) (3.5)

where m are masses of fundamental chiral multiplets while
m denote masses of antifundamental chiral multiplets. The
dimensionless “masses” (m®, m®) and (m*), mL)) are
measured in units of 1/£ and 1/ £ respectively for the right
and left /' = (2,2) theories. This is because the corre-
sponding squashed two spheres S7 on which the 2D
theories live, which are embedded in S‘,i, have equatorial
radii # and ¢ respectively.

Since the 2D N = (2,2) theories are coupled to a 4D
N =2 theory in S}, the canonical 2D R-charges are
induced by the 4D SU(1|1) supersymmetry algebra.

PHYSICAL REVIEW D 96, 045003 (2017)

This is a consequence of the SU(1|1)-invariant coupling
of the left and right 2D N = (2, 2) theories on the two S2’s
with the 4D A = 2 theory on S}. While SU(1|1) acts on
4D N = 2 multiplets as [23]

1 1 1/1 1
QED—2M12+;M34—§<?+;)JR, (3.6)

SU(1]1) acts on 2D N =
equatorial radius Z as [60]

(2,2) multiplets on an S7 with

1

y 7—‘>'2D'

T My~ (3.7)
Here M;; denotes the U(1) generator that acts on the
(x;,x;) coordinates defining the squashed sphere, J ? is the
Cartan generator of the SU(2) R-symmetry of the 4D
N =2 theory in flat space [66] and R,p is the vector
R-symmetry of a 2D A = (2,2) theory. Since the right
N = (2,2) theory is on the S? at x3 = x4 = 0 and the left
N = (2,2) theory is on the S7 at x; = x, = 0, common
SU(1]1)-invariance implies that the R-charge generators
for the right and left ' = (2,2) theories are

R = (14 b2)JR =202 My,

RE = (14 b72)J% = 202 M. (3.8)

The formula (3.8) determines the R-charges under Rgﬁ)

and RélL)) of the 4D hypermultiplet scalars (Q, Q) restricted
to each S2. Recall that chiral multiplets of the right and left
N = (2,2) theories couple to the corresponding N =
(2,2) bulk chiral multiplets with bottom components Q
and Q

The cubic defect superpotentials in (2.7) and (2.8)
coupling bulk hypermultiplets with innermost chiral mul-
tiplets identify their respective SU(n;) x SU(n;) x U(1)
global symmetries. This implies that the masses of the
hypermultiplets and the innermost chiral multiplets obey a
relation, which follows from the common SU(n;) x
SU(ng) x U(1) symmetry acting on these fields. Another
constraint follows from the SU(1|1) symmetry of S?. A 2D
N = (2,2) superpotential on S? is supersymmetric if and
only if the R-charge of the superpotential is 2 [60]. This
gives two relations, one arising from (2.7) requiring that

Réﬁ)[Q%}%q(mé(R)] =2 and the other from (2.8) requiring
that RglL))[Q%Bq(L)é(L)] = 2. The hypermultiplet scalars
0.0 have RW[Q]=1+5> and RIY[0] =1+ b2,
since J3[Q] = J3[0] = 1 and they are Lorentz scalars.
In total, the SU(n;) x SU(n¢) x U(1) global symmetry

constraints and R-symmetry superpotential constraints
neatly combine into the following relation between the
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4D masses M j; and the 2D complexified masses (3.5) m;
and m, for the fundamental and antifundamental chiral
multiplets,

(R)
M i i —m; "+ myg i
i [ i 39
[ 7;+2£+2f]+ - y (3.9)
and
. . (L) | ~(L) .
M. —mg  +m;
NZY 20 2 4 4

The real part of these equations encodes the SU(n;) x
SU(n;) x U(1) global symmetry constraints on the masses
and the imaginary part the R-charge constraints. The first
relation (3.9) fixes the 4D masses M j;, which appear in

Zgrfe HM in (3.2), in terms of the 2D masses mﬁ-m and M.
b

Adding (3.9) and (3.10) we find the following system of
equations,

_m (L)

+ il
o,
’

(3.11)

whose solution is

b = eml e, pm® = el e (3.12)
for some constant ¢ which we set to 0 by shifting the vector
multiplet scalars in the left theory by ¢/b. This relation is
consistent with the R-charges above. We can use this

relation to express in terms of (m(-R)

M(R)) the masses of
j ’ A
the innermost (fundamental and antifundamental) chirals of
the right and left N = (2,2) theories that appear in
Zg (6™, BR)) and Zg (6", BM) in (3.2).

The quintic superpotentials in (2.7) and (2.8) yield
relations similar to (3.9) and (3.10) which force the
(next-to) innermost bifundamental chiral multiplets to have

zero twisted mass and R-charges Rgﬁ) [qélf)] = —b? and

Rg‘)) [q](jiLf)] = —b~2. The cubic superpotentials of each 2D
theory then proceed to set all twisted masses to 0 and R-
charges to —b* and 2 + 2b* for bifundamental and adjoint
chiral multiplets of the theory on the right and —»~2 and
2+ 2b72 for the one on the left.

Once the path integrals for the 4D and 2D theories have
been localized to zero-mode integrals, we must still
integrate out the fields of the 0D AN = (0,2) theories at
the poles of S‘li, captured by two matrix integrals, one for
the theory at the north pole and one for the theory at the
south pole. This requires first understanding how to couple
the OD N = (0,2) theories to the other fields on S} in an
SU(1|1)-invariant way. A flat space 0D N = (0, 2) theory,

PHYSICAL REVIEW D 96, 045003 (2017)

obtained by trivial dimensional reduction from two dimen-
sions, has nilpotent supercharges. The supersymmetry
algebra can be deformed by turning on a supersymmetric
0D N = (0,2) vector multiplet background for a flavor
symmetry G of the theory. The deformed algebra acts on
the fields as

u
) . F
QOD =1 Or.,

Ver

where uy is a constant background value for the dimen-
sionless complex combination of scalars in the 0D
N = (0,2) vector multiplet invariant under supersymmetry
[67], and QF is the charge under Gf. Therefore, in order to
consistently couple a 0D A/ = (0,2) theory at a pole with
the rest of the fields of the intersecting defect theory on S}
in an SU(1|1)-invariant way, comparison with the 4D
supersymmetry algebra (3.6) requires that we turn on a
constant background

(3.13)

Up = —1 (3.14)
for the OD flavor symmetry
1
Or :b_1M12+bM34—§(b+b_l)J§. (315)

Now that we know how to couple the 0D N = (0,2)
theories at the poles to S} we can easily compute their path
integrals. The result is obtained by keeping the zero mode
along the circle of the index computation of N = (0, 2)
supersymmetric quantum mechanics in [62]. The formula
for the path integral over a 0D N = (0, 2) Fermi multiplet
coupled to a background vector multiplet through a
representation r and to a background vector multiplet for
a flavor symmetry G with charge Qf is

zhgmi = T (w(iu) + iQpur).

wer

(3.16)

Here u are the (dimensionless) scalars in the dynamical
vector multiplet and uy the background value for the G
global symmetry.

We can now determine the contribution of the 0D
N = (0,2) Fermi multiplets at the north and south poles
of S} depicted in Fig. 2 to the intersecting defect partition
function (3.2). It is given by

Zintersection (O'(L) ’ B(L) s G(R) ’ B(R) ) = H Aj;b A;b ’ (3 17)

) (L)
with A%, = b~ (iot®) + Bg ) = b(icl") + %) The factors
with A}, originate from the N = (0,2) Fermi at the north

pole while the factors A7, come from the south pole [68].
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The S[U(n,) x U(n),)] symmetry is gauged with the inner-
most gauge group factor of the left and right N = (2,2)
theories. This explains the appearance of (%) and (%) in
(3.17). We have also used the fact that the N = (0,2)
Fermi multiplets are uncharged under the flavor symmetry
Gp: this can be enforced for instance by the E-type
superpotential E[A] = §;)q) for the Fermi multiplet A
put forward above already [see below (2.8)]. Indeed, the
cubic defect superpotentials in (2.7) and (2.8) constrain the
R-charges of q(r), qr)> q(1) and g1, hence their charge

under Q?/V/ £Z, and the E-type superpotential fixes the

charge of A. The Q?/ \/ﬁ charges are given in Table I up
to mixing with 2D U(1) gauge symmetries namely shifting
the integration contour of ¢*/®) in the imaginary direction.
The E-type superpotential also identifies the U(1) flavor
symmetry of A with a combination of 2D gauge
symmetries.

Similarly, we can determine the integral representation of
the partition function of the intersecting defects in Fig. 4,

Zfree HM dG(R)
Z Z (2” rankG 2 )ranka)
X Zsfm(U(L) B( ))ZSZ ( ®)
« Zggersecnon(a(L)’ B(L ) (3.18)

where again G(1)-(®) denote the total gauge groups of the
two 2D theories. The symbol fJK stands for taking a
Jeffrey—Kirwan-like residue prescription (see the definition
below). Similarly as above, the superpotential couplings
(2.9) and (2.10) impose relations among the complexified
mass parameters. In this case they read

. . (R) |, ~(@R®) .
M, i i —m; "+ mg i
S [ i A 3.19
[ﬁz 2f+2f}+ Z y (3.19)
and
. . L, =@ .
M. —m; "+ my
[ /s~+L+L~]+17~_L. (3.20)
[ep 20 2¢ 4 4

As before, the real part of these equations encode the flavor
symmetry constraints on the masses and the imaginary part
the R-charge constraints. The 4D masses M;, can be
(R)

determined in terms of the dimensional masses m ; and
TABLE I. Charges of various fields under Q2/v/ZZ.

0,0 q(r)> 4(r) qwy 4oy A
Qz/,/fg —(b—i—b*l)/Z (b—bfl)/4 —(b—bil)/4 0

PHYSICAL REVIEW D 96, 045003 (2017)

~ (R . .
mg ) in precisely the same way as above. Moreover,

subtracting (3.9) and (3.10) one obtains

- - - it (3.21)
¢ Y ¢ 7 '
with solution
b ('™ v iy2) = bl +i/2) + &,
b (™ —i/2) = b(mlH - i)2) + ¢, (3.22)

for some constant ¢, which can be absorbed by shifting the
vector multiplet scalars, allowing one to express the masses
of the left quiver in terms of those of the right quiver. The
quartic superpotential sets the real twisted masses of the
adjoint chiral multiplets to O and their R-charges to be
—2b? and —2b~? respectively.

Using that the formula for the path integral over a 0D
N = (0,2) chiral multiplet coupled to a background vector
multiplet through a representation r and to a background
vector multiplet for G with charge QO is

. 1
Zchiral _ . . , 3.23

oD gw(zu) +iQrup (323)
we can easily determine the contribution of the 0D N =
(0,2) chiral multiplets at the north and south poles of S}
depicted in Fig. 4 to the intersecting defect partition
function (3.18). It is given by

7. L) ) (R B(R)

intersection (U( s s s )

no b+ b b+ b
=T (o075 (85757
a=1 b=1 2 2

b+ bt b+b1\]!
X A;b + +T) (A;b - %>:| s (324)

®
with A% = b‘l(iagR) + %R)) - b(ia(bL) + B%) as before.
The factors with A% originate from the A = (0, 2) chirals

at the north and south pole respectively. The terms in (3.17)

5 (0,2) chiral
multiplets carry charge 22~ under the global symmetry
Gp. This should be explamed by a 0D superpotential but
we have not worked it out.

Let us conclude this section with a brief discussion of the
Jeffrey-Kirwan-like residue prescription [69] used in
(3.18). We note that in the absence of the OD chiral
multiplets, our prescription coincides with the standard
one in [43,59,60] to close the contour according to the sign
of the FI parameter. Let N = n + n’ denote the total rank of
the gauge groups in the quiver depicted in Fig. 2, and let ©
be the notation for the combined N integration variables

proportional to btb™ jndicate that the N =
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(6'®),61)). The pole equations of the integrand (3.4)
corresponding to the right and left quiver are of the form

w (icH)) +... =0, (3.25)

where wR/L) is any weight of the representations of the
chiral multiplets in the respective quiver. Denoting by v the
collection of combined weights, which take the form
(w®),0) or (0,w™)), it can be written as w(i&)+---=0.
The pole equations of all four factors in the intersection
factor (3.17) can be written similarly as [70]

1, (i) + - = b7lio —bicl” +.-. =0 (3.26)
foralla =1,...,nand b = 1, ..., n’. We collectively denote
the charges w and u,,, thus defined by 28. A collection of N
linearly independent pole equations [71], associated to
charge vectors B! for I = 1, ..., N, define a pole solution
©*, whose residue we define to be

Res F(@) if n € C(W="N)
JK-Res,,F(@*) = { AN
0 otherwise

(3.27)

where i = (£(®), £(1)) is the combined FI parameter under-
stood as an N-dimensional vector, and C(ZB/=!V) is the
positive cone spanned by the vectors 3. Finally, @Reg*

denotes the usual residue at the pole © = &*, with a sign
determined by the contour.

In this section we have obtained the formula that
computes the exact partition function of the intersecting
defects in Figs. 2 and 4.

IV. M2-BRANE SURFACE DEFECTS

Despite our very incomplete understanding of M theory,
it is known that M2 branes can end on a collection of ny M5
branes along a surface. When the M5 branes wrap a
punctured Riemann surface, the UV curve, the M2 branes
define a half-supersymmetric surface defectina 4D N = 2
theory. Under favorable circumstances, this surface defect
admits a Lagrangian description in the manner described in
the previous section.

The brane configuration that realizes this half-super-
symmetric surface defect is given in Table II. The M2-brane

TABLE II. Intersection of M2 and M5 branes defining a half-
supersymmetric surface operator.

1 2 3 4 5 6 7 8 9 10 11
M5 1 2 3 4 7 11
MY 1 2 3 4 5 6
M2 I 2 10

PHYSICAL REVIEW D 96, 045003 (2017)

endings on ny M5 branes are labeled by a representation R
of SU(n¢). The M5’ branes are codimension two defects for
the M5 branes that encode the flavor symmetries of the 4D
N = 2 theory and that are realized by the punctures on the
Riemann surface [24,72].

As argued in [26], when R is the rank n. antisymmetric
representation, the 2D N = (2, 2) theory description of the
surface defect is given by the first quiver diagram in Fig. 8.
If R is the rank n. symmetric representation, the corre-
sponding 2D N = (2,2) theory is the second quiver
diagram in Fig. 8. For a representation R described by a
generic Young diagram the 2D N = (2,2) theory has the
quiver diagram representation given in Fig. 9 [73]. The
complexified FI parameters for all gauge group factors
except the one that couples to the n; fundamentals and
antifundamentals must be set to 0.

These 2D N = (2,2) theories can be coupled to a 4D
N =2 theory by gauging the SU(n;) x SU(n;) x U(1)
flavor symmetries acting on the n; fundamental and
antifundamental chiral multiplets with gauge and/or global
symmetries of the 4D theory. The simplest 4D N =2
theory in which to consider these surface operators is the
theory of n? hypermultiplets. This corresponds to com-
pactifying n; M5 branes on a trinion with two full and one
simple puncture, which makes manifest an SU(n;) x
SU(ng) x U(1) flavor symmetry acting on the hypermultip-
lets, which gets identified via the cubic superpotential (2.3)
with the corresponding defect flavor symmetry. For other 4D
theories, such as for conformal SQCD with SU(n;) gauge
group and 2n; hypermultiplets or the N' = 2* theory, one or
both of the defect SU(n;) symmetry factors is gauged with a
dynamical bulk gauge field.

A richer class of surface defects on M5 branes can be
constructed by letting two sets of M2 branes end on the M5
branes as in Table III. This configuration preserves one

nf@nf nf@”f

FIG. 8. Quiver description of the 2D N = (2, 2) surface defects
corresponding to the rank n. antisymmetric and symmetric
representations, respectively.

v
P

’ ()
ny
£
nz_nl H ‘ o
¥
Ny—1—Ny_2

N

FIG.9. The 2D N = (2,2) quiver gauge theory corresponding
to the Young diagram of a given representation R.
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TABLE III.  Intersection of M2 and M5 branes defining quarter-
supersymmetric intersecting surface defects on the M5 branes.

1 2 3 4 5 6 7 8 9 10 11
M5 1 2 3 4 7 11
MY 1 2 3 4 5 6
M2 1 2 10
M2/ 3 4 10

quarter of the supersymmetry and defines intersecting
surface defects on the M5 branes. When the M5 branes
wrap a punctured Riemann surface, the brane configuration
engineers an intersecting surface defect in the correspond-
ing 4D N = 2 theory of precisely the kind described in the
previous section. The configuration of intersecting M2
branes is now labeled by a pair (R’, R) of representations
of SU (nf)

We propose that the field theory description of these
intersecting surface defects is precisely the one detailed in
the previous section, and encoded in the quiver diagram in
Fig. 2. For a class of 4D N = 2 theories, the intersecting
defects admit a type-IIA brane realization given in Table I'V.
In these cases, we can deduce the low-energy effective field
theory description of the intersecting defect.

As an example, when the 4D A = 2 theory is that of n?
hypermultiplets, the intersecting defect realized by the M-
theory brane array in Table IV has the type-IIA description
given in Fig. 10. The NS5’ branes and NS5” branes on
which the D2 and D2’ branes end respectively are away
from the main stack and give rise to the 2D gauge theories
in the quiver in Fig. 2. The 2D A/ = (2, 2) theories at x* =
x* = 0 and labeled by a representation R and at x' = x*> =
0 and labeled by a representation R’ live on the D2 branes
and D2’ branes respectively. The OD bifundamental N =
(0,2) Fermi multiplet arises from quantizing the open
strings stretching between the D2 and the D2’ branes. The
gaugings and superpotential couplings encoded in the
quiver in Fig. 2 can be inferred from the brane construction
[77]. The intersection degrees of freedom are thus coupled
to the two N = (2,2) theories.

The FI parameter &g corresponding to the Zth gauge
group factor of the right 2D N = (2,2) gauge theories is

TABLE IV. IIA brane realization of intersecting surface defects
arising from M-theory brane intersections. See Fig. 10 for details
on which branes intersect.

1 2 3 5 6 7 8 9 10
NS5 1 2 3 5 6
NS5 1 2 5 6 8 9
NS5” 3 4 5 6 8 9
D4 1 2 3 4 7
D2 1 2 10
D2 3 4

PHYSICAL REVIEW D 96, 045003 (2017)

! ’ /

nu’72 nr/’fl nu/ Ny Ny—1[|Nv—-2

D2’ | D2’ | D2’ D2 D2 D2

NS5” NS5” NS5 NS5 NS5 NS5

5,6

A\

ne D4

A\

S5

FIG. 10. TIA brane realization of intersecting surface defects
arising from M-theory brane intersections. See Table IV for brane
directions.

encoded in the separation between the Zth and (¢ + 1)th
NS5’ brane along the x’ coordinate. We take the NS5’
branes to coincide in their location along x7. Thus, all the FI
parameters for gauge group factors with £ > 2 vanish [79].
Similarly, the separation in the x’ direction of the NS5”
branes encodes the FI parameters of the left quiver, all of
which vanish for # > 2 when we take the branes to have the
same x’ coordinate [80]. The complexified FI parameter
(1.3) for the innermost gauge group factor for the left and
right quiver is nonzero and encodes the position of the
respective defect on the UV curve. The case that has the
simplest Toda CFT interpretation is when they are opposite,
i.e., when [81]

(4.1)

We thus end up with precisely the QFT encoded in the
4D/2D/0D quiver diagram in Fig. 2. The brane construction
can be easily generalized to other N' = 2 theories [82].

n D2

At

NS5 NS5

5.6
n' D2/

7

FIG. 11. A brane diagram for the case of symmetric repre-
sentations, namely the quiver in Fig. 4.
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5’6T n, D2 ny D2 | n1 D2
,7/ 10 [ n), D2’ ny, D2 | ny D2’
NS5 NS5 NS5 NS5 NS5

FIG. 12. IA brane diagram and joint 4D/2D/0OD quiver
diagram description for multiple M2-brane intersections la-
beled by symmetric representations ending on n; M5 branes
wrapping a trinion with two full and one simple puncture.
Each (sym”[J,sym"[]) M2-brane intersection is encoded as
an NS5 brane (parallel to that on which D4-branes end) on
which n’ D2’ and n D2 branes end. Gauge group ranks in the
quiver description are given by the numbers of D2’ and D2
branes stretching in each interval. These ranks decrease:
n,>--->ny and nj, > --- > n’ (otherwise supersymmetry is
broken) and their differences give the orders (n',n) of
symmetric representations labeling M2-brane intersections.
The FI parameters of gauge group factors are pairwise equal
and equal to distances between consecutive NS5 branes. In
each 2D theory, cubic superpotentials couple adjoint and
bifundamental chiral multiplets. Cubic and quartic super-
potentials couple the 4D and 2D fields. The intersection
features pairs of chiral multiplets corresponding to strings
stretching between D2 and D2’ in the same interval and Fermi
multiplets corresponding to strings stretching between D2 and
D2’ in neighboring intervals. Apart from the D4-branes the
brane setup preserves 0D N = (0,4) supersymmetry; hence
the OD and 2D fields that are neutral under the SU(ng) x
SU(n¢) x U(1) flavor symmetry are coupled through quadratic
E-term and J-term superpotentials (see [83]).

The brane picture describing the 4D/2D/0D quiver
diagram in Fig. 4 is given in Fig. 11. The right and
left 2D theories live on the D2 and D2’ respectively.
The open strings stretching between the D2 and D2’
branes provide the 0D A/ = (0, 2) chiral multiplets. There
is a unique FI parameter measuring the distance between
the NS5 branes in the x’ direction. The brane system
readily generalizes to D2 and D2’ branes stretching
between any number of parallel NS5 branes, as depicted
in Fig. 12.
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V. LIOUVILLE/TODA DEGENERATE
CORRELATORS

It is now time to test in detail our conjectures on the
quiver description of intersecting M2-brane surface oper-
ators. We give here the precise dictionary between the
partition functions computed in Sec. III and Liouville/Toda
CFT degenerate correlators. We begin in Sec. V A with the
simplest nontrivial case: a Liouville correlator (n; = 2)
with two generic, one semidegenerate, and one degenerate
operator labeled by (C1, [0). We move on to Toda CFT in
Sec. V B devoted to the quiver in Fig. 2, and in Sec. V C to
Fig. 4. In each case we describe the evidence worked out in
the appendixes.

A. Liouville fundamental degenerate

We focus here on the setting of A; theories (n; = 2) for
the case of a degenerate operator with Liouville momentum
[84] a=—-bQn—b~'Qn=-5-]-=-0/2. The two con-
jectured quiver descriptions of the intersecting M2-brane
surface operators are depicted in Fig. 13, as well as the UV
curve. We prove in Appendix A that the two descriptions
have equal S} expectation values and check up to fifth order
in vortex expansions that they match a degenerate Liouville
correlator. Namely,

= = Zs;t [Tchirals] (5- 1)

where the prefactors A;(x,x) and A,(x,X) given in
Appendix A can be associated to ambiguities in the
definition of the gauge theory partition function, as
explained in [26]. The position x gives the FI and theta
parameters through e=27*® = 1 /x for the left U(1) of the
first quiver and x for all other gauge groups.

We denote the complexified twisted masses of (anti)
fundamental chiral multiplets of the right and left

theories by (m<<R),rh§R)) and (mEL) ,fnﬁ-L)) for the first

J
quiver and (mj,m,) and (m}, ) for the second. The

4D/2D superpotentials relate twisted masses of the two
2D theories as (3.12) and (3.22), and twisted masses of
the two quivers are related by Seiberg-like duality as we
later see. Altogether,

bt im\® = bim") = b (im; — 1/2) = b(im; - 1/2)
for j=1,2, (5.2)

bV im® = bim{") = b= (i, + 1/2) = b(if, + 1/2)
for s = 1,2. (5.3)

Liouville CFT momenta can then be written in terms of
twisted masses of any of the four 2D theories [85],
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FIG. 13.

- — bilQD
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The left quiver (denoted 7 g..p,; in the text due to its 0D matter content) shows the world volume theory of two intersecting

surface defects, both labeled by the fundamental representation of A, coupled to the 4D theory of four free hypermultiplets and to a
Fermi multiplet on their intersection. The coupling introduces cubic superpotentials. In the middle, the corresponding UV curve is
depicted: it features three punctures (filled circles) and an additional marked point corresponding to the defect and labeled by its defining
representations. In the AGT correspondence, the latter corresponds to the insertion of a degenerate vertex operator with the indicated
momentum in Liouville theory. The right quiver (7 ..s) depicts a dual realization of the same intersecting defect, in which the
intersection features a pair of bifundamental chiral multiplets. Note that the free U(1) adjoint chiral multiplets have been omitted in the

latter quiver.

O I . ® . (& b, .. .-
a; ) %(lm(l ) _ lmg )) zi(zmg )—zmg ))
1 b, ., ,
%(zml im,) = E(lml — im}), (5.4)
1
a —% =55 (iﬁliR) + irth> lng) tng))
b
=5 (imgL) + lmgL) - lm(lL) - lﬁéL))
1 1
= E—l— T (imy + imy — imy — im,)
b
=b +§(lml + im), — im) — im}) (5.5)
O I ._® .-& b, (L
a3—5—%(lmg ) —lmg )) :5(1m2>—1m<1 ))
1 b
%(lmz —imy) —E(lmz—lml) (5.6)

Let us describe salient aspects of the relation, leaving
details for Appendix A. The operator product expansion
(OPE) of a generic operator V, with the degenerate
operator f/_% is given by

V_%(x,)‘c)f/al(o)~ Z (xx) A0 Ala)=A(=0/2)

si==%,5,==%

x Cy(V, (O ), (57)

v 2
where  a;, = ay +51b/2+5,/(2b), the structure
constants CaibQ//Z; 1/(2b) are known and the --- denotes

Virasoro descendant fields multiplied by powers of x or X.
In the limit x — O the Liouville correlator (5.1) thus admits
an s-channel decomposition as a sum of four terms with
leading powers of xx equal to

Alay +51b/2 4 5,/(2D)) — A(ay)
=Q0%/2~ (o) -

- A(-0/2)
Q/2)(s1b + sob71) + (1 = 515,)/2.
(5.8)

Correspondingly, each of the two gauge theory partition
functions can be written as a sum of contributions from four
Higgs branches in this limit.

In the first quiver, x — 0 is the limit of large positive FI
parameter for the right U(1) and negative FI parameter for
the left U(1) and Higgs branches are located at ¢(8) = mﬁm

and o'l = ﬁ1,(CL) for j, k = 1, 2. The leading power of (xX)

of the (j, k) Higgs branch contribution is ic'®) — icl) =

im\®) — zm,(< )

i with a sign due to the FI parameter of the left
theory being opposite to that of the right theory. In fact, for
j =k the OD Fermi multiplet contribution makes zero-
vortex terms in the series vanish, so that the leading power
of (xX) is im}R) - iﬂzﬁ-m
thus takes the form

+ 1 instead. The partition function

2 2
7 (L)
zZ= ZZ(xx ”" i « T (series in x) (series in X).

J=1 k=1

(5.9)

The identification (5.4) of momenta with twisted masses
ensures that the four gauge theory exponents match the
Liouville ones up to the prefactor A; (x, X). In particular the
shift by 6, due to the OD Fermi multiplet reflects the term
(1 —515,)/2 in (5.8).

In the second quiver, x — 0 is the limit of large positive
FI parameters and the Higgs branches are located at 6 = m;

j
and ¢’ = mj. The 0D chiral multiplet contribution (3.24)
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has poles that induce additional terms, in effect decreasing
the leading power of (xX) by 1 for terms with j = k. The
partition function takes the form

2
Z= ZZ )imitim = (seriesinx) (seriesinx).  (5.10)

j=1 k=1

Again, gauge theory and Liouville exponents match. The
shift of the exponent by &, has opposite signs in the first and
second quivers, which may seem inconsistent. However,
Liouville CFT internal momenta «; + b/2 + 1/(2b) are
identified with different terms (j, k) for the two quivers:
k =1 and k = 2 are interchanged. The two quivers are in
fact related by a Seiberg-like duality of the left 2D theory and
we leverage this observation in the appendix to prove that
their partition functions are equal.

The Liouville correlator of interest to us has been worked
out in [86] by solving the fourth order differential equation
associated with the degenerate puncture. The leading
coefficients in (5.10) reproduce expected Liouville three-
point functions and we checked up to fifth order that vortex
partition functions of the intersecting surface defects
coincide with conformal blocks. We performed the same
checks (exponents, leading coefficients, vortex partition
functions) in the limit x — oo using the OPE of V_Q/2

with V

asz*

Pleasingly, the dictionary has all the expected
symmetries.
(i) Exchanging the flavors (m(1R>,ﬁ1(,L),m1,m’l)<—>
(m<R) i\ my, m! ) corresponds to mapping
2 My T, My, 1My

a; — Q — ay, which leaves the normalized vertex
operator Val invariant. Similarly (rth),mEL),ﬁzl,

(R) (L)

my) < (s ,my iy, mb) is a3 = Q — as.

(i) The conformal map x — 1/x which exchanges
ay <> az corresponds to charge conjugation for all
gauge groups, which exchanges fundamental and
antifundamental chiral multiplets, changing their
signs as well as those of FI and theta parameters.
The conformal factor (x%)?2(~2/2) coincides with a
change in A;(x, ) and A,(x,X).

(iii) For each quiver, the b — 1/b symmetry of the
Liouville correlator exchanges the two two-
dimensional theories (up to charge conjugation for
the case of the first quiver).

For b = 1 the V_Q /2 degenerate operator coincides with

V_, already studied in [26] and the partition functions
reduce to that of a single 2D theory coupled to the 4D
free hypermultiplets. More precisely, up to a shift of
theta angles by z, the 0D Fermi multiplet contribution
in the first quiver can be written for b = 1 as the one-loop
determinant of a pair of bifundamental 2D chiral multiplets
of R-charge 2,

PHYSICAL REVIEW D 96, 045003 (2017)

Equal Z Selberg

9‘@

for b =1 " dual

FIG. 14. First row: the partition function of the first intersecting
surface defect coincides for b = 1 with that of a single surface
defect, Seiberg-dual to the one expected from [26]. Second row:
likewise, the partition function of the second intersecting surface
defect reduces for b = 1 to that of a single surface defect.

(—I)B(R)+B(L)H + (io!® £ B® )2 — jgl) £ BL) /2)

(1 +4ic'R ®)/2 — - B )2)
- I(=ie® + /2+w - <L>/2)
(- za<R ®) /2 + ict) 4+ B\ /2)
I'(ic!®) — /2— +BW1)2) (5-11)

As depicted in Fig. 14, the partition function is thus equal to
thatofasingle 2D U(1) x U(1) gauge theory (coupled to free
hypermultiplets), which is itself equivalent under a Seiberg-
like duality to the quiver corresponding to ‘7_,, in [26].
Importantly the bifundamental 2D chiral multiplets in the last
quiver have R-charge —1 = —b*>. A U(2) gauge theory
description of V_, in [26] matches the second quiver for
b = 1 (ignoring free chiral multiplets), as depicted in Fig. 14.
There, the adjoint chiral multiplet has R-charge —2 = —2b>.
Indeed, its one-loop determinant combines with the U(2)
vector multiplet one-loop determinant to give the OD chiral
multiplet contribution of the intersecting defects.

As we see in the next section in a more general setting,
the identification of the first quiver with a Liouville
correlator still holds if the FI and theta parameters of the
two gauge groups are taken to be arbitrary rather than
opposite. The partition function then matches a five-point
function with two degenerate operators V_b/z(x, X) and
V_, J(2p) (X', X') and the three generic \7 The FI and theta

parameters are given by exp(—2z&®) 4 i9®) = x and
exp(—27EW) +i90)) = 1/x' and other parameters are
unchanged. The quiver with 0D chiral multiplets does
not have the same property: making FI parameters distinct
does not reproduce the Liouville five-point function. This is
not surprising, both in view of the b = 1 case where the
surface defect reduces to one with a single gauge group,
and in view of the IIA realization where D2 and D2’ branes
stretch between the same pair of NS5 branes.

We now move on to arbitrary intersecting defects for any
number of flavors n;.
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B. Quiver with 0D Fermi multiplet

This section presents the quiver description of intersect-
ing defects corresponding to an arbitrary set of Toda CFT
degenerate operators. We focus on degenerate operators
labeled by antisymmetric representations, because all
degenerate operators can be obtained as the dominant term
in the OPE of such degenerate operators (see page 31).
Besides comparing leading terms in several channels as in
the last section, we prove in Appendix B that some braiding
matrices coincide.

The main statement is

(5.12)

The left-hand side is the expectation value of the intersect-
ing surface defect of Fig. 2 in the theory of n? free 4D
hypermultiplets al (nl) -x U(n,) gauge theory on
S2,aU(n)) x---x U, ) gauge theory on Sl/b, and on
their intersection a single OD N = (0,2) Fermi multiplet in
the bifundamental representation of U(n,) x U(n.,) with
‘R-charge 0. Couplings are explained in previous sections.

The right-hand side [87] is a Toda CFT correlator of two
generic vertex operators at co and 0, one semidegenerate at 1,
and v 4 v/ degenerates at x, and x]. Vertex operators Vv, are
labeled by their momentum a, a linear combination of the
weights hy, ..., h, of the fundamental representation of
SU(ny) (the h; sum to 0). We normalize the generic vertex
operators \7% and \7,,0 such that they are invariant under
a — 20 — a and under the Weyl group, which permutes
components of @ — Q, where Q = (b + b~!)p with p being
the half-sum of positive roots [88]. One degenerate operator
has momentum —bwy proportional to the highest weight
wyg = hy + - -+ + hg of the Kth antisymmetric representa-
tion, and the other has momentum —b“a),,l._ k' correspond-
ing to the conjugate of the K'th antisymmetric representation.

In short, the dictionary is that mass parameters of the
SU(ng) x SU(ng) x U(1) flavor symmetry are encoded in
ap, A, and A respectively, complexified FI parameters give
positions of degenerate punctures, and gauge group ranks
determine the antisymmetric representations.

We find K, =n,—n.; and K, =n,—n._, (and
Kl = n; and Kll = I’l/l),
1
Hz, and x.=[]=. (5.13)
<

1=K

Here, 2, = (=1)utma=ntly and 3, = (=1)"n1 -1z, for
1 <1 <v-—lintermsof z, = e~ >+ and similarly for 2’
and 7.
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In quiver conventions, we recall that twisted masses
m and R-charges of (anti)fundamental chiral multiplets

. (R _ . (R R)[ (R
combine  as zm§ ) = zm( Ve + RgD) [q§ '1)2  and

i\ = /f RZD [qs ] /2 for the right theory and
im{t) = /f+R2D [q3 ]/2 and zmﬁL) = j /f—
Rélg) [éj ] /2 for the left one. As explained in Sec. III,
2D masses are related by (3.12),

p'm'™ = bl and bl =bm",  (5.14)
and 4D hypermultiplets have masses M Zb;l +
b 5 )~ p~1%{®. In the theory on the right, bifunda-
mental chiral multiplets have lmt(m> = b?/2 namely

(R) _
adj —

1 — b*> namely R-charge 2+ 2b%. Similarly, zm,(m) =

b=2/2 and im(y) = 1 - b2,
The S[U(n;) x U(ng)] mass parameters correspond to
Toda CFT momenta as [89]

R-charge —b* and adjoint chiral multiplets have im

ng ng
a-0=> b67im{n; =3 bim'n; (515
j=1 J=1 '
ng
—0= Zb imhy, = =" bimn,  (5.16)
s=1
b+ b_l o ng ng , 1
A — 3 nf—<ny—3)b+(§—ny, b
+Zb Lim{®) Zb liml®.(5.17)

We can immediately perform simple consistency checks.

(1) Permutations of flavors 1 < j < ny permute compo-
nents of ap— Q and namely perform a Weyl
reflection of this momentum; this leaves the nor-
malized vertex operator Vao invariant. Similarly,
permutations of flavors 1 <s < n; leave f/%
invariant.

(ii) The conformal map x — 1/x exchanging 0 <> o
corresponds on the gauge theory side to conju-
gating charges of every gauge group. The change

in A; precisely cancels the conformal factor
HZ:I |XK|4A(_waK) HZ,:] x;|4A(_b_1”)"r—Kfc)_

(iii) If we set n; = 0 then A, given explicitly in (C1), is
independent of xi; similarly, x| factors disappear
when setting 7| = 0. The matching also reproduces
results of [26] for v/ = 0 (or v = 0) namely for a
single 2D theory. In that case, conjugating all Toda
CFT momenta (0§ = w,,_) is known to correspond
to a sequence of 2D N = (2,2) Seiberg dualities.
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Unfortunately, for intersecting defects it is not known
how OD matter behaves under Seiberg dualities.

(iv) Combining x — 1/x, b — b~!, Toda CFT conjuga-
tion and Weyl reflections give rise to a symmetry of
the gauge theory setup: the two 2D theories are
interchanged. To see this it is useful to note that the
conjugate of Aw; is (n¢(b+b~')—A)w; up to a
Weyl reflection.

(v) For b =1 there is no distinction between degenerate
operators with momenta —bwg and —b~'wg. As in
the Liouville case from the previous section, the
equality (5.12) reduces to (a Seiberg dual of) the
matching for a single 2D theory with v + ¢/ gauge
groups corresponding to v+ ¢/ antisymmetric de-
generate operators.

While we have found the dictionary and the prefactors by
comparing expansions of the sphere partition function and
the Toda correlator in several limits Z, — 0,1, c0 and
2. = 0,1, 0o, we only write details explicitly for v =/ =
1 (see Appendix B).

A major piece of evidence in this case is that braiding
matrices relating conformal blocks in different Toda CFT
channels (different operator product expansions) match the
analogous matrices in gauge theory. This is proven sche-
matically as follows. The OD Fermi contribution is recast as
a differential operator acting on the product of (a gener-
alization of) partition functions of the left and right 2D
theories. Braiding (analytically continuing) x around 1
commutes with this differential operator; thus the braiding
matrix coincides with that of the right 2D theory in
isolation, itself known to coincide with the Toda CFT
braiding matrix. More precisely, the presence of an
additional degenerate vertex operator shifts momenta
slightly, and this translates in gauge theory to a different
normalization.

To conclude this section, we determine the dominant
term in the OPE of degenerate vertex operators [90]. The
OPE of two degenerate vertex operators V_, i Qb labeled

by (R},R) and (R}, R,) is known to be

Vi, =) (01 %)V iRy ) (%2, X2)
— Z oty — oy [HA b=bR)~A(- ' [=bR1)=A(-Q,/b=b,)]
'R

(R'.R R
(Rl (R, Ry (VRIR) + )

([@X

x (5.18)

where Q' and Q are the highest weights of R’ and R and the
sum ranges over irreducible representations R’ in R} ® R
and R in R; ® R,. The dominant term in this OPE is that
with the most negative A(—b~'Q’ — bQ), and we see that it
is given by the highest weights Q = Q; +Q, and Q' =
Q) + ) of the tensor products. We sum over irreducible
representations R in R; ® R,, whose highest weights take
the form
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ne—1
Q=Q+Q—> k(hj—hy,) forintegers k; >0
i=1
(5.19)

where h; — h;, | are the simple roots. They must also be
dominant,

(hj —hiy1,Q) >0 forall 1 <i<ng (5.20)
The highest weight Q' is parametrized similarly by integers
k; > 0. We prove that A(—=b~'Q' — bQ) is minimal for
k; = 0 and k; = 0 by allowing real k;, k; > 0 and showing

[ERAT A=

that derivatives are positive in the region (5.20),

0, A(=b7'Q - bQ)

= (O (-b7'Q = bQ), 0 + b™' QY + bQ) (5.21)

=(hj—hi 1,0+ b71Q +bQ) >b+ b7 (522)
We conclude by noting that the space carved out by (5.20)
is convex.

From the pairwise OPE of degenerate vertex operators
we deduce that the dominant term in the OPE of any
number of degenerate vertex operators has a momentum
equal to the sum of all momenta. Given that any weight is a
sum of fundamental weights wg, any vertex operator is the
dominant term in the OPE of some set of antisymmetric
degenerate vertex operators. Explicitly in the case where we
fuse all v 4 v/ degenerate operators,

v v
LT 7o, 5o 2 T V-, 50
1=1 =1 !

= a({x, xHa({x. OV _jig_po(x) +-- (5.23)
as x,, X, = x (we suppressed subleading terms), where the
prefactor a consists of powers of position differences (the
three-point functions turn out to be 1),

Q= Z wg and Q= Z Onr. (5.24)
=1 =1

The Young diagram associated to  has v columns with
Ki,...,K, boxes in some order. The Young diagram
associated to ' has columns with n; — K, boxes, or
equivalently the conjugate representation has a Young
diagram with K)-box columns.

Translating to gauge theory, the fusion limit corresponds
to 2, = x, 2, = 1/x and all other 2, = 2 = 1. Selecting the
leading term in the OPE corresponds to ignoring vacua that
go to infinity along the Coulomb branch when setting FI
parameters to 0.
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In the case depicted in the introduction, namely
Ky <---<K, and K| <--- <K/, many factors in the
prefactors A and a cancel. The limit x, — x and x}, — X is
then smooth, and in the limit x’ — x the partition function
behaves as

Z(x, x/) ~ ‘x _ x/|2 Zi] Z;:] max(O,KHKK—nf)Al(x; )_C)

X <‘7am(°°)‘7m, (1)‘7%(0)‘7—17-19’—179(?" X))
(5.25)

While the simplicity of the factor is convenient for
calculations, and in particular allows one to write an
explicit formula for the Toda CFT four-point function,
one should remember that the prefactors depend on the
renormalization scheme.

C. Quiver with 0D chiral multiplets

We give in this section a dual quiver description of the
intersecting defect labeled by a pair of symmetric repre-
sentations. The main statement is

Z[Tchirals] = AZ(x; )_C)
x V4, (5.26)

The left-hand side is the expectation value, in the theory of
n? free hypermultiplets on S}, of the intersecting surface
defect of Fig. 4 described by a U(n) theory on one two
sphere and a U(n’) theory on the other, coupled through a
pair of bifundamental OD chiral multiplets on their inter-
section. Both the U(n) and the U(n’) theories have one
adjoint, n; fundamental and n; antifundamental chiral
multiplets. Twisted masses obey

b~ (im; = 1/2) = b(im; = 1/2),

b~ (im, + 1/2) = b(im), + 1/2), (5.27)
due to cubic superpotential couplings with the free 4D
hypermultiplets. Adjoint chiral multiplets of the U(n) and
U(n') theories have R-charges —2b* and —2/b? respec-
tively due to OD/2D superpotential terms. The two theories
have equal FI and theta parameters.

The prefactor A, given in (C10) is as before an ambiguity
of the S‘g partition function, and the Toda CFT correlator
features two generic and one semidegenerate operator. The
degenerate vertex operator is labeled by the n’th and the nth
symmetric representations of SU(n;) and placed at
x = (=1)"e~2%+® Momenta encode twisted masses as
follows [91]:

ng ng

ag—Q =Y blimh; = bimih; (5.28)
=1 =1
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ng ng
U= Q== blimh, == biih, (529
s=1 s=1

b+b!
A= 2 ng
. ng , ng 1 1 it - 1 "t
= n—3>b+ n +3 E—I—Z;zm‘——j:l im;
= (n+2)p+ (w2 l—i—ibnﬂ’—ibzm’
2 2)b '

(5.30)

Contrarily to the previous section, the two 2D theories must
share the same FI and theta parameters for the partition
function to coincide with a Toda CFT correlator. In the ITA
brane construction, this is understood by noting that all D2
and D2’ branes stretch between a single pair of NS5 branes,
whose separation gives a single FI parameter.

We can immediately perform consistency checks similar

to the previous conjecture.
(1) For n; =2 and n=n' =1 this reduces to the
Liouville matching we discussed earlier.

(i1) Permutations of flavors correspond to Weyl reflec-
tions of momenta.

(iii) The conformal map x — 1/x corresponds to con-
jugating gauge theory charges.

(iv) For n=0 or n' =0 the matching reduces to
previously known results of [26].

(v) A combination of b — b~' and Weyl reflections
exchanges the two 2D theories.

(vi) For b =1 the partition function is equal to that of a
single 2D theory with gauge group U(n + n’) and
one adjoint, n; fundamental and n; antifundamental
chiral multiplets.

(vii) For the cases where ny = 2, 3,4, n = n' = 1 in the
quivers with OD chiral, and n® = 1,n* = n; — 1 in
the quivers with OD Fermi multiplets, we checked up
to second order in x that the partition functions of
two types of quivers agree.

In the limits x — 0 and x — oo both the partition function
and the Toda CFT correlator decompose into a sum of
("t =1y (" =1) terms. For each of these terms the leading
coefficient and leading exponent of xX can be compared.
A detailed discussion of constructing these intersecting
surface operators from vortices appears elsewhere [92].

VI. DISCUSSION

In this paper we have initiated the study of intersecting
surface operators in 4D QFTs. When intersecting at a
point, these can be constructed by coupling together
4D/2D/0D degrees of freedom by gauging the global
symmetries of defect fields with symmetries acting on
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higher-dimensional fields. In the context of 4D N =2
supersymmetry, we have shown how to couple the 4D/2D/
0D degrees of freedom so as to preserve two supercharges.
We have shown that these surface operators are amenable
to supersymmetric localization on the Q-background and
the squashed four sphere.

We have also identified a class of intersecting surface
operators that describe M2-brane surface operators ending
on a collection of M5 branes wrapping a punctured
Riemann surface. It is this class of intersecting surface
operators whose squashed four-sphere partition function
we conjecturally relate to correlation functions in Toda
CFT in the presence of a general degenerate vertex
operator. We have provided rather nontrivial quantitative
evidence of this connection by showing that the squashed
four-sphere partition function of an intersecting defect in
the theory of hypermultiplets matches in detail the corre-
lation function in Toda/Liouville CFT.

The explicit computation of the expectation value of
our intersecting defects in a general 4D AN =2 gauge
theory becomes more challenging, as the 4D instanton
equations are modified by the pair of 2D and the 0D
degrees of freedom. The explicit 4D/2D/OD quiver
diagram realizing the intersecting surface operator gives
a definition of the allowed gauge field singularities along
the two R?’s and of how these singularities merge at the
origin, where the OD fields are inserted. The partition
function of an intersecting defect obtained by coupling
0D theories to 2D N = (2, 2) theories and in turn to a 4D
N =2 gauge theory takes the following form, with
G)(R) denoting the total gauge groups of the two 2D
theories [93],

d (L) d (R)
[ S [ S s
50 g JIK (2m) O (2) e
X Zsi (o*(L), BW), a)Zsi(ff(m, BR), a)ng(a)
x Zggerseclion (J(L)’ B(L)’ U(R), B(R))

X |Zinstant0n (a’ U(L)’ B(L)’ G(R) ’ B(R)) |2‘

(6.1)

There are new ingredients in addition to those appearing

in the analysis in Sec. III, where the formulas for

ZSZ (O'(L/R>, B(L/R), (1) and Z%)%ersection(o.(L)’ B(L)7 O'(R),
b

B(R)) can be found. For a general 4D N = 2 gauge theory
we must also localize the 4D gauge dynamics, which
results in an integral over the vector multiplet scalar zero
mode a in (6.1), where a takes values in the Cartan of
the 4D gauge group. ng(a) is the familiar classical

and one-loop factor in the computation of the S}
partition function [22,23]. In this more general case, the
masses of the innermost chiral multiplets in the 4D/2D/0D
quiver diagram can be fixed in terms of the 4D Coulomb
branch parameter a by the localized superpotential.

PHYSICAL REVIEW D 96, 045003 (2017)

Zinstanton (@, '), BL) (1) B(L)) is the instanton partition
function of the 4D/2D/0D theory in the Q-background. It
can be computed by a matrix integral similar to the Atiyah-
Drinfeld-Hitchin-Manin (ADHM) construction, which
computes the equivariant volume of the instanton moduli
space in the presence of the codimension two singularities
induced by the 2D fields and codimension four singular-
ities induced by 0D fields. The ADHM matrix model has
new additional fields in the presence of defect fields (see
[94]). The extra fields in the ADHM matrix model arise
from the 2D fields that couple directly to the 4D gauge
group, that is the innermost chiral multiplets [95]. It would
be interesting to explicitly compute the partition function
of our intersecting defects for gauge theories such as
SQCD. For the computation of instanton calculus in the
Q-background for the theory living on stacks of intersect-
ing D3 branes see [96].

We proposed that the partition function of our intersect-
ing defects in gauge theories computes the correlation
function in Toda CFT in the presence of a degenerate vertex
operator. In this dictionary, the expansion of the CFT
correlator in conformal blocks is obtained after integrating
over the partition function of the 2D and OD fields. This is a
rather nontrivial prediction that stems from our analysis.

Our discussion of intersecting defects can be applied to
surface operators of Levi type, where the 4D gauge group G
is broken at a surface to a Levi subgroup L of G [2]. These
are naturally associated to surface operators engineered by
MS5 branes instead of M2 branes [97]. Our 4D/2D/0D field
theory construction allows a more general possibility. We
can consider a 4D theory where the gauge group G is
broken to L, in the plane x* = x* =0 and to L, in the
plane x' = x? = 0; see Fig. 15. These two singularities are
then glued at the origin, in a way determined by the 0D
fields supported there. An interesting example to consider
using our formalism is an intersecting surface defect in 4D
N =2 SU(N) super-Yang-Mills characterized by a pair of
Levi groups (L, L,). Using that one can associate to each
Levi group a canonical 2D N = (2,2) theory (see e.g.,
[2,45,98]), we can consider as an example of such an
intersecting defect the quiver diagram in Fig. 16.

It is expected that for the choice of Levi groups (L, G)
obtained by coupling just one 2D N = (2,2) theory the

Ly

2
R12

2
R34

R4

FIG. 15. Intersecting Levi-type defects supported on planes R,
and R2,. The gauge group G is broken to L, in the plane R?, and
to L, in the plane R3,.
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FIG. 16. An example of a 4D/2D/0D quiver gauge description of intersecting Levi-type surface defects inserted in pure N' = 2 SU(N)
super-Yang-Mills. The Levi subgroup L, is determined by a nondecreasing partition of N,ie., N=K; + K, +---K, and K; < K, ;.

The ranks of the gauge groups are then N; = Z{:] K. The ranks N'; are similarly determined in terms of the data encoded in L,. Other

choices for the 0D A = (0,2) theory are possible.

partition function of the theory computes a correlation
function in W, Toda CFT, where p is the partition of N
associated to the Levi group L; [3] (see also, e.g., [97,
99-108]). It would be interesting to find a 2D CFT
interpretation of the partition function of intersecting sur-
face defects with Levi groups (L, L,) obtained by cou-
pling, as we did in this paper, two 2D N = (2,2) and a 0D
N = (0,2) theory to each other and to the bulk.

The discussion of intersecting surface defects inserted in
4D quantum field theories can be straightforwardly gen-
eralized to codimension two defects in 5D theories.
Trivially uplifting all dimensions by one unit, we expect
our results to be relevant for the study of the 5D AGT
correspondence [109-111] as well as for the work in
[112,113].

The vacuum expectation value of intersecting surface
defects labeled by symmetric representations on the four
sphere (or $* x S! or §°) can be obtained alternatively via a
Higgsing procedure [94,113-115] or, equivalently, from a
Higgs branch localization computation [116-118] [119].
This computation heavily relies on massaging the instanton
partition function and agrees with our proposal in this
paper. It is presented elsewhere [92].
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APPENDIX A: LIOUVILLE FUNDAMENTAL
DEGENERATE

In Sec. VA we wrote (5.1) relating the partition functions
of two 4D/2D/OD quiver gauge theories with 2D gauge
groups U(1) and U(1) and a Liouville four-point function
with three generic vertex operators and one degenerate
vertex operator of momentum a = —bhQr —b7'Q =
—%—3-=-0/2. In this appendix we first discuss the
Liouville correlator then match it to a partition function
involving a OD Fermi multiplet then to one involving a 0D
chiral multiplet, and conclude with a proof that the two
partition functions are equal up to some factors (in

Appendix A 6).

1. The Liouville correlator
Let us start by writing down the Liouville correlation
function we aim at reproducing from the gauge theory point
of view,
(V_g(2.2) V4, (0)V, (1) V4, (00)). (A1)
It involves one degenerate vertex operator \7_% with

Liouville momentum —1(b+b71)=-5£

generic vertex operators \A/(,l_,i =1, 2, 3. Here the hats
indicate that we normalized the operators as follows:

and three

V_g=Ngg Vg, Vo, =N@V,, (A2a)
Y
NG = (uy (b2 0220) 5 (A2b)
N = (uy (b2 b2 ) "5 /(15 (0157, (2a1)),  (A2¢)
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where p is the cosmological constant, y(x) = and

L)
I'(1-x)’
Y’(0) is the derivative of the Upsilon function evaluated at
0. Recall that the conformal weight of a Liouville vertex
operator V, is given by A(a) = a(Q — a) [123].

The three-point function of three primary fields V)
with generic momenta f; is given by the Dorn-
Otto-Zamolodchikov-Zamolodchikov (DOZZ) formula
[124-126]

C(ﬁl?ﬂ2?ﬁ3)
_ [ﬂyy(bz)bz‘sz](Q_ﬂ)/b
L Y(O)TRR)TRA)YCE)
Y(B—0)Y(B=2p)Y(B~25)Y(B~2p5)
(A3)

where f = f; + f» + $;. Including our normalization
(A2), it becomes

1
B-) T Y(B-28)

C(pr. . 3) = (A4)

Furthermore, the operator product expansion of a generic
operator \7(,1 with the degenerate operator ‘7_% is given by

Vo2 2)Vy(0)~ D ()] dla)ma0e/2)
) si==%.5,=%
x Cy (Ve (0) ++-2).

(A5)

—1 .
where o, , = a; + %, and the ... denotes Virasoro

S152
Ay

descendant fields. The structure constants C I”SZQ are
a,—5

2

computed by

Nl >N(_Q/2)

C‘a”sz = ﬁc(al ’ _Q/z’ Q - a~Y152)/'

A6
ap,—5 N(as] s2> ( )

1=p'
U =Pi3)p1

PHYSICAL REVIEW D 96, 045003 (2017)

Here the prime on the last factor indicates that one should
take the residue of the single pole one finds when inserting
the arguments in (A3) [127].

Given the OPE in (A5), we deduce that the correlator
(A1) has an s-channel conformal block decomposition
involving four intermediate channels with intermediate
momenta a; ,, = a; + (s1b + s,67")/2,

<‘A/—%(Z7 Z) ‘A/a] (O> ‘A/az(l)‘A/% (°°)>

|G, P (AT)

a.—3 1

o sy s

C
2,003,055,
S| ==%,5,=%

The conformal blocks are normalized in the standard way,

- (z) = A@nn)A@)=8C/2)(1 4 ¢z + .. .). They
have been computed in closed form in [86] by solving
the fourth order differential equation associated with the
degenerate puncture. Before presenting them, we introduce
various notations, following [86]. We denote

p1 = bla—2a, - 0/2),
p2 = bla—2a, - 0/2),

p3 =b(3Q/2-a).

pi="b7p,, (A8)

with a =a; +a, + a3, use the notation that p;; = p; + p;,
Pijk = Pi + Pj + Pk and finally define

-7:1(Y17)’2,Y3’Z>
=, Fi(14+y3.2+y; +y2+y3.2 +y, +¥3.2).

Fa(y1.¥2: 3. 2)

= 27" F (14 yo, =y, =Y~ 3, 2),s (A9)
in terms of the hypergeometric function ,F;. Then the
conformal blocks G(,,)_]A_2 describing the exchange of

momentum « , in the correlator (A7) are given by [129]

(z) (A10)

S152

G%S2 (z) = gItPot@Q(] — 7)Htrutalg

Q{,,(Z)zfz(pl,pz,p3,z)f1(—p’1—L—p’z,—pé,Z)—(]_p, s 2(p1 = 1,p2,p3.20) Fi (=P —ph,—p5.2)  (All)

13
ga++(z> = ga,,<z)|pi<—>—p; (A12)

1+ 1-p
o, (2) _ ! };'jﬁ(p, p”)fl(phpz,ps,Z) x Fi(=p) = 1,=p5,—p5.2) + (pi < —p}) (A13)
2
pi3(1=pi3)(1 + p

Go  (2) = El 1)( 13)(-7:2(191—17P2’P3,Z)-7:2(_p11v_plz’_ngZ)_<pie_p;))- (Al4)

P3(P123 + Phas)
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2. Gauge theory computation I

The partition function of the 2D/OD part of the left quiver gauge theory in Fig. 13 is computed as

ZRTED D o e ||

[2 [(=i(c® —m'

O I+ i(6® = m{®) = B® /2) T (1 + i(=o®) + ™) + B®) /2)
. L ~ (L)
> 6_4,”'5(0( 61)+i9(BR )A+A— : F(_l(6<L) - m§ )) - B(L)/Z) f[ F(—l(—U(L) + J ) + B(L)/Z)
T+ (™) — mM) = B1 2) £ T(1 + i(~o®) + i) + BW) /2)
(A15)
|
with A* =b~!(ic'® £ B®) /2) - b(ic") + B() /2). Recall um o 4riE(m =) S(R) (o (L)
the mass relations (3.12) (with ¢ = 0) USZ kZ Z1-100p (/) Z1-ioop ()
b = oAl bRl = pm (Al6) x [(b-lumﬁ’” +p)) = blimg - gf))
p;.a; 20
R L _
In (A15) we have used %I)gjg_g(n) = ;Iand similarly for x 7P} Z?jﬁi x)‘ (p; )20 Zvort(e X)‘ )( q,j)}
&. We also define z = e=*""". For positive FI parameter,
& > 0, the naive poles are located at (L
xS @7+ ) = b - )
>0
®) /2 =im® 4 p=, with pF>0 for j=1.2, Pt
*.(R) (L) -
L)2 = ,(CL —qp. with g >0 fork=1.2. x 2" Zvortex\( ) (P7)Z% Zvortex\( )(‘Ik)} (A22)

(A17)

Using the mass relations (A16), it is easy to see that the
contribution of the Fermi multiplet provides 0’s canceling
the poles (or equivalently, setting their residue to 0) for
j=kand pf =g =0o0r p; =q; =0.

Introducing the quantities for j, k =1, 2,

Hylm

s=1,2

7B

l»loop( ) - 7/( lm + lm/ — imy )),

(A18)

s=1,2
(A19)
and for m € Z,,,
R . (R
R%,(R) m) = I 1(”"( )—sz ))m (A20)
vortex|(j) (1 + lm(R lm )
) J J’#/ m
(L)
R2(L T2, (=im” + im'L )
Zynenip(m) = = L (A21)
m!(l —im;”’ + lm,#k)m

one easily finds

Next, we match this expression to the Liouville correlator
after including the contribution of the four free 4D hyper-
multiplets,

2
1
ZtreeHM . , (A23)
jSHI Th( 20 leS)
with masses fixed by (3.9) and (3.10),
My i il mm et
0 20 2F 2 A
(L) , ~(L)
M, -mg  +m
e B K
Vee 2002 £ 4

3. Matching Liouville to gauge theory I

The detailed match between the Liouville correlator and
the gauge theory computation of the previous section is
given by [130]

free HM ~(0.00)
“s; S ZS<2R>US<2)
= Alz]? 1 = 2PV _g(2.2) V4, (0)V, (1) Vg, (00)),

(A25)
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where
A = bh=40(0-0/2) (A26)
y=(b-=b"Na, - bQ, (A27)
0 i _ R R
p==" t b= 4w, (A28)

and with the parameters «; identified with 2D masses as

0o i R R j L -
a1—5_%( (1)— g))—_z( E)—m§>),
Q i ,_.® . ~(R R R
ib L L ~ (L ~ (L
—2(m§) g) m(l)_ g))
Q 1 ~ (R ~ (R lb L L
a3—5 _%<m§)_ g))__Z(mE)_ £)>

(A29)

More in detail, the sum over the four vacua j, k = 1, 2 of
the gauge theory result (A22) corresponds to the four
internal channels of the Liouville correlator (A7) as in
Table V. To present the precise identification, let us
introduce the notation

PHYSICAL REVIEW D 96, 045003 (2017)

TABLE V. Matching the four vacua in Z( 9 with the four

u52
channels of the Liouville correlator. Sie
Ik L1 1,2 2,1 2,2
5182 -+ —= ++ +-
) 1. (R (L
Zugn(rio) = Y 7 i+ ) = oG - 1)

Pj»qx20

2.(R)

vortex|(j)

(L)

X xPi Z (p])quzvortex\

(qx) |
(A30)

where we note that Z, g, (x; j, j) has vanishing zeroth order
term in x,

Zygn(x1j.) = <bZVOn(ex)|()( )47z )>+(’)(x2).

(A31)

The gauge theory result (A22) can then be reorganized in
the following form,

2 i(m®—m{") 2
0o R o~ (L v
Zéz U?SZ = Z[Z(l-llop( ) lloop(k)(lb ! < ) lbmli ))2 1. (R) (L )ZV®V(Z ]vk) :|
(®) (L) o ib™'m;" — ibmy
i(m(_R)_rh(L))+1 _IZ ( . k) 2
Z ‘ veviZsJs
+ Z 1- loop 1 loop( )(vaortex| (1) + b 1Zvortex| ( )) ’ (A32)
“ 2 bzvonix?( )( ) + b~ lzvonix?( )(1)
[
where |...|* just means sending z — Z. Each of the four  for conformal blocks. It would be interesting to obtain a

summands of (A32) has the structure [...] x |...|>. These
expressions, using Table V, can be matched to the four
channels of the Liouville four-point function (A7) as
ZieM o [ ] =ACC, and |...|* = |Z/%|1 — 2/¥|G(2)[%,
where we used the parameters in (A26)—(A28). In the
ancillary Mathematica file, [131] we use contiguous

relations on hypergeometric functions to prove the equality
|

more straightforward proof.
4. Gauge theory computation I1

Let us now compute the S} partition function of the
theory described by the right quiver gauge theory in
Fig. 13. We denote parameters of the left theory with
primes and the right theory without primes. Omitting
the 4D hypermultiplets, the partition function is

Z(\ZZ\D)Z — d_GdG —47515 o+0')+i9(B+B') ﬁ l B/Z) H F(_i(_g—i_ﬁ{‘)_‘_B/z)
S £ b K227 Hr(1+i(e )—B/ )T (1 +i(—o+m,) +B/2)
b+b! b+b""\1"' & T(=i(c'—=m’)—=B'/2) 2 —i(= B'/2
< (1L (% +257) (a2 =22 11 > /2) H a+m>+{>,
+ 2 2 Fll"( +i(o'=m})=B'/2) LT (1+i(=0' +m') +B'/2)

(A33)
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with A* = b~!(ic £ 8) — b(i¢’ £ £). Recall from Sec. III
the mass relations (with ¢ = 0)

i
bm'; —b~'m; = _§<b - b7,

bin, — b\, (b b1). (A34)

In (A33) we used &pp = & = £ and similarly for 9. We
also define z = e™2%*+_ For positive FI parameter, £ > 0,
the Jeffrey-Kirwan-like residue prescription selects poles
obtained by assigning to ¢’ a pole position of the
fundamental one-loop determinants in the third line of
(A33). Taking into account cancellations with 0’s, we
thus have

/!

B

ic’ to= im, +qf, with ¢f >0 fork=1,2.
(A353)

For o there are various options

. . B . .

ic=1imj;+; —5 with [; >0 for j=1,2,

B

ic = imki§+b2q,f -1,

; ; B 5 %

ic = im, £ =+ b*(q) +1). (A36)

2
|

2
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Here we used the relations among the fundamental mass
parameters on the two spheres. Note that in the pole
positions on the last two lines, the index k takes the same
value as in (A35). Also note that some of these poles
collide, and some cancel against the 0’s located at ic =
im, +%—2,—1with 2, >0 for p =1, 2. Among these
poles, four particular classes of simple poles can be
identified as follows, where j, k =1, 2:

- {ia’i%’: im), + g, with g >0,
“lio£Z=im;+p7. with pF >0,
ic) 28 =im} + g, with gf =0, g7 >0,
{10—1—2 im, — 1, with B <0,
- { ic’ £8 =imj +qf, with ¢g =0, g >0,
=im;— 1, with B > 0,
v { = im}, with ¢y =0, ¢y =0= B =0,
ic =im,—1, with B=0.

(A37)

The sum of the residues of these poles reproduces the
Liouville correlator (A1), while one can verify that all
other series of poles cancel among themselves. These
poles can also be characterized as those for which ic +
B/2 € {im,,imy} + Z and ic’ £ B'/2 € {im),im}} + Z.

Computing the residues of the four classes of poles is
straightforward. One finds

Sz US2 Z |:e—4m§ mj+my) Zl “loop|( )(m, ﬁ/l)zl—loop\(k)(m/, 771/)

(R) =

ZV Wi (=1
5ij_ ortex|(j )( ) T Z

X
(b+o b
where |- - - |* just involves z — Z, in terms of
; 2
Z1_100p|(j)(m, m) = y(—imj + imk;éj H}/ im; — im,
s=1
(A39)
2 2 (im;—im
Zil?onex\(j)(m;m’rh) - HY 1 ( ) ’ (A4O)
m!(1 +im; — zmk;é])m
Zvortex|( )(_1) ~ 71712 ! (A41)

< 1(lm —img—1)

for j =1, 2 and m € Zy,.

Next, we match this expression to the Liouville corre-
lator, including the contribution of the four free 4D
hypermultiplets,

z Zvortex|( )(p’m m)z Zvorlex\( (q;m/”/h/)

[1. (67

2] (A38)

Lim; + p) — b(im) + q) £ 2=
2 1
ZfreeHM _ : , (A42)
S‘g j];_:[l Tb(é‘i‘ﬁ— lM]S)
with masses fixed by (3.19) and (3.20),
[ M, i i ] —m;+mg i
-+ —-+—=| + =,
ef 20 f 4 4
M ; . _m/ + ’;h/‘ .
[ s i+l]+ i L (A43)
¢ 20 2¢ 3 14

5. Matching Liouville to gauge theory II

The precise match between the Liouville correlation
function (A1) and the gauge theory quantities (A38)—(A42)
is given as follows,
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Sfree HM ~(,00)
Z St ZS2 )US(Z A
= A2 = 2P7(V_o(2,2) V0, (0) Vg (1) Vi, (e0)),

(A44)

with the parameters «; identified with 2D masses as

0 i ib
1—525(’”1—’"2):5(’"3—’"3)’

0o 1 I, . ~
az—azz—l—%(ml—l-mz—ml—mz)

ib , ,

:b+2(m1+m2 my —mj),

(0] i . - ib, . ~
0’3—5_%("12—"11):3(’"/2—"1/1)» (A45)

where the two expressions of each momentum are related
by (A34), and

A = L pao-r a0/ (A46)
0? ’

m 1’71)21 loop|(k )(
b+b
2

S
Z 1-loop|(j)
S2 uS’

Jjk=1
J#k

L(ib™'m; — ibm), £

/k:l
J=

where |...|> is again taken to mean just replacing z — Z.
The identification (A44), using (A7), is now straightfor-
ward. Each of the four terms obtained by summing over j,
k, which as mentioned above are identified with the four
channels of the Liouville correlator as in Table VI, have
the structure [...] x|...|>. These factors are identified

concretely for each vacuum as ZfreeHM x[..]=ACC,

and |...|> = 2|1 - 2|7|G(2) %, Where we used the
parameters in (A46)—(A48) and the arguments of the
brackets and moduli squared can be read off from
(A50). This identification is a consequence of the

~(0.0)

TABLE VL. Matching the four vacua in Z, sz, with the four
channels of the Liouville correlator. Sie

J k 1,1 1,2 2,1 2,2
5182 - —+ +- ++

b+b " -
Zimm) [ ] (ib‘lmj — ibm], + %) Zoau(z:7, )
+

2 o~ - vortex ( 1)
+ Z |:Zl -loop|(j) m’ m)Zl’IOOPKk) (m/’ m,) <(b<r|t’b7)b>
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Y= Qaz—QZ,

1 —imy —im,
b .

First of all, (A38) contains a sum over four terms specified
by the values of j, k. These choices of vacua j = 1, 2 and
k=1, 2 correspond to the four channels of (A7) as in
Table VI. To simplify the details of the identification (A44),
let us introduce a concise notation for the double sum over
positive integers appearing in (A38),

(A47)

Q

-2 (o s

Zv®v(x;j k)
P L (D3 1, )X L) (s )
S50 TLa (b7 (imj + p) = b(imj + q) 24—
(A49)

We then rewrite (A38) as

]

sz+m)1<1+(b+b_l)b_l ~ - >

NRZ’(R> I)ZZV®V(Z’.]’k)

vortex| (/)

1

(A50)

identification in Appendix A 3 and the equality of partition
functions that we prove next.

6. Seiberg duality between quivers

We prove here that the two quivers studied in the
previous sections have equal partition functions: we
apply a 2D N = (2,2) Seiberg-like duality to the left
node of the first quiver and show how the 0D Fermi
multiplet contribution transforms into a pair of 0D chiral
multiplets.

Enrich the partition function (A15) by allowing
independent left and right FI parameters, and write
the OD Fermi multiplet contribution as a differential
operator,

(@.0)

2 2
S( )US 0

z = b7 2R 0 — bz 1) PZeen Zse

(A51)
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where |, denotes taking R (L) &5 7 and
2 L (L) B(L)
oD = Jirtr 5502 gttt T LI =) = 5)
L )
]]F(l—'—l( (L) m(>)_BT)

<11

; (A52)
T+ i(—o®) + ) +¥)

and similarly Z(SISED in terms of (m<R),ﬁ1(R>,Z(R>,Z(R)).
As shown in [26,132], the SQED partition function is invariant under Seiberg duality up to some factors [133],

Zé%)ED = ClzW P21 — W22 Zsopn (m' i 2, Z), (A53)
with  exponents &, = —1/2 + imgL) + imgL) and 6, =1+ iﬁsz) + inﬁgL) - im(1L> - imgm, coefficient C =
H? I y(im§L> - iﬂiﬁ-L)), exponentiated FI parameter 7/ = 1/z(") and shifted twisted masses m = ﬂlﬁ-L) -1 and

m, = mg ) + % These parameters turn out to be those of the left theory in the second quiver, as given in (5.2) and (5.3) in the

main text (the relation can also be seen by identifying Liouville and gauge theory data). Parameters of the right theories are

(R)

related as z = z® and m; =m; —4and i, = AL L

Next we permute |z(1)|?%|1 — z(1)|?t and the differential operator of (A51),
(6712 R0, — bz1)D,0)) (2 )% (1 = 2B))o = (2)z0=01 (7 — 1)1~} <(” 120, + b2'd, — bim{" = bim{) (22
— (b7'20, + bz, — bim") - binzg”)(z')—%) (A54)
When combined with its complex conjugate, this gives four terms,

ZG0l = Cl P — 1pen ST [(b‘lzaz + b2 0y — bim)5)(b7120; + bZ' 9y — bim "))

Ste USTL) et
X 8522V Zsqun (' i 2. ) 2o | (ASS)
=z
where im®= = im'") + im" and im+ = im\" + lmg ). The factors (/)*/2 and (2')*-/> can be absorbed into the

Coulomb branch expression of Zgop, by shifting ¢’ — ¢’ +i(s;, +5_)/4 and B’ — B’ + (s_ —s,)/2. Pulling the
differential into the integral as well we get

2 T(E—ic™" +im))
(R i - o (3)ie" 5
zG0, = C|Z/|2(2 5o—51) 1|2 51-1) Z |: e ()i Z Z [HF(—%-F 110~ _jim/‘)
J=1 J

w9 ey =kl s =11 L=
2 N -/ /
[(=%+ic™" —imy) L S 5 o )
<Ll Ty e im0 BB bl = im0 |
(A56)
where we used the shorthand io’* = i’ + B'/2. Using ['(x +1/2) = (x = 1/2)T'(x — 1/2) and im; =5 = irhﬁ.L) and

in —|—% = im§L>, the s, -dependent factors can be massaged into
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2 2
Z [bs+(ia’+ — ims 4+ p7220.) HF(lm —iot + > H <lo —imy s2+>]

s, =% j=1
-2 : N T 2 !
— b(ic't r(im —ict—=\T[r i 4~ 2,8, — im', + =
b(ic’t = b™*z0,)” [H (lm io’" ) SI—I] <16 —imy + 2) ]1:[1 <b z0, — im); + 2)
2

- HF(lm — o't + ) Hr<m —im, - %) f[ <b‘2zaz — i, — %)] (A57)

j=1 s=1

The gamma functions which appear are the same as in (A56). The factors linear in z0,, when acting on the Coulomb
(R)

branch representation of Zgqpp,, become

1

b2z, — im; + 5~ b~2(ict — imE-R)), (AS8)
1

b7220, — i, — 5 — b (io" ~ im{®), (A59)

where ic® = ic + B/2. These factors simply shift arguments of gamma functions. An analogous expression holds for
s_-dependent factors and involves Z0:.
Altogether we get

ioct+io’ " Zlﬂ_+i6’

O0)  _ mp=4120=80=8,) | _ 112(5,=1) /dodo z
VA =Cbh 0—01 1
St USt,) 2|4 |z | Z TL.( bza ioi/b Z S8

B,B'ez sp.s_=%1

13[ (im; —ic*t +%)  T(im}—id " —% 13[ [(ic* — i, —7+) T(io™t — i, + %)
p (I —im; +io~ =5)T(1 = im| +10'/_+ L(1—io™ 4 im; +5)T(1 —ic™ +im{ = 5)|

(A60)

s:l

For all four choices of (s,,s_) the shifts by i—% and +% in gamma function arguments can be canceled by shifting
ict — ioct +5./2 and ic’* — ic’* — 5. /2. The fluxes B = icT —ic~ and B’ = ic’* —ic’~ remain integers. The
exponents 6 + ¢’* of z and Z stay constant, but bic’* — ic® /b are shifted by —s (b + b~')/2. After these manipulations,

s+ only appear in

s b+b7!
E : I+ —1; -+ - -1 = S =17+ —-1 (A61)
= (bic't = b7 lict —s . (b+Db7")/2) Jli(bic’T =b7licT £ (b+Db7")/2)

and a similar factor with (s, 6", 6’") = (s_,67,6’7). Lo and behold, we have obtained the contribution of a pair of 0D
chiral multiplets [134]. All in all,

2 2
oo 2 A 2(1-5y—5 2(8,-1) 7(0.0)
Zszmusfl_) =b~*(b+b! 1—[11_[7/ im{") — ) X |z|2@=%=31) |7 — 1|24 )ZS(ZR)US%L)' (A62)

j= s=1

The 4D hypermultiplets to which the two 2D/0D quivers couple have slightly shifted masses (A23) and (A42). Using
Y(x+1/b)/T(x) = y(x/b)b"+2/7,

ZgrfeHM b4_4(2§ im! ))+4( 2, irh("))
Zfr’;eHM - ) AN (A63)
s Gl y(ims” —im;”)

These factors cancel most factors in (A62) and give
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ZtreeHMZ(D ) , = ZfreeHMZ( )

2 4 2 2
S5 S( )US() b S( Us? w

GRS it
b4<2§j}m§“)-4( )

il —im M —im{)

| ‘2 lm(L)Jrlm(L))

(A64)

The prefactors are consistent with the matchings of
Appendixes A 3 and A S.

Throughout this section the contour integrals surround
poles such that ic + B/2 (and its analogues for other gauge
groups) is a twisted mass (times 7) plus an integer, or half-
integer in (A60). This reproduces the set of poles (A37)
selected by the Jeffrey-Kirwan-like residue prescription for
the quiver with chiral multiplets.

APPENDIX B: QUIVER WITH 0D FERMI
MULTIPLETS

In the main text we propose the equality (5.12) between a
4D/2D/0D partition function and a Toda CFT correlator.
We focus here on the case v = ¢/ = 1, namely each 2D
theory has a single gauge group factor and the Toda CFT
side involves a pair of antisymmetric degenerate operators
(with coefficients b and 1/b). The relation reads
z [TFermi,I/:l ]

1%, %)

= Ay (x5 %, %) (Vg (00) V0, (1) V4, (0)
X Vo, (2. g, (6 T)).

n[—n

(B1)

Complexified FI parameters of the two nodes are related to
positions of punctures by

X = 2(R) :( l)nf+n 1 —2;75 ) 179l ) (BZ)
¥ =) = (et (B3)
Twisted masses obey b‘lmﬁ.R> = b;hﬁ,L) and b-1ml® =

bm'" and these SU(ng) x SU(ns) x U(1) mass parameters
are encoded in momenta as (5.15),

ng
a-0=> b7imn, (B4)
j=1
-Q=- Zb imhy, (BS)

ng
A=n,b+ (ng—nl, b1+2b11ms =S o tim®.
j=1

(B6)

The prefactor is
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Ay = Aol PPo|1 = xPP1 = X Phix - X', (BT)
with
n(2 Z im®) -2 Z im® —ng+(ng—n)b?)

, B8
bn’(2 Z im) =2 Z im ) —ng+(ng—n')b2) ( )
B = —nb(b+b~" = 2/ny), (B9)
p=-n'b'2/n;, (B10)
Bo = —(0. bo >+£iim(’” (B11)

0 POl - i

/ ng

By =—(0.b7'w,) ——Zlm , (B12)
Y =n'n/n;. (B13)

We normalize generic, semidegenerate, and degenerate
vertex operators as follows:

ﬁ(a—Q.m

« = = Va, B14
sf<tT<<Q_avhs_ht>) ( )

v pnn BIS

Ahy = m Ahyo ( )

‘A/—bw—a)’/b = ﬂ(—bw—w’/b,p) V—b(u—w’/b (B16)

where fi = [zuy (b?)b>~2"]'/? is such that (3, b) — (2, 1/b)

is a symmetry of Toda CFT. This normalization makes
vertex operators invariant under Weyl symmetries (permu-
tations of the (a — Q, h;)) [135].

The Toda correlator is not known explicitly. In
Appendix B 1 we match the leading terms as x — 0: on
the gauge theory side this limit selects a solution of the Higgs
branch equations for the U(n) gauge group while on the
Toda CFT side it selects one primary operator in the fusion
of Vao with \A/'_bw”. The limits x — oo, X’ = 0 or x’ — oo are
similar. In Appendix B 2 we show that braiding matrices
match [136]. In Appendix B 3 we match leading exponents
in the limits x — 1 (similarly, x’ — 1) and x" — x.

1. Reduction to four-point function

In this section we explain how to expand the partition
function (B1) in powers of x and X, assuming that
|x] x'|. Other orderings of x, 1 and x’ are related
by exchanging 2(®%) or mapping them to their inverse by
charge conjugation.
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In full, the partition function is

do(R
Z= Z4DZ 2D 2D
B(R (2
(R) (L)
(R) B, . (L) B
XHH[ H{ <wa i7>—b<wc ﬂ:T)”, (B17)
where Zyp = [}, TTS, T((1 + im ™ — im® ) /b)~! is the 4D contribution, the last factor is the OD contribution, and
Z\F/L) are gi b
D given by
1 o no M (i 64— B,J2) it T(—iin, + ic, — B,/2)
Zop = _2Tr(m’+B/2)2Tr(m—B/2) %LUaL : i .a a )
D= 1s£Ic<n ,1:[1/ 1Fl—lm +ic, —B,/2) - ISI:IIF(I—HmS—wa—Ba/Z)

(B18)

with ick, = ic, + % —io, F % Since [2(®)| < 1 we close the do'®) contours towards —ico and sum residues at poles
labeled by a choice of n flavors JS{1, ..., n;} and of 2n vorticities ij >0 for j € J, at

) , B (R) s
<10'a iT)]gaSn = (zmj +p; )jej (B19)

up to permutations which cancel a 1/n! factor. The Toda CFT correlator is not known so we focus on leading terms only,
namely all pji = 0. The residue for a given J is then

)|2’m.( ) [T y(tm( lm
k dot
4D| | kel E /

el y(l—l—zm zm
BE)
ZDHHH:F [b 1zm —b(mﬁ)i > ﬂ (B20)
Jj€J c=

The 0D contribution combines with the one-loop determinant of antifundamental chiral multiplets of the left theory [using
tmﬁ.R)/b = biﬁzﬁ-L)]

n

(Lyy n n () _
il H{q: i@}”iiggw_l%] Hﬂ r(=in + iot") /2)
[

jeJ = 071];11“(1 + zm§- ) _igH) /2)
n n ( )
, . +0,c;+ lGC 2
— > TIT] (- ,( > i€ / ) . (B21)
c=1 j=1 F(l"‘lmj _5j€J_lGC — c /2)

Namely we get the S? partition function Z(SQ)ZB@) Ik da(L)ng)) /(27)" with shifted masses irh;L) - iﬁiﬁ” —8jey oOF

equivalently imﬁm - imﬁR) - 5jer2-

The denominator y functions combine with the 4D contribution thanks to Y (x)y(bx) = Y(x + b)b~1*25* and the
numerator y functions coincide with a Toda CFT three-point function of a degenerate operator. Altogether, the residue
(B20) is

lm(R) ... ;~og—bhy
|2(R>‘22jej J (b co bh. )[Z( )Z4D} (R)

—bw,.ay lm —mn( —6jE,b2

(B22)
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where h; = ). ;h;. The factor in square brackets is the
partition function of the 4D/2D system obtained by only
keeping the left 2D theory, known to match a Toda CFT
four-point function: this is the special case n = 0 in our
matching (B1). Including the mass shifts, the residue is

b PO = PPV (00) Vi, (1)V gy, (0)

XV i, (WL F)).

nf—u

(B23)

We note in particular that only the momentum «, is shifted:
the momentum Aw; is unchanged because mass shifts
cancel the change in nb. The exponent of |x'|> is also
shifted by an amount which turns out to coincide with ¥/,
the exponent of |x" — x|? in the full matching, as expected in
the x — O limit.

The structure we find is consistent with the Toda CFT
x — 0 OPE namely a sum over weights /4; of the nth
antisymmetric representation,

Vb, (6. 3) Ve lel2 (ag=bhy)=A(t0)=A(~bu, )]
_bh A
X Ciohw,,.(io V(zo—hhj (0) + - (B24)
Powers of |x|> = |2|> work out, namely A(ay— bh;)—

Alay) — A(=bw,) + py = ZJEJLm ®) and constant fac-
tors too. More precisely, we compared the contribution
of primary operators to the zero-vorticity terms in the gauge
theory expansion. The gauge theory results provide a
prediction for conformal blocks of this Toda CFT five-
point function.

2. Partition function and braiding matrices

In this section we explain how to expand the partition
function (B1) for [2®)|<1 and |2(¥)|S1 and how these
expansions are related by analytic continuation.

The S? partition function Ze =35 [doZyp/(27)" of
U(n) SQCD can be written as a differential operator acting
on that of n copies of supersymmetric quantum electro-
dynamics (SQED) (defined as SQCD with n = 1). This
involves additional Kéhler parameters Z, all set equal to 2
eventually [137],

Zo = ’H—]S -9 |21_[ZSQED Zae 2., )|

a<c

(B25)

where 8, =7,0/0z, and so on, and |9,-8.2|=
(9, —8.)(8, = 8,). We introduce in this way 2% for 1 <

a <nand 2&” for 1 < ¢ < n'. The OD contribution can then

be written as a differential operator —|b‘119,(lR> — b9 |2 for
each 1 <a<nand 1 <c¢ <n' acting on the product of

n + n’ SQED partition functions. All in all,
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Zhyper n
1
e )| AU
. R R)2 a L L)2
x [T-195 = o P T - 108 - 9]

—

X HZSQED 7§{lR)7m(R)7rh(R))

tzSQED BB () (), (B26)
equal2
where “equal ” means setting all 2% = 3(®), 30 — 3(®),
2t = 30, and 3 = 30,
The SQED partition function admits factorized
expansions
ng
SQED /o = S S)/a S) /%
2P =Y [FYOF) @)
=
ng
=N WFY R FYGE)] (B27)

in terms of holomorphic functions FE-S) (2)=(=2)™(1+--)
and FY(2) = (=2)(1+ -
series in powers of Z and of Z

-), with (hypergeometric)
-1 respectively converging
for |2|<1. Both the series and the constants c}s) and c\") are
known explicitly and coincide (up to powers of Z and 1 — 2)
with s-channel and u-channel conformal blocks and three-
point functions of a Toda CFT four-point function with a
fundamental degenerate insertion V_ba,]. We suppress the
dependence on masses to keep notations short. The choice of
sign ensures that the functions have the same branch cut,
namely the positive real axis.

In the sphere partition function (B26) we can expand both
sets of S? partition functions using (B27). Each set can be
expanded in the s channel or the u channel according to
whether |2®)|S1 or whether |2(2)|S1. We denote the four
cases by the (s,s) channel for |2(®)],|2(1)| < 1, (u,s) channel
for |2(0)] < 1 < |2, (s,u) channel for |3(®) 28],
and (u,u) channel for 1 < |3(®)], |2 )|. In each case, anti-

symmetry in permuting the zg Jor zc (and not their complex

conjugates) reduces the sum to a sum over choices of n-
element and n’-element subsets of {1, ..., n;}. For example,
the (s, s) channel is as follows, omitting the 4D contribution
and a sign (—1)+")(+7'=1/2 a5 they are constant:

-2 2 [(I) (1)

J1<o <y $1< <8,y c=1

(s.9) A(R) s(L)YE(GS) (3(R) B(L
XF (i (B0, 20 F o (20,2 ))} (B28)
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{/}){s} HH o)

a=lc=
y ﬁ( g® R>>1"—[( o0
a<c a<c

QA

Hf»

N)

9
equalﬁ

(B29)

[
a=1

where F(O®) and F)(L) differ in which twisted masses they
involve.

The holomorphic blocks " (2) and F\*(2) of the SQED
partition function are related by analytic continuation

ng
s) /Ay braid u) /A
FY@"=S B, FY ()
s=1

(B30)

The braiding matrix is explicitly B;; = D jé 5Dy in terms of

B T
7 sinz(im; — imy)
b Hk# C(1 —imy + im;)

T TIE T(=iim, + im))
5 I D=, + i) _—
I, T = imy + i)

We deduce braiding matrices relating the various
expansions of the 4D/2D/0D partition function. For
definiteness we analytically continue from the
(s, s) channel [2®)]|2(1)|<1 to the (u, s) channel
2] < 1 < |21)|. For this, apply the SQED braiding

FOR (zmnPmdyoae | gl IR (2(R)) 1o (B29) and note

that antisymmetry in the j, forces all 7, to be distinct,

. ng n
), 5(1))Prd [( B(R>>
2 |5

a=1

(s.8) ~
Filia @

x (—1)sen(0) F?ﬁf){s} (3®) 2<L>)],

(B32)

where the signature of 7 (as a permutation of {}) is
due to the antisymmetry of the differential operator
HZ<C(8£4R) 19E-R)) appearing in the construction of F(13),
The braiding matrix is thus an antisymmetrized product of
SQED braiding matrices. However, to compare with the
relevant Toda CFT braiding matrix we need to normalize

the series F*5) and F(us) by their leading coefficients F' l(es;d)

and F\"Y: the braiding matrix is then
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n (LI,S)
_ sign(o (R) Flead
Bijyshsy = Z[(‘l) ent )HBjarﬁm] 26

o€S, a=1 lead

(B33)

The leading term of F% is simply obtained by applying
the differential operator to leading terms of each series F(*)
noo. . (L
and F/(S): lt is (—E(R))Zazl lmjlj) (—2(1‘))25:1 lms") timeS a
leading coefficient

lead - H H(b li blmE(L)>

a=1 c=
/

X H(lm lm ) ﬁ(lmgi‘> - imgf)). (B34)

a<c a<c

However, the same procedure yields 0 for FU if
any t, = s, because b‘119<R) b19(l‘) then annihilates

(R
(—221?))""% (—QEL))”"* To get a nonzero result one must

. . _ . @) 4 ®)
consider higher order terms (—zE,R>)l"’f k! ( zEL))”” ke

with kgR), kE-L) > 0 not both 0. Depending on whether 1 <
2R < 20 or 1 < |81 < |2®)] a different term
dominates: (k,(lm, kﬁ”) = (1,0) or (0, 1) respectively. Thus
the holomorphic blocks in these two channels have differ-
ent normalizations to ensure that their leading coefficient is

1. We are interested in the first of these channels; denoting

( s = tmg ) _ Oiefs) the leading term of F(3) s then

( )Z i M( A(L))Z:' ims) times

F) HH(bl~ )~ pim!)

a=1 c=
!

a<c a<c

~TT7 (imff = i)

(R) _ -~ (R)

X
ue{s}n{r} Hzle (1 + imy, | — imy >

(B35)

where the sign (—1)*({s}7{}) is due to the choice of branch

cut. We decompose B = DBDin (B33) according to (B31)
and massage the normalization as

ledd HD HD

Flead j€li} re{t}

l a<c(lmt - HD HDS
re{1}

Ha<c(lm '[ ]G{J}
X (=)L),

R) s im(R)ish

(B36)

lm(

Since B is antiperiodic under integer shifts of im(®) we
conclude that the braiding matrix of our 4D/2D/0D sphere
partition function is
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[ (i, — i)
n (lm(R> ; (R))

a<c\UM;j == 1

X Z |:(—1)sign(rf) 1;[1 B.E'ft)m)]]

c€ES,

Bjpshin{sy = [

R) i ey

(B37)

im®

Strikingly, the dependence on n’ and on the choice of n’
antifundamental flavors {s} is restricted to a shift of mass
parameters. Therefore the braiding matrix is equal to that of
a similar 4D/2D/0D setup with the left 2D theory removed
and twisted masses shifted. It was shown in [26]
(Appendix A 3) that this gauge theory (SQCD) braiding
matrix is equal to the Toda CFT braiding matrix we expect,
with momenta «, the degenerate —bw,,, the semidegener—
ate Aw; including an n'b=! shift, and a,, + b~ Y " 1h

To recapitulate, the differential operator introducing 0D
fields only affects braiding matrices through a change in
normalization; braiding matrices thus essentially coincide
with those of a pure 2D theory, known to match with Toda
CFT braiding matrices; the normalization change is repro-
duced by a momentum shift a,, — a., + b~'4 on the Toda
CFT side, itself due to the additional —b"(uni,_,,r degenerate
insertion.

3. Channels 2® — 1 and 3®)3L) - 1

So far we have focused on expansions corresponding to
taking the OPE of degenerate and generic punctures. We
now consider the x = 2(®) — 1 limit, corresponding to the
fusion rule

A

‘A/—bwn ‘A/lw] = V(/H»h)wl—bw,,ﬂ + ‘7/1(1)|—hwn (B38)

derived in [26]. Since three-point functions of two generic

vertex operators and Vlwl bw, OF V(,1+b)w] “bw,,, are

unwieldy we only compare powers of |1 —x|>. On the
Toda CFT side these are

A((A+ D)oy = bw,,1) — Aldwy) — A(=bw,) + b
=n(b*>+1)+p, =0, (B39)
A(lwy - bw,) — A(dw,) — A(=bw,) + f

=bl+p=(—-n"—n, (B40)

where we introduced ¢ = ng + > 0F im® — > lmﬁR)

for convenience.
On the gauge

ZE,ZQED(EEZR), EE,’“) in the representation (B26) near 3B =1,

theory side we expand each
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2R = G(1-3® 1 —3R)
')H(l —3®) 1 §<R))

259 (30

l

1 - (B41)

where G and H are series in non-negative powers of
(1-2®)) and (1-2®)) and it turns out that H factorizes
into a holomorphic times an antiholomorphic series. When
combining such decompositions of n SQED partition func-

tions one would expect 2" terms; however antisymmetry of
the holomorphlc differential operator [ ["_, []/_, (b~ -
bo ) (19<R) - 8£-R)) Z<C(19£,L) - 195-”) under per-
muting the ZE; ) eliminates all terms involving more than
one H.

Acting with a derivative 9% = 2(®9/92(R) and 9 on
(B41) turns the series in (1 — ! ) and (1 —2®) into other
such series and subtracts one from the exponent -1

Since the holomorphic differential operator involves at

most n’ +n — 1 derivatives 1951R) for any given 2,(1R), we

obtain a decomposition

a<c

7 = K(g(m, L)1 —3R) 1 E(R))
+ |1 — gR)PL=1=(n'Fn=DI  (5(2) 7(L); ] — 2(R) 1 — 3(R))
(B42)

for some series K and L in non-negative powers of
(1- 2< ) and (1 — %(R)) whose coefficients are functions
of 2() and 2(1). This precisely reproduces the Toda CFT
exponents.

When n =1 we can analyze the leading term in the
series L more precisely. It must come from acting on
11 —2®126DH(0,0) with n+n' —1=n" derivatives
9(R) and n' derivatives 9®). In particular for each factor
(b~19R) — bSEL)) the derivative b9 does not contribute
to this leading term. We obtain

= (H 0,0) | [(=p72(k - 4)2)> zggperZS; 7)SQCD.

(B43)

The first factor is (A times) Cfb(f)a,f(l,

factors are the Toda CFT correlator <Vaw(°°)‘7(/l—b)w1(1)
Vao (0) V—lfl O
fusion (B38).
Let us return to the case of general n and n’ and consider
the limit 2(®2z(%) - 1 namely x(&) - x(®. On the Toda
CFT side the OPE involves a single conformal family

and the other two

_(¥",X’)) as expected for this term of the
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()W g, (%)
nf—n/ (U,,) (V

‘A/_b—]

ng—n

~ ¥ = x|_ (B44)

Taking the factor |x' —x|* into account we find the

exponent

Y =@y _p.@,) = max(0,n +n' —ng), (B45)
a non-negative integer. On the gauge theory side the limit
L) - 1/2® is smooth, as can be seen for example from
the (u, s)-channel [respectively (s,u)-channel] expansion of
the partition function in non- negative (respectively non-
positive) powers of 2() and 1/2(®) explained above (B28).
This is consistent with the Toda CFT result, but does not
explain the positive exponent when n + n’ > n;. For this,
recall first that the partition function is written in the (u, s)
channel as a sum, over subsets {¢} and {s} of {1,...,n¢}
with n and n’ elements, of series whose first nonzero term is
at degree d = #({r}N{s}). The holomorphic series are

(cao@FN)™ 4 -+ coa(2™)?) (B46)
plus terms of higher homogeneous degree in 1/2®) and
2(L). Notice now that the Toda CFT exponent max (0, n -+
n' — n¢) is the minimal possible value of d over all subsets
{t} and {s}. It is plausible that the leading polynomial
(B46) and all higher order terms are divisible by
(31) — 1/5(R)ymax(Ontn'=ns) - presumably there exists a
Selberg dual of the U(n) x U(n') quiver, with n — n; —
n and n’ — n; —n', whose partition function differs from
the original quiver’s by a power of [2(1) — 1/2( |2 insucha
way as to make manifest the factor (2(1) — 1/5(R))n+n'=m
when n + n' > ny.

APPENDIX C: PREFACTORS

This appendix lists prefactors A; and A, appearing in the
equalities that we propose in the main text, relating 4D/2D/
0D partition functions and Toda CFT degenerate correla-
tors. These factors can be absorbed as ambiguities of the
partition function [138], but can be useful for extracting
Toda CFT results (such as new conformal blocks) from the
partition functions obtained by localization. For the match-
ing (5.12) between a quiver with OD Fermi multiplets and a
Toda CFT correlator with antisymmetric degenerate oper-
ators, the coefficient A, (x,x’;x,X') = Aa(x,x")a(x,X') is
given by (we recall K, =n, —n,_; and K, = n, —n!_,)

A= bnv(22im(m—22irh(R>—nf+(nf—n )b)-2(0.bY " w,)
@Y imB =2 i —net(ng—n’,)b2)=2(Q,b7! wa,@
(C1)
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v v

a(x,x') = [TIGe)Po (1= x)P) T LI o(1 = )]

=1 =1

12

I
1
< [T - mHH X =, ymH e

1<K =1 k=1 1<K
(€2)
where
Pox = —(Q. bog ) + I}j—: <i im;R)>
./:le
— (et + Kl =) 2 (3)
By = (0.0 ) —% (Z imj.”)
J:_lz
= (g + KV = %)) -, (C4)
Pixc = —Kib(b + b~ = A/ny), (C5)
" = —Kib~'2/n;, (C6)
Yie = bz(”f - Kmax(l.lc))Kmin(LK)/nf’ (C7)
Y = Kfo/nf, (C8)
Yie =b" QK;mn(l o (11 = K/ 15 (C9)

For the quiver with OD chiral multiplets, we recall that
the two FI parameters must be equal. The prefactor is then

Ay(x, %) = A|x|?|1 — x|¥ given by (neglecting powers of b
in A)
n 1'(0)
Y'(=nb —n'b")
Hk L7 (=k0?) [Ty r(=K'b7?)

- [T [I_ (kb= Kbt (C10)

B = (nb—l—n’b'l)(—%(nf -2)(b+ b7 —%(nb—kn’b‘])

] & 1
— b im;—=| ), Cl1
" ng J:Zl <zm‘, 2>> R
y=—(nb+n'b=")(b+b~" —A/ng) (C12)
— /_ ~
= (nb+n'b7") ["’ Mp o Ll e
ng ng
I &
+— b_l<1m + > b~ (zm ——)}
g s=1 Z
(C13)
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of two polynomials in 2(®) and %) with equal leading [138] Factors independent of mass parameters are a renormal-
term, constant term and value at 1. ization scheme ambiguity; powers of |x.|> and |x,|* are

[137] We omit the labels (R) and (L) when expressions apply absorbed in a shift of vector multiplet scalars, and the
equally to both 2D theories: masses (m, ) stand for remaining factors can be canceled by turning on FI
(m® _ m®) or (mL), L), parameters for U(1) flavor symmetries.
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