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A new family of spherically symmetric inhomogeneous solutions of Brans-Dicke gravity is generated
using conformal transformation techniques and the Fonarev solution of general relativity as a seed. The
latter is mapped from the Einstein to the Jordan conformal frame and this Jordan frame version constitutes a
new solution of Brans-Dicke theory. The Brans-Dicke scalar field self-interacts with a power-law or inverse
power-law potential in the Jordan frame. The new 4-parameter family of geometries thus generated, which
is dynamical and asymptotically Friedmann-Lemaître-Robertson-Walker, contains as special cases two
previously known classes of solutions and solves also the field equations of fðRÞ ¼ Rn gravity, which can
also be seen as an ω ¼ 0 Brans-Dicke theory with a potential.
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I. INTRODUCTION

General relativity (GR) has been tested with good
precision and its prediction of gravitational waves has
received a spectacular experimental confirmation with the
recent LIGO detections [1–4]. However, the theory is not
tested at most spatial and temporal scales and curvature
regimes [5,6]. What is more, GR does not agree with
quantum mechanics and all attempts to quantize it produce,
in their low-energy limit, theories which deviate from GR.
The most compelling motivation to go beyond Einstein
theory, however, comes from cosmology: within the con-
text of GR the present acceleration of the Universe
discovered with type Ia supernovae can only be explained
with an enormously fine-tuned cosmological constant or
with a completely ad hoc dark energy fluid as a matter
source in the Einstein equations. A viable alternative
consists of modifying gravity at cosmological scales while
leaving untouched the predictions of GR at small scales.
The most popular class of theories achieving this goal is
fðRÞ gravity (where R is the Ricci scalar of the metric
connection) [7], see [8] for reviews.
The prototype of alternative gravity is Brans-Dicke

theory [9], which has been generalized to the wider class
of scalar-tensor theories [10] and contains as a fundamental
variable a gravitational scalar field ϕ in addition to the
metric tensor gab. The wide class of fðRÞ theories is a
subclass of scalar-tensor gravity. When attempting to
understand these theories, spherically symmetric analytic
solutions play an important role. Alternative theories of
gravity which attempt to explain the current acceleration of
the cosmic expansion without dark energy have a
built-in time-dependent cosmological “constant” and
spherical objects in these theories are not isolated, but

are asymptotically Friedmann-Lemaître-Robertson-Walker
(FLRW) and are dynamical [11]. Even in GR, exact
solutions of the field equations representing dynamical
inhomogeneous universes are rare and their physical
interpretation is often puzzling ([12,13] and references
therein). Here we take one such solution of GR, the Fonarev
inhomogeneous universe sourced by a matter scalar field
with an exponential potential [14,15], and we use it as a
seed to generate a family of new solutions of Brans-Dicke
gravity with a power-law (or inverse power-law) potential.
By “seed” we mean that the solution of GR is regarded
as the Einstein conformal frame version of a Jordan
frame solution of Brans-Dicke theory. By reversing the
conformal transformation from Jordan to Einstein frame, a
new solution of Jordan frame Brans-Dicke theory is
generated.
We then show that this family of geometries is also a

solution of a class of fðRÞ theories. Extra motivation for
this work comes from the old idea that the gravitational
constants of nature may not be constant after all [16,17],
and scalar-tensor gravity provides an arena in which the
gravitational coupling strength is dynamical. In several
scalar-tensor or fðRÞ theories, a chameleon mechanism
makes the effective range of a massive scalar degree of
freedom of the theory dependent on the environment. At
higher environmental densities this scalar field is short
ranged, evading Solar System constraints on deviations
from GR, while at cosmological densities the field becomes
long ranged. In this context, inhomogeneous universes are
useful to probe spatial variations of the gravitational
“constant,” which was the motivation behind Ref. [18]
containing a geometry which corresponds to a special case
of the new family of solutions that we introduce here.
Following the notation of Ref. [19] and using units in

which Newton’s constantG and the speed of light are unity,
the action of vacuum Brans-Dicke theory in the Jordan
frame is [9]
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SBD ¼
Z

d4x
ffiffiffiffiffiffi−gp

16π

�
ϕR −

ω

ϕ
∇cϕ∇cϕ − VðϕÞ

�
; ð1:1Þ

where ϕ is the Brans-Dicke scalar field (approximately
equivalent to the inverse of the gravitational coupling Geff )
with potential VðϕÞ, ω is the constant Brans-Dicke param-
eter, and g is the determinant of the spacetime metric gab.
Inspection of the Brans-Dicke action (1.1) suggest that the
effective gravitational coupling present in the theory and
obtained by writing the field equations as effective Einstein
equations, is Geff ¼ ϕ−1. A more careful analysis for Solar
System experiments [20] or cosmological perturbation
theory [21] yields

Geff ¼
2ðωþ 2Þ
2ωþ 3

1

ϕ
: ð1:2Þ

However, in the following it will suffice to consider
Geff ≃ 1=ϕ.
The variation of the action (1.1) generates the Brans-

Dicke field equations in vacuo [9]

Rab −
R
2
gab ¼

ω

ϕ2

�
∇aϕ∇bϕ −

1

2
gab∇cϕ∇cϕ

�

þ 1

ϕ
ð∇a∇bϕ − gab□ϕÞ − V

2ϕ
gab; ð1:3Þ

□ϕ ¼ 1

2ωþ 3

�
ϕ
dV
dϕ

− 2V

�
: ð1:4Þ

(The original Brans-Dicke theory [9] did not include a
potential V for the Brans-Dicke field ϕ.) The more general
class of scalar-tensor theories [10] promotes the Brans-
Dicke parameter ω, which is constant in the original Brans-
Dicke theory, to a function of the scalar ϕ.
Another representation of scalar-tensor gravity, the

Einstein frame [22], is widely used. By performing the
conformal transformation of the metric

gab → ~gab ¼ ϕgab; ð1:5Þ

and the scalar field redefinition

ϕ → ~ϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2ωþ 3j
16π

r
ln

�
ϕ

ϕ�

�
; ð1:6Þ

where ϕ� is a constant and ω ≠ −3=2, the Brans-Dicke
action (1.1) assumes its Einstein frame form

SBD ¼
Z

d4x
ffiffiffiffiffiffi
−~g

p �
~R

16π
−
1

2
~gab∇a

~ϕ∇b
~ϕ − ~Vð ~ϕÞ

�
; ð1:7Þ

where

~Vð ~ϕÞ ¼ VðϕÞ
ϕ2

����
ϕ¼ϕð ~ϕÞ

: ð1:8Þ

In the presence of matter, obtained by adding a Lagrangian
density

ffiffiffiffiffiffi−gp
LðmÞðψ ðmÞ; gabÞ [where ψ ðmÞ collectively

denotes the matter fields] to the Jordan frame action, there
will be a difference. The Einstein frame action will then
exhibit an anomalous coupling of the scalar field to matter,
described by the term

ffiffiffiffiffiffi
−~g

p
LðmÞðψ ðmÞ; gabÞ=ϕ2ð ~ϕÞ in the

action. Since in this work we consider only vacuum
solutions, we will not be concerned with this anomalous
coupling of the scalar to matter.
In the following, Einstein frame quantities will be

denoted by a tilde. The action (1.7) is formally the
Einstein-Hilbert action coupled to a matter scalar field
which has canonical kinetic energy density. The Einstein
frame field equations in vacuo are

~Rab −
1

2
~gab ~R ¼ 8π

�
∇a

~ϕ∇b
~ϕ −

1

2
~gab ~gcd∇c

~ϕ∇d
~ϕ

�

− ~Vð ~ϕÞ~gab; ð1:9Þ

~gab ~∇a
~∇b

~ϕ −
d ~V

d ~ϕ
¼ 0: ð1:10Þ

If we know a solution of the Einstein equations with a
minimally coupled scalar field as the matter source, it is
possible to regard it as the Einstein frame representation of
a scalar-tensor solution and to map it back to the Jordan
frame representation. In general, the scalar field potential
thus obtained in the Jordan frame is not motivated by a
physical theory and the corresponding spacetime does not
carry much physical meaning. This is the reason why this
solution-generating technique has seen only limited appli-
cations in cases where the scalar field potential is absent
[18,23]. However, in the particular application to the
Fonarev spacetime [14,15] studied here, the Jordan frame
potential VðϕÞ turns out to be physically well motivated.
fðRÞ theories of gravity [8] are a subclass of scalar-

tensor theories described by the action

S ¼
Z

d4x
ffiffiffiffiffiffi−gp

16π
fðRÞ ð1:11Þ

in vacuo, where fðRÞ is a nonlinear function of the Ricci
scalar R. By setting ϕ ¼ f0ðRÞ and

VðϕÞ ¼ ϕRðϕÞ − fðRðϕÞÞ; ð1:12Þ

it can be shown that the action (1.11) is equivalent to the
vacuum Brans-Dicke action [8]

S ¼
Z

d4x
ffiffiffiffiffiffi−gp

16π
½ϕR − VðϕÞ�; ð1:13Þ
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which has Brans-Dicke parameter ω ¼ 0 and the potential
(1.12) for the Brans-Dicke scalar ϕ.
The plan of this article is as follows. In Sec. II we review

the Fonarev solution of GR. In Sec. III we obtain a new
family of scalar-tensor solutions using the Fonarev space-
time as a seed. This family includes, as a special case, a
solution previously reported in [18] which is conformal to
the Husain-Martinez-Nuñez geometry of GR [24]. Another
special case reproduces the Campanelli-Lousto solution
[25], which describes a wormhole [26]. In Sec. IV we
comment on the physical interpretation of the new family of
solutions. Section V explains how this new family is also a
solution of a subclass of fðRÞ theories and Sec. VI contains
a discussion and the conclusions.

II. THE FONAREV SOLUTION
OF GENERAL RELATIVITY

The Fonarev solution of the Einstein equations of GR
[14] is a spherically symmetric, dynamical, inhomo-
geneous, and asymptotically FLRW geometry sourced
by a minimally coupled scalar field ~ϕ self-interacting with
an exponential potential. The line element is

d~s2 ¼ −e8α2at
�
1 −

2m
r

�
δ

dt2

þ e2at
�

dr2

ð1 − 2m
r Þδ

þ
�
1 −

2m
r

�
1−δ

r2dΩ2
ð2Þ

�
ð2:1Þ

and the matter scalar field is

~ϕðt; rÞ ¼ 1ffiffiffiffiffiffi
4π

p
�
2αatþ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α2

p ln

�
1 −

2m
r

��
; ð2:2Þ

with the scalar field potential

~Vð ~ϕÞ ¼ ~V0e−8
ffiffi
π

p
α ~ϕ ð2:3Þ

and where dΩ2
ð2Þ ¼ dθ2 þ sin2 θdφ2 is the line element on

the unit 2-sphere. This is a 3-parameter ðm; α; aÞ family of
solutions of the Einstein equations, where

δ ¼ 2αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α2

p < 1; ð2:4Þ

~V0 ¼
a2ð3 − 4α2Þ

8π
: ð2:5Þ

In order to guarantee a non-negative energy density for the
scalar field it must be ~V0 ≥ 0, which implies that
jαj ≤ ffiffiffi

3
p

=2.
This solution was introduced in [14] and studied in [15]

and [27]. Five-dimensional Fonarev solutions were given in

[28] and it was shown recently that Fonarev solutions can
be generated via dimensional reduction from Fisher-like
brane solutions in 4þ n dimensions [27].
The Fonarev line element is conformal to the Fisher-

Buchdahl-Janis-Newman-Winicour-Wyman scalar field
solution of the Einstein equations [29] (hereafter referred
to simply as “Fisher solution”)

ds2 ¼ −AðrÞνdt2 þ AðrÞ−νdr2 þ AðrÞ1−νr2dΩ2
ð2Þ; ð2:6Þ

ϕðrÞ ¼ ϕ0 lnAðrÞ; ð2:7Þ

where ν and ϕ0 are constants and AðrÞ≡ 1–2m=r. An
interesting feature of the Fisher solution (pointed out in
[27]) is that the redshift factor for light traveling radially
outward from a radius approaching the singularity diverges
and these solutions have the properties of “frozen stars” like
the Schwarzschild spacetime. The Fisher solution is the
limit of charged dilaton black holes [30] when the electric
charge vanishes and, therefore, the Fonarev solutions can
be seen as limits of a family of dilaton black holes
embedded in FLRW space [27].
For the special parameter values α ¼ � ffiffiffi

3
p

=2 the poten-
tial ~Vð ~ϕÞ vanishes identically and the Fonarev solution
reduces to the Husain-Martinez-Nuñez solution of the
Einstein equations [24], which is already known to be
conformal to the Fisher solution [24]. For α ≠ � ffiffiffi

3
p

=2 and
αa ≠ 0, consider the new time coordinate τ defined by

τ ¼ e4α
2at

4α2a
; ð2:8Þ

which turns the Fonarev line element and scalar field (2.1)
and (2.2) into

d~s2 ¼ −AðrÞδdτ2 þ ð4α2aτÞ1=ð2α2Þ½AðrÞ−δdr2
þAðrÞ1−δr2dΩ2

ð2Þ�; ð2:9Þ

~ϕðτ; rÞ ¼ 1

4
ffiffiffi
π

p ln ½ð4α2aτÞ1=αAðrÞ
1ffiffiffiffiffiffiffi

1þ4α2
p �: ð2:10Þ

The further time redefinition

η ¼ ðaτÞ1− 1

4α2

ð4α2Þ 1

4α2
−1ð4α2 − 1Þa

ð2:11Þ

for α2 ≠ 0; 1=4 and a ≠ 0 turns the geometry and scalar
field into

d~s2 ¼ ðaηÞ 2

4α2−1½−AðrÞδdη2 þ AðrÞ−δdr2
þAðrÞ1−δr2dΩ2

ð2Þ�; ð2:12Þ
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~ϕðη; rÞ ¼ 1

4
ffiffiffi
π

p ln
n
½ð4α2 − 1Þaη� 4α

4α2−1AðrÞ
1ffiffiffiffiffiffiffi

1þ4α2
p o

: ð2:13Þ

The line element (2.12) is explicitly conformal to the
Fisher one.
For α2 ¼ 1=4 the coordinate transformation (2.11)

ceases to be valid but the line element reduces to

d~s2 ¼ e2at½−AðrÞδdt2 þ AðrÞ−δdr2 þ AðrÞ1−δr2dΩ2
ð2Þ�;
ð2:14Þ

which also is conformal to the Fisher line element (2.6).
Special cases of the Fonarev solution include the

following.

A. Vanishing mass parameter

When the mass parameter m vanishes, the Fonarev
solution reduces to the spatially flat FLRW metric

d~s2 ¼ −e8α2atdt2 þ e2atðdr2 þ r2dΩ2
ð2ÞÞ ð2:15Þ

and the scalar field is linear,

~ϕðtÞ ¼ αatffiffiffi
π

p : ð2:16Þ

The redefinition of the time coordinate dτ ¼ e4α
2atdt then

recasts the line element as

d~s2 ¼ −dτ2 þ ð4α2aτÞ 1

2α2ðdr2 þ r2dΩ2
ð2ÞÞÞ ð2:17Þ

with scale factor SðτÞ ¼ ð4α2aτÞ 1

4α2 and matter scalar field

~ϕðτÞ ¼ αffiffiffi
π

p ln SðτÞ: ð2:18Þ

This Universe is accelerated if 0 < jαj < 1.

B. Vanishing a parameter

When the parameter a, which has the dimensions of an
inverse time, vanishes the line element and scalar field
reduce to

d~s2 ¼ −AðrÞδdt2 þ AðrÞ−δdr2 þ AðrÞ1−δr2dΩ2
ð2Þ; ð2:19Þ

~ϕðt; rÞ ¼ 1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πð1þ 4α2Þ

p lnAðrÞ; ð2:20Þ

and the scalar field potential vanishes, ~V ≡ 0. This is a
static Fisher solution (2.6) with ν ¼ δ and with areal radius

RðrÞ ¼ AðrÞ1−δ2 r ¼
�
1 −

2m
r

�1−δ
2

r: ð2:21Þ

As is well known [29], it exhibits a central singularity at
R ¼ 0 which, as is clear from Eq. (2.21), corresponds
to r ¼ 2m.

C. Parameter α2 = 3=4

The parameter α is related to the slope of the scalar field
potential (2.3). In the special cases α ¼ � ffiffiffi

3
p

=2, the
potential ~Vð ~ϕÞ vanishes identically and the line element
and scalar field reduce to

d~s2 ¼ −e6atAðrÞ�
ffiffi
3

p
=2dt2 þ e2at½AðrÞ∓

ffiffi
3

p
=2dr2

þAðrÞ1∓
ffiffi
3

p
=2r2dΩ2

ð2Þ�; ð2:22Þ

~ϕðt; rÞ ¼ 1

2
ffiffiffi
π

p
�
�

ffiffiffi
3

p
atþ 1

4
lnAðrÞ

�
: ð2:23Þ

This is recognized as the Husain-Martinez-Nuñez solution
of GR [24]. It is not obtained as the time development of
regular Cauchy data because it contains a naked singularity
part of the time and it exhibits an interesting phenomenol-
ogy of apparent horizons which appear and disappear in
pairs [24], and it constitutes one of two paradigmatic
situations identified with time-evolving apparent horizons
(the other situation is exemplified by McVittie-type sol-
utions) [13]. The special subcase a ¼ 0 eliminates the time
dependence and reduces the Husain-Martinez-Nuñez sol-
ution to the Fisher spacetime. Assuming a ≠ 0, the use of
the time coordinate

τðtÞ ¼ e3at

3a
ð2:24Þ

reduces the line element and scalar field to

d~s2 ¼ −AðrÞδdτ2 þ ð3aτÞ2=3½AðrÞ−δdr2
þAðrÞ1−δr2dΩ2

ð2Þ�; ð2:25Þ

~ϕðτ; rÞ ¼ 1

8
ffiffiffi
π

p ln ½AðrÞð3aτÞ�4=
ffiffi
3

p
�: ð2:26Þ

The geometry is asymptotically FLRW as r → þ∞. The
scale factor SðτÞ ∼ τ1=3 corresponds to the stiff equation of
state P ¼ ρ for the cosmic fluid equivalent of the free [in
the sense that VðϕÞ ¼ 0] scalar field.

D. Parameter α= 0

This special case implies δ ¼ 0 and the scalar field
potential ~V ¼ ~V0 reduces to an effective cosmological
constant Λ ¼ 8π ~V0 ¼ 3a2 with

d~s2 ¼ −dt2 þ e2at½dr2 þ AðrÞr2dΩ2
ð2Þ�; ð2:27Þ
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~ϕðt; rÞ ¼ 1

4
ffiffiffi
π

p lnAðrÞ; ð2:28Þ

which can be seen as a time-dependent generalization of a
Fonarev solution with ν ¼ 0 (to which it reduces if a ¼ 0),
which is asymptotically de Sitter. Because of formal
similarities, the Husain-Martinez-Nuñez solution and its
Fonarev generalization could be superficially seen as time-
dependent generalizations of the Fisher solution but they
are qualitatively different in the parameter range in which
apparent horizons exist (the Fisher solution, by contrast,
has no apparent/trapping horizons to cover the central
naked singularity).

III. GENERATING NEW BRANS-DICKE
SOLUTIONS

Following the method outlined in Sec. I, assume now
that the Fonarev solution ~gab of GR with matter scalar field
~ϕ is formally the Einstein frame representation of a solution
of Brans-Dicke theory in the Jordan frame ðgab;ϕÞ, where
the scalar field is now the gravitational Brans-Dicke field,
which is related to the Fonarev geometry by

~gab ¼ ϕgab; ð3:1Þ

~ϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2ωþ 3j
16π

r
ln

�
ϕ

ϕ0

�
; ð3:2Þ

where ϕ0 is a constant and ω ≠ −3=2. By inverting
Eq. (3.2) and substituting Eq. (2.2) in it, one obtains

ϕðt; rÞ ¼ ϕ0e
4αatffiffiffiffiffiffiffiffi
j2ωþ3j

p
�
1 −

2m
r

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2ωþ3jð1þ4α2Þ

p
ð3:3Þ

and the corresponding scalar field potential VðϕÞ is
obtained from Eq. (1.8) as

VðϕÞ ¼ V0ϕ
2β ð3:4Þ

with

β ¼ 1 − α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2ωþ 3j

p
; V0 ¼ ~V0ϕ

2α
ffiffiffiffiffiffiffiffiffiffiffi
j2ωþ3j

p
0 : ð3:5Þ

As already remarked, in general the potential (1.8) gen-
erated by using the conformal transformation to the Jordan
frame and a known GR solution as the seed is not of a form
motivated by scalar field theories in particle physics or in
cosmology. However, the power-law potential obtained in
the Jordan frame from the Fonarev solution has been the
subject of intensive studies in both cosmology and particle
physics [31,32]. It includes as special cases the mass

potential m2
ϕϕ

2=2, the quartic potential λϕ4, and many
quintessence potentials [31,32].
The relation gab ¼ ϕ−1 ~gab gives the Jordan frame line

element

ds2 ¼ −AðrÞ
1ffiffiffiffiffiffiffi

1þ4α2
p

�
2α− 1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

	
e
4αat

�
2α− 1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

	
dt2

þ e
2at

�
1− 2αffiffiffiffiffiffiffiffi

j2ωþ3j
p

	�
AðrÞ−

1ffiffiffiffiffiffiffi
1þ4α2

p
�
2αþ 1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

	
dr2

þAðrÞ1−
1ffiffiffiffiffiffiffi

1þ4α2
p

�
2αþ 1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

	
r2dΩ2

ð2Þ

�
ð3:6Þ

(neglecting an irrelevant overall multiplicative constant
ϕ−1
0 ). We have a family of solutions of the vacuum

Brans-Dicke field equations (1.3), (1.4) parametrized by
the four parameters ðω; m; a; αÞ, of which ω is a parameter
of the theory and the others are parameters of this specific
family of solutions. By introducing the quantities

γ ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α2

p
�
2αþ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp

�
; ð3:7Þ

ϵ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α2

p
�
2α −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp
�
; ð3:8Þ

the new time coordinate

τðtÞ ¼ e
2αat

�
2α− 1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

	

2αa
�
2α − 1ffiffiffiffiffiffiffiffiffiffiffi

j2ωþ3j
p

	 ð3:9Þ

(defined for a ≠ 0 and α ≠ 0; 1

2
ffiffiffiffiffiffiffiffiffiffiffi
j2ωþ3j

p ), and the FLRW

scale factor

SðτÞ ¼
�
2αaτ

�
2α −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp
�� ffiffiffiffiffiffiffiffi

j2ωþ3j
p

−2α

2αð2α
ffiffiffiffiffiffiffiffi
j2ωþ3j

p
−1Þ; ð3:10Þ

one can write the new family of solutions as

ds2 ¼ −AðrÞϵdτ2 þ S2ðτÞ½AðrÞ−γdr2 þ AðrÞ1−γr2dΩ2
ð2Þ�;
ð3:11Þ

ϕðτ; rÞ ¼ ϕ0½SðτÞ�
4αffiffiffiffiffiffiffiffi

j2ωþ3j
p

−2αAðrÞ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j2ωþ3jð1þ4α2Þ
p

: ð3:12Þ

When the mass parameter m vanishes, the line element
reduces to the spatially flat FLRW one

ds2 ¼ −dτ2 þ S2ðτÞðdr2 þ r2dΩ2
ð2ÞÞ; ð3:13Þ
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while the Brans-Dicke scalar field is

ϕðτÞ ¼ ϕ0½SðτÞ�
4αffiffiffiffiffiffiffiffi

j2ωþ3j
p

−2α: ð3:14Þ

Therefore (when it is defined) the coordinate τ has the
meaning of comoving time of the FLRW space in which the
inhomogeneity is embedded.
By contracting the Brans-Dicke field equations (1.3) and

substituting □ϕ from Eq. (1.4) one obtains the Jordan
frame Ricci scalar

R ¼ ω∇c lnϕ∇c lnϕþ 1

2ωþ 3

�
3
dV
dϕ

þ 4ωV
ϕ

�

¼ ω

ϕ2
∇cϕ∇cϕþ 2V0

�
3ðβ − 1Þ
2ωþ 3

þ 1

�
ϕ2β−1 ð3:15Þ

and, using Eq. (3.5),

R ¼ ω∇c lnϕ∇c lnϕþ 2V0

�
1 −

3αsignð2ωþ 3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp
�
ϕ2β−1:

ð3:16Þ

Since

∇μ lnϕ ¼ 4αaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp δμ0

þ 2m

r2ð1 − 2m=rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2ωþ 3jð1þ 4α2Þ

p δμ1;

ð3:17Þ

one obtains

R ¼ −AðrÞ
1ffiffiffiffiffiffiffi

1þ4α2
p

�
1ffiffiffiffiffiffiffiffi

j2ωþ3j
p −2α

	

·
16α2a2ωe

4αat

�
1ffiffiffiffiffiffiffiffi

j2ωþ3j
p −2α

	

j2ωþ 3j

þ 4m2ω

r4j2ωþ 3jð1þ 4α2ÞAðrÞ
1ffiffiffiffiffiffiffi

1þ4α2
p

�
1ffiffiffiffiffiffiffiffi

j2ωþ3j
p þ2α

	
−2

· e
2at

�
2αffiffiffiffiffiffiffiffi
j2ωþ3j

p −1
	

þ 2V0

�
1 −

3αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp signð2ωþ 3Þ
�
ϕ2β−1
0

· e
−4αat

�
2α− 1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

	
AðrÞ

1ffiffiffiffiffiffiffi
1þ4α2

p
�

1ffiffiffiffiffiffiffiffi
j2ωþ3j

p −2α
	
: ð3:18Þ

The three terms which add up to compose the Ricci scalar
can vanish in special cases. The first term is absent if α ¼ 0
or a ¼ 0 or ω ¼ 0. The second term is absent if m ¼ 0 or
ω ¼ 0. The third term drops out if V0 ¼ 0 (which happens

if a ¼ 0 or α2 ¼ 3=4) or if ϕ0 ¼ 0 (which is forbidden) or if
α ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp

signð2ωþ 3Þ=3≡ α�. Unless these three
terms disappear simultaneously, there is a spacetime
singularity at r ¼ 2m for the parameter values for which
the exponent of AðrÞ in these terms is negative.
Regardless of the possible presence of a spacetime

singularity at r ¼ 2m, the scalar field (3.3) always van-
ishes, and the effective gravitational couplingGeff diverges,
as r → 2mþ, which is another physical pathology to be
avoided (e.g., [33,34]).
Assume that γ ≠ 1: then the vanishing of the areal radius

[given in Eq. (4.3) below] R ¼ 0 corresponds to r ¼ 2m
and to a central singularity if the Ricci scalar R diverges
there. When present, the singularity at R ¼ 0 is timelike. In
fact, consider the surface of equation ΨðrÞ≡ r − 2m. The
direction of its normal is Nμ ¼ ∇μΨ ¼ δμr and

NcNc ¼ gabNaNb ¼ grr

¼ e
2at

�
2αffiffiffiffiffiffiffiffi
j2ωþ3j

p −1
	
AðrÞγ ð3:19Þ

is positive for any r > 2m, hence it is non-negative in the
limit r → 2mþ, making Nc spacelike or null and the
surfaces ΨðrÞ ¼ const: timelike or null (further, if γ ¼ 0
then NcNc is strictly positive and the singularity is time-
like). The singularity of the conformally related Fonarev
solution is timelike [15] and the conformal map respects
causality, hence the singularity obtained as the limit
r → 2mþ is timelike. Therefore, when there is a naked
singularity, the geometry cannot be obtained as the devel-
opment of regular data on an initial Cauchy surface.

IV. INTERPRETATION OF THE SOLUTIONS

Let us interpret now the new solutions of Brans-Dicke
theory found by mapping back the Fonarev solution of GR
to the Jordan frame. We maintain the condition jαj ≤ ffiffiffi

3
p

=2
which now guarantees non-negativity of the Jordan frame
potential VðϕÞ. We look for possible apparent horizons
and, if found, we attempt to identify them as black hole
horizons or wormhole throats.1 In general, dynamical
spacetimes do not admit event horizons and the best
substitute for the notion of horizon is the apparent or
trapping horizon (see Refs. [13,36,37] for definitions and
reviews of the related literature). A naked singularity is one
that is not covered by apparent black hole horizons.
The areal radius which is read off the geometry (3.11) is

Rðτ; rÞ ¼ SðτÞAðrÞ1−γ2 r: ð4:1Þ

1We identify a wormhole throat with an apparent horizon with
radius corresponding to a double root of Eq. (4.2). Other authors
(such as [35]) have more stringent definitions of wormhole
throats.
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Apart from the special parameter value γ ¼ 1, the coor-
dinate radius r ¼ 2m always corresponds to zero areal
radius R. Therefore, for γ ≠ 1 and assuming non-negative
mass parameter m, the physical range of the radial
coordinate is r ≥ 2m (or R ≥ 0). The apparent horizons,
when they exist, are located by the roots of the
equation [38]

∇cR∇cR ¼ 0: ð4:2Þ

In coordinates ðt; rÞ the areal radius is

Rðt; rÞ ¼ e
at

�
1− 2αffiffiffiffiffiffiffiffi

j2ωþ3j
p

	
AðrÞ

1
2
− 1ffiffiffiffiffiffiffi

1þ4α2
p

�
αþ 1

2
ffiffiffiffiffiffiffiffi
j2ωþ3j

p
	
r ð4:3Þ

and, in order for it to be well defined and positive, it must be
r > 2m [except for the special case γ ¼ 1 in which the
exponent of AðrÞ vanishes]. Equation (4.2) takes the form

a2
�
1 −

2αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp
�

2

e2atð1−4α2Þr2AðrÞ−
4αffiffiffiffiffiffiffi
1þ4α2

p þ2

¼


1 −

m
r

�
1þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4α2
p

�
2αþ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp

���
2

ð4:4Þ

in coordinates ðt; rÞ. This form of Eq. (4.2) is useful when
the time coordinate τ cannot be used. For the parameter
values for which τ is well defined, Eq. (4.2) can be written
in the form

AðrÞ2
�
1− 2αffiffiffiffiffiffiffi

1þ4α2
p

	
r2S2τ ¼

�
1 − ðγ þ 1Þm

r

�
2

: ð4:5Þ

Equations (4.4) or (4.5) should be solved for r (or R) in
order to locate the radii of the apparent horizons (if these
exist). It is not possible to solve these equations analytically
except for special points in parameter space. Likewise, their
numerical solution requires the complete specification of
the values of the parameters ðω; m; a; αÞ. Let us examine
the solutions of Eqs. (4.4) and (4.5) in special cases.

A. Special case 1 (α= 0)

Let us consider the parameter value α ¼ 0which trivially
satisfies the constraint jαj ≤ ffiffiffi

3
p

=2 and makes the coor-
dinate transformation t → τ invalid. In this case the scalar
field potential V ¼ V0ϕ

2β reduces to a mass term m2
ϕϕ

2=2
with

mϕ ¼
ffiffiffiffiffiffiffiffi
2V0

p
¼

ffiffiffiffiffiffiffiffi
2 ~V0

q
¼

ffiffiffiffiffiffiffi
3a2

4π

r
; ð4:6Þ

while γ ¼ j2ωþ 3j−1=2. The Brans-Dicke spacetime is
given by

ds2 ¼ −AðrÞ−
1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

dt2 þ e2at½AðrÞ−
1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

dr2

þAðrÞ1−
1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

r2dΩ2
ð2Þ�; ð4:7Þ

ϕðrÞ ¼ ϕ0AðrÞ
1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

: ð4:8Þ

Equation (4.4) becomes

a2e2atr2AðrÞ2 ¼
�
1 −

m
r

�
1þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp

��
2

; ð4:9Þ

which cannot be solved analytically for general values of
the parameters ða;m;ωÞ. For illustration, we consider
a ≠ 0 in conjunction with the special values of the
Brans-Dicke parameter ω ¼ −2;−1 for which
j2ωþ 3j ¼ 1. Then Eq. (4.9) admits the single positive root

rAH ¼ e−at

a
ð4:10Þ

(where the subscript “AH” denotes apparent horizons) or,
since the areal radius is Rðt; rÞ ¼ reat,

RAH ¼ 1

a
: ð4:11Þ

The “background” cosmology is obtained by letting m go
to zero and it is a de Sitter space with Hubble parameter a,
constant scalar field ϕ0, and cosmological constant
Λ ¼ 8πV0ϕ0 ¼ 3a2ϕ0. Therefore, this apparent horizon
always coincides with the de Sitter (cosmological) horizon
of the background, which is a null surface.
The minimal physical requirement that the Brans-Dicke

field

ϕ ¼ ϕ0

�
1 −

2m
r

�
ð4:12Þ

be positive imposes that r > 2m. Then the apparent
horizons exists only at comoving times

t < a−1 ln

�
1

2ma

�
≡ t�: ð4:13Þ

The effective couplingGeff neither diverges nor vanishes on
this apparent horizon because r ¼ 2m [where AðrÞ van-
ishes] is distinct from rAH, except at the time t�. At t ¼ t� it
is rAH ¼ 2m and ϕ vanishes while Geff diverges.

B. Special case 2 (a= 0)

The time scale of variation of the new Brans-Dicke
solution is, roughly speaking, a−1, therefore the limit a → 0
makes this time scale infinite, yielding a family of static
solutions. In this case the coordinate transformation (3.9)
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degenerates and, using Eqs. (3.6) and (3.3), one obtains the
geometry and Brans-Dicke field in coordinates ðt; rÞ

ds2 ¼ −AðrÞ
1ffiffiffiffiffiffiffi

1þ4α2
p

�
2α− 1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

	
dt2

þ AðrÞ−
1ffiffiffiffiffiffiffi

1þ4α2
p

�
2αþ 1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

	
dr2

þ AðrÞ1−
1ffiffiffiffiffiffiffi

1þ4α2
p

�
2αþ 1ffiffiffiffiffiffiffiffi

j2ωþ3j
p

	
r2dΩ2

ð2Þ; ð4:14Þ

ϕðrÞ ¼ ϕ0AðrÞ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j2ωþ3jð1þ4α2Þ
p

; ð4:15Þ

which are static, while VðϕÞ ¼ 0. Equation (4.4) for the
apparent horizons degenerates and admits the double root

rAH ¼ m

�
1þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4α2
p

�
2αþ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp

��

≡ ð1þ γÞm; ð4:16Þ

which corresponds to a wormhole apparent horizon pro-
vided that rAH > 2m. This condition translates into

α >
ωþ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωþ 3

p if ω > −3=2; ð4:17Þ

α >
−ðωþ 2Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp if ω < −3=2: ð4:18Þ

We further impose the condition jαj ≤ ffiffiffi
3

p
=2. Consider first

the situation in which ω > −3=2: then in order to satisfy
both (4.17) and jαj ≤ ffiffiffi

3
p

=2 it must be

ωþ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωþ 3

p <

ffiffiffi
3

p

2
; ð4:19Þ

which is equivalent to ωþ 1 <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2ωþ 3Þp

. If ω < −1
this inequality is always satisfied while, if ω ≥ −1 both
sides of (4.19) are non-negative and we can square it,
obtaining ψ1ðωÞ≡ ω2 − 4ω − 8 < 0. The parabola of
equation ψ1ðωÞ has concavity facing upward, crosses the
ω axis at ω� ¼ 2ð1� ffiffiffi

3
p Þ, and is negative if

ω− < ω < ωþ. Therefore, the restriction jαj ≤
ffiffiffi
3

p
=2 limits

the range of the Brans-Dicke parameter to

−
3

2
< ω < 2ð1þ

ffiffiffi
3

p
Þ: ð4:20Þ

Let us consider now the other situation ω < −3=2: the
restriction jαj ≤ ffiffiffi

3
p

=2 is compatible with (4.18) only if

−
ðωþ 2Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωþ 3

p <

ffiffiffi
3

p

2
; ð4:21Þ

equivalent to−ðωþ 2Þ < ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3j2ωþ 3jp

. If − 2 < ω < −3=2
the left-hand side of (4.21) is negative and its right-hand side
is non-negative, hence (4.21) is always satisfied. If instead
ω ≤ −2, then both sides of (4.21) are non-negative
and we can square this inequality, obtaining ψ2ðωÞ≡
ω2 þ 10ωþ 13 < 0. The parabola ψ2ðωÞ has concavity
facing upward, crosses the ω axis at ω� ¼ −5� 2

ffiffiffi
3

p
,

and is negative if −5 − 2
ffiffiffi
3

p
< ω ≤ −2. Therefore the

condition jαj ≤ ffiffiffi
3

p
=2 imposes the restriction on the range

of the Brans-Dicke parameter

−5 − 2
ffiffiffi
3

p
< ω < −3=2: ð4:22Þ

The wormhole apparent horizon has areal radius

RAH ¼ mð1þ γÞ
�
γ − 1

γ þ 1

�1−γ
2

: ð4:23Þ

Let us discuss the causal nature of this apparent horizon,
which is the surface of equation fðrÞ ¼ 0, where
fðrÞ≡ r − ðγ þ 1Þm. The normal to the surfaces
f ¼ const: has components

Nμ ¼ ∇μf ¼ δμ1; ð4:24Þ

its norm squared is

NaNa ¼ gab∇af∇bf ¼ grr ¼ AðrÞγ; ð4:25Þ

and on the apparent horizon it is

NaNajrAH ¼
�
γ − 1

γ þ 1

�
γ

: ð4:26Þ

If γ > 1 the normal Na is spacelike and the apparent
horizon is a timelike surface, while it is null if γ ¼ 1. The
fact that this static apparent horizon is timelike for γ > 1 is
in apparent contradiction with the well-known statement of
GR [39] that in stationary situations apparent horizons and
event horizons (which are null) coincide. However there is
no real contradiction here because the proof of this state-
ment requires the dominant energy condition [39], which
cannot be imposed on the Brans-Dicke scalar field.2 The
Brans-Dicke field ϕ does not diverge nor vanish on the
apparent horizon (4.16).
The new family of static Brans-Dicke solutions obtained

for a ¼ 0 contains, as a special case, another class of
known solutions, the Campanelli-Lousto class [25], which
is obtained when

2The effective stress-energy tensor of ϕ in the right-hand side
of Eq. (1.3) contains second order derivatives which have
indefinite sign, contrary to the canonical products of first order
derivatives. In addition to the fact that the sign of the coefficient ω
can be negative, this fact makes the sign of the effective energy
density indefinite.
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ω > −
3

2
; α ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωþ 3

p : ð4:27Þ

The Campanelli-Lousto family is given by

ds2 ¼ −AðrÞb0þ1dt2 þ AðrÞ−a0−1dr2 þ AðrÞ−a0r2dΩ2
ð2Þ;

ð4:28Þ

ϕ ¼ ϕ0AðrÞ
a0−b0

2 ; ð4:29Þ

where a0, b0, and ϕ0 are constants, with the first two related
to the Brans-Dicke parameter by

ωða0; b0Þ ¼
−2ða20 þ b20 − a0b0 þ a0 þ b0Þ

ða0 − b0Þ2
ð4:30Þ

and VðϕÞ ¼ 0 [25]. The metric and Brans-Dicke field
satisfy the field equations

Rab ¼
ω

ϕ2
∇aϕ∇bϕþ∇a∇aϕ

ϕ
; ð4:31Þ

□ϕ ¼ 0: ð4:32Þ

The correspondence with our a ¼ 0 line element (4.14)
gives

a0 ¼ −1þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α2

p
�
2αþ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp

�
; ð4:33Þ

b0 ¼ −1 −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4α2
p

�
2α −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp
�
; ð4:34Þ

while the correspondence with our a ¼ 0 Brans-Dicke field
(4.15) yields

a0 − b0
2

¼ 2αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α2

p : ð4:35Þ

Setting, for consistency, this value equal to the value of
ða0 − b0Þ=2 obtained from Eqs. (4.33) and (4.34), which
is 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2ωþ 3jð1þ 4α2Þ

p
, gives the special value of the

α-parameter

α ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2ωþ 3jp : ð4:36Þ

Then it must be

a0 ¼ −1þ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j2ωþ 3jp ; ð4:37Þ

b0 ¼ −1: ð4:38Þ

Finally, the relation (4.30) must also be reproduced. Using
the values (4.37) and (4.38) of a0 and b0, one has

−2ða20 þ b20 − a0b0 þ a0 þ b0Þ
ða0 − b0Þ2

¼ j2ωþ 3j − 3

2
: ð4:39Þ

If ω > −3=2 this expression reduces3 to ω. Therefore, the
Campanelli-Lousto family of static, spherically symmetric,
asymptotically flat solutions of Brans-Dicke gravity is
reproduced by our new solutions when a ¼ 0, ω > −3=2,
and α ¼ 1

2
ffiffiffiffiffiffiffiffiffi
2ωþ3

p . It is now established that the Campanelli-

Lousto spacetimes describe wormhole geometries [26].

C. Special case 3 (α2 = 3=4)

In the special case α2 ¼ 3=4 it is α ¼ δ ¼ � ffiffiffi
3

p
=2 and

ds2 ¼ −AðrÞα−
1

2
ffiffiffiffiffiffiffiffi
j2ωþ3j

p
dτ2

þ S2ðτÞ½AðrÞ−
�
αþ 1

2
ffiffiffiffiffiffiffiffi
j2ωþ3j

p
	
dr2

þAðrÞ1−
�
αþ 1

2
ffiffiffiffiffiffiffiffi
j2ωþ3j

p
	
r2dΩ2

ð2Þ�; ð4:40Þ

ϕðτ; rÞ ¼ ϕ0½SðτÞ�
4αffiffiffiffiffiffiffiffi

j2ωþ3j
p

−2αAðrÞ
1

2
ffiffiffiffiffiffiffiffi
j2ωþ3j

p
: ð4:41Þ

For α ¼ � ffiffiffi
3

p
=2 the Fonarev solution reduces to the

Husain-Martinez-Nuñez geometry [24], as already noted.
The Jordan frame counterpart of the Husain-Martinez-
Nuñez solution of GR, which is a solution of Brans-
Dicke theory without potential, was derived in Ref. [18] as

ds2 ¼ −AðrÞα
�
1− 1ffiffiffiffiffiffiffiffiffi

3ð2ωþ3Þ
p

	
dτ2

þ τ

2

� ffiffiffiffiffiffi
2ωþ3

p
−
ffiffi
3

p
	

3
ffiffiffiffiffiffi
2ωþ3

p
−
ffiffi
3

p ½AðrÞ−α
�
1þ 1ffiffiffiffiffiffiffiffiffi

3ð2ωþ3Þ
p

	
dr2

þAðrÞ1−α
�
1þ 1ffiffiffiffiffiffiffiffiffi

3ð2ωþ3Þ
p

	
r2dΩ2

ð2Þ�; ð4:42Þ

ϕðτ; rÞ ¼ τ
2ffiffiffiffiffiffiffiffiffi

3ð2ωþ3Þ
p

−1AðrÞ� 1

2
ffiffiffiffiffiffi
2ωþ3

p
: ð4:43Þ

It is straightforward to check that, if ω > −3=2 and
α ¼ þ ffiffiffi

3
p

=2, Eqs. (4.42) and (4.43) coincide with our

3Since there is no potential, the restriction jαj ≤ ffiffiffi
3

p
=2 does not

apply.
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Eqs. (4.40) and (4.41), respectively (our solution is slightly
more general as it allows for ω < −3=2 and α ¼ −

ffiffiffi
3

p
=2).

Therefore, for these parameter values, the Brans-Dicke
solution which is the Jordan frame counterpart of the
Fonarev solution of GR reduces to the Einstein frame
sibling of the Husain-Martinez-Nuñez geometry found in
[18] and discussed in Refs. [13,40], in which it is found that
only wormholes or naked singularities appear, as the
remaining parameters ω and a vary.

D. The ω → ∞ limit

Let us analyze now the limit ω → ∞, in which Brans-
Dicke theory is usually believed to converge to GR [41]. A
complete and rigorous analysis of the limit of a family of
solutions of a theory of gravity as a parameter of the
family diverges would require coordinate-independent
methods [42], but a more standard approach suffices here.
Let us discuss the situation in which the parameters α
and ω are independent of each other. Then, in the limit
ω → ∞ the scalar field (3.3) becomes constant, ϕ → ϕ0,
and the potential reduces to a constant, VðϕÞ → ~V0ϕ

2
0. This

introduces the cosmological constant Λ ¼ 8π ~V0ϕ
2
0 ¼

a2ð3 − 4α2Þϕ2
0. The line element (3.6) reduces to the

Fonarev line element (2.1) as ω → ∞. Therefore, one
obtains the Fonarev geometry and a cosmological constant
as the only effective matter source. This is not a solution of
the vacuum Einstein equations (we know well that the
Fonarev solution corresponds to a minimally coupled scalar
field with an exponential potential and no cosmological
constant as the matter source). The fact that vacuum or
electrovacuum solutions of the Brans-Dicke field equations
fail to reproduce the corresponding solution of GR is well
known [43] and the reason for this behavior has been
discussed in the literature [44].
The failure of a Brans-Dicke solution to reproduce the

corresponding GR solution as ω → ∞ has been linked to
the fact that, in this limit, one expects the Brans-Dicke
scalar field to have the asymptotics ϕ ¼ ϕ0 þ Oð1=ωÞ þ
� � � while the solutions giving the “incorrect” limit exhibit
instead the asymptotics ϕ ¼ ϕ0 þ Oð1= ffiffiffiffiffiffijωjp Þ þ � � �.
Therefore, while one would normally expect ϕ to become
constant as ω → ∞ and all its gradients to disappear from
the Brans-Dicke field equations (1.3), when ϕ has the
“anomalous” behavior the term

Aab ≡ ω

ϕ2

�
∇aϕ∇bϕ −

1

2
gab∇cϕ∇cϕ

�

¼ ω

�
∇a lnϕ∇b lnϕ −

1

2
gab∇c lnϕ∇c lnϕ

�
ð4:44Þ

on the right-hand side of these equations does not disappear
but remains of order O(1). This is exactly what happens
with the conformal cousin of the Fonarev solution. In fact,
Eq. (3.3) yields

Aμν ¼
16α2a2ωδμ0δν0

j2ωþ 3j

þ 8mαaωðδμ1δν0 þ δμ0δν1Þ
j2ωþ 3j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α2

p
r2ð1 − 2m=rÞ

þ 4m2ωδμ1δν1
j2ωþ 3jð1þ 4α2Þr4ð1 − 2m=rÞ2 : ð4:45Þ

As ω → ∞ the tensor Aμν tends to

Aμν ≈ 8α2a2signðωÞδμ0δν0
þ 4mαasignðωÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4α2
p

r2ð1 − 2m=rÞ ðδμ1δν0 þ δμ0δν1Þ

þ 2m2

ð1þ 4α2Þr4ð1 − 2m=rÞ2 δμ1δν1; ð4:46Þ

which is of order unity.
In the special case 1 (corresponding to Sec. IVA) with

ω ¼ −2;−1 and in the special case 2 (corresponding to
Sec. IV B) previously examined, the parameter ω can only
assume values in a finite range and the limit ω → ∞ cannot
be taken.

V. GENERATING NEW SOLUTIONS
OF f ðRÞ GRAVITY

As is well known, fðRÞ gravity is equivalent to anω ¼ 0
Brans-Dicke theory with Brans-Dicke scalar ϕ ¼ f0ðRÞ
subject to the potential (1.12), where R ¼ RðϕÞ is a
function of ϕ ¼ f0ðRÞ usually defined implicitly [8].
One wonders whether the Jordan frame counterpart of
the Fonarev solution can also be an analytic solution of
fðRÞ gravity.4 For this to be true, one must set ω ¼ 0 and
[cf. Eq. (3.5)]

V0½f0ðRÞ�2β ¼ Rf0ðRÞ − fðRÞ; β ¼ 1 − α
ffiffiffi
3

p
: ð5:1Þ

It is easy to see that the functional form fðRÞ ¼ μRn

(where μ and n are constants) satisfies Eq. (5.1) provided
that

β ¼ n
2ðn − 1Þ ; ð5:2Þ

V0 ¼
n − 1

n2β
μ1−2β; ð5:3Þ

which require n ≠ 1 (for n ¼ 1 the theory reduces to GR).
By comparing Eq. (5.2) with β ¼ 1 − α

ffiffiffi
3

p
it follows that

the parameter α of the family of solutions is

4In some respect similar, a correspondence between solutions
of fðRÞ ¼ Rn gravity and Einstein-conformally invariant Max-
well theory (in D dimensions) was pointed out in Ref. [45].
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α ¼ n − 2

2
ffiffiffi
3

p ðn − 1Þ : ð5:4Þ

In particular, the conformal cousin of the Husain-Martinez-
Nuñez solution obtained for α ¼ � ffiffiffi

3
p

=2 is a solution of
fðRÞ ¼ μRn gravity for n ¼ 1=2; 5=4. For these values of
the parameter n, Rn gravity is ruled out by Solar System
experiments [46], but it is anyway interesting to add one
more formal solution to the very scarce catalogue of
analytic inhomogeneous solutions of fðRÞ gravity.
The potential (1.12) is no longer required to satisfy

jαj ≤ ffiffiffi
3

p
=2, but one has V0 > 0 if n > 1. Solar System

constraints require n ¼ 1þ σ with σ ¼ ð−1.1� 1.2Þ ×
10−5 [46,47], while any fðRÞ theory is required to satisfy
f0 > 0 in order for the graviton to carry positive energy and
f00 ≥ 0 for local stability [8,48]. In the cosmological setting
these requirements are satisfied if n ¼ 1þ σ with σ ≥ 0.
Then

α ¼ −
ð1 − σÞ
2

ffiffiffi
3

p
σ
; β ¼ 1þ σ

2σ
ð5:5Þ

(with α < 0 for realistic theories), which gives the line
element in the form

ds2 ¼ −AðrÞ−
1ffiffiffiffiffiffiffiffiffiffiffiffi

1−2σþ4σ2
p

e
2ð1−σÞatffiffi

3
p

σ dt2

þ e
2ð1þ2σÞat

3σ ½AðrÞ
1−2σffiffiffiffiffiffiffiffiffiffiffiffi

1−2σþ4σ2
p

dr2

þAðrÞ
1−2σffiffiffiffiffiffiffiffiffiffiffiffi

1−2σþ4σ2
p −1

r2dΩ2
ð2Þ�: ð5:6Þ

For consistency it must then be

ϕ ¼ f0ðRÞ ¼ nμRn−1 ¼ ð1þ σÞμRσ: ð5:7Þ
This equation can be checked using the expression (3.3) of
the Jordan frame Brans-Dicke field obtained by setting
ω ¼ 0,

ϕðt; rÞ ¼ ϕ0e
4αatffiffi

3
p
AðrÞ

1ffiffiffiffiffiffiffiffiffiffiffi
3ð1þ4α2Þ

p
ð5:8Þ

¼ ϕ0e
−2ð1−σÞat

3σ AðrÞ
σffiffiffiffiffiffiffiffiffiffiffiffi

4σ2−2σþ1

p
; ð5:9Þ

where in the last equality we used Eq. (5.5) and we note that
4σ2 − 2σ þ 1 > 0 for any value of σ. By imposing that this
scalar field be equal to f0ðRÞ ¼ ð1þ σÞμRσ one obtains
the expression of the Ricci scalar

R ¼
�

ϕ0

ð1þ σÞμ
�
1=σ

e
−2ð1−σÞat

3σ2 AðrÞ
1ffiffiffiffiffiffiffiffiffiffiffiffi

4σ2−2σþ1

p
; ð5:10Þ

which can be compared with the expression (3.18) of the
Ricci scalar already computed. For ω ¼ 0 the latter reduces
exactly to Eq. (5.10) upon use of Eqs. (5.3) and (5.5).

VI. CONCLUSIONS

The Fonarev solution of the Einstein equations which
has a scalar field with exponential potential as the matter
source has been mapped to the Jordan frame of Brans-
Dicke theory, generating a new 4-parameter family of
solutions of the vacuum Brans-Dicke field equations [ω
is a parameter of the theory and ðm; a; αÞ are parameters of
the specific solution of this family]. Notably, the potential
for the Brans-Dicke field in the Jordan frame is a power-law
or inverse power-law potential, which is physically well
motivated and is used extensively in cosmology and
particle physics [31]. The solutions are spherically sym-
metric, inhomogeneous, time-dependent, and asymptoti-
cally FLRW. Special cases include the conformal version of
the Husain-Martinez-Nuñez solution of GR with free scalar
field [24] found in Ref. [18] using the same technique
employed here, and the Campanelli-Lousto solution [25],
which is now known to describe a wormhole [26], in
agreement with our more general discussion of the case
a ¼ 0. Table I summarizes the cases and subcases studied
in the previous sections.
It turns out that the conformal relative of the Fonarev

geometry thus obtained is also a solution of fðRÞ ¼ μRn

gravity. To the best of our knowledge only one other
analytic solution of this theory with the same properties
(i.e., spherical, inhomogenous, dynamical, and asymptoti-
cally FLRW) is known [49].
In order to interpret physically the conformal relative of

the Fonarev solution, it is necessary to solve the equation
∇cR∇cR ¼ 0 locating the apparent horizons and assess
when solutions exist. Unfortunately, this is a transcendental

TABLE I. A summary of the special cases studied.

Case α ω a Apparent horizons

Special case 1 (Sec. IVA) examples;
V ¼ m2

ϕϕ
2=2

0 −2;−1 ≠ 0 RAH ¼ 1=a de Sitter horizon
exists for t < t�

Special case 2 (Sec. IV B) static solutions,
V ¼ 0; contains Campanelli-Lousto wormholes
as the subcase ω > −3=2, α ¼ ð2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ωþ 3
p Þ−1=2

any −5 − 2
ffiffiffi
3

p
< ω < −3=2 0 wormhole throat at

RAH ¼ m ðγ−1Þð1−γÞ=2
ðγþ1Þ−ð1þγÞ=2

timelike if γ > 1, null if γ ¼ 1
Special case 3 (Sec. IV C) contains solutions
of [18,40] as the subcase ω > −3=2, α ¼ ffiffiffi

3
p

=2
� ffiffiffi

3
p

=2 ≠ −3=2 ≠ 0 wormhole throat or
naked singularity
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equation which would require the complete specification of
the values of the four parameters and, even then, it cannot
be solved analytically. We have, nevertheless, considered
special cases for illustration, in which the geometry
describes a wormhole throat or a naked singularity.
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