
Cosmological horizon and the quadrupole formula in de Sitter background

Ghanashyam Date* and Sk Jahanur Hoque†

The Institute of Mathematical Sciences, HBNI, CIT Campus, Chennai-600 113, India
(Received 3 January 2017; published 22 August 2017)

An important class of observables for gravitational waves consists of the fluxes of energy, momentum,
and angular momentum carried away by them and are well understood for weak gravitational waves in
Minkowski background. In de Sitter background, the future null infinity, J þ, is spacelike, which makes the
meaning of these observables subtle. A spatially compact source in de Sitter background also provides a
distinguished null hypersurface, its cosmological horizon, Hþ. For sources supporting the short wave-
length approximation, we adopt the Isaacson prescription to define an effective gravitational stress tensor.
We show that the fluxes computed using this effective stress tensor can be evaluated at Hþ, match with
those computed at J þ, and also match with those given by Ashtekar et al. at J þ at a coarse grained level.
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I. INTRODUCTION

The weak gravitational field of a spatially compact
source is identified as a perturbation about a background
space-time which is a solution of the Einstein equation in
the source-free region. In the presence of a positive
cosmological constant, the background space-time is the
de Sitter space-time. Unlike the Minkowski background for
the zero cosmological constant, de Sitter space-time has
different patches, e.g., the global patch (R × S3), a Poincaré
patch, and a static patch. In the cosmological context, a
Poincaré patch is appropriate, which is what we focus on.
A solution at the linearized level, valid throughout the
Poincaré patch and extending to the future null infinity J þ,
is available in [1–3]. However, the spacelike character of
the J þ poses challenges for defining energy, momentum,
and their fluxes.
Let us recall that the cleanest articulation of “infinity”

arises in the conformal completion of physical space-times.
Conformal completion preserves the light cone structure of
the physical space-time and naturally identifies boundary
components, J �, where timelike and null geodesics
“terminate.” The causal nature of these boundary compo-
nents is determined by the asymptotic form of “source-
free” equations: J � are null when Λ ¼ 0 and spacelike for
Λ > 0 (timelike for Λ < 0). These boundary components
serve to define outgoing (incoming) fields as those sol-
utions of the asymptotic equations that have suitably finite
limiting values on J þðJ −Þ. It is then a result that the Weyl
tensor of outgoing fields evaluated along outgoing null
geodesics has a definite pattern of falloff in inverse powers
of an affine parameter along the geodesics (the peeling-off
theorem) [4,5]. This enables one to identify the leading
term as representing gravitational radiation (far field of a
source) in a coordinate invariant manner. It is conveniently

described in terms of the Weyl scalars which are defined
with respect to a suitable null tetrad. When J þ is null, a
null tetrad at a point p ∈ J þ is uniquely determined
(modulo real scaling and rotation) by the tangent vector
lμ of an outgoing null geodesic reaching p and the null
normal nμ, satisfying l · n ¼ −1. Clearly as the null
geodesic changes its direction, l changes but not n, and
hence the Weyl scalar Ψ4ð≔Cμνρσnμm̄νnρm̄σÞ remains
unchanged. Its nonzero value can be taken as showing
the presence of gravitational radiation. This feature is lost
when the J þ is spacelike. Now the null vector nμ, with
l · n ¼ −1, is chosen to be in the plane defined by lμ and
the (timelike) normalNμ. Clearly, as lμ changes, so does nμ

and none of the Weyl scalars is invariant. An invariant
characterization of gravitational radiation is no longer
available [5].
The de Sitter space-time also has the so-called observer

horizons—the boundary of the causal past of an observer’s
end point on J þ. In particular, for a spatially extended but
compact source, the worldlines of different components of
the source must reach the same point on J þ to maintain a
finite physical separation among them. A spatially compact
source then defines (its) cosmological horizon as the past
light cone of the common point on J þ where the source
world tube converges. Equally well, any observer who
remains at a finite physical distance from the compact
source for all times must necessarily lie within the
cosmological horizon, i.e., within the static patch bounded
by the cosmological horizon. Unlike the J þ, the cosmo-
logical horizon is a null hypersurface but shares with J þ
the property that whichever curve meets a point on it can
never causally intersect the world tube of the spatially
compact source. In other words, once any energy/momen-
tum/angular momentum is carried away across the cosmo-
logical horizon, it is “lost” from the source forever. We
would like to explore to what extent and under what
conditions we may regard the cosmological horizon as a
“substitute” for the future null infinity.
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It is obvious at the outset that the outgoing null geodesics
emanating from the source intersect the cosmological
horizon at a finite value of any affine parameter and it
can be chosen to be 1 by a suitable normalization. Such a
normalized affine parameter equals the ratio of the physical
distance from the source to

ffiffiffiffiffiffiffiffiffi
3=Λ

p
∼ 1026m ∼ 10 Gpc. All

spatially compact sources may be taken to lie within a
sphere of radius∼Λ−1=2. Furthermore, only sources varying
over cosmological time scales will have comparable wave-
lengths. Thus, most sources producing gravitational waves
would have wavelengths far smaller than Λ−1=2 and any
wave crossing the horizon may be taken to be a “far zone
field.” Cosmological horizon being a null hypersurface, a
Ψ4 can be defined on it, independent of the null geodesics
meeting the horizon. A notion of radiation based on the
asymptotic behavior of fields is physically useful, pro-
vided there are suitable definitions of fluxes of energy-
momentum, and angular momentum in terms of these
asymptotic fields. And there are many such definitions.
One of the definitions of such conserved quantities is

based on the covariant phase space framework [6,7]. In the
context of the linearized theory, it exploits the phase space
structure of the space of solutions and defines a manifestly
gauge invariant and conserved “Hamiltonian” correspond-
ing to each of the seven isometries of the Poincaré patch.
Although defined on each spacelike hypersurface of the
Poincaré patch, the simplest expressions result for evalu-
ation at J þ. Thus, the conserved quantities are directly
expressed in terms of the asymptotic fields.
For sources which are sufficiently rapidly varying

(relative to the scale set by the cosmological constant),
there is an alternative identification of gravitational waves
as ripples on a background within the so-called “short wave
approximation” [8,9]. Furthermore, it is possible to define
an effective gravitational stress tensor, tμν, for the ripples.
For vanishing Λ, it is symmetric, conserved and gauge
invariant. For nonzero Λ it is not gauge invariant but the
gauge violations are suppressed by powers of

ffiffiffiffi
Λ

p
. It is very

convenient to have such a stress tensor to define and
compute fluxes of energy and momenta carried by the
ripples across any hypersurface.
We use the fluxes defined using the effective gravitational

stress tensor and show that for the retarded solution given in
[1–3], the fluxes of energy and momentum across the
cosmological horizon exactly equal the corresponding fluxes
across the J þ. Furthermore, these fluxes computed at J þ
also equal the fluxes defined in the covariant phase space
framework [2], albeit at a coarse grained level [see Eq. (93)].
The instantaneous power received at infinity matches with
that crossing the horizon. This is our main result.
The paper is organized as follows.
In Sec. II, we summarize various details needed to

establish our result. Most are available in the cited literature
and are collected here for self-contained reading. It is
divided into three subsections. In Sec. II A, we recall the

solution at the linearized level [1–3] for which the fluxes
will be evaluated. We specify and denote the (spatial
components of) the exact retarded solution by X ij. This
is approximated when the source dimension is much
smaller than the distance to the source. The leading term
is the approximated retarded solution and is denoted by χij.
Physical solutions have to satisfy the gauge conditions
imposed in simplifying the linearized equation. This is
achieved by extracting the (spatial) transverse and traceless
(TT) part of the solution, which is denoted by XTT

ij . For the
approximated solution, the TT part is conveniently
extracted by an algebraic projection to the same level of
approximation. The algebraically projected transverse,
traceless part of the approximated solution is denoted by
χttij and used throughout. We also collect relevant expres-
sions for subsequent use. A table of notation is included at
the end of this subsection. In Sec. II B we summarize the
covariant phase space framework and recall the definitions
of the fluxes and quadrupole power from [2]. The energy
momentum fluxes defined here are compared to those
defined in the next subsection. In Sec. II C, we discuss
the Isaacson prescription adapted to the presence of the
cosmological constant and present the definition of the
ripple tensor in Eq. (46), which is used in the next section.
Section III is divided into three subsections. In Sec. III A,

we present computations of the energy flux for the χttij
across various hypersurfaces. In particular we show that the
fluxes across the outgoing null hypersurfaces are zero,
implying, for example, that the energy propagation is sharp.
Section III B contains the fluxes for the momentum and the
angular momentum. In Sec. III C we discuss how the
computations can be extended to χTTij ≔ ðXTT

ij Þapprox.
In Sec. IV, we discuss applications of these flux

computations and establish our main results. Finally,
Sec. V concludes with a discussion. An Appendix is
included to illustrate an averaging procedure.

II. PRELIMINARIES

In this section we summarize and assemble already
available relevant details needed for our main result, with
the main citations included in the subsection headings.

A. Weak gravitational field of interest

The summary in this subsection is based on references
[1–3].
Weak gravitational fields are understood as perturbations

about a background specified in the form gμν ≔ ḡμν þ ϵhμν.
The background ḡμν is chosen to be a solution of the source-
free Einstein equation with a positive cosmological con-
stant. The Einstein equation for gμν, expanded to first order
in ϵ, gives the linearized Einstein equation for hμν. The
physical perturbations are understood as the equivalence
classes of solutions hμν, with respect to the gauge
transformations: δhμνðxÞ ¼ LξḡμνðxÞ ¼ ∇̄μξν þ ∇̄νξμ. In
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terms of the trace reversed combination ~hμν≔
hμν− 1

2
h̄μνðḡαβhαβÞ, the linearized equation takes the form

1

2
½−□̄ ~hμνþf∇̄μBνþ∇̄νBμ− ḡμνð∇̄αBαÞg�þ

Λ
3
½ ~hμν− ~hḡμν�

¼8πTμν ð1Þ

where Bμ ≔ ∇̄α
~hαμ. The gauge freedom is exploited

subsequently to simplify the equation.
In the present context, the background space-time is

taken to be the Poincaré patch of the de Sitter space-time
(see Fig. 1) which admits a conformally flat form of the
background metric in coordinates (η; xiÞ:

ds2 ¼ 1

H2η2

�
−dη2 þ

X
i

ðdxiÞ2
�
; η ∈ ð−∞; 0Þ;

xi ∈ R; H ≔
ffiffiffiffi
Λ
3

r
: ð2Þ

The future null infinity is approached as η → 0−, while the
η → −∞ corresponds to the Friedmann-Lemaitre-
Robertson-Walker (FLRW) singularity. The conformal
factor is a2ðηÞ ≔ ðHηÞ−2.

The linearized equation is simplified by imposing the
generalized transverse gauge conditions: Bμ ¼ 2Λ

3
η ~h0μ. The

conformal factor can be scaled out by using the fields ~χμν ≔
a−2 ~hμν and the linearized equation (with source included)
then takes the form1 [1]

−16πTμν ¼□~χμνþ
2

η
∂0 ~χμν−

2

η2
ðδ0μδ0ν ~χααþ δ0μ ~χ0νþ δ0ν ~χ0μÞ;

ð3Þ

0 ¼ ∂α ~χαμ þ
1

η
ð2~χ0μ þ δ0μ ~χα

αÞ ðgauge conditionÞ: ð4Þ

It is further shown in [1] that the residual gauge
invariance is exhausted by imposing the additional gauge
conditions: ~χ0α ¼ 0 ¼ ~̂χð≔ ~χ00 þ ~χi

iÞ. The gauge condi-
tion (4) then implies that physical perturbations may be
characterized solutions of (3) which satisfy the spatial
transverse, traceless condition, or “spatial TT” for short:
∂j ~χji ¼ 0 ¼ ~χkk. Thanks to the decoupled equations, it
suffices to focus on the spatial components of the equation.
The exact retarded solution is given by

X ijðη;xÞ¼ 4

Z
d3x0

η

jx−x0jðη− jx−x0jÞTijðη0;x0Þ
���
η0¼η−jx−x0j

þ4

Z
d3x0

Z
η−jx−x0j

−∞
dη0

Tijðη0;x0Þ
η02

: ð5Þ

The spatial integration is over the matter source confined to
a compact region and is finite. The second term in Eqs. (5)
is the tail term. This particular solution does not satisfy the
spatial TT conditions. Using the transverse, traceless
decomposition of the tensor fields, the TT part XTT

ij is
extracted, which represents the physical retarded field due
to the source.
For jx⃗j ≫ jx⃗0j, we can approximate jx⃗ − x⃗0j ≈ r ≔ jx⃗j.

This allows us to separate out the x⃗0 dependence from the
η − jx − x0j. The thus approximated retarded solution, χij,
is given by

X ij ¼ χijðη; xÞ þ oðr−1Þ; with

χijðη; xÞ ≔ 4
η

rðη − rÞ
Z

d3x0Tijðη0; x0Þ
���
η0¼η−r

þ 4

Z
η−r

−∞
dη0

1

η02

Z
d3x0Tijðη0; x0Þ: ð6Þ

We will work with the approximated solution. Note that χij
depends on x⃗ only through r ¼ jx⃗j. The spatial integral of
Tij can be simplified using moments. This is done through
the matter conservation equation.

FIG. 1. The full square is the Penrose diagram of de Sitter
space-time with a generic point representing a two-sphere. The
world tube of a spatially compact source is taken to be centered
on the line DA. The corresponding Poincaré patch is labeled
ABD and is covered by the Poincaré chart ðη; r; θ;ϕÞ. The line
BD does not belong to the chart. The line AB denotes the future
null infinity, J þ, while the line AE denotes the cosmological
horizon, Hþ, of the source. The region AED is the static patch
admitting the stationary Killing vector, T, of Eq. (21). Two
constant η spacelike hypersurfaces are shown with η2 > η1. The
two constant r, timelike hypersurfaces have r2 > r1, while the
two dotted lines at 45 degrees denote the outgoing null hyper-
surfaces emanating from η ¼ η1; η2 on the worldline at r ¼ 0.

1From now on in this subsection, the tensor indices are raised/
lowered with the Minkowski metric.
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To define these moments, introduce the orthonormal
tetrad fαa ≔ −Hηδαa and denote the frame components of
the source stress tensor as ρ ≔ H2η2T00, π ≔ H2η2Tijδ

ij.

Define the moment variable x̄i ¼ fiαxα ¼ −ðηHÞ−1δijxj ≔
aðtÞxi. Two sets of moments are defined as functions of η
(or of t defined through η ≔ −H−1e−Ht) as

QijðtÞ ≔
Z
SourceðtÞ

d3xa3ðtÞρðt; x⃗Þx̄ix̄j;

Q̄ijðtÞ ≔
Z
SourceðtÞ

d3xa3ðtÞπðt; x⃗Þx̄ix̄j: ð7Þ

In terms of these, the approximated retarded solution is
given by

χijðη; x⃗Þ ¼
1

r
fijðηretÞ þ gijðηretÞ þ ĝij; with ð8Þ

fijðηretÞ ≔
2

aðηretÞ
½L2

TQij þ 2HLTQij

þHLTQ̄ij þ 2H2Q̄ij�; ð9Þ

gijðηretÞ ≔ −2H½L2
TQij þHLTQij þHLTQ̄ij þH2Q̄ij�;

and ð10Þ

ĝij ≔ −2H2½LQij þHQ̄ij�j−∞: ð11Þ

All moments are evaluated at the retarded ηret ≔ ðη − rÞ,
aðηretÞ ≔ −ðHηretÞ−1 and LT denotes the Lie derivative
with respect to the time translation Killing vector defined in
Eq. (21) below. On the moments, the Lie derivative is given
by

LTQij ¼ −Hðη∂η þ r∂rÞQij − 2HQij

¼ −Hðη − rÞ∂ηQij − 2HQij

¼ ∂tQijjtret − 2HQij: ð12Þ

In Eq. (8), the first term is the contribution of the so-
called sharp term, while the second and the third terms
denote the tail contributions. The tail contribution has
separated into a term which depends on retarded time,
(η − r) only, just as the sharp term does, and the contri-
bution from the history of the source is given by the
limiting value at η ¼ −∞. This expression is valid as the
leading term for jx⃗j ≫ jx⃗0j. There is no TT label on these
expressions. While the solution has a tail term, it will turn
out that the energy propagation is sharp.
For future use in Sec. III A, we display the derivatives of

χij. Since χij depends on x⃗ only through r, we need only the
derivatives with respect to η and r. On functions of ηret,∂r ¼ −∂η and we can replace the r derivatives in favor of η
derivatives. Hence,

∂ηχij ¼
1

r
∂ηfij þ ∂ηgij;

∂rχijðη; rÞ ¼ −∂ηχij −
fij
r2

: ð13Þ

There is a well-known algebraic projection method to
construct spatial tensors which satisfy the spatial TT
condition to the leading order in r−1. Since the approxi-
mated solution is also valid to oðr−1Þ, we may use this
convenient method.
For the unit vectors x̂ denoting directions, define the

projectors

Pi
j ≔ δi

j − x̂ix̂j; Λij
kl ≔

1

2
ðPi

kPj
l þPi

lPj
k −PijPklÞ;

χttij ≔ Λij
klχkl: ð14Þ

We have used the notation tt to refer to the algebraically
projected transverse, traceless part as in [2]. Noting that on
χij the spatial derivative is ∂j ¼ x̂j∂r, it follows that

∂ηðχttijÞ ¼ ð∂ηχijÞtt; ∂rðχttijÞ ¼ ð∂rχijÞtt; ð15Þ

∂mðχttijÞ ¼ð∂mΛkl
ijÞχkl þ x̂mð∂rχijÞtt; ð16Þ

∴ ∂jðχttijÞ ¼ x̂jΛij
kl∂rχij þ ð∂jΛij

klÞχkl ¼ 0þ oðr−1Þ;
where we used ð17Þ

∂mΛij
kl ¼ −

1

r
½x̂iΛmj

kl þ x̂jΛmi
kl þ x̂kΛijm

l þ x̂lΛijm
k�

¼ oðr−1Þ: ð18Þ

The tracelessness of χttij is manifest and hence χttij satisfies
the spatial TT condition to oðr−1Þ.
Using the derivatives of χij given in (13), we can write

(the right-hand sides denote row vectors of the μ ¼ η and
μ ¼ m components)

∂μχ
tt
ij ¼ ð∂ηχ

tt
ij; x̂m∂rχ

tt
ij þ ð∂mΛij

klÞχklÞ ð19Þ

¼ ð∂ηχ
tt
ijÞð1;−x̂mÞ−

�
fttij
r2

�
ð0; x̂mÞ

−
1

r
ð0; ½x̂iΛmj

klþ x̂jΛmi
klþ x̂kΛijm

lþ x̂lΛijm
k�χklÞ:

ð20Þ

The first term is proportional to a null vector. The second
term is proportional to the spacelike, radial vector. The third
is again a spacelike vector. Both the second and the third
terms are down by a power of r relative to χij and therefore
also relative to the first term. We will see later in the
calculation of the fluxes that for energy and momentum, the
second and the third terms can be neglected. However for
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the flux of angular momentum, the third term is crucial.
When the second and the third terms can be neglected, the
effective gravitational stress tensor turns out to correspond
to an outgoing null dust with energy density proportional
to h∂ηχmn∂ηχ

mni.

Finally, we note the isometries of the Poincaré patch.
There are seven globally defined Killing vectors on the
Poincaré chart, corresponding to energy, three momenta,
and three angular momenta [2,10]. They are given by (up to
constant scaling)

Generator of time translation ∶ T ¼ −Hðη∂η þ xi∂iÞ ð21Þ

Generators of space translation ∶ SðiÞ ¼ ∂i ð22Þ

Generators of space rotations ∶ LðjÞ ¼ ϵjk
ixk∂i: ð23Þ

We focus on the time translation vector field, which is timelike in the static patch, null on the cosmological horizon, and
spacelike beyond it. In particular it is spacelike and tangential to J þ.
Many different symbols used for the retarded solution, its approximations, their TT parts, and different “radiation fields”

are summarized below:

~χij ∶ generic solution of linearized equation

X ij ∶ exact; retarded solution Eq: ð5Þ
XTT

ij ∶ TTpart of exact; retarded solution Eq: ð86Þ
χij ∶ approximated; retarded solution Eq: ð6Þ
χttij ∶ Λ-projection of approximated; retarded solution Eq: ð14Þ
χTTij ∶ approximation of XTT

ij for jx⃗0j ≪ jx⃗j Above Eq: ð87Þ
∶ χTTij does not denote the TT part of χij See foot note 3.

RTT
ij ∶ radiation field defined in ½2� Eqs: ð33Þ; ð34Þ
Qtt

ij ∶ radiation field used throughout Eqs: ð58Þ; ð59Þ
QTT

ij ∶ defined to equal 2∂ηMTT
ij Eq: ð87Þ

B. Covariant phase space framework

Traditionally, the conserved energy, momentum, etc. are
defined through pseudotensors, which have the short-
coming of not being covariant. The framework of covariant
phase space provides manifestly gauge invariant definitions
of the conserved quantities and is briefly recalled below
[2,6,7].
Consider the space C of a class of solutions of the full

Einstein equation, satisfying the stipulated boundary con-
dition. At each point of this space, the linearized solutions
provide tangent vectors. Under certain conditions, it is
possible to define a presymplectic form on the tangent
spaces. Every infinitesimal diffeomorphism of the space-
time, with suitable asymptotic behavior, induces a vector
field onC. Some of these lie in the kernel of the presymplectic
form and constitute “gauge directions,” while the remaining
ones constitute (asymptotic) symmetries shared by the
stipulated class of solutions. By modding out by the gauge
directions (null space of thepresymplectic form), one imparts
a symplectic structure to the space of solutions, now denoted

as the Γ ∼ C=gauge. Under favorable conditions, the vector
fields on C corresponding to the asymptotic symmetries
descend to Γ and generate infinitesimal canonical trans-
formations. Their generating functions, or “Hamiltonians,”
are candidates for representing energy, momenta, angular
momenta, etc. [6].
In [2,7], this strategy is applied to the space of fully gauge

fixed solutions of the linearized equation and we summarize
it below. Isometries of the background leave the covariant
phase space itself invariant and constitute canonical trans-
formations. In the present context, the Hamiltonians corre-
sponding to the seven isometries are the proposed definitions
of energy, linear momentum, and angular momentum.
Explicitly, C denotes the solutions of Eq. (24) together

with the gauge fixing conditions (25):

□~χij þ
2

η
∂η ~χij ¼ 0 ð24Þ

∂i ~χij ¼ 0; ~χijδ
ij ¼ 0: ð25Þ
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A symplectic form is defined by an integral over a
cosmological slice Ση. A definition which has a smooth
limit to J þ ðη → 0þÞ is defined in terms of the electric part
of the perturbed Weyl tensor, Eij ≔ −ðHηÞ−1½ð1ÞC0

j0i� ¼
1

2Hη2
ð∂η ~χij þ η∇2 ~χijÞ ¼ 1

2Hη ð∂2
η − 1

η ∂ηÞ~χij. For two ele-

ments ~χ; ~χ ∈ C, the symplectic form is defined by [2]

ωð~χ; ~χÞ ¼ 1

16πH

Z
Ση

d3xð~χijEkl − ~χ
kl
EijÞδikδjl: ð26Þ

The TT label on the ~χ’s is suppressed.
A Killing vector K of the de Sitter background defines a

vector field hðKÞij ≔ LKhij ¼ a2ðLK ~χij þ 2ða−1LKaÞ~χijÞ ≕
a2 ~χðKÞij , on the space C. This vector field generates a
canonical transformation and the corresponding
Hamiltonian function is given by

HK ≔ −
1

2
ωðh; hðKÞÞ ¼ −

1

2
ωð~χ; ~χðKÞÞ: ð27Þ

For the time translation Killing vector T, HT ð≕ETÞ, is
obtained as

ET ≔ −
1

2
ωð~χ; ~χðTÞÞ

¼ −
1

32πH

Z
Ση

d3xð~χijEðTÞ
kl − ~χðTÞkl EijÞδikδjl ð28Þ

¼−
1

32πH

Z
Ση

d3xð~χijLTEkl−EklLT ~χij−3H ~χijEklÞδikδjl:

ð29Þ

This integral is independent of the choice of Ση and is
conveniently performed on J þ ¼ Σ0. The Killing
vector T also has a smooth limit to J þ, TjJ þ ¼
−Hðx∂x þ y∂y þ z∂zÞ. Equation (29) simplifies to

ET ¼ 1

16πH

Z
J þ

d3xEklðLT ~χij þ 2H ~χijÞδikδjl: ð30Þ

Now using ðLT ~χij þ 2H ~χijÞjJ þ ¼ Tm∂m ~χij,

ET ¼ 1

16πH

Z
J þ

d3xEklðTm∂m ~χijÞδikδjl ð31Þ

¼ 1

32πH2

Z
J þ
d3x

h1
η

�
∂2
η−

1

η
∂η

	
~χkl

i
TTðTm∂m ~χijÞTTδikδjl:

ð32Þ

In the last line we have used the equation of motion and
restored the TT label [2]. Both Ekl and Tm∂m ~χij have a
smooth limit on J þ.

When evaluated at the approximated solution given in
(6), the energy flux turns out to be given by [2]

ET ¼ 1

8π

Z
J þ

dτd2s½RklRTT
ij �δikδjl; ð33Þ

where Rij denotes the “radiation field” on J þ, expressed
in terms of source moments, and is given by

RTT
mn ≔ ½Q:::mn þ 3HQ̈mn þ 2H2 _Qmn þH ̈Q̄mn

þ 3H2 _̄Qmn þ 2H3Q̄mn�TTðtretÞ; ð34Þ

with the overdot denoting the Lie derivative LT .
The instantaneous power received on J þ at τ is given by

PðτÞ ≔ 1

8π

Z
S2
d2s½RijRTT

ij �ð−rðτÞÞ: ð35Þ

This expression is not manifestly positive. Manifestly
positive expressions for the flux and the power are given
by [2]

ET ¼ 1

2π

Z
J þ

dτd2s½∂rMTT
ij �½∂rM

ij
TT �; where

ð36Þ

MTT
ij ðη − rÞ ≔

Z
d3x0TTT 0

ij ðη − r; x⃗0Þ; ð37Þ

PðτÞ ¼ 1

2π

Z
S2
d2s½∂rMTT

ij �½∂rM
ij
TT �ð−rðτÞÞ:

ð38Þ

In the definition ofMTT
ij , the TT

0 on the stress tensor on the
right-hand side denotes transversality with respect to the x⃗0

argument. The MTT
ij has no simple relation to the various

source moments and its radial derivative is distinct from the
RTT

ij . For completeness, the momentum and angular
momentum fluxes are given by [2]

Pj ¼
1

16πH

Z
J þ

d3xEmnLξj ~χ
TT
mn ¼ 0; ð39Þ

Jj¼−
1

8πH

Z
J þ

d3xEmnLLj
~χTTmn

¼ 1

4π

Z
J þ
dτd2sϵjmnRnl½Q̈l

mþH _Ql
mþH _̄Ql

mþH2Q̄l
m�TT:

ð40Þ

The momentum flux is zero because the integrand is
linear in xj (parity odd) and in the angular momentum flux,
the second factor is proportional to the tail term.
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C. Isaacson prescription

In the previous subsection we saw a definition of the total
energy of the radiation field of compactly supported
sources in Eq. (33). The radiated power, received at infinity,
is given in Eq. (35). In this subsection we recall an
alternative framework, based on a short wavelength expan-
sion [8,9], for a restricted class of sources but with the
benefit of a symmetric, conserved, and suitably gauge
invariant effective gravitational stress tensor.
Conceptually, the framework is somewhat different from

perturbation about a fixed, given background solution. It is
designed to construct a class of solutions for which there
exists a coordinate system in which the metric components
display two widely separated temporal/spatial scales of
variation. The slowly varying (or long wavelength ∼L)
component is taken as the background component and the
fast (or short wavelength ∼λ) component, whose amplitude
is small compared to that of the background, is identified as
the ripple component.2 These statements are manifestly
coordinate dependent, but the existence of a coordinate
system with sufficiently large domain admitting such an
identification is itself a physical property. The calculational
scheme is again iterative but now allows for both the
background and the ripple components to be corrected. To
make such a separation, an averaging scheme is introduced.
It splits the Einstein equation into two separate, coupled
equations for the background and the ripple. These equa-
tions provide a definition of the effective gravitational
stress tensor.
For the metric of the form gμν ¼ ḡμν þ ϵhμν, the Einstein

equation to oðϵ2Þ takes the form

Rμνðḡþ ϵhÞ ¼ Λðḡμν þ ϵhμνÞ þ 8πϵ

�
Tμν −

1

2
gμνgαβTαβ

�
∴ Rð0Þ

μν ðḡÞ þ ϵRð1Þ
μν ðḡ; hÞ þ ϵ2Rð2Þ

μν ðḡ; hÞ

¼ Λðḡμν þ ϵhμνÞ þ 8π



ϵTμν −

1

2
ðḡμν þ ϵhμνÞ

× ðḡαβ − ϵhαβ þ ϵ2hαρhρβÞðϵTαβÞ
�
: ð41Þ

Introduce an averaging over an intermediate scale l,
λ ≪ l ≪ L, which satisfies the following properties: (i) the
average of the odd powers of h vanish and (ii) the average
of the space-time divergence of the tensors is subleading
[9,11]. The average of course leaves the L-scale variations
intact; in particular, the average of gμν equals ḡμν. For
simplicity, we will assume that the average of the matter
stress tensor is zero; i.e., it has only λ-scale variations.

Taking the average of the above equation and noting that

hRð0Þ
μν i ¼ Rð0Þ

μν and Rð2Þ
μν − hRð2Þ

μν i ≈ ðRð2Þ
μν Þλ−scale, Eq. (41) can

be separated into Eq. (43) for the background and Eq. (42)
for the ripple:

8πTμν ¼ Gð1Þ
μν þ Λhμν

¼ Rð1Þ
μν −

1

2
ðḡμνRð1Þ − ḡμνhαβR̄αβ þ hμνR̄Þ

þ Λhμν ð42Þ

8πtμν ¼ R̄μν −
1

2
ḡμνR̄þ Λḡμν; with ð43Þ

tμνðḡ; hÞ ≔−
ϵ2

8π

�
hRð2Þ

μν i − 1

2
ḡμνḡαβhRð2Þ

αβ i
�
: ð44Þ

Equation (42) is exactly the same linearized Einstein
equation we had before for the weak field hμν and every
term of it has a scale of variation λ. However, Eq. (43) for
the background is different. Although it has terms of order
ϵ2, every term has a scale of variation L. If we now
recognize that for λ-scale variation ∂h ∼ λ−1h, and ϵ0 ≔
λ=L is taken to be of the same order as ϵ, then the effective
stress tensor, which has a leading term of the form ð∂hÞ2, is
of the order ðϵ=ϵ0Þ2 ∼ oð1Þ and is thus included in the
equation.
The effective stress tensor defined in Eq. (44) is

manifestly symmetric and is covariantly conserved with
respect to the background covariant derivative, since the
divergence of the right-hand side of (43) vanishes identi-
cally. For ripples over the Minkowski background, it is
gauge invariant and the energy momentum computed using
it agrees with the quadrupole formula obtained by other
methods, thereby strengthening its interpretation as a
gravitational stress tensor. An averaging procedure con-
structing a tensor has been given in [8,12] and an explicit
illustrative computation is given in the Appendix.
At the zeroth iteration, we choose the Poincaré patch of

the de Sitter space-time as the solution of (43), ignoring the
effective gravitational stress tensor. Let us quickly verify
the gauge invariance of tμν under δξhμν ¼ Lξḡμν, to leading
order in ϵ. Recall that the gauge transformation involves
derivatives of ξμ and for a consistency with the background
plus ripple split, the gauge transformation should also be
restricted to preserve it. There are two possibilities for the
generator: (i) ξ is comparable with h and slowly varying,
and (ii) ξ is order ϵh but is rapidly varying so that its
derivative becomes order h. The gauge transformation of
tμν, after dropping space-time divergences in the averaging,
has leftover terms of the form Λhh∇ξi. These vanish
identically for the Minkowski background, making the
tμν gauge invariant. For the ξ of type (i), the average
vanishes since the enclosed quantity is rapidly varying and
for ξ of type (ii), the averaged quantity is order ϵ. But tμν

2In the present context, L ∼ Λ−1=2, while λ could be taken as
the inverse of the characteristic frequency. The length scale R
denoting the extent of a spatially compact source satisfies R ≪ λ.
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itself is oð1Þ and hence gauge invariance of tμν is ensured to
the leading order [8].
Using the properties of averaged quantities, the effective

gravitational stress tensor for the gauge fixed solution of the
ripple equation evaluates to

− 8πtμν

¼ ϵ2
Dh

−
1

4
∇̄μ

~hαβ∇̄ν
~hαβ þ

Λ
3
~hμ

α ~hαν −
Λ
4
ḡμνð ~hαβ ~hαβÞ

iE
:

ð45Þ

This expression reduces to the stress tensor for the
Minkowski background by taking ∇μ → ∂μ and dropping
the last two terms. However, for the ripple,
∂ ~h ∼ λ−1 ~h ∼ ϵ−1 ~h. The connection terms in the covariant
derivatives are order ~h. Hence, to the leading order in
ϵ ∼ λ=L, all terms without derivatives of the ripple can be
dropped and we are back to the same expression for the
Minkowski background. Notice that the leading term has
no ϵ.
In the conformal coordinates, substituting ~hαβ ¼ a2 ~χαβ

and once again, keeping only the terms with derivatives of
the ripple, the stress tensor for the fully gauge fixed
solutions of (42) becomes

tμν ¼
1

32π
h∂μ ~χ

TT
ij ∂ν ~χ

ij
TTi: ð46Þ

We will refer to this as the ripple stress tensor. We will
compute this for the tt projected, approximated retarded
solution, χttij. In Sec. III C, we will discuss how the
computations change when χttij → XTT

ij .

III. CONSERVED QUANTITIES

Given any symmetric, conserved stress tensor, for every
Killing vector of the background space-time, ξμ, the current
Jμξ ∼ Tμ

νξ
ν is covariantly conserved. In order that for a

future directed timelike Killing vector, the corresponding
energy-momentum current is also timelike and future
directed, we define Jμξ ≔ −Tμ

νξν. We adopt this definition
for the time translation Killing vector T¼−Hðη∂ηþxi∂iÞ.
The time translation Killing vector field, Tν∂ν, involves

only the η and r derivatives since xi∂i ¼ r∂r and these pass
through the Λ projector. For the space translation along the
jth direction, we have ∂j, which does act on theΛ projector.
In the present context where derivatives of the ripple
dominate over (ripple/r), the derivative of the projector
can be neglected and we write ∂jχ

tt
mn≈x̂j∂rχ

tt
mn. For gen-

erators of rotation, however, the situation is different. Once
again we get two terms from ∂i, but now ϵjkixkx̂i∂rχ

mn ¼
0! and we can no longer neglect the derivative of the
projector. With these understood, we write the correspond-
ing currents, Jμξ ¼ − a−2

32π h∂μχmn
tt ∂νχ

tt
mniξν. Note that the

ripple stress tensor has been defined as a covariant
rank-2 tensor and hence there is the factor of a−2 ¼
H2η2 since the index μ has been raised. The currents are
given by

a2JηT ¼ −
H
32π

fηh∂ηχ
mn
tt ∂ηχ

tt
mni þ rh∂ηχ

mn
tt ∂rχ

tt
mnig ð47Þ

a2JiT ¼ H
32π

fηhx̂i∂rχ
mn
tt ∂ηχ

tt
mni þ rhx̂i∂rχ

mn
tt ∂rχ

tt
mnig ð48Þ

a2Jηξj ¼
1

32π
h∂ηχ

mn
tt x̂j∂rχ

tt
mni;

a2Jiξj ¼ −
1

32π
hx̂i∂rχ

mn
tt x̂j∂rχ

tt
mni ð49Þ

a2JηLj
¼ −

1

16π
ϵjmnx̂mh∂ηχ

nl
tt χlkx̂ki;

a2JiLj
¼ 1

16π
ϵjmnx̂mhx̂i∂rχ

nl
tt χlkx̂ki: ð50Þ

The unit vectors within the angular brackets have come
from the spatial derivatives, while those outside the
brackets come from the Killing vector. It is shown in the
Appendix [Eq. (A9)] that for the averaging regions far
away from the source, the unit vectors can be taken across
the angular brackets and we will do so in the subsequent
expressions.
Notice that for the energy and momentum currents (48),

(49), both fields have the tt label, whereas for the angular
momentum current (50), the second factor does not have
the tt label. The entire contribution to the angular momen-
tum current comes from the derivative of the Λ projector.
The contribution from the derivative of the field vanishes
since the field (without the projector) is spherically
symmetric. In all these equations we may use ∂rχmn ¼
−∂ηχmn −

fmn
r2 from (13).

We note in passing that if fmn
r2 can be neglected compared

to ∂ηχmn, then the currents corresponding to the generators
of time and space translations both become proportional to
the vector ð1; xi=rÞ, which is a null vector. Both energy and
momentum propagate along this direction.
Let V denote a space-time region with a boundary ∂V.

Then it follows that

0¼
Z
V
d4x

ffiffiffī
g

p ∇̄μJ
μ
ξ¼

Z
V
d4x∂μð

ffiffiffī
g

p
JμξÞ¼

Z
∂V
dσμJ

μ
ξ ; ð51Þ

where dσμ is the oriented volume element of the boun-
dary ∂V.
In the next subsection we evaluate the energy flux,

FΣ ≔
R
Σ dσμJ

μ
T , for various hypersurfaces, Σ’s. These,

together with the conservation equation (51), will be used
to relate power received at J þ to that crossing the
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cosmological horizon. In the following subsection, we will
present the fluxes for momentum and angular momentum.

A. Flux computations

We present flux calculations for three classes of hyper-
surfaces: (a) hypersurfaces of constant physical radial
distance, (b) spacelike hypersurfaces of constant η, and
(c) the outgoing and incoming null hypersurfaces.
The solution χij in this and the next subsection stands

for χttij.

1. Hypersurface of constant physical radial distance

These hypersurfaces are timelike, null, or spacelike,
respectively, according to the physical distance being less
than, equal to, or greater than the physical distance to the
cosmological horizon, namely, H−1. They are spanned by
the integral curves of the Killing vector T.
This Killing vector is special because in the static patch,

it is timelike and its integral curves represent Killing
observers. Denoting xi ≔ rx̂i, x̂ix̂jδij ¼ 1, in general, its
integral curves are given by ηðτÞ ¼ η�e−Hτ, rðτÞ ¼ r�e−Hτ,
x̂i ¼ x̂i�. Evidently, along each curve, ρ ≔ r=ð−HηÞ ¼
r�=ð−Hη�Þ is constant. This also represents the physical
radial distance, rphy ≔ jΩjr. Each particular curve is
labeled by ρ and the two angular coordinates x̂i�. We
compute the flux across the hypersurface Σρ, defined by
rphy ¼ ρ. This surface is coordinatized by the Killing
parameter τ and the usual spherical angles θ;ϕ represented
by the unit vectors x̂i. These hypersurfaces are topologi-
cally Σρ ∼ Δτ × S2 and their embedding is given by

ηðτ; θ;ϕÞ ¼ η�e−Hτ; x ¼ r�e−Hτ sin θ cosϕ;

y ¼ r�e−Hτ sin θ sinϕ; z ¼ r�e−Hτ cos θ;

with r� þHρη� ¼ 0.
The induced metric is given by hab ¼ diagðH2ρ2 − 1; ρ2;

ρ2 sin2 θÞ. This has Lorentzian signature for Hρ < 1
(inside the static patch), is degenerate for Hρ ¼ 1 (the
cosmological horizon), and has Euclidean signature for
Hρ > 1 (beyond the cosmological horizon). The measure
factor for the non-null cases is given by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij det habj
p ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j1 −H2ρ2j
p

ρ2 sin θ, while on the cosmological horizon it
is given by

ffiffiffiffiffiffiffi
hab

p ¼ ρ2 sin θ. Here a; b denote the trans-
verse coordinates θ;ϕ. In the non-null case, the unit
normal is given by nμ¼ ϵ

jHηj j1−H2ρ2j−1=2ðHρ;xi=rÞ↔
nμ¼ ϵjHηjj1−H2ρ2j−1=2ð−Hρ;xi=rÞ. Here ϵ ¼ þ1 for
timelike Σρ (Hρ < 1) and ϵ ¼ −1 for spacelike Σρ

(Hρ > 1). On the cosmological horizon, we choose
the normal to be nμ ¼ −jHηj−1ðHρ; xi=rÞ ↔ nμ ¼
−jHηjð−Hρ; xi=rÞ, so that nμ ¼ Tμ is future directed.
Introduce Nμ ≔ ð−Hρ; x̂iÞ, so that the normal for non-null
cases is expressed as nμ ¼ ϵjHηjj1 −H2ρ2j−1=2Nμ. Note
that nμ is the same for the spacelike and the null

hypersurfaces, Σρ≥H−1 . For the timelike hypersurface, the
nμ points in the opposite direction. However, the induced
orientation on Σρ is also reversed as the hypersurface
changes from being spacelike to being timelike. Hence,
in all cases, Hρ > 0, nμ

ffiffiffi
h

p ¼ −jHηjNμρ2 sin θ, and the
hypersurface integral is expressed asZ
Σρ

dΣαJαT ¼ −
Z

τ2

τ1

dτ
Z
S2
d2sρ2ð−jHηðτÞjNμÞð−tμνTνÞ

with

NμtμνTν ¼ −HrðτÞftηη þ x̂itijx̂j − x̂itiηððHρÞ−1 þHρÞg:
ð52Þ

The minus sign in front of the hypersurface integral is
because the orientation defined by the Killing parameter
and the angles is negative relative to that defined by the r
and the angles. The sin θ is absorbed in d2s. The minus sign
inside the last parentheses is due to the definition Jμ ¼
−tμνTν. In the second line, we have also used −Hρη ¼ r
valid on Σρ.
Substituting for the ripple stress tensor, and taking the

unit vectors x̂ outside of the angular bracket as mentioned
before, the expression within the braces becomes

fg ¼ 1

32π



h∂ηχmn∂ηχ

mn þ ∂rχmn∂rχ
mni

−
1þH2ρ2

Hρ
h∂rχmn∂ηχ

mni
�
: ð53Þ

The (implicit) tt projection introduces angle dependence in
χttij; however, Eq. (52) needs only η and r derivatives.
Eliminating ∂rχij using Eq. (13), we write

fg ¼ 1

32π

�
h∂ηχmn∂ηχ

mni ð1þHρÞ2
Hρ

þ
�
fmn

r2
∂ηχ

mn


 ð1þHρÞ2
Hρ

þ
�
fmnfmn

r4


�

¼ 1

32π

ð1þHρÞ2
Hρ

��
∂ηχmn∂ηχ

mn þ fmn

r2
∂ηχ

mn




þ Hρ

ð1þHρÞ2
�
fmnfmn

r4


�

∴
Z
Σρ

dΣαJαT ¼
Z

τ2

τ1

dτ
Z
S2
d2s½−ρ2H2ηðτÞrðτÞ�fg: ð54Þ

The approximated solution χij is valid for (source
dimension)/(distance to the source) ≪1. This is consistent
with the assumption that λ=r ≪ 1. Furthermore, the source
being rapidly changing, λH ≪ 1, it follows that fmn=r2 ≪
_fmn=r. Hence we drop fmn=r2 terms. With this, fg takes a
simple quadratic form 1

32πð1þHρÞ2ðHρÞ−1h∂ηχmn∂ηχ
mni.
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To compute ∂η we recall that ηret ¼ η − r ≔
−H−1e−Htret ≔ −ðHaðtretÞÞ−1 and use

∂ηfijðηretÞ ¼ ∂ηretfijðηretÞ ¼ aðηretÞ∂tretfijðtretÞ
¼ aðηretÞðLT þ 2HÞfijðtretÞ:

This leads to (overdot denoting LT)

∂ηχmnðηretÞ ¼
1

r
∂ηfmnðηretÞ þ ∂ηgmnðηretÞ

¼ aðtretÞ
r

ðLTfmn þ 2HfmnÞ
þ aðtretÞðLTgmn þ 2gmnÞ ð55Þ

LTfmn ¼
2

aðtretÞ
½Q:::mn þHQ̈mn − 2H2 _Qmn þH ̈Q̄mn

þH2 _̄Qmn − 2H3Q̄mn� ð56Þ
LTgmn¼−2H½Q:::mnþHQ̈mnþH ̈̄QmnþH2 _̄Qmn�⇒ ð57Þ

∂ηχ
tt
mnðηretÞ ¼

2

r
η

η − r
Qtt

mn with ; ð58Þ

Qtt
mn ≔ ½Q:::mn þ 3HQ̈mn þ 2H2 _Qmn þH ̈Q̄mn

þ 3H2 _̄Qmn þ 2H3Q̄mn�ttðtretÞ: ð59Þ
Here we have also used ð1 − aðtretÞrHÞ ¼ η

η−r. Collecting
all expressions, we write the flux through a segment of the
rphy ¼ ρ hypersurface in a convenient form asZ
Σρ

dΣαJαT ¼
Z

τ2

τ1

dτ
Z
S2
d2s½−ρ2H2ηðτÞrðτÞ�

×

�ð1þHρÞ2
32πHρ

���
2

r
η

η − r

�
2

Qtt
ijQ

ij
tt




¼
Z

τ2

τ1

dτ
Z
S2
d2s

�
1

8π

�
hQtt

ijQ
ij
ttiðtretÞ: ð60Þ

In the Appendix, we show that for large ρ, the expression
within the square brackets inside the angular brackets can
be taken outside. Then, using r ¼ −Hρη, which is valid
over the hypersurface ∀ρ ∈ Rþ, we see that the explicit
dependence on ρ (for large enough ρ) disappears from the
integrand but there is an implicit dependence on ρ and τ
through tret. If, however, the τ integration is extended over
its full range, ð−∞;∞Þ, then the integral is independent of ρ
as well. Hence, for sufficiently large ρ, all Killing observers
infer the same energy flux in the limit ðτ1;τ2Þ→ð−∞;∞Þ.
The ρ independence of the full flux integral in particular

means that the total flux across J þ equals the total flux
across the cosmological horizon, Hþ:

lim
ρ→∞

Z
Σρ

dΣμJ
μ
T¼

Z
ΣðHρ¼1Þ

dΣμJ
μ
T⇔

Z
J þ

dΣμJ
μ
T¼

Z
Hþ

dΣμJ
μ
T:

ð61Þ

2. Flux through a constant η slice

The hypersurface Ση0 defined by η ¼ η0 is a cosmo-
logical slice ∼R3. It is spacelike, with a normal nμ¼
−jHη0j−1ð1;0⃗Þ↔nμ¼jHη0jð1;0⃗Þ, which is future directed.
We choose a finite portion of it with r ∈ ½r1; r2�. The
hypersurface is topologically Δr × s2. Choosing the
ðr; θ;ϕÞ coordinates on the hypersurface, the embedding
is given by

ηðr; θ;ϕÞ ¼ η0; x ¼ r sin θ cosϕ;

y ¼ r sin θ sinϕ; z ¼ r cos θ:

The induced metric is given by hab¼ðHη0Þ−2diagð1;r2;
r2sin2θÞ, giving

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij det habj
p ¼ jHη0j−3r2 sin θ. Denoting

Nμ ≔ ð1; 0⃗Þ, the hypersurface integral is given by

Z
Ση0

dΣμJ
μ
T ¼

Z
r2

r1

dr
Z
S2
d2sr2a2ðη0Þð−NμtμνTνÞ; with

ð62Þ

NμtμνTν ¼ ð−HÞðtηηηþ tηixiÞ

¼ −H
32π

ðηh∂ηχmn∂ηχ
mni þ xih∂ηχmn∂iχ

mniÞ ð63Þ

¼ −H
32π

�
ðη − rÞh∂ηχmn∂ηχ

mni −
�
fmn

r
∂ηχ

mn


�
ð64Þ

∴
Z
Ση0

dΣμJ
μ
T ¼ −

1

32πH2η20

Z
r2

r1

dr
Z
S2
d2sr2

×



1

aðηretÞ
h∂ηχmn∂ηχ

mni
�

ð65Þ

≈
Z

r2

r1

dr
Hðr − η0Þ

Z
S2
d2s

�
−1
8π

�
hQtt

mnQmn
tt i:

ð66Þ

By the same reasoning as before, we have dropped fmn
r

and also used Eq. (A12). In the limit η0 → 0 with
ðr1; r2Þ → ð0;∞Þ, the hypersurface becomes J þ and the
integration measure becomes dr

Hr. The limit η → 0 is thus
finite.
As noted earlier, the hypersurface integral when

expressed in terms of the Killing parameter has a minus
sign due to the reversal of the induced orientation. The
measures (positive) themselves are related as dr

Hr ¼ dτ,
leading to

R∞
0 dr=Hr ¼ −

R∞
−∞ dτ, and we get

lim
η0→0

Z
Ση0

dΣμJ
μ
T ¼ lim

ρ→∞

Z
Σρ

dΣμJ
μ
T: ð67Þ
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3. Flux through null hypersurfaces

There are two families of future directed null hyper-
surfaces given by ηþ ϵrþ σ ¼ 0; see Fig. 2. For ϵ ¼ þ1,
these 45 degree lines in the Penrose diagram are parallel to
the cosmological horizon while for ϵ ¼ −1, the lines are
parallel to the null boundary of the Poincaré patch. We refer
to these as the incoming (ϵ ¼ 1) and outgoing (ϵ ¼ −1)
null hypersurfaces. The parameter σ labels members of
these families.
The null normals of these families are of the form

nμ ¼ γð1; ϵx̂iÞ ↔ nμ ¼ ðHηÞ2γð−1; ϵx̂iÞ, where γ is to be

chosen suitably and should be negative for future directed
hypersurfaces. Choosing coordinates ðλ; θ;ϕÞ on a null
hypersurface, its embedding may be taken as ηðλÞ, rðλÞ
with identity mapping of the angles. Here λ is an affine
parameter of the null geodesics generating the null
hypersurfaces. The induced metric is obtained as
hab ¼ ðHηÞ−2diagð0; r2; r2 sin2 θÞ. Note that the orienta-
tion of the hypersurfaces, relative to that defined by
ðr; θ;ϕÞ, is the same for the outgoing hypersurfaces and
opposite for the incoming hypersurfaces. The hypersurface
integral is then given by ½Nμ ≔ ð−1; ϵx̂iÞ�

Z
Σðϵ;σÞ

dΣμJ
μ
T ¼ −ϵ

Z
λ2

λ1

dλ
Z

2

S
d2s

�
r2

H2η2

�
ðH2η2Þγð−NμtμνTνÞ; ð68Þ

NμtμνTν ¼ −Hð−tηηη − tηjrx̂j þ ϵx̂itiηηþ ϵrx̂itijx̂jÞ

¼ −
H
32π

ð−ηh∂ηχmn∂ηχ
mni þ ðϵη − rÞh∂ηχmn∂rχ

mni þ ϵrh∂rχmn∂rχ
mniÞ

¼ −
H
32π

ð1þ ϵÞðr − ηÞh∂ηχ
tt
mn∂ηχ

mn
tt i þ oðr−2Þ ð69Þ

¼ −
H
32π

ð1þ ϵÞðr − ηÞ
�
4

r2
η2

ðη − rÞ2
�
hQtt

mnQmn
tt i þ oðr−2Þ ð70Þ

∴
Z
Σðϵ;σÞ

dΣμJ
μ
T ¼ ϵ

Z
λ2

λ1

dλ
Z
S2
d2s½γH�

�ð1þ ϵÞ
8π

η2

η − r

�
hQtt

mnQmn
tt i: ð71Þ

As before, we have dropped the fmn=r2 terms from ∂rχmn and used Eq. (A12).

FIG. 2. Left: The ρ ¼ constant hypersurfaces which are timelike for Hρ < 1, null for Hρ ¼ 1, and spacelike for Hρ > 1. The two
45 degree outgoing null hypersurfaces intersecting Hþ and J þ in the spheres at rðτÞ; r0ðτ0Þ; RðτÞ; R0ðτ0Þ bound a space-time region.
Right: The spacelike hypersurfaces with a constant value of η. The fluxes across the outgoing null hypersurfaces turn out to be zero,
signifying sharp propagation of energy-momentum and angular momentum. Hence the energy flux across the portion of the horizon
bounded by the spheres at rðτÞ; r0ðτ0Þ equals the flux across the portion of the future infinity bounded by the spheres at RðτÞ; R0ðτ0Þ.
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It is immediately clear that the flux through the outgoing
null hypersurfaces (ρ or r increase along these) vanishes.
In the ϵ ¼ 1 family, only the cosmological horizon is of
interest. For this we have ðη ¼ −rÞ and we choose the
factor γ ¼ −ðHrÞ−1 so the null normal matches with the
Killing vector (γ is negative as desired for future orienta-
tion) and the affine parameter λ matches with the Killing
parameter τ. With this choice, the flux in Eq. (71) matches
with that given in Eq. (60) for Hρ ¼ 1. Thus, once again,
the full flux through the cosmological horizon is exactly the
same as that of the rphysical ¼ const hypersurfaces.

Remarks.—All three calculations consistently have the
same ½þ1=8π� factor, with integrals oriented along the
stationary Killing vector.
It is surprising at first that the flux through the η − r ¼

constant hypersurfaces is zero, which indicates sharp
propagation of the energy, even though the retarded
solution has a tail contribution. This can be seen more
directly as follows. Let us recast Eq. (54) asZ
Σρ

dΣαJαT

¼ 1

32π

Z
τ2

τ1

dτ
Z
S2
d2s

�
r2ðη− rÞ2

�
1

η
∂ηχij

��
1

η
∂ηχij

�

;

ð72Þ

where we have neglected the 1=r2 terms and have used
r ¼ −Hρη.
Now in taking the η derivative, contribution of the tail

term in (5) cancels out, leaving only the contribution from
the sharp term:

1

η
∂ηχij ¼

4

rηret
∂η

Z
d3x0Tijðη − r; x0Þ: ð73Þ

B. Momentum and angular momentum fluxes

For the same three classes of hypersurfaces, we present
the momentum and angular momentum fluxes. We already
have the measures for these hypersurfaces as well as the
currents given in (49), (50). The full fluxes, only to the
leading order in r−1, are given by

Σρ∶ −
Z

∞

−∞
dτ

Z
S2
d2sρ2

1

Hη
ðHρ; x̂iÞJμ ð74Þ

Ση0∶
Z

∞

0

dr
Z
S2
d2s

�
r2

jHη0j3
��

1

Hη0

�
ð1; 0⃗ÞJμ ð75Þ

Σðϵ;σÞ∶ − ϵ

Z
λ2

λ1

dλ
Z
S2
d2s

�
r2γ

jHη0j2
�
ð1; ϵx̂iÞJμ: ð76Þ

Momentum fluxes: The momentum current is given by

Jμξj ¼ −
a−2

32π

�
2

r
η

η − r

�
2

hQmn
tt Qtt

mniðx̂jÞð1;−x̂iÞ: ð77Þ

Dotting with the nμ produces a rotational scalar and the
average is a rotational scalar too. Then the angular
integration with x̂j vanishes, in all three cases. Hence,
the momentum flux is zero across the three classes of
hypersurfaces.
Angular momentum fluxes: Replacing ∂rχ

mn
tt ≈ −∂ηχ

mn
tt ,

we can write the angular momentum current as

JμLj
¼ −

a−2

16π

�
2

r
η

η − r

�
½ϵjmnx̂mx̂khQnl

tt χkli�ð1; x̂iÞ:

The fluxes then take the form

Σρ∶ −
ρ

8π

Z
∞

−∞
dτ

Z
S2
d2s½ϵjmnx̂mx̂khQnl

tt χkli� ð78Þ

Ση0∶
1

8πH2jη0j
Z

∞

0

dr
r

r − η0

Z
S2
d2s½ϵjmnx̂mx̂khQnl

tt χkli�

ð79Þ

Σðϵ;σÞ∶− ϵ
1þ ϵ

8π

Z
λ2

λ1

dλð−γÞ rη
η− r

Z
S2
d2s½ϵjmnx̂mx̂khQnl

tt χkli�:

ð80Þ

Consider the average. The function enclosed in averag-
ing is the product of the Λ projector containing angular
dependence and a function having dependence on ðη; rÞ.
The averaging can then be split into averaging over a cell
Δω in the angular coordinates around the direction r̂ and
averaging over a cell in the ðη; rÞ plane; see Eq. (A9). Thus,
we write

hQnl
tt χkliðη; r; r̂Þ ¼

�
1

Δω

Z
Δω

d2s0Λnl
rsðr̂0Þ

�
½hQrsχkliðη; rÞ�

ð81Þ

¼ Λnl
rsðr̂ÞhQrsχkliðη; rÞ: ð82Þ

The angular integration over the sphere can be done
explicitly:Z

S2
d2sϵjmnx̂mx̂kΛnl

rsðr̂ÞhQrsχklðη; rÞi

¼ 8π

15
ϵjmnhQnlχml iðη; rÞ: ð83Þ

This is to be integrated over the Killing parameter τ or r or λ
for the three classes of hypersurfaces. The average is now
over an ðη; rÞ cell.
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This integration in the flux expressions above can be
expressed in terms of the Killing parameter τ and then they
all take the same form provided for Ση0 we consider the
η0 ≈ 0 → J þ and for the null hypersurface we choose the
cosmological horizon, Hþ (ϵ ¼ þ1; η ¼ −rÞ:

Flux of the ðAngular MomentumÞj
¼ −

1

15

Z
∞

−∞
dτaðηðτÞÞrðτÞϵjmnhQnlχml i: ð84Þ

The radiation field Qnl is given in Eq. (34) but without the
tt label and

χlm ¼ 2

raðηÞ ½Q̈lmþ 2H _QlmþH _̄Qlmþ 2H2Q̄lm�ðηretÞ

þ 2H2½ _QlmþHQ̄lm�ðηretÞ−2H2½ _QlmþHQ̄lm�ð−∞Þ:
ð85Þ

This flux does not have a finite limit to J þ due to the tail
term in χml and does not match with the flux given by [2]. It
is finite along the Hþ though. It does not match with the
correct angular momentum flux in the flat space limit as
well and it is well known [9,13] that the Isaacson effective
stress tensor does not suffice to capture the flux of angular
momentum. The sharp propagation property still holds in
the sense that the flux across the outgoing null hypersurface
is zero.

C. Extending from tt to TT

We have used the algebraic tt projection on the approxi-
mated, retarded solution. How would the results change if
we were to use the TT decomposition of the exact solution
prior to the jx⃗0j=jx⃗j ≪ 1 approximation? For this we note a
few points.
It is easy to see that the TT part of the retarded solution is

given by [2]

XTT
ij ðη; xÞ

¼ 4

Z
d3x0

η

jx − x0jðη − jx − x0jÞT
TT 0
ij ðη0; x0Þj

η0¼η−jx−x0j

þ 4

Z
d3x0

Z
η−jx−x0j

−∞
dη0

TTT 0
ij ðη0; x0Þ

η02
; ð86Þ

where the TT 0 refers to the second argument of the stress
tensor. This follows by checking that the divergence, ∂i

x, of
the right-hand side converts into the divergence, ∂i

x0 , on the
second argument of the stress tensor. For this relation, it is
important to have the exact jx − x0j dependence and for the
source to have compact support. The TT part of the
approximated solution cannot be similarly expressed in
terms of the TT part of the source stress tensor.

We can now consider the solution (86) for jxj ≫ jx0j and
replace jx − x0j ≈ r, which simplifies the source integral.
We denote this approximated expression as χTTij . This
satisfies the transversality condition to oðr−1Þ only.3

Furthermore, since the transverse, traceless part of the
stress tensor drops out of its conservation equation, we
cannot directly express

R
source T

TT 0
ij in terms of correspond-

ingly defined moments. Nevertheless, we do get

∂ηχ
TT
ij ðη; xÞ ¼ 4

η

rðη − rÞ ∂ηMTT
ij ;

MTT
ij ðη − rÞ ≔

Z
d3x0TTT 0

ij ðη − r; x0Þ ð87Þ

∂mχ
TT
ij ðη; xÞ ¼ 4

x̂m
r

�
η

η − r
∂rMTT

ij −
MTT

ij

r

�

¼ −x̂m∂ηχ
TT
ij − 4

x̂m
r2

MTT
ij ð88Þ

∴∂rχ
TT
ij ¼ −∂ηχ

TT
ij − 4

MTT
ij

r2
: ð89Þ

Equation (89) has the same form as Eq. (13). Equation (87)
has the same form as Eq. (58), which introduced the
radiation field Qtt

ij. We can thus introduce a new radiation
field, QTT

ij ≔ 2∂ηMTT
ij . With this, the form of the expres-

sions for fluxes will remain the same with Qtt
ij → QTT

ij .
Note that unlikeQtt

ij,Q
TT
ij does not have a simple relation to

the source moments defined earlier. Nevertheless, it shares
an important property with Qtt

ij; namely, it too is a function
of η − r alone. This enables the space-time averaging to be
reduced to averaging over ρ ¼ constant hypersurfaces, as
shown in Eq. (A13):

h∂ηχ
TT
mn∂ηχ

mn
TT iðt; r; r̂Þ ¼ 4

a2ðt̄0Þ
ρ20

hQTT
ij Qij

TTiðt̄0; r̂Þ: ð90Þ

In the next section we restrict to the energy fluxes and
see two applications of the conservation equation and the
sharp propagation property.

IV. IMPLICATIONS OF CONSERVATION
EQUATION AND SHARP PROPAGATION

In the previous subsection, we assembled fluxes through
various hypersurfaces, all having the topology Δ × S2. We
considered Δ to be a finite interval and also the cases with
Δ ¼ R. The relevant hypersurfaces have ρ ¼ constant. In
all cases, the energy flux integral had the form

3Extracting the TT part and making the approximation for
jx⃗j ≫ jx⃗0j do not commute, i.e., ½ðX ijÞapprox�TT ≠ ð½X ij�TTÞapprox.
This is so because the ∂j of the lhs is always zero by definition
while that of the rhs is nonzero in general. We are using the rhs.
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F ða; bÞ ≔
Z

b

a
dτ

Z
S2
d2s

�
1

8π

�
hQtt

mnQmn
tt i

≕
Z

b

a
dτhFiðτÞ: ð91Þ

As shown in the Appendix, Eq. (A12), the angular brackets
denote averaging over τ intervals and a trivial averaging
over the angular intervals. Since the angular average is
trivial, we have taken the angular integration across the
averaging and denoted the integration over the sphere by
hFiðτÞ. Using the mean value theorem, we writeZ

b

a
dτhFiðτÞ ¼ hFiðcÞðb − aÞ

¼
Z

cþδ

c−δ
dτF

ðb − aÞ
2δ

; c ∈ ða; bÞ: ð92Þ

Let us choose ða; bÞ to be an averaging interval, i.e.,
ðb − aÞ ¼ 2δ. Recall that the averaged quantities are slowly
varying; i.e., hFi is varying only over the scale L ≫ 2δ and
is thus essentially constant over the averaging interval.
Therefore, we can choose c ¼ ðaþ bÞ=2, possibly making
a small error. But then the right-hand side of the last
equality in the above equation becomes

R
b
a dτFðτÞ. In

effect, for the integral over an averaging interval, we can
drop the angular brackets in Eq. (91).
For a ≪ 0, b ≫ 0, the τ integral can be replaced by a

sum with each subinterval ½ak; bk� being an averaging
interval. Using the above argument, we can write

F ða; bÞ ≈
X
k

Z
bk

ak

dτ
Z
S2
d2s

�
1

8π

�
Qtt

mnQmn
tt : ð93Þ

However, the averaging τ intervals cannot be made arbi-
trarily finer and the Riemann sum cannot be taken to the
integral. Hence, the flux integral over an averaged inte-
grand matches with the flux integral over an unaveraged
integrand only at a coarse grained level. The same argu-
ments also hold for Qtt

mn → QTT
mn and then the fluxes

defined using the averaged stress tensor match with the
expressions (36) at a coarse grained level.
By judicious choices of hypersurfaces comprising the

boundary ∂V of a space-time region V, we can relate
different fluxes using the conservation equation (51). The
sharp propagation of energy comes in very handy. We note
two of its implications.
(1) The flux across two hypersurfaces Ση1 and Ση2

cannot be equal; see the right panel of Fig. 2.
Let η2 > η1. Let Ση1 meet the r ¼ 0 line at A1. Let

the outgoing null hypersurface through A1 intersect
the Ση2 in S2 at B1 with the radial coordinate being
r1. The three hypersurfaces Ση1 , the outgoing null
hypersurface, and the hypersurface Ση2 bounded by
the sphere at B1 enclose a space-time region, A1BB1.

By the conservation equation (51), the sum of the
fluxes through these bounding hypersurfaces must
vanish. But the flux through the outgoing null
hypersurface vanishes as shown before. Hence the
fluxes through Ση1 and the partial hypersurface Ση2
between B1 and B must be equal. However, this
leaves the contribution of the flux through the
remaining portion of the Ση2 hypersurface between
B2 and B1. Hence the result. Alternatively, one can
also see this explicitly by writing the full flux
through the two hypersurfaces using the expression
given in Eq. (66) and matching the integrands along
the outgoing null hypersurface. Evidently, the full
flux through Ση≠0 is also not equal to that through
J þ. Physically this is understandable since the
hypersurface at a later value of η receives energy
emitted after the earlier value of η. The null infinity
of course records all the energy emitted by the
source and so does the cosmological horizon. We
also conclude that the total flux at J þ computed by
Ashtekar et al., as given in Eq. (36), matches (at a
coarse grained level) with that given in Eq. (66)
(with Q → R) only for η ¼ 0. Note that unlike the
spatial slices Ση, all hypersurfaces Σρ>0 intercept all
the emitted energy.

(2) The sharp propagation of energy can also be used to
infer the instantaneous emitted power. Consider two
outgoing null hypersurfaces intersecting the cosmo-
logical horizon in spheres with radii rðτÞ and r0ðτ0Þ.
The same hypersurfaces intersect the null infinity at
corresponding spheres at RðτÞ and R0ðτ0Þ; see the left
panel in Fig. 2. For τ0 > τ, we have r0ðτ0Þ < rðτÞ and
R0ðτ0Þ < RðτÞ. By the conservation equation and
sharp propagation, the flux integral over the portion
bounded by the spheres R, R0 on J þ and the flux
integral over the portion bounded by the spheres
rðτÞ; r0ðτ0Þ on Hþ are equal. Taking τ0 ¼ τ þ δτ, the
integral becomes δτ× the integral over the sphere at
rðτÞ. The emitted power is then defined by dividing
the flux integral by δτ and taking the limit. Thus we
get the instantaneous power as

PðτÞ ≔ lim
δτ→0

F ðτ þ δτ; τÞ
δτ

¼ 1

8π

Z
S2
d2shQTT

ij Q
ij
TTi:

ð94Þ

This is manifestly positive.
This is very similar to the definition given by Ashtekar

et al. [2] in the form of Eq. (38) except that the integrand is
an average over τ and angular windows. The power is
usually averaged over a few periods. If this is done to the
power expression in [2], it will match with the above
expression, again at a coarse grained level.
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The upshot is that the quadrupole power defined above is
gauge invariant and can be computed at the cosmological
horizon.

V. DISCUSSION AND SUMMARY

We have dealt with two aspects, namely, the role of the
cosmological horizon and the use of the ripple stress tensor
in the limited context of rapidly changing, distant sources.
A question regarding the validity of the short wavelength

approximation near J þ arises due to the understanding that
the physical wavelength will diverge near the future null
infinity thanks to the scale factor aðtÞ. Let us recall that the
background plus ripple decomposition is premised over
the expectation: ∂αḡμν ∼ ḡμν=L and ∂αhμν ∼ hμν=λ. In the
cosmological chart, the nonzero coordinate derivatives of
the background are ∂tḡij ¼ 2Hḡij ∼ ḡij=L. For the retarded
solution we have

∂thij
hij

¼ ∂t½lnða2ðtÞχijÞ� ¼ 2H þ ∂tη∂ηlnðχijÞ

¼ 2H þ ∂ηlnðχijÞ
aðtÞ ∼

1

L
þ 1

aðtÞλ ; ð95Þ

∂khij
hij

¼ ∂klnðχijÞ ¼ r̂k∂rlnðχijÞ

≈ −r̂k∂ηlnðχijÞ ∼
r̂k
λ
: ð96Þ

The first equation shows that the t derivative of the
perturbation does not satisfy the premise near J þ thanks to
the presence of the scale factor. The second equation
however does not have the scale factor and the ripple
indeed has a short scale of spatial variation. Interestingly, in
the calculation of the fluxes, spatial components of the
ripple stress tensor (and hence the spatial derivatives of the
perturbation) do contribute since all Killing vectors are
spacelike near J þ and the short wavelength approximation
can justifiably be used.
As noted in the Introduction, the cosmological horizon is

unambiguously defined for a spatially compact source. This
follows because worldlines with finite physical separation
at every η must converge to iþ, the point A of Fig. 1. If Δ
denotes the physical radial distance corresponding to the
radial coordinate difference δ, then Δ2 ¼ δ2

H2η2
. To maintain

Δ2 to be finite as η → 0−, we must have δ2 ∼ α2η2 þ 0ðjηj3Þ
near iþ. This identifies δ with −αη or α ¼ Hρ. Thus, the
worldlines approach iþ along the ρ ¼ constant hyper-
surfaces. The cosmological horizon is then the past light
cone of iþ. The same argument also shows that any
observer who remains at finite physical distance away
from the source must remain confined within the cosmo-
logical horizon. Furthermore, neither any such observer nor
the source has any access to energy/momentum which has

crossed the horizon. Hence the cosmological horizon does
share physically relevant properties with the future infinity.
Incidentally, any future directed causal curve reaching J þ
also registers on Hþ.
Further support for the role of the cosmological horizon

as future null infinity comes from the computations of the
energy momentum fluxes. For these, we employed the
effective ripple stress tensor and showed that the fluxes
defined at J þ match with those defined at Hþ.
Furthermore, these fluxes also matched (at a coarse grained
level) with the energy momentum fluxes defined by the
more geometric methods of the covariant phase space
framework. This provides further support to the utility of
the ripple stress tensor. The quadrupole power too matches
likewise. The ripple stress tensor, although limited to short
wavelength regimes (which cover most common sources),
provides a convenient picture of energy momentum flows
much like the flows for matter. There is a shortcoming of
the ripple stress tensor—it does not capture the angular
momentum flux correctly. A clearer understanding of this
failure is lacking at present.
It should be noted that the definition of fluxes is not

necessarily unique. Apart from a definition being well
defined, its correctness should be tested in conjunction with
the definition of the Bondi-type quantities having a loss
formula relating to flux. Recent work within a Bondi-type
framework may be seen in [14–16]. The observation that
the cosmological horizon is a Killing horizon and hence an
isolated horizon should be helpful in this regard.
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APPENDIX: AN AVERAGING PROCEDURE

In the main body we specified an averaging procedure by
stipulating its properties, namely, (i) the average of the odd
powers of h vanishes and (ii) the average of the space-time
divergence is subleading. This was then used to simplify
the expression for the ripple stress tensor. An averaging
procedure satisfying these properties was indeed given by
Isaacson [8]. We will use the same one and give more
explicit details in the present context.
Isaacson defines the space-time average of a tensor by

using the parallel propagator bitensor, gμ
0

μ ðx; x0Þ, as

hXμνiðxÞ ≔
R
cell d

4x0
ffiffiffiffiffiffiffiffiffiffiffiffiffijgðx0Þjp

gμ
0

μ ðx; x0Þgν0ν ðx; x0ÞXμ0ν0 ðx0ÞR
cell d

4x0
ffiffiffiffiffiffiffiffiffiffiffiffiffijgðx0Þjp :

ðA1Þ

In the present context, we need the average of the stress
tensor for ripples due to a retarded solution which has a
certain explicit form.Wewill use this information to choose

COSMOLOGICAL HORIZON AND THE QUADRUPOLE … PHYSICAL REVIEW D 96, 044026 (2017)

044026-15



suitable integration variables and a corresponding “cell”
denoting the averaging region. Because of this, we have not
used any weighting function as given by Isaacson [8].
To keep track of the powers of H, we begin by going

from the conformal chart (η; xi) to the cosmological chart
(t; xi), η ≔ −H−1e−Ht, with the spatial coordinates
unchanged. In the cosmological chart,

Metric∶ ds2 ¼ −dt2 þ a2ðtÞðδijdxidxjÞ; aðtÞ ≔ eHt

ðA2Þ

Connection∶ Γt
tt ¼ 0; Γt

tj ¼ 0; Γt
ij ¼Ha2ðtÞδij

Γi
tt ¼ 0; Γi

ij ¼Hδij; Γi
jk ¼ 0: ðA3Þ

The parallel propagator is computed in terms of the
parallel transport of an arbitrary cotetrad (or tetrad):
gμμ

0 ðx; x0Þ ≔ eμaðxÞeeμ0 ðx0Þ. The averaging region is small
enough that for a cell around a point P with coordinates xα,
there is a unique geodesic to points P0 with coordinates x0α.
The parallel transported cotetrad is obtained using Taylor
expansions of the cotetrad, the affine connection, and the
coordinates along the geodesic, in terms of its affine
parameter, and eliminating the affine parameter afterwards
in favor of the coordinate differences Δxα ≔ x0α − xα.
Details may be seen in Appendix B of [3]. There is a
slight difference from [3], since that calculation was given
in the context of Fermi normal coordinates where the
connection is already of order H2, while in the cosmo-
logical chart, the connection is of order H. The final
expressions are

eμaðx0Þ ¼ êλa
h
δμ

λ þ Γ̂μα
λΔxα

þ 1

2
ðd∂ρΓμσ

λ þ Γ̂μσ
αΓ̂αρ

λÞΔxρΔxσ
i

ðA4Þ

gμμ
0 ðx; x0Þ ¼ δμ

μ0 − Γ̂μα
μ0Δxα

−
1

2
ðd∂ρΓμσμ

0 − Γ̂αρ
μ0 Γ̂σμ

αÞΔxρΔxσ: ðA5Þ

In the above, the hatted quantities are evaluated at x.
The connection dependent terms are linear and quadratic

in HΔx. Although the coordinate differences are much
larger than the length scale λ, they are much smaller than
H−1. Hence, these terms can be neglected and effectively
the parallel propagator reduces to just the Kronecker delta.
For purposes of illustration of averaging, this suffices. It
remains to integrate the Xμ0ν0 over the cell and as noted in
the main text in the paragraph below Eq. (60), the
components of the ripple stress tensor are essentially

determined in terms of ∂ηχ
tt
ij ¼ 2 η

r

Qtt
ijðη−rÞ
η−r or alternatively

in terms of ∂ηχ
TT
ij ¼ 2 η

r

RTT
ij ðη−rÞ
η−r .

The angular dependence is introduced due to the tt part,
e.g., as is explicit in the Λkl

ijðr̂Þ projector. The ðη; rÞ
dependence has a convenient factorized form. It is thus
natural to change the integration variables from ðη; rÞ to
ðt̄; ρÞ, where t̄ is the retarded synchronous time defined
through η − r ≔ −H−1eHt̄, and Hρ ≔ − r

η defines ρ. For
definiteness, consider the average,

h∂ηχ
tt
mn∂ηχ

mn
tt iðt; r; r̂Þ

≔
R
cell dtdrr

2d2sa3ðtÞ∂ηχ
tt
mnðt̄Þ∂ηχ

mn
tt ðt̄ÞR

cell dtdrr
2d2sa3ðtÞ : ðA6Þ

Here r̂ denotes a point on S2 (a spatial direction). We will
specify the cell after changing over to ðt̄; ρ; r̂Þ.
From the definitions, we arrive at the coordinate trans-

formations,

ηðt̄;ρÞ ¼ −
1

Hð1þHρÞ e
−Ht̄; rðt̄; ρÞ ¼ ρ

1þHρ
e−Ht̄ ⇒

aðtÞ ¼ aðt̄Þð1þHρÞ; with aðtÞ ≔ eHt: ðA7Þ

The Jacobian of transformation is ∂ðt;rÞ
∂ðt̄;ρÞ ¼

faðt̄Þð1þHρÞg−1. We choose the cell so that
t̄ ∈ ½t̄0 − δ; t̄0 þ δ�, ρ ∈ ½ρ0 − Δ; ρ0 þ Δ�, and r̂ ∈ Δω.
The coordinate windows δ, Δ, and

ffiffiffiffiffiffiffiffiffiffiffi
r2Δω

p
are several

times the ripple scale, while ðt̄0; ρ0Þ are the transforms of
ðt; rÞ. In terms of these choices, the average becomes

h∂ηχ
tt
mn∂ηχ

mn
tt iðt; r; r̂Þ

≔

R t̄0þδ
t̄0−δ dt̄

R ρ0þΔ
ρ0−Δ dρρ2

R
Δω d

2s½4 a2ðt̄Þ
ρ2

Qtt
mnðt̄ÞQmn

tt ðt̄Þ�R t̄0þδ
t̄0−δ dt̄

R ρ0þΔ
ρ0−Δ dρρ2

R
Δω d

2s
:

ðA8Þ

Consider the angular integration. The angular depend-
ence arises in taking the tt part of the solution χijðη; rÞ. For
illustration purposes, consider r to be sufficiently large so
that we can use the Λkl

ijðr̂Þ projector, giving ∂ηχ
tt
ij∂ηχ

ij
tt ∼

Λkl
ij∂ηχ

ij∂ηχkl. For large r, the angular coordinate windows
are ∼λ=r ≪ 1. Using the mean value theorem in the angular
integration in the numerator, we get

R
Δω d

2sðr̂0ÞΛkl
ijðr̂0ÞR

Δω d
2sðr̂0Þ ≈ Λkl

ijðr̂Þ: ðA9Þ

In effect, theΛ projector comes out of the averaging and the
angular average trivializes. Of the remaining integrations,
the ρ integration can be done explicitly and is independent
ofΔ to the leading order in Δ=ρ0. Thus, in the numerator of
(A8) we get

GHANASHYAM DATE and SK JAHANUR HOQUE PHYSICAL REVIEW D 96, 044026 (2017)

044026-16



Z
t̄0þδ

t̄0−δ
dt̄

Z
ρ0þΔ

ρ0−Δ
dρ4 a2ðt̄ÞQijðt̄ÞQklðt̄Þ

≈ 8Δ
Z

t̄0þδ

t̄0−δ
dt̄a2ðt̄ÞQijðt̄ÞQklðt̄Þ

¼ 8Δ
Z

δ

−δ
dya2ðt̄0 þ yÞQijQklðt̄0 þ yÞ

¼ 8Δa2ðt̄0Þ
Z

δ

−δ
dya2ðyÞQijQklðt̄0 þ yÞ

≔ ð8ΔÞa2ðt̄0Þð2δÞhQijQklit̄ðt̄0Þ: ðA10Þ

In the third line, we have used a2 being an exponential
function. In the last line we have defined the average over
the retarded time around t̄0 and put the suffix on the angular
bracket as a reminder.
The hit̄ averaging has the extra factor of a2ðyÞ. However,

over the integration domain ð−δ; δÞ, we can approximate
a2ðyÞ ≈ 1þ 2Hyþ � � � and neglect oðHyÞ terms since
Hδ ∼ kλ=L ∼ kϵ ≪ 1. The extra factor thus introduces a
small deviation from the usual averaging without the extra
factor. We neglect it henceforth and the reminder suffix t̄ is
also suppressed.
In the denominator we getZ
t̄0þδ

t̄0−δ
dt̄

Z
ρ0þΔ

ρ0−Δ
dρρ2 ≈ 2ρ20Δ

Z
t̄0þδ

t̄0−δ
dt̄ ¼ ð2ΔÞð2δÞρ20:

ðA11Þ

Combining Eqs. (A8)–(A11), we get

h∂ηχ
tt
mn∂ηχ

mn
tt iðt; r; r̂Þ ¼ 4

a2ðt̄0Þ
ρ20

hQtt
ijQ

ij
tt iðt̄0; r̂Þ: ðA12Þ

In the last equation, we have combined the averaging
over retarded time and the (trivial) angular average. We
have also inserted the Λ projector. The averaging over

a space-time cell has been reduced to averaging over a
three-dimensional cell on a ρ ¼ constant hypersurface. The
prefactor on the right-hand side of the above equation
exactly equals the last square bracket in the first line of
Eq. (60). In effect, the ð 2η

rðη−rÞÞ2 factor has come out of the

averaging.
We can also reduce the space-time average to a hyper-

surface average for ∂ηχ
TT
ij ∂ηχ

ij
TT. Following the same steps

as from Eq. (A6) onwards, we will arrive at Eq. (A8) with
Qtt

mn → QTT
mn. We cannot do the angular averaging as

before, but we do not need to. Crucially, the ρ dependence
has factored out exactly as before and the average over ρ
gives ρ−20 as before. The t̄ averaging too gives a2ðt̄0Þ and we
get the desired result,

h∂ηχ
TT
mn∂ηχ

mn
TT iðt; r; r̂Þ ¼ 4

a2ðt̄0Þ
ρ20

hQTT
ij Qij

TTiðt̄0; r̂Þ: ðA13Þ

We can relate the averaging over the retarded time t̄ to the
averaging over the Killing time τ along the ρ ¼ ρ0 curve.
From the coordinate transformation, we have η − r ¼
−H−1e−Ht̄, while along the ρ ¼ ρ0 Killing trajectory,
η − r ¼ ðη� − r�Þe−Hτ ¼ −ðH−1e−Ht̄� Þe−Hτ. Hence, t̄ ¼
τ þ t̄� and the temporal averaging is related to averaging
over a Killing time. Note that since the averaging cell is
bounded by two hypersurfaces of constant retarded times,
the temporal averaging may be evaluated along the source
worldline, r ¼ 0, or along the Killing trajectory on J þ.
We also have mixed and spatial components of the ripple

stress tensor. These involve ∂iχ
tt
mn ≈ x̂i∂rχ

tt
mn ≈ −x̂i∂ηχ

tt
mn.

While taking the average, the x̂i can be taken out of the
average since the angular coordinate windows are of very
small size ∼λ=r. This allows us to take x̂i across the angular
averages and replace all components of the ripple stress
tensor by tηη in the conformal chart or by t00 in the
cosmological chart.
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