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This work pioneers the quantization of primordial fermion perturbations in hybrid loop quantum
cosmology (LQC). We consider a Dirac field coupled to a spatially flat, homogeneous, and isotropic
cosmology, sourced by a scalar inflaton, and treat the Dirac field as a perturbation. We describe the
inhomogeneities of this field in terms of creation and annihilation variables, chosen to admit a unitary
evolution if the Dirac fermion were treated as a test field. Considering instead the full system, we truncate its
action at quadratic perturbative order and construct a canonical formulation. In particular this implies that, in
the global Hamiltonian constraint of the model, the contribution of the homogeneous sector is corrected with a
quadratic perturbative term. We then adopt the hybrid LQC approach to quantize the full model, combining
the loop representation of the homogeneous geometry with the Fock quantization of the inhomogeneities.
We assume a Born-Oppenheimer ansatz for physical states and show how to obtain a Schrédinger equation
for the quantum evolution of the perturbations, where the role of time is played by the homogeneous inflaton.
We prove that the resulting quantum evolution of the Dirac field is indeed unitary, despite the fact that the
underlying homogeneous geometry has been quantized as well. Remarkably, in such evolution, the fermion
field couples to an infinite sequence of quantum moments of the homogeneous geometry. Moreover, the
evolved Fock vacuum of our fermion perturbations is shown to be an exact solution of the Schrodinger
equation. Finally, we discuss in detail the quantum backreaction that the fermion field introduces in the global
Hamiltonian constraint. For completeness, our quantum study includes since the beginning (gauge-invariant)

scalar and tensor perturbations, that were studied in previous works.
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I. INTRODUCTION

Observational cosmology has gone through impressive
developments in the last decades, with improvements in the
resolution that, in particular, have allowed us to determine
several cosmological parameters with an error of a few
percent [1,2]. In this new era of precision cosmology, the
cosmic microwave background (CMB) is an important
source of information about the physics of the early
Universe and the primordial seeds for the later formation
of structures [3]. The observation of the CMB has given a
solid support to the idea that those seeds originated from
quantum fluctuations of the perturbations of a flat, homo-
geneous, and isotropic state of the Universe that underwent
a period of inflation [4,5]. The most conventional approach
to describe the intervening inflationary mechanism is
to introduce a scalar field (the inflaton) subject to a
potential, the contribution of which drives the expansion.
The consideration of primordial perturbations of scalar
and tensor nature within the inflationary paradigm leads to
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great agreement between theoretical and observational
predictions. Nonetheless, most of the fundamental theories
for matter interactions involve nonbosonic degrees of free-
dom, and in particular spin-1/2 ones. Thus, it is interesting
to incorporate as well this type of fields in order to discuss
the physics of the early Universe in a more realistic manner.
This discussion would elucidate whether the presence and
evolution of fermion fields during the first cosmological
stages may have left any trace in the scalar and tensor
primordial perturbations, and investigate quantitatively the
extent to which they did or did not affect them.

Physical effects of free fermionic fields viewed as
perturbations propagating in a flat cosmology, both during
inflation and in other epochs of the Universe, have been
discussed in several works, treating them as test fields in
the framework of quantum field theory [6—13]. The first
analyses that studied fermions in quantum cosmology, that
is, assuming that the cosmological homogeneous back-
ground is as well a quantum entity, can be traced back to the
1970’s [14,15]. Interestingly, these works did not regard
the fermionic matter as a test field but rather as the source
of geometry. However, they restricted the fermionic field to
be homogeneous as well, therefore reducing its degrees of
freedom to a finite number.

© 2017 American Physical Society
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In the context of quantum geometrodynamics [16], the
inclusion of fermions was made by D’Eath and Halliwell
in a study particularized to Dirac spinors [17]. They
extended to these fields the treatment of cosmological
perturbations in a spatially closed universe put forward
by Halliwell and Hawking a few years before [18]. In their
paper, D’Eath and Halliwell adopted a holomorphic
representation for the fermionic field, and introduced
creation and annihilation variables that lead to an instan-
taneous diagonalization of the Hamiltonian. They argued
that the production of the corresponding particles is finite,
and discussed issues related to the backreaction of the
fermions onto the quantum background and perturbations
of the geometry and the inflaton.

The main purpose of the present work is to generalize
this treatment of fermionic fields in quantum cosmology in
order to allow for other approaches to the quantization of
the background instead of quantum geometrodynamics,
with our emphasis placed on the loop quantization program
[19]. Besides, we will also use recent results on the Fock
representation of fermions [20-22] with the aim at improv-
ing some properties of the quantization of the Dirac field
related with the unitarity of the evolution and the back-
reaction effects. Owing to its physical relevance, we will
adopt a flat topology for the spatial sections of our model.

Loop quantum cosmology (LQC) [19,23-25] is a quan-
tization approach for cosmological spacetimes that is
based on the methods of loop quantum gravity (LQG)
[26]. This latter formalism is one of the most solid
candidates to construct a nonperturbative quantum theory
of gravity. LQG is a canonical program for the quantization
of general relativity that is independent of background
structures. The application of LQC to homogeneous and
isotropic spacetimes has led to remarkable results, among
which the most celebrated one is the resolution of the
cosmological singularity, that is replaced by a quantum
bounce [27-30]. The framework of LQC was enlarged to
allow for the consideration of inhomogeneous spacetimes
with the introduction of hybrid quantization methods [31],
based on combining the loop quantization of certain global
modes of the geometry with other, more conventional
quantization techniques for the additional inhomogeneities.
This procedure, known with the name of hybrid LQC,
was first applied to linearly polarized Gowdy cosmologies
[32-35]. It was soon extended to realistic cosmological
scenarios corresponding to perturbed homogeneous and
isotropic universes, both with scalar [36—40] and tensor
perturbations [41]. Other methods have also been devel-
oped for the quantization of cosmological perturbations in
LQC. This is the case, e.g. of the dressed metric approach
[42-45], which employs as well hybrid quantization
techniques, but renouncing to the description of the whole
cosmological system as a symplectic constrained system.
The consequences of the loop quantization of the geometry
on the CMB have also been studied using effective
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equations derived from arguments related with the closure
of the quantum constraint algebra and certain additional
assumptions about the form of the quantum corrections
[46-50]. For a recent review of these different lines of
attack, see Ref. [51]. On the other hand, the effect of hybrid
LQC on scalar and tensor perturbations, its reflection in
the correlation functions of the CMB, and the comparison
with observations, have been investigated in Refs. [52,53].
The predictions extracted so far seem in good agreement
with the observations.

The consideration of fermions in LQC has been limited
to the study of a homogeneous and anisotropic model
coupled to a homogeneous fermion field [54], where the
focus was placed in the role played by parity. In this work
we aim to analyzing a fermion field with local degrees of
freedom in the context of hybrid LQC. The interest of
considering fermions in hybrid LQC exceeds the inclusion
of realistic fundamental matter fields in our quantum
description of the early Universe. On the one hand, the
introduction of fermions puts to the test the very own
consistency of the hybrid approach, requiring a quantiza-
tion where the loop quantum geometry is coupled to
fermionic fields. Thus, one faces the challenge of com-
bining in a consistent way, in a constrained infinite-
dimensional system, the polymeric representation of the
geometry with a more conventional representation (e.g. a
Fock representation) of appropriate canonical anticom-
mutation relations for the fermions, following the rules of
quantum field theory in curved spacetimes [55]. On the
other hand, LQC provides a complete and fully controlled
quantization of homogeneous and isotropic universes.
Therefore, one expects that hybrid LQC will allow us
to treat fermions in cosmology in a genuine quantum way,
without recurring at any moment to semiclassical approx-
imations, as it was the case in Ref. [17]. This quantum
treatment is important if one wants to investigate thoroughly
physical processes that really belong to the quantum realm.
Moreover, the fact that the polymeric quantization is
inequivalent to other traditional quantizations (like geo-
metrodynamics) casts doubts on whether one can ignore
the effects on the cosmological evolution of the quantum
fermionic fields. In particular, the existence of a bounce
eliminates the singularity of the geometry and may change
drastically the behavior of the fermions, even when
described in the context of quantum field theory in a
nonstationary background. Partly related with this issue
is the correct definition of a vacuum state. The corrections
caused by the loop quantization alter the geometry, chang-
ing its dynamics and the corresponding symmetries of the
spacetime in effective descriptions. It is then natural to
expect that these changes modify as well the vacuum state,
at least if one understands it as a state that is optimally
adapted to the background dynamics. Another important
issue is the backreaction that the quantum fermions produce
onto the geometry. There is an increasing interest on this
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problem in LQC, and although some very preliminary
discussions have been carried out in different contexts
[56,57], the development of fully self-consistent forma-
lisms to study this backreaction is a necessary step before
dealing successfully with it. These are the questions and
problems that we want to discuss in this work.

The rest of the article is organized as follow. In Sec. Il we
will describe our classical system, that represents a flat,
homogeneous, and isotropic Universe, with a homo-
geneous massive scalar field, that contains scalar and
tensor perturbations, as well as a Dirac field that is also
treated as a perturbation. In Sec. III we will discuss the
choice of creation and annihilation variables for the Dirac
field. We will summarize previous results on the unique-
ness of this choice if one demands a unitary dynamics for
the selected variables, together with some symmetry
requirements. This criterion picks out a family of Fock
representations that are all unitarily equivalent. We will
complete the change that leads to such creation and
annihilation variables, complementing it with a change
of homogeneous variables. The total transformation per-
formed in the system renders it canonical at the considered
perturbative level. Although we will try to maintain our
discussion as general as possible, independently of a
specific choice in the privileged family of representations
that is selected by our criteria, in Sec. IV we will focus our
attention on the representation associated with the same
creation and annihilation variables that were introduced by
D’Eath and Halliwell, given the interest in comparing our
results with those of Ref. [17]. We will then proceed to
the hybrid quantization of the resulting system in Sec. V.
In Sec. VI we will adopt a Born-Oppenheimer ansatz that
separates the dependence of the quantum states on the
homogeneous geometry, the scalar and tensor perturba-
tions, and the fermionic degrees of freedom. We will
discuss conditions to arrive in this way to a Schrodinger
equation for the fermionic part. In Sec. VII, we will study
the quantum dynamics of our creation and annihilation
operators for the nonzero-modes of the Dirac field. We will
implement the dynamics by means of an evolution operator
in Sec. VIII, where we will also construct solutions to the
associated Schrodinger equation and provide a fermionic
Hamiltonian. In Sec. IX we will prove the unitarity of the
quantum dynamics and discuss the production of particles
and the fermionic backreaction contribution. Finally, in
Sec. X we conclude discussing our results. We use units
such that the Newton constant, the speed of light, and the
reduced Planck constant are equal to one.

II. THE MODEL

A. The unperturbed homogeneous model

We start by considering a Friedmann-Lemaitre-
Robertson-Walker (FLRW) spacetime in which the homo-
geneous and isotropic spatial sections have flat compact
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topology, so that they are isomorphic to a three-torus 7°.
This assumption of compactness should be irrelevant for
cosmological purposes if the compactification radius is
sufficiently large (typically much larger than the associated
Hubble radius), but will simplify considerably our math-
ematical treatment. The corresponding metric can be written
in the form

ds* = o*(—N3(t)dr* + e V%h;;d0dg;).  (2.1)
Lowercase Latin letters from the middle of the alphabet
denote spatial indices. Here, N is the homogeneous lapse
function, and « is a dynamical variable that, up to a constant,
coincides with the logarithm of the scale factor. Besides, we
have chosen spatial angular coordinates 6; with a period
equal to 27/ [, so that 270, /1, € S'. We have introduced the
(time-independent) Euclidean metric of the three-torus, °A; i
as an auxiliary metric. Finally, we have included the constant
factor 6> = 4x/(313) for convenience.

In LQG, the fundamental variables that describe the
geometry are a densitized triad and an su(2) connection
[26], known as the Ashtekar-Barbero variables. Recalling
the homogeneity and isotropy of the spatial sections, and
making use of an auxiliary triad, e.g. the Euclidean triad
U¢,, it is easy to see that each of the Ashtekar-Barbero
variables is determined by a single homogeneous variable.
A usual prescription in LQC [28] is to parametrize the
densitized triad in terms of a variable, v, that is related with
the scale factor of the model by [39]

3ry/A, \'?
e = < ! g|v|> .
o}

. (2.2)

The sign of v determines the orientation of the triad, y is a
constant called the Immirzi parameter [58], and A, is the
minimum nonzero area allowed by the spectrum of the area
operator in LQG [28]. The variable || is proportional to the
volume V of the homogeneous sections, which is finite
owing to their compactness. We have that V = 2zy /A |v].
In addition, one introduces a canonical variable b that
satisfies the Poisson brackets {b, v} = 2. Given the flatness
of the spatial sections, it is not difficult to relate b with
the time derivative of a, and therefore with its standard
momentum 7z, in geometrodynamics,

3
Te==35 vb. (2.3)

Expressions (2.2) and (2.3) are the basic formulas to
establish the relation between the geometrodynamical
and the LQC variables. Since it is much more common
to carry out the classical discussion of the system in terms
of geometrodynamical variables, we will use them in
our analysis up to the point in which one only needs to
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substitute an operator version of these relations in order to
quantize the model according to LQC.

The matter content of this model will be a scalar field
¢ (1) subject to a potential. For definiteness, we consider the
simplest nontrivial case, given by a mass term quadratic in
the field. At this stage, we assume that the scalar field is
also homogeneous.

Then, this homogeneous model is subject only to one
constraint: the Hamiltonian (or scalar) constraint H\o, that
generates homogeneous time reparametrizations in the
system. It can be written [39]

e3e (3 Az
Hon = 2 _ 22 6a 52 12
0 > (47[75(]5 ﬂa+3€ m¢)
e 2 272 2,242
- (), = 3mv*b* + VZm *). (2.4)

Here, m = m/o is the mass of the scalar field, and 7 its
momentum.

B. Perturbations of the scalar field and the geometry

In the model described above, we now perturb the tetrad
and the scalar field, and introduce a Dirac field that is
regarded as an additional perturbation of the original
system. All these perturbations are included up to quadratic
contributions in the action, which is the order of truncation
in our perturbative approximation [17,18,22,39]. Since the
fermionic part of the Einstein-Dirac action is already
quadratic in the fermionic contributions, and they are
treated as perturbations, including a possible homogeneous
component of the Dirac field, the considered truncation is
tantamount to couple the Dirac field directly to the tetrad
of the homogeneous unperturbed spacetime. Therefore, at
the considered perturbative level we only need to study the
quadratic perturbation of the Einstein action minimally
coupled to a scalar field and add to the result the Dirac
action for the fermions evaluated in the FLRW geometry.

The perturbation of the Einstein action at quadratic order
has been studied in a Hamiltonian and manifestly gauge-
covariant description in Ref. [39]. Since some steps of the
treatment presented in that work have implications for our
discussion, in this subsection we succinctly review the
results that are relevant for our study. The inclusion of
fermions will be considered in the next subsection.

Since the perturbations of the metric and the scalar field
introduce inhomogeneities, it is convenient to expand them
in modes. A general way to introduce well-defined modes
and proceed to an expansion of this type is the following.
One can consider the connection °V; of the auxiliary metric
Op, ; and its corresponding Laplace-Beltrami operator
OpiOV9V ;. The eigenfunctions of this operator provide
then a complete set of modes (for functions that are square
integrable with the volume element determined by the
auxiliary metric). Moreover, these eigenfunctions can be
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chosen real. We call them Qﬁ.s(é}), with 6 being the tuple
formed by the coordinates 6;, and ¢ a parameter that
indicates the behavior under the change of 6; by I, — 6;:
€ = —1 if they are odd and ¢ = 1 if they are even. For our
flat topology, these eigenfunctions correspond, respec-
tively, to sine and cosine functions. We fix their norm

equal to lg/ ? with respect to the auxiliary volume element.
The label 77 = (ny, n,, n3) € Z* is any tuple of integers for
which the first nonvanishing component is positive. This
label determines the corresponding eigenvalue, which is
—w? = —47*|n|*/13, with |n| the Euclidean norm of 7.
Note that, thanks to the compactness of the spatial sections,
the spectrum of the Laplace-Beltrami operator is discrete.
Since the zero-modes of the geometry and the scalar
field are not considered as perturbations, we obviate these
modes from all of our expansions. With our set of
eigenfunctions, the connection °V,, and the metric *h;;,
we can then construct a complete basis of scalar, vector, and
tensor harmonics on the spatial sections.

If we adopt a 3 4+ 1 decomposition of the spacetime
metric, we can use the above harmonics to expand in modes
the spatial metric (a spatial tensor), the shift vector, and the
lapse function (a scalar), as well as the scalar matter field. The
vector modes do not play any physical role in a system like
ours, which does not contain any vector matter field. The
genuine tensor perturbations (which are not derived from the
scalar harmonics by multiplication by the auxiliary metric
nor by differentiation with respect to the associated con-
nection) represent true degrees of freedom of the system.
They decouple from the scalar perturbations and their only
contribution is the addition of a quadratic term to the zero-
mode of the Hamiltonian constraint. They have been studied
in detail within the framework of hybrid LQC in Ref. [41].
Much more complicated is the treatment of the scalar
perturbations. They are also the most relevant perturbations
from an observational point of view, since they are respon-
sible of the anisotropies measured in the CMB.

Scalar perturbations affect not only the scalar field,
but also (some parts of) the spatial metric, the shift, and
the lapse function. Besides, they are constrained by the
linearization of the momentum and Hamiltonian constraints
of general relativity. The resulting linear perturbative
constraints appear in the quadratic truncation of the perturbed
action (written in Hamiltonian form) accompanied by
Lagrange multipliers that are determined by the perturbed
lapse and shift [18,39]. The need to consider quantities that
are invariant under the transformations generated by these
perturbative constraints, so that they have a well-defined
physical meaning, leads to the introduction of the so-called
gauge invariants [59,60]. In particular, it is especially
convenient to use the Mukhanov-Sasaki invariant field
[4,61-63], since it is directly related with the comoving
curvature perturbations, and therefore with the power spec-
trum of the CMB anisotropies. This gauge invariant is
obtained from an appropriate (nonlocal) combination of

044023-4



FERMIONS IN HYBRID LOOP QUANTUM COSMOLOGY

the scalar matter field perturbation and the scalar perturba-
tions of the metric. In our analysis, we will describe it by the
(time-dependent) coefficients v;; . of its mode expansion in

the basis formed by Qﬁ,s (5)

It was proven in Ref. [39] that, at the level of our
perturbative truncation, it is possible to Abelianize the linear
perturbative constraints and, with their Abelian version and
the Mukhanov-Sasaki gauge invariant, form a complete set of
compatible perturbative variables, in the sense that they
commute under Poisson brackets. This set can be completed
into a canonical one introducing suitable momenta, in such
a way that the momentum of the Mukhanov-Sasaki field is
also a gauge invariant. The freedom in the choice of this
momentum is removed by demanding that, dynamically, it is
proportional to the time derivative of the Mukhanov-Sasaki
field on shell. We will call =, = the (time-dependent)
coefficients of the mode expansion of this momentum.

Much more remarkably, the analysis of Ref. [39] demo-
nstrated also that the variables of the homogeneous system
can be corrected with quadratic terms in the perturbations
so as to complete the canonical set of perturbative variables
into a canonical set for the entire system (homogeneous
sector plus perturbations), at the level of our perturbative
approximation. The explicit expression of these new
homogeneous variables can be found in Appendix A of
Ref. [39]. The modification can be regarded as a type of
backreaction effect of the perturbations onto the definition
of the homogeneous variables.

Apart from the linear perturbative constraints, only one
more constraint remains to be imposed, which in fact is a
global one. It is the zero-mode of the Hamiltonian con-
straint. As far as the geometry and the matter scalar field are
concerned, it is the sum of the Hamiltonian constraint H,
of the homogeneous system (evaluated in the corrected,
new homogeneous variables) plus a quadratic contribution
of the Mukhanov-Sasaki invariant and its momentum, that
we call the Mukhanov-Sasaki Hamiltonian and denote by
H ;2 (with the notation of Ref. [39]). In addition, if there are
tensor perturbations, the constraint includes also a quad-
ratic contribution of them, that we call "H |2 [41]. Using
from now on the notation (a,7,.¢,7,) [and its LQC
counterpart (v, b, ¢, 7,;)] to denote the perturbatively cor-
rected homogeneous variables instead of the original ones,
the quadratic perturbative contributions to the Hamiltonian
constraint can be expressed as [39,41]

Y rril.e Trr _ T fyn.e.e
Ho =) Hy'.  THp=) THy". (25
e n,e,e
L S.e”
Hrz" = [w% + etk 4 nle <1 +207¢y?
7T¢ - ¢4
—12¢—— 327172e6”’m2—2 v%e
7[(1 ﬂ(l ’
e—(l
+ 777.'155, (26)
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T 5ite.é - 7 d>
H‘nz,e ‘= 2 (0, +e Yol — 4”m2e2a¢2)d’i€'é T ﬂ-‘z}ﬁ.ef].

(2.7)

Here, ¢ is a dichotomous label that describes the two possible
polarizations of the tensor perturbations (¢ = +, x), the
variables Zlﬁ’e,g are the (time-dependent) coefficients of the
mode expansion of the tensor perturbations multiplied by e*
(i.e., the scale factor up to a constant), and my; are their

canonical momenta [41]. The freedom to add a contribution

linear in dj; . ; to these momenta has been fixed by choosing
them so that, dynamically, they are proportional to the time
derivatives of their configuration variables.

C. Dirac fermions as perturbations

We now proceed to include a Dirac field in the system,
treated as a perturbation of the homogeneous model. As we
have already commented, this field is governed by the
fermionic part of the FEinstein-Dirac action, which is
quadratic in the fermions, and therefore in the perturbations
[17]. Hence, at our order of perturbative truncation, the
coupling with the tetrad in the action for the Dirac field
can be replaced with a coupling with the tetrad of the
homogeneous spacetime, either before or after correcting it
with the modifications introduced by the scalar perturba-
tions. The difference between those tetrads, multiplied by a
quadratic term in the fermions, is of higher than second
order in the perturbations, and hence can be neglected in
our approximations. Thus, in the following, we consider
that the Dirac fermion is directly coupled to the homo-
geneous geometry with the corrected scale factor. As we
explained at the end of the previous subsection, to avoid
complicating in excess our notation, we maintain our
original symbols for the homogeneous variables in spite
of having already modified them with quadratic terms of
the scalar perturbations, as worked out in Ref. [39].

It is clear that the homogeneous and isotropic spacetime
with scale factor a = ce® admits a global orthonormal tetrad,
that we call e/, where, p = 0,1,2,31isa spacetime index and
a =0, 1, 2, 3 is an internal gauge index. As a consequence,
we can always define a spin structure [64,65]. We will keep
our discussion general and do not make explicit the choice of
this structure. The Dirac field ¥ can be understood as the
cross sections of the corresponding spinor bundle, such that
they obey the Dirac equation, with a mass M,

ey 'Vi¥ = MVY. (2.8)
In turn, the fermionic part of the Einstein-Dirac action has the
form

. 1
Ip = / dy {iM‘PTyO‘I‘ ~3 (WY ehy Vi

+ Hermitian conjugate)] .
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Here, dV is the four-dimensional volume element corre-
sponding to the considered spacetime metric, the dagger
denotes Hermitian conjugate, V,f is the spin lifting of the
Levi-Civita connection [65], and y* are the Dirac matrices.
Adopting the so-called Weyl representation for them, as in
Ref. [17], we can describe the Dirac field by a pair of two-
component spinors of definite chirality. The left-handed and
right-handed projections of ¥ will be called ¢* and 74,
respectively, where A = 1,2, A’ = 1,2, and the bar denotes
complex conjugation. The components of these spinors are
Grassman variables [66], to reflect the anticommuting
properties of fermions. Besides, spinor indices are raised
and lowered with the antisymmetric matrices €4, €15, €%,
and e,/ , all of them with nondiagonal component equal to
one if the chiral indices that label them are in increasing
order [17].

Following the treatment of Ref. [17], it is convenient to
introduce a choice of gauge fixing known as time gauge,
imposing that e}, = 0. Notice that this fixes only part of the
internal gauge, intrinsic to the fermions, but does not affect
at all the gravitational constraints (perturbative or not) of
the rest of the system. The effect on the spin structure is a
restriction that can be reinterpreted as a spin structure on
each of the toroidal spatial sections. The two component
spinors of the Dirac field can be seen as families of cross
sections of the resulting spinor bundle, parametrized by the
time coordinate [22]. On the other hand, the anticommu-
tation canonical relations of the Dirac field are provided by
the symmetric Dirac brackets at coincident time

{a32W1(0), W0} = —is(0 - O)I, (2.10)
where [ is the identity matrix in four dimensions. These
brackets are obtained after eliminating second-class con-
straints that relate the Dirac field with its momentum and
that appear in the system because the Dirac action is first-
order in the field derivatives.

Similar to our analysis of the scalar and tensor perturba-
tions, we can decompose the two-component spinors of the
Dirac field in modes. In the present case, it is convenient to
choose the basis of spinor modes as a basis of eigenfunctions
of the Dirac operator associated with the auxiliary Euclidean
triad on the toroidal sections. The corresponding spectrum is
discrete, with eigenvalues +w, given by w; = 27[‘]; + 71/l
[67]. Vertical bars symbolize the Euclidean norm, and the
row vector k € Z° is any tuple of integers. We have used the
notation 7= Y_,7/4;/2, where I = 1, 2, 3, the vectors 7,
form the standard orthonormal basis of the lattice Z3, and
7! € {0, 1} characterizes each of the possible spin structures
on T3, The label k in o, distinguishes eigenvalues and can be
identified with the norm of one of the tuples k that leads to it.
The Dirac eigenvalues can be degenerated, with degeneracy
denoted by g;. This degeneracy grows as a function of
asymptotic order O(w?) when k tends to infinity.
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With the choice of the Euclidean triad as the auxiliary
one, the spin connection vanishes. One can then obtain the
explicit form of the Dirac eigenspinors. For the left-handed
chirality of ¢, and the eigenvalues 4wy, one gets

wh®) = o3 D0 (2.11)
where the constant two-component spinors ufg(i) are
normalized so that

a5 4 P =1, (2.12)
and, for all E K # —7, they satisfy the conditions
o - _ 7 7 . ~(£)
u/’;-H)GABu/;( Y uf"(i)eABM/;(i> — ¢S 5o o
(2.13)

Summation over repeated spinorial indices is assumed, and
CI(;E) are constants that can be changed by modifying the

phase of u*(*). The above conditions do not apply in the
case of zero-modes, namely, for modes with vanishing
eigenvalue ;. These modes exist only when the spin
structure is trivial (7 = 0). For such modes, one can take

ug’(ﬂ as the spinor defined by u?’<+> =1 and ug'(” =0,
whereas for ug’<_) one takes u(l)’(_) =0 and ug’(_) =1
On the other hand, the complex conjugate of Eq. (2.11)
provides a basis of modes for eigenspinors of right-handed
chirality, like y .

Let us expand, in the above basis of eigenmodes of the
Dirac operator, our field multiplied by a%/? = ¢%/2¢3%/?2 [as
it appears in the anticommutation relations (2.10)] and by a
convenient constant factor lg/ 2 (equal to the square root of
the auxiliary volume of the toroidal sections). Let us call m,
and 7 the time-dependent coefficients in the mode expan-
sion of the left-handed spinor for positive and negative
eigenvalues, respectively, and 5; and 7} the corresponding
coefficients for the right-handed part,

e—3a/2 P R

Palx) = 32372 > [’”EWA'H) + Ty )}’ (2.14)
o k@)

_ e/ _ R T

) =5 [+ O as)

0 k(x)

Let us also denote generically as (x;, y;) any of the ordered
pairs (mp, s;) or (ti, ri). Then, the Dirac Eq. (2.8) leads to
the following set of dynamical equations for all k + 7[22]:

o o Y -
xg = laogxp —iMe®y -,

v = —iwyp — iMe®x .. (2.16)
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where the prime stands for the derivative with respect to a
conformal time # defined via dn = e™%dt, and M = Mo.

Introducing the representation of the Dirac field in terms
of two-component spinors and the mode expansion of the
latter, one then arrives to a expression of the action in terms
of mode coefficients [17],

Ip =685+ Y I,
kT

(2.17)

where 6% = 1 if 7= 0 and vanishes otherwise. Here, the
contribution of the nonzero-modes is

i,. _ B .- - .
I]; = / dt |:—§ (m,;m,; +mpmp + rprp + rprg 4 SpSg
+ Al"];s,; + i;f]; + ;]gl‘]g)
= NoM(s_p_pemp + MiS_t_pz + el + 5T _ia7)

+N0€_aa)k(l’7l];mlg+flgl‘];— r,;?];— SES‘E) s (2.18)

where the dot means derivative with respect to t. For the
trivial spin structure, one has to add the zero-mode
contribution

2

+ §6S5 + I5t5 + l‘ata)

i, _ B . .
16 = /dl |:—— (m6m6 + mgmg + rgfs + 7575 + 5555

- NOM(S67’6 + I‘6§6 + m(ffﬁ + l‘aﬁla) . (2.19)

The part with time derivatives determines the anticom-
mutation relations in terms of the mode coefficients and
tells us that the pairs (x;,y;) are canonical Grassman
variables. The rest of the action, that is linear in the
homogeneous lapse function, supplies a contribution to
the zero-mode of the Hamiltonian constraint of the total
system, contribution that, as we expected, is quadratic in
the fermionic variables. Namely, the global Hamiltonian
constraint of our perturbed system becomes
H|0+I:I|2+TH|2+HD, HDzég»Ha‘FZHE,

k7
(2.20)

Hp=M(s_ppomp+ S g+ it poz T 11 0:77)

—e_awk(l’hlgmlg—Ff]gtE— }"E?E—SES‘E), (221)

Hg = M(sg7s + rgSs + mgls + tgimg).  (2.22)

Finally, we notice that (after having corrected the homo-
geneous variables with suitable quadratic contributions of
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the scalar perturbations) the system is symplectic at our
order of perturbative truncation, and it is described by a
homogeneous part, the Mukhanov-Sasaki gauge invariant
and its momentum, the mode coefficients of the tensor
perturbations (rescaled with the scale factor) and their
momenta, and the above fermion mode coefficients, all this
in addition to the linear perturbative constraints and some
suitable momenta of them (which form canonical pairs that
commute with all the previous variables). Apart from those
linear perturbative constraints, our system is subject only
to the zero-mode of the Hamiltonian constraint specified
above, and to gauge rotations of the fermions (the rest of
internal gauge transformations have been fixed when we
have imposed the time gauge [17]). Since the role of gauge
transformations is well under control and is not crucial for
the passage to the quantum theory, we simply assume that
the remaining gauge freedom has also been fixed, e.g. by
choosing a certain triad among all those related by gauge
rotations. This leaves the constraint (2.20) as the only
remaining one.

ITII. CREATION AND ANNIHILATION VARIABLES
FOR THE DIRAC FIELD

Before we can proceed to the hybrid quantization of our
system, in which we will adopt a Fock representation for
the fermionic variables, we have to introduce creation and
annihilation variables for the Dirac field. There is an infinite
ambiguity in their definition that, in our model, reflects the
freedom of choice at two stages. On the one hand, one can
extract part of the evolution of the fermionic variables and
express it in terms of the background, role which is played
in our system by the homogeneous sector. If one considers
only the dynamical effect of the background geometry, the
available redefinitions of the creation and annihilation
variables and of their evolution are those related by trans-
formations that depend on the (homogeneous) scale factor
and its momentum. On the other hand, even if we select the
dynamics, we can still choose different sets of creation and
annihilation variables that could lead to inequivalent Fock
representations. The different possibilities correspond to
choices of different complex structures [55]. These sets of
variables are now related by constant transformations, since
the dynamical content has already been taken into account
in the first step of our considerations. Obviously, the
combined freedom of choice is described by all possible
(a, r,)-dependent canonical transformations. Given the
linearity of the field equations and of the basic structures
for a Fock representation, like the complex structure, we
will restrict our attention to linear transformations. Besides,
we ask them to respect the dynamical decoupling between
modes, although they may be mode dependent: they may
vary with the labels that characterize each Dirac mode.
In total, we analyze creation and annihilation variables of
the generic form,
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X, k,(x, I; x.y v
a% Y) = fl (x.y) ((Z, ﬂa)x,; +f2( ))(a’ ﬂa)y—E—Z?’
(. Elry k.(x, -
b%x ) = gl'(x))(av ﬂa)xlg + 9> o) (a’ ﬂa)y_E_2;’ (31)

where we recall that 7 is fixed and differs for each of the
allowed spin structures. The background-dependent
coefficients in these linear expressions of the fermionic
variables may change for positive and negative helicity,
corresponding to the pair (x,y;) = (mj,s;) or to

(xz.yp) = (7. ri). In a Fock representation with a standard

interpretation, the operators for al(;’y) and l_)](gx’y ) would

annihilate particles and create antiparticles, respectively.
Based on recent results about criteria to remove the
ambiguity in the choice of a Fock quantization on cosmo-
logical backgrounds, first proposed for scalar fields
[68-71] and then extended to fermions [20,21,72], and
in particular to Dirac fields in flat FLRW spacetimes [22],
we can minimize the physical consequences of our freedom
of choice of creation and annihilation variables. Under the
requirements of: 1) unitary implementability of the dynam-
ics of the chosen variables in the quantum theory, ii) invari-
ance of this theory under the Killing isometries of the
toroidal sections and the spin rotations generated by the
helicity, and iii) a convention for the concepts of particles
and antiparticles that connects smoothly in the massless
limit with the standard one, the analysis of Ref. [22]
demonstrated that the family of possible choices of vari-
ables has associated Fock representations which are all
unitarily equivalent. This family is precisely of the form
(3.1), with background-dependent coefficients restricted by
our three requirements (of unitarity, invariance, and a
standard convention of particles and antiparticles) as
follows, except perhaps for a finite number of modes:

(a) For tuples Ig in an infinite subset Z3 of 73, the

functions f 1 ") have the asymptotic behavior at large

|k| and at all times,
flla(xe_") — Me“ e,-F’;(X-,V)
2wy,

3 |9 x) |2
K

+ 9K with

(3.2)

(b) If the complement of Z3 in Z? is infinite, for tuples k

belonging to it the functions f]f‘(x‘y ) must be asymp-
totically of order ;! or higher, and form a sequence
that is square summable at all times.

Besides, the rest of coefficients must satisfy the relations

K. (x.y) _

6(6y) _ iR 2k (x.y)
=e /2 ] 9

k iGR () —I;,(x,y)
91 —e fi

’

(3.3)

f’2<-(X-y) zF

— P, (3:4)
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To obtain these results, Ref. [22] used some mild assump-
tions about the logarithmic scale factor «, e.g. that it has a
continuous third derivative with respect to the con-
formal time.

In the rest of this section, we will study the consequences
of adopting a set of creation and annihilation variables
with the above properties. Later on, in Sec. IV, we will
particularize our analysis to a specific set of this type,
namely, the variables employed in Ref. [17] by D’Eath and
Halliwell, adapted to our case of toroidal spatial sections.

Since our change of fermionic variables from the pairs
(x.yp) to the pairs (a](;'y), b](;’y )) may depend on the
homogeneous logarithmic scale factor « and its momentum
7., in general they do not longer commute with this
homogeneous pair. To recover the canonical structure of
our system, we must modify the homogeneous variables,
correcting them with fermionic contributions that counter-
balance the loss of commutativity. The calculation can be
carried out in a way similar to that presented in Sec. 4.1 of
Ref. [39], but now extended to the consideration of
Grasmman variables. One starts with the Legendre term
of the perturbed action of our system (truncated at second
perturbative order), symmetrized in the fermionic (x,y)-
variables, and introduces the inverse of the linear change
(3.1). Integrating by parts time derivatives in the fermionic
contribution, disregarding irrelevant boundary terms
(evaluated at initial and final times), and neglecting terms
of higher than second order in the fermions, it is not
difficult to see that the corrected homogeneous variables,
that render the system canonical again, are given by

a=a+y Z X0 %; + (07, X0)x7 + (00, 57)3;
+ (%y,;)ylg], (3.5)
Ry =7y = % D 1@uxp)% + (DuFp)xg + (Puyp)F
(x)
+ (0a¥0)yi)s (3.6)

where the sum over (x,y) is over left-handed and right-
handed chiral pairs, (m, s) and (¢, r).
A especially interesting situation, given its simplicity, is

the case in which the phases G*(¥) and F&*?) of the

coefficients (3.3) and (3.4), as well as the phase of flf'(x’y ),
are constant. Then, a straightforward calculation, using the
inverse of the linear relation (3.1) and Egs. (3.3) and (3.4),
shows that the fermionic corrections in the definition of the
canonical pair of variables for the homogeneous geometry

(x2) )
k

are a linear combination of the products a and

bfgx’ )al(; ¥ with coefficients that are complex conjugates

one of each other.
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Returning to the general case, we notice that, in terms
that are exactly quadratic in the perturbations, the replace-
ment of our homogeneous variables for the geometry with
the new ones has no effect at our order of truncation, since
the difference between the two considered sets of homo-
geneous variables is also quadratic, and would produce new
terms that are at least quartic in the perturbations.
Therefore, for all such terms, we can simple substitute
the pair (a, 7,) by (&, i, ). This is not the case, however, for
homogeneous contributions that depend on the geometry.
In our Hamiltonian description of the system, the only term
of this type is the homogeneous part of the zero-mode of the
Hamiltonian constraint, Hy,. Following the same procedure
as in Sec. 4.2 of Ref. [39], if we insert the expression of
the old homogeneous variables in terms of the new ones in
the geometric dependence of H)y, expand the result around
the new homogeneous pair, and truncate it at second
perturbative order, consistently with the rest of our approx-
imations, we obtain in place of H|y(a, 7,) the term
H|0(5!’ ﬁa) - AaaaHK)(a’ ﬁ'a) - Af[aan,,H\O(av 77"(1)’ (37)
where H |O(5(, 7,) is the original homogeneous Hamiltonian
with the old geometric variables identified with the new
ones. Besides, Ad = & — @ and Az, = 7, — 7, both quan-
tities expressed in terms of the new variables for the
homogeneous geometry and of the fermionic creation
and annihilation variables. Given Egs. (3.5) and (3.6),
these last two quantities are quadratic in the fermions, and
hence in the perturbations. Using the explicit expression
(2.4) of Hy, we can rewrite Eq. (3.7) as

Hio(&, #,) + [3H (& 7q) — 4ne 2 2| Ak + e 303, A%,
(3.8)

In this way, and up to a contribution that is a sum of the
linear perturbative constraints (with coefficients that are
also linear in the perturbations [39]), we get that the total
Hamiltonian of the system is

No(Hp + 3H0Ad — 4re’*m>¢p? Ak + e %3t Ak, + Hy
+"Hp + Hpla, b)), (3.9)

where all the dependence on the homogeneous geometry
must be evaluated setting the original variables (a, 7,)
equal to (&, %), and we have called Hp[a, b] the fermionic
Hamiltonian Hp expressed in terms of our creation and
annihilation variables.

Since the second term in the above formula is propor-
tional to Hy, with a proportionality factor that is quadratic
in the fermions, we can absorb it at our order of perturbative
truncation by redefining the lapse as Ny, = N, + 3Ad.
On the other hand, the quadratic contribution of the
fermions in the Hamiltonian constraint is given by

PHYSICAL REVIEW D 96, 044023 (2017)

Hp = —4ne®*m?§? Ad + e %%, A%, + Hpla,b].  (3.10)
The first and second of these terms are just the change in the
fermionic Hamiltonian owing to the fact that our change to
creation and annihilation variables is time dependent via its
dependence on the homogeneous geometry. Summarizing,
at our truncation order and modulo the linear perturbative
constraints, we finally obtain the total Hamiltonian

No(Hy+ Hp +"Hp + Hp). (3.11)

IV. VARIABLES FOR INSTANTANEOUS
DIAGONALIZATION

Let us now particularize our discussion to a set of
creation and annihilation variables similar to that used
for the description of the Dirac field by D’Eath and
Halliwell [17]. These variables have the distinctive property
of allowing an instantaneous diagonalization of the
Hamiltonian Hp (ignoring zero-modes). They are deter-
mined by the choice of coefficients

k(x &k — wy E(xy) &+ oy
) , faler) — . (41
! 2¢, ? 2¢; @1
K(x.y K(x, k. (x, K(xy
GO Rl R R g )
where
& = /@l + MPe. (4.3)

We note that &, > w; > 0. Hence, the f-coefficients in
Eq. (4.1) are well-defined and real, and the expression of
the g-coefficients, that are real as well, coincides with the
particularization of formula (3.3) to our case. Moreover, it
is not difficult to check that the above set of coefficients
possesses the asymptotic behavior (3.2), so that the
corresponding variables lead to a Fock representation in
the privileged family selected by our uniqueness criterion
of unitary dynamics, symmetry invariance, and standard
convention of particles and antiparticles. As we have
commented, this choice of variables turns out to diago-
nalize the part of the nonzero-modes in the Hamiltonian
H ). Recall that this is not our full Hamiltonian H p. In this
sense, it is worth noticing that, even if the issue of particle
production was discussed in Ref. [17] in terms of the
creation and annihilation variables defined by Egs. (4.1),
the Hamiltonian treatment was carried out using in fact the
variables {mp, i Sp t];} for the fermionic nonzero-modes,
without modifying Hp, and introducing a holomorphic
representation in the passage to the quantum theory rather
than a Fock one.
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Since the coefficients (4.1) only depend on the loga-
rithmic scale factor a, but are all independent of 7, the
change Aa in Eq. (3.5) vanishes in our case. However, this
does not happen for Az,. From Eq. (3.6), at the adopted
perturbative order, we get the expression,

M a X,y X —
Ak, = —i Zf‘;keu 3 (ag»>bg~y>+a ,
Sk k0, (x.)

Here, ék is the result of replacing a directly with & in the
definition (4.3) of &;. Employing this formula and the
expression of Hp, a direct calculation shows that

Hp = 8Hg+ Y Hp, (4.5)
kT
i IR (G ) _ o) ) )
He=" [é"(az G AT hpThy

(4.6)

This is the Hamiltonian that generates the dynamical
evolution of the creation and annihilation variables
{ al(:x,_v)7 bl(wa’ al(:qu), b

zero-modes if they exist. according to the results of
Ref. [22] commented above, such dynamics would be
unitarily implementable in the corresponding Fock repre-
sentation of the fermionic system if we were to treat the
homogeneous geometry as a classical (nonstationary)
background.

](:"’y)}, as well as that of the fermionic

V. HYBRID QUANTIZATION

We can now quantize our perturbed cosmological model
and impose on it the constraints a /a Dirac, i.e., as operators
that annihilate the physical states. We will carry out a
hybrid quantization, in which we will adopt specific
quantum representations of the homogeneous sector and
of the perturbations, the former one based on LQC,
although the treatment is easily generalizable to other
approaches to the quantization of the homogeneous geom-
etry. On the tensor product of the corresponding repre-
sentation spaces, we will impose the quantum version of the
constraints. These constraints couple the homogeneous and
inhomogeneous quantum subsystems of the model, making
the quantization nontrivial. More precisely, the coupling
occurs in the zero-mode of the Hamiltonian constraint. In
addition, we recall that there are four linear perturbative
constraints for each nonzero-mode, but these only affect the
scalar perturbations, reducing their number of physical
degrees of freedom.

PHYSICAL REVIEW D 96, 044023 (2017)

We call H2" the kinematical Hilbert space on which we
represent the zero-mode of the scalar field. For instance, we
can choose the Hilbert space L?(R,d¢) of square inte-
grable functions over the real line, with q;ﬁ acting on it by
multiplication, and its canonical momentum 7, acting as
—id. On the other hand, we call Hy;," the representation
space for the homogeneous geometry, that for LQC can be
chosen as the space of square summable functions over the
points of the real line with the discrete topology [24,25].
Functions of the homogeneous scale factor act by multi-
plication in this representation. On Hi,.', we need to
represent the variables (&, 7,). Preparing the road to an
LQC quantization, we can consider instead the canonical
pair (v, b) defined via Egs. (2.2) and (2.3), once (a, x,,) has
been replaced with (&, 7,,) on the left-hand side of those
equations. Let ? and b be the associated elementary
operators. Denoting V = 277.']/A;/ 2|1§| which is a positive
operator, we can then represent e by [3/(4zc)]'/3V!/3,
Similarly, we can construct a (self-adjoint, and hence
symmetric) operator QO to represent 2zyvb (the propor-
tionality constant in this expression is standard in LQC).
Then, —3Q/(4xy) provides an operator version of 7,.

More explicitly, in LQC the kinematical Hilbert space
Hin' can be identified with the span of the basis of
eigenstates |v) of 9, with eigenvalue v € R, taking as
inner product the discrete one, (v/|v) = &Y [24,25]. The
operator 9, determined by the action 9|v) = v|v), has then a

discrete spectrum. The basic holonomy operators e+ib/2

shift the label of these states in a unit, e/2|p) = |v £ 1)
[19]. Calling sin(b) = i(e~" — ¢'?)/2, and adopting the
symmetric ordering proposed in Ref. [29], we can define
A 1 A —_ —_— —_— —_— ~
Q) = ——— V'/2[sign(v) sin(b) +sin(b)si vz,

o= 37 V" isanlo) s sin)sian(o)

(5.1)

Combining these definitions and choices, we can
straightforwardly obtain the quantum representation of
the homogeneous contribution Hy to the zero-mode of
the Hamiltonian constraint, given in Eq. (2.4). Leaving
aside a global factor of 3e=3%/(4z), that we can absorb with
a convenient redefinition of the homogeneous lapse func-

tion Ny, we get the quantum operator (ﬁ'é - 7:{5)2) )/2, where

A = 45793 — VPm2p. (5.2)
The operator Q2 annihilates the zero-volume state and
leaves invariant its orthogonal complement, without relat-
ing the subspaces H spanned by states supported on the
semilattices £ = {£(e + 4n)|n € N}, where ¢ € (0,4]
[29]. In each of these superselection sectors, the homo-
geneous volume » has a strictly positive minimum & (or a
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negative maximum —e¢). Using these results, we can restrict
the discussion of physical states in LQC, e.g. to H,
corresponding to states with positive v € L.

Another operator that we will need in our quantization is

the regulated version of the inverse of the volume, [m]
Using standard conventions in LQC, we define it as the
cube of the regularized operator

1/3
F} _ 3 sigﬂ(\v)f/m [e—i5/2V1/3ei13/2
v 4ry /A,
_ eﬂ;/zv1/3e—ii;/2]_ (5_3)
This operator is well-defined on the subspaces HZ and
commutes with V.

Let us now consider the representation of the perturba-
tions. For the linear perturbative constraints and their
canonical momenta, we assume a representation in which
the mentioned constraints act as (generalized) derivatives.
Their quantum imposition then simply implies that the
physical states do not depend on this sector of degrees of
freedom of the perturbations [39]. We can then focus our
attention on the rest of perturbative variables: the
Mukhanov-Sasaki gauge invariant and its momentum,
the tensor perturbations, and the fermion modes. On the
system that they form with the homogeneous sector, the
only quantum constraint that remains is that corresponding
to the zero-mode of the Hamiltonian constraint.

For this part of the perturbative sector, we adopt a tensor
product of Fock representations, similar to those discussed
for the gauge-invariant scalar, the tensor perturbations, and
the Dirac field in Refs. [22,37,38,41], respectively. The
Fock spaces for the scalar and tensor perturbations are
symmetric, while the fermionic one is antisymmetric. All
these Fock representations—or, strictly speaking, a family
of unitarily equivalent representations in each case—have
been selected based on our criterion of unitary dynamics of
the creation and annihilation variables, and symmetry
invariance (as well as a reasonable concept of particles
and antiparticles in the fermionic case). We call F,, Fr,
and Fp the corresponding Fock spaces, where the sub-
indices s, T, and D refer to scalar perturbations, tensor
perturbations, and Dirac fermions, respectively. To simplify
the notation, we include in Fp, the Dirac zero-modes, even
if we may adopt for them a representation in terms of
variables other than creation and annihilation ones. With
this convention, a basis of states in each of these Fock
spaces is provided by the occupancy-number states |N),,
V), and |N),, where A denotes an array of (positive
integer) occupancy numbers in each of the considered
cases. Creation and annihilation operators (for which we
adopt standard conventions and notation) act increasing and
decreasing these occupancy numbers, as usual.

Together with our discussion of the homogeneous sector,
we thus conclude that the physical states of our system can
be determined starting with elements of the space

PHYSICAL REVIEW D 96, 044023 (2017)
H=Hi QHIMQF, ® Fr @ Fp. (5.4)

by imposing the quantum version of the zero-mode of the
Hamiltonian constraint. To complete the quantum represen-
tation of this constraint, we still have to consider the quadratic
contributions of the perturbations. With the redefinition of
the lapse function commented above, these contributions are
given classically by 4ze’*(H, +"H), + Hp)/3. The only
step to reach the desired representation that is not straightfor-
ward is the construction of operator versions of the factors
that appear multiplying the quadratic powers of the pertur-
bations in this contribution, which are nonlinear functions of
the homogeneous variables. For the scalar and tensor parts,
we adopt the same prescriptions as in Refs. [39,41].
Therefore: (i) we take a symmetric multiplicative factor
ordering for products of the form f(¢)z,, (ii) we adopt an
algebraic symmetrization in factors of the form V" g(2zyvb)
for any function ¢ and real number r, so that we assign to
them the operators V'/2g(Q) V72, (iii) the same type of
algebraic symmetric factor ordering is taken for powers of
the inverse volume, (iv) even powers of 2zyvb « &, are
represented by the same powers of €, and (v) odd powers
(2zyvb)**1, with k an integer, are represented by
Q0¥ Ag|Q0*, where [Qg| = (€3)!/? and A, is defined as
QO but doubling the length of the holonomies, so that the sine
operator is replaced with half the sine of the double angle in
Eq. (5.1). This doubling of the holonomies length is
necessary to leave the superselection sectors H; invariant
under the action of our constraint. To these prescriptions, we
have to add the following for the fermionic contributions:
(vi) for ng and any of its algebraic powers (including negative
ones), we define the operator representation in terms of V
using the spectral theorem, so that it commutes with V, and
besides admits (at least locally) a series expansion in powers
of w;, and (vii) in contributions that create or annihilate
fermions [arising from the second term in Eq. (4.6)], we
adopt again an algebraic symmetric ordering for operators
of the volume similar to that specified in (ii) and (iii), given
by & le®2i,e®2E !, and then adopt the prescriptions
explained above. With this procedure, we obtain the
representation of the remaining Hamiltonian constraint
in our hybrid approach.
The resulting constraint can be expressed as

P ) A A A
H = 5 [77’-5) - H(() ) - 0, - (®aﬂ¢)sym Or
- 5§Y6 -1, -1 (5.5)
where we have adopted the symmetrization (@Oﬁ{/,)sym =

((:)(,fr,/, + fr,/,(:),,) /2 and the different perturbative terms are
defined as follows. For the scalar gauge invariants, with the
notation
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®e = _Z[('gew% + 83)”%’,6 + ’96”12;,;f]’

n.e

= _: :190 ne’

and our prescriptions for the quantization, we arrive at the
following 9-operators of only the homogeneous geometry:

(5.6)

9, = 1,V?, (5.7)
—T=1/3 ===1/3
A dr |1 ~ A_2 1
=3 M P (19 — 24720574 [v]
2 A 8 A
I g <1 - 3”¢2>, (58)
0
N 167
8(} = l 2¢V2/3|QO| 1A0|Q | IVZ/% (59)

We recall that I, = [47/(367)]'/3. Similarly, for the tensor
perturbations, we have [41]

Or = —QE (807 + iz +9.45 1. (5.10)
and our prescriptions lead to the new §-operator
513 TT51/3
aq 471,' N (2) l 877:
9 = m2Vi3 4 5.11
T3 |V [ ] Wy 3l o5

Finally, for the Dirac contribution, including the zero-
modes [represented here as operators (7itg, 75, 35, a) for
instance choosing for them a holomorphic representation
similar to that of Ref. [17]] and taking normal ordering for
all other modes, we adopt the definitions,

k7, (x.y)
(5.13)
. ) Moy v | rvmr6r » -
T =—i Z l—kfkl(V)Vl/ﬁonlmf ‘(")
L& oY
k#7,(x,y)
" <&(xy)gl(:x ¥) +al(;"'y>7131<:“”) (5.14)

The generalization of our discussion to a generic
potential for the scalar field is rather straightforward.
Actually, one only needs to replace any quadratic term
of the homogeneous scalar field of the form m?¢?/2 with
the considered potential, any linear term m?¢ with the
derivative of the potential, and the constant m? with the
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second derivative of the potential in every contribution in
which it is not accompanied by the homogeneous scalar
field. Finally, we can also generalize the analysis to hybrid
quantizations in which the homogeneous geometry is not
quantized a la loop. To use our formulas in any other
representation of the geometry, we only have to identify the
operators that play in it the role of V, its regularized inverse
(which might coincide with the true inverse), Qo, and its
modified version AO. In this way, our results can be applied
to a variety of schemes other than LQC.

VI. BORN-OPPENHEIMER APPROXIMATION

We will now introduce an ansatz describing a family of
physical states that are interesting in realistic scenarios, and
in particular in situations in which the perturbations are not
expected to affect much the homogeneous geometry. We
seek physical states in which the dependence on this
homogeneous geometry, on the scalar perturbations, on
the tensor ones, and on fermions, can be separated. The
homogeneous scalar field ¢ will be regarded as an internal
time, so that each part of the wave function Z of our
physical states may depend on it. With our notation for the
occupancy numbers of scalar (s), tensor (T), and Dirac (D)
perturbations, and denoting the dependence on the homo-
geneous geometry symbolically with a dependence on V,
our ansatz can be expressed

—
=)
=

F(V7 ¢)W(NS’NT7ND’ ¢)

= F(V, ¢)WS(NS’ Cb)l//T(NTa ¢)‘//D(NDv ¢)- (6-1)

The homogeneous part is chosen as a wave function of the
form [39,40]

L(V.¢) = Uo(V. (V). (6.2)
where U, is a unitary evolution operator in the internal time
¢, that we suppose generated by a self-adjoint operator,

defined as H, = (4, Uo]UG". The state T can be considered
as a solution of the homogeneous part of the constraint up to
the order of the perturbative contributions. For this, we

assume that the difference (7:{0)2 - 7:((()2) is negligibly small
on I' at all orders dominant over the quadratic one in the

perturbations. In addition to this, either we have that [, 7:{0]
is also negligible up to second perturbative order, included,
or it is most convenient to absorb this commutator by slightly
changing the factor ordering in the homogeneous part of
the constraint (5. 5) [40]. For mstance we can adopt the

ordering’ (# ,/,+HO)(7T(/, HO)+{(H0) HO } so that

'Factor orderings of this kind can be related with the definition
of the state I'" in the unperturbed system by means of group
averaging techniques [73,74].
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its action on the state (6.2) coincides with the action of the
last contribution between curved brackets, which is at most of
quadratic perturbative order according to our assumptions.

Finally, we also assume that 7:[0 is positive. In fact, a
suggested operator is the square root of the positive part

of 7%2) [40], although we will not restrict our discussion here
to a specific choice. As for the state y above, we take it
normalized with respect to the inner product of the homo-
geneous geometry, i.e., in H. . We can think of y as the
initial state for the homogeneous geometry, and it would be
natural to choose it with a highly semiclassical behavior,
strongly peaked on a certain FLRW geometry.

With our ansatz and mild hypotheses, the constraint
equation on Z becomes

() + 2(HoD) (iegw) + ({(Ho)? = HP 1)y

i .
+5450,(Ty) = O {T'(Zyw)}

- {(:)e + (é)o”i{O)sym + (:)T + 52”?6 + YF + Y[}(Fl[/)
=0, (6.3)

where we have used the notation —id,0 = [, — Ho, 0],
with O being a generic operator. In the above constraint
equation, all the dependence on 7, has been shown
explicitly. In this sense, note that, with our definitions,
d¢®0 is independent of this momentum.

Let us now introduce the assumption that, on states of
the Born-Oppenheimer type, one can ignore any quantum
transition in the homogeneous geometry mediated by the
constraint [39]. If this is the case, the constraint equation
is tantamount to taking its expectation value on the
homogeneous state I'. One can prove that this assumption
holds if and only if one can neglect the dispersions on I,
relative to the corresponding expectation values, of the

operators H and (H,)? — 7:((()2>, as well as of 9, and 97 +

(90ﬂ0)sym - id¢1§0 /2 in the presence of scalar perturba-
tions, of 9‘; if there are also tensor perturbations, of v if
there are Dirac zero-modes, and, finally, of v2/ 3Ek(f/) and
ENV)VIOAGVI/OE (V) in the presence of other modes
of the Dirac field. Remarkably, in the absence of fermionic
nonzero-modes, the number of operators of the homo-
geneous geometry that must be peaked on I is finite (and
small in number, in fact), in spite of the existence of an
infinite number of degrees of freedom in the system. It is
only the introduction of fermions that puts the classicality
of the quantum state of the homogeneous geometry to a
severe test, since their presence, and the nonconformal
coupling with the geometry that their mass involves,
requires a peaked behavior of an infinite number of
operators. At least, we point out that the dependence of
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all these operators on Ao is the same, and the only change
is in their dependence on the volume.

If our assumption is valid, and we denote the expectation
value of a generic operator O on I' by (O)r, we arrive at

n 2 n 2 ~ (2

B2+ 2(Ho)ritgw + ((Ho)? — HY )y
~ A A i ~

- <®e + (G(JHO)sym>FW + E <d(/)®o>l"l//

— (O7)ry - <5§Y5 + T+ T1>rl// =0. (6.4)

In agreement with our perturbative approximations, we
have neglected a term <®0>rﬁ'¢l;/ compared to the second
contribution in the above equation. Besides, we note that
our expectation values are taken only over the homo-
geneous geometry, i.e., with respect to the inner product in
Hi.'» and that the result, in general, is an operator defined
on HiP' ® F, ® Fr ® Fp.

With our Born-Oppenheimer ansatz, that separates the
dependence on the scalar gauge invariants, the tensor
perturbations, and the Dirac fermions, the constraint
Eq. (6.4) leads to Schrodinger equations for each of these
perturbative sectors under certain reasonable hypotheses
[39]. The most important of these hypotheses is that ﬁ'él/[

must be negligible compared to the rest of terms, and in
particular in comparison with the term that is proportional
to z,p. Essentially, this condition requires that the con-
tribution of the wave function of the perturbations to the
momentum of the homogeneous scalar field be much
smaller than its value on I'. The consistency of this
hypothesis can be confirmed, once 7,y is estimated using
the assumption and the constraint, by taking the derivative
of the result with respect to ¢» and comparing the neglected

quantity with (H)r7z4y. The other, much less relevant
hypothesis leading to Scrodinger equations is that one can
neglect the contribution of (d,0,). Note that this con-
tribution affects only the scalar part of the perturbations,
and therefore only their Schrodinger equation. The hypoth-
esis is necessary inasmuch as one requires a unitary
evolution for the Mukhanov-Sasaki modes; otherwise,
one can proceed keeping the corresponding term in our
considerations.

Accepting these two hypotheses, and recalling that we

have assumed that 7:[0 is defined as a positive operator, so
that in particular it is meaningful to divide by its expect-
ation value, one arrives at the following evolution equations
in ¢ for the different perturbative sectors:
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<66:T6 + TF + T1>F
2(Ho)r

Rgwp = + () |lwp,  (6.7)

where C{") (), C(TF)(qb), and Cg)(qb) are functions of ¢,
possibly dependent on the state I' considered for the
homogeneous geometry, such that

() + (@) + V() = (H)? = HP)r. (6.8)

In some sense, this quantity can be interpreted as a
backreaction on the homogeneous geometry, inasmuch

s ((Hy)? - ﬂ(()z)>r indicates a departure of the homo-
geneous state I from an exact solution to the zero-mode of
the Hamiltonian constraint in the absence of perturbations,
case in which the left-hand side of Eq. (6.8) vanishes. Note,
nonetheless, that in principle one can have no departure at
all if the backreaction of the fermions is counterbalanced by
the contribution of the scalar and tensor perturbations.

Before closing this section, let us comment that one can
derive effective equations for the perturbations from our
previous discussion paralleling the arguments explained in
Ref. [39]. One can extract them from Eq. (6.4), assuming
that the quadratic dependence on 7, and on the operators
that describe the degrees of freedom of the perturbations
has an associated effective dynamics on the considered
physical state, dynamics that is obtained essentially by
replacing those operators by their direct classical counter-
part. Alternatively, one can admit the validity of the
hypotheses necessary for the above Scrodinger equations
and consider the dynamics generated by the respective
Hamiltonians in those equations, accepting that the per-
turbative operators that appear in them can be treated
effectively as classical variables. We refer the reader to
Refs. [39,40] for further details on this topic.

VII. QUANTUM DYNAMICS OF THE FERMIONIC
PERTURBATIONS

Let us now discuss the quantum dynamics of the creation
and annihilation operators for the nonzero-modes of the
Dirac field that follows from the Schrodinger Eq. (6.7) or,
alternatively, directly from the quantum constraint (6.4), if
one neglects the contribution of the perturbations to the
momentum of the homogeneous scalar field in comparison

with the homogeneous contribution (). It is straightfor-
ward to see that the resulting evolution equations are

dya™ (n.no) = =iF @™ (n.no) + GV (0, mo),
dy b (0.m0) = iFVBEY (nmg) - G fj J(1.10),
(7.1)
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where, by convenience, we have introduced a conformal
time 7, that is defined in terms of the homogeneous scalar
field by means of the relation’

l <V2/3>

dnr = Lap, (7.2)

Ho)r

We are evaluating it at the instant #, and F ](Cr) and G,(Cr) are
the following mode-dependent functions of time:

v /7
F/((I“) _ <‘§k( 2)V2 3>F . (73)

ok . (14)

Note that the dependence of these functions on the mode
is only through @y, and not through the rest of details of

the specific tuple k under consideration. Besides, all our
definitions include an implicit dependence on the particular
state I' considered for the homogeneous geometry. In
addition, in all these expressions, the dependence on the
conformal time appears via the dependence on the homo-
geneous field ¢, including the dependence of I", once the
relation (7.2) has been integrated. Finally, for our evolution

equations, we take the operators &](gx’y) and lA)I(:x’y )% as initial
conditions at an arbitrary initial time 79 = nr(¢)-

It is worth remarking that, since 7~{0 is a positive operator
by assumption, and since V is bounded from below by a
positive number in any superselection sector of LQC [29],
our change to conformal time and the definition of the
functions (7.3) and (7.4) are well-defined. For other
possible representations of the homogeneous geometry,
like in geometrodynamics, the volume operator might reach
a vanishing expectation value, for instance in the big bang
for semiclassical states, and might pose intrinsic obstruc-
tions to the above constructions.

We expect that the studied dynamics for the nonzero-
modes of the Dirac field can be implemented unitarily in
our quantum theory, given our choice of Fock representa-
tion and the hybrid approach that we have adopted.
Nonetheless, the functions F 0 and G( ) that determine
the dynamics are not deﬁned by a classwal background
geometry, but are ratios of expectation values on a quantum
state. We could consider situations in which these expect-
ation values are not associated with a semiclassical or
effective trajectory. To cope with these issues, we will
analyze the quantum dynamics in detail. In the rest of this
section, we will study the Bogoliubov transformation that
relates the creation and annihilation operators for the

Note that classically this time would coincide with the
conformal time introduced below Eq. (2.16).
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nonzero-modes with the operators that represent their initial
values. We will leave to the next sections the determination
of the operator that implements this transformation and the
proof that it is indeed unitary. With this operator at hand, we
will be able to construct solutions to the Schrodinger
equation of (the nonzero-modes of) the Dirac field.

Let us start by introducing the following definition of
operators, motivated by the classical relation (3.1), or rather
by its inverse, that can be easily calculated using Eqs. (3.3)
and (3.4), particularized to the case of real coefficients,

sz(nm0) = FRE (n.mo) + F3BE (n,m0), (7.5)
§ o) = £50a5 (n.mo) = B (nmg), (7.6)

with [£\)2 + | fgr,2|2 = 1. Note that we restrict these

functions to depend on @, rather than on l;, and to coincide
for the possible values of (x,y), namely (m, s) and (¢, r).
Inspired by the choice made in Eq. (4.1) and the definition

of F ,((F), we take

Since &(V) > wy as an operator, and V is strictly positive,

it is ensured that F ,<CF> > wy. Hence, f grlz and f(zrk) are well-

defined for any state I', and they are real functions. The
dynamical Egs. (7.1) then translate into

dy Xp(n.10) = ik (n.1m0) +H1<<r)?i,;_z;(’7,’10), (7.8)

F

dy 3" (o) = =i 3 - (n.ng) = B (nmp),

where we have defined

g0 _ g0 _;
k k O [ Oa_ 2
2F, '\ (F,. ') — oy

(7.10)

and the prime denotes from now on the derivative with
respect to the conformal time 7. Recalling that AO and V
are representations of —4zym,/3 and 4zce’¥/3, respec-
tively, and that on classical trajectories 7; = —&' e* ignor-
ing perturbative corrections, one can check that, on states
peaked on such trajectories, the dynamical Egs. (7.8) and
(7.9) reproduce the classical ones (2.16).

Let us now call Z; any of the operators % or 9
indifferently, and define Z; = (iH")-1/ 220 It is easy to
derive the associated equation

PHYSICAL REVIEW D 96, 044023 (2017)

Z— @+ HP+ (lnH( g (7.11)

2

where @;, —a)k—l—t(lnHk )'/2. As in Appendix B of
Ref. [20], we search for two independent solutions
of the corresponding classical equation with the form Z}é =

exp [—i(—1)'®!], where [ = 1, 2. We get

. )
i H
(=D +1 ln< k )
2[ } H(F),O

k
n
+ / AL (nr)dnr,

o

O = wy(n—no) +

(7.12)

where we have employed the notation H,ir)’o = H,({F)(no)
and Afc is a solution to the Ricatti equation
(A =

i(=1)'(AQ? + 20 A}] — . (7.13)

u, = i(- 1(n H{)"

DIHE + 3 (. (7.14)

with initial condition Af(179) = 0. An asymptotic analysis
like the one carried out in Ref. [20] shows then that

[ Mt = =15 [ty + O,

o 260k
(7.15)

These results are valid under relatively mild conditions on

H,(CF), for instance that it does not vanish and has a fourth-

order time derivative that is continuous in the considered
interval (so that, in our analysis, all the performed inte-
grations by parts are well-defined).

The operators X or y; are given by linear combinations
of our two independent solutions to Eq. (7.11). The
coefficients in these combinations are operators that carry
the information about the initial conditions. Combining
these linear relations with Eqgs. (7.5) and (7.6), we can
express our fermionic creation and annihilation operators as
linear combinations of their initial values at 7,

—

a™ (n,mo) = @ (n.10)a™™ + i(n,mo)b",

B (n,m0) = =Be(nm0)al™ + a(nmo)bE. (7.16)

A detailed calculation of the coefficients of this Bogoliubov
transformation [20] leads finally to the following formula
[where we obviate the time dependence and the limits of
integration over (1,17) to simplify the notation],
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a = [f&,i’ (F00 = (00 A

o= A + A0 T

iy (T)
_ el
_fg,rlzfg,F/?OCkH(lli)oe fAk] ei@i(n=no)
k

grlz,0>e—i JAL

e_ifAi:| e~ioxln=m) - (7.18)

We have used that f <1Fk) and fgrk) are real, and their initial

values at 7 have been called f (le)O and fgr,g 9, respectively.
In addition, we have defined

: iH\"0
k= 5
2w + i(InHY,

(7.19)

where the subscript in the derivative of the logarithm stands
for evaluation at the initial time. Finally, we notice that,
since the canonical anticommutation relations hold at all

times, we have that |a;(1,70)1> + | (1, 10))|> = 1.

VIII. EVOLUTION OPERATOR FOR THE
FERMION PERTURBATIONS

We will discuss now the implementability of the
Bogoliubov transformation that encodes the quantum
dynamics of the fermionic nonzero-modes in terms of an
evolution operator Up.

Based on Eq. (4.1), we expect f2 ; to be asymptotically
of order unity for large w;, and f 1. k to be negligible. As a
result, the dominant contribution to a(n,7y) in this
asymptotic limit should be given by the term that contains
the product fgrlz f(zf,z’o. Recalling in addition Eq. (7.15), we
expect that a;(n,7,) behaves asymptotically as the phase
e~i@(1=m) Tt is most convenient to absorb this phase in a
trivial unitary evolution operator U/, and deal separately
with the remaining Bogoliubov transformation. More
specifically, we will adopt the splitting U, = U0,
where U, changes the annihilation operators of the
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nonzero-modes by a phase e ™«("~0) (and the creation

operators by the inverse phase), and Uy imple-
ments the supplementary Bogoliubov transformation with
coefficients

a(n.no) = e =ay (1),

Bi(n.mo) = e, (1, ). (8.1)

It is easy to construct the evolution operator U.
Defining

Tolnno) = itn=no) D wnlal"al™ +bF"br),
kT (x.y)
(8.2)

we simply have U, = ¢ T, Here and in the following, we

avoid displaying the time dependence explicitly, unless
necessary, to simplify the notation. Then, we clearly have

L )UL — pmion(n-mp) 5 ¥ y>

(
k k
UZ l;;gx )TU — piox(n=1o E}; (8.3)

In turn, for the remaining Bogoliubov tansformation, we

adopt the parametrization
5 N/ ‘Ak|2 + pk
Qe = cos \/ |A* + o} + lﬂk
V1A + i

\/ |A? +Pk
B =
\/ |Ak|2 +Pk

where p, is a real number, and A, is complex. Associated
to this Bogoliubov transformation, we can introduce the
quadratic operator

(8.4)

A Al )T (x )T A r(y)alx,
TB:ﬂZ [Akcﬂ y)Tb/(; y) _Akbl(; )’)al(; y)
k#7,(xy)
. A (YT A (x, 2 y)T 7 (xy X
- zpk(a](; ») a](; Y 4 b](; ) b](; ‘>) + lC,(( y)], (8.5)
where ci Y is a time- dependent (c-number) phase that we

leave arbitrary for the moment. We next define U = e T,
Then, employing the formula

A o
0l =043 il

where [.,.],) denotes the nth commutator and O is a

generic operator, and recalling Eq. (8.4), it is possible to
check that, at least formally,

~

(8.6)

§|._\

(T3, 0l ),
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e (n,m0)a>™ + Bi(n,mo)b

—

xy)t

034", = i

U' b 0y = ~Bi(n.m)a™ + & (n. ;70)2)55 I

(8.7)
Hence we see that, acting with the composed operator
U, = UgU,, we achieve in fact the original Bogoliubov
transformation (7.16) of our quantum evolution.

It is obvious that U; does not alter the vacuum |0),, of
our Fock representation, namely, the state with unit norm
that is annihilated by all the operators af;” and 13](;‘}’). This

is a consequence of the fact that {/; does not change
annihilation operators into creation ones. On the other
hand, using the expansion in power series of the exponen-
tial, one can also compute the action of /5 on the vacuum
state |0),. One gets

Uz'0),

H e pk

kAT, (x.)

Given our previous discussion, this is also the action of
the complete evolution operator U, on the vacuum. Thus,
in terms of our original Bogoliubov coefficients,

UD|0 H el[f)k Ck —wk n— '70)] ay,

k7. (x.y)

[1+@ag " }|o>

A

(8.10)

All these formulas are strictly rigorous if the transformed
vacuum is a well-defined state on the Fock space, that is, if
it has finite norm, something that happens if and only if the
sequence of f-coefficents of our Bogoliubov transforma-
tion is square summable. This summability is precisely the
necessary and sufficient condition for the unitary imple-
mentability of the evolution [75,76], implementability that
we will prove in the next section. With this eventual caveat,
we will now demonstrate that the transformed vacuum state
(8.10) is a solution to the Schrodinger equation of the Dirac
field (6.7), leaving apart the zero-modes.

Recalling the definition of the operators Ty and 1,

in Egs. (5.13) and (5.14), and of the functions F,(< ) and G,g )
in Egs. (7.3) and (7.4), we get
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1 <AAfF + YI>F

Z_ZOW UD|0>D

. K
kA7, (x.y)
i (&Ig>>fl;§:x,y)7 n a](:x.y)i)l(;»)’))} Upl0),.  (8.11)

+LG

ﬂ%m

On the other hand, taking directly the time derivative of
Eq. (8.10), we obtain

7 d a
%%WV-Z[%w—%A)4m+%i
kA7 (x.y) k
akd’?rﬁk ﬂkdr/rak (x)F 7 ()T | £
+ (@) ag bE Upl0)p.
(8.13)

The quantum evolution Egs. (7.1) and the Bogoliubov
relation (7.16), together with the phase redefinition per-
formed in Eq. (8.1), imply that

dm_ak = —iF,((F)ak - G]((DB/C,

dy pr = —iF B + Gy, (8.14)
d, & = —i(F\" — o) B (8.15)
”rak l k ) /k .

In turn, we can take time derivatives in the parametrization
(8.4) of a,. Substituting this parametrization in Eq. (8.15)
and identifying the results, one can prove that

dypr= o= F =GUS(A),  (8.16)

where J(A;) = —i(A; — Ay)/2 is the imaginary part of A,.
Inserting this identity and Eq. (8.14) in our formula for the
derivative of the evolved vacuum, we get
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ldr]p UD |0>D

2 =~ \2
_ Z 2D @ —igD (Br) _+ gak) AT )T
- . (@) k k
k#7.(x.y)
+iG" ﬂ E_Gx(a,) - d,,rc(;"”} Upl0),y.  (8.17)

So, recalling Eq. (8.12) and employing the change of time
(7.2), we conclude that the evolved vacuum is indeed a
solution to the Schrodinger equation of the Dirac field
(without zero-modes). Moreover, we confirm that the
fermionic Hamiltonian that generates the evolution in the

time ¢ is (Tr + T)r/(2(Hq
contribution equal to

)r), modulo a backreaction

2/3)
c(g) = - ol LY 6030 + dye™].
<HO>F k;r’:r(xy)

(8.18)

IX. UNITARITY AND BACKREACTION
CONSIDERATIONS

The unitarity of the evolution operator introduced in the
previous section can be dilucidated by checking whether
the f-coefficients of the corresponding Bogoliubov trans-
formation that provides the change in time of the creation
and annihilation operators are square summable or not at all
instants in the time interval under consideration. Assuming
the finiteness of those coefficients, the summability
depends only on the asymptotic behavior for large values
of w;, where the contribution of an infinite number of
fermionic modes can result in a divergence.

Let us start by considering the functions F ;c ) and G,(CU
that encode the information about the expectation values on
the state I" of the homogeneous geometry that is relevant for
the dynamics of the fermion field. We use their expressions
(7.3) and (7.4) and the definition of ?:‘k in Eq. (4.3), rewritten
in terms of the volume V = 475e3*/3, namely

(9.1)

If we then introduce the spectral decomposition of I’
associated with the operator V and call V the studied
eigenvalue, we can express Ek(f/) in a series expansion in
powers of V%3 at least for w;, > MV'/3/l,, something that
happens in the ultraviolet region of infinitely large wy. In
this way, one gets the following expansions of the functions
F ,ir) and GE{F), which provide in fact their asymptotic
Laurent series in powers of wy:
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& M (2n-3)!!
r n r
Fl(‘ ) =0~ Z<_1) lanZn—l 21yl WS’ )’

n=1

) <">2(n+1)/3>1_

wih =2/t (9.2)
(V)
and
0 M2n+1 lg)
= 2" S 93
(n 2,,+1 2n+l
n=l wy
A0 _ N~ (2m = 1120 = 2m = D
" _m:() m!(n—m)!
<‘7(4m+1)/6A0‘7[4(n—m)+l]/6>r 04
x 5373 ; (9.4)
r{(V7"o)r

where n!! is the double factorial of the integer n, identified
with the unity if n <0.

Substituting these formulas in Eq. (7.10) and expanding
the square roots and denominators, one can obtain an

asymptotic series for H,((D. We give here only the leading
orders,
M
H,((r) W( i +— (ln W< ))
Iy 4
—— " 4 O(w7?) (9.5)
2l(%a)k
where, with our notation
P4/3 V16 A, 11/6
wih = <A2/3>F, 20 Z VAV )y o Ir (9.6)
(V")r (V" )r

This formula allows us to get the asymptotic behavior of {j.

In doing so, apart from employing the asymptotic series of

H ECF)’O, we have to express the denominator in Eq. (7.19) as

a power series in the inverse of w;. The required series

expansion is possible at least for w; > |(1nH ) |/2 or,
approximating the right-hand side of this inequality by

means of Eq. (9.5), for w; > |(In W(]F))(’)| /4, condition that
holds in the studied asymptotic region. We get at leading
orders

M M
00 . ()0 O(w?).

f = T P

9.7
2lowk ( )

where again the superscript 0 means evaluation at the initial
time. In addition, we can derive the asymptotic expansion
of the integral of Ai using Egs. (7.14), (7.15), and (9.5).
For our discussion, we will only need
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/ "IAL ) — A2 e e

o

= =5 [ HEY = (n )] + O(?)

1
260k

— — L WDy — W) + O(wp).

o 9.8)

Note that, without entering the asymptotic region of
extremely large @y, each of the two contributions to the
dominant term is smaller than the unity in absolute value,
and then we expect that the whole quantity will be small, if
we have that, both at the considered value 5 of the
conformal time and at the initial value 7,

1 r
@ > (In wiyl. (9.9)
In particular, at the initial time, this condition guarantees

the requirement @, > |(In Wgr))6| /4 that we had found in
our discussion above.

Let us discuss now the asymptotic behavior of f (11"12 and
fgrlg We can calculate their asymptotic series using the
expansion (9.2) and expressions (7.7). We obtain

m_ M (r) 3
I =g g VW +0@p) (9.10)
2
=1 Wi Lo, (9.11)

822

At last, we can compute the asymptotic expansion of the
p-coefficient of the dynamical Bogoliubov transformation
by inserting in the formula (7.18) all the pieces about the
asymptotic behavior that we have accumulated in this
section. A careful calculation leads to

M . )
ﬂk — im [lér)’oe—’wk(’?—’io) — jé)r>elwk(ﬂ—ﬂo)} + (’)(w]:3)
0"k

(9.12)

In this way, we reach the important conclusion that f3; is of
the asymptotic order of ;2. Since the degeneracy (i.e., the

number of tuples k with the same value of y,) is at most of
the order of a)% in the ultraviolet limit under consideration,
it follows that the sequence formed by the f-coefficients is
indeed square summable. Even if we expected this result,
based on our choice of Fock representation and on the
strategy followed in the hybrid approach, the inclusion of
quantum fluctuations in the background casted shadows
over the unitary implementability of the evolution. We see
that, definitively, the quantum dynamics of the nonzero
fermionic modes is unitary. This closes the only point left
open in the proof that the evolved vacuum Up|0),, is a
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solution to the Schodinger equation of the nonzero-modes
of the Dirac field.

In addition, it is well-known that the number of particles
produced out of the vacuum in the evolution, as perceived
by the original vacuum (i.e., according to its notion of
particles) coincides in fact with the sum of the square norm
of the p-coefficients [17,55]. This quantity is also the
number of antiparticles created in the evolution, since
particles and antiparticles appear in pairs. Therefore, the
production of particles (or, strictly speaking, of pairs of
particles and antiparticles) is finite with our choice of
creation and annihilation operators for the Dirac field, as it
was already shown in the geometrodynamical case in
Ref. [17]. Actually, we see from Eq. (9.12) that the
contribution of modes with large w; is proportional to
the square mass of the fermion field, and hence really small,
taking into account that this mass is typically insignificant,
e.g. around 10723 for the electron in Planck units. This
property, together with the decaying behavior of the
production of particles as w;* for large wy, guarantees
that the fermionic part of the state does not depart much
from the vacuum for modes that are well inside the
cosmological horizon when semiclassical trajectories are
chosen for the expectation values of the homogeneous
geometry. Therefore, our results prove to be compatible
with the expected behavior of fermion fields in the low-
curvature regions of the spacetime. Besides, the square
norm of f; at dominant asymptotic order is proportional to

the sum of the squares of lér) and /1(()r).0’ both of which are
real, plus an oscillating term. The contribution of this last
term to the particle production will be negligible compared
with the other two, since the sum over modes will average
the huge asymptotic oscillations. We also notice that the

definition of A(()F) in Eq. (9.6) involves the operator AO. This

operator is a modified version of € in which the length of
the holonomies has been doubled. For states that are highly
peaked on genuine classical trajectories, in regions where
general relativity holds, one expects /1(()1") to be approx-
imately equal to the derivative of the scale factor with
respect to the conformal time, apart from a multiplicative
constant. But in LQC, beyond those regions, it provides the
quantum value of the Hubble constant, which is known to
vanish in the big bounce on effective trajectories. These
trajectories depart from general relativity, as we have
commented, when the energy density approaches the
Planck density [27], even though there still exist quantum
states peaked on them. Therefore, if we choose the initial
time at the big bounce and we consider a state that, at least
around 7, is peaked on an effective trajectory, the con-

tribution of the initial value of /lf)r), namely /1(()1“),0, should
vanish (or be negligible). In this sense, LQC is able to
provide initial conditions that minimize the production of
fermionic particles. Note that a similar situation would not
be possible, for instance, in geometrodynamics, because the
Hubble constant will never vanish in that approach.
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As for the production of particles in modes that do not
belong to the ultraviolet region, one can follow an analysis
similar to that presented in Ref. [17]. Actually, the
expansions and approximations that we have carried out
in the deduction of Eq. (9.12) are valid if condition (9.9)
is verified at the conformal times #n and 7y, and if
wy > M(V'/3)/l,, where we have approximated the
action of the operator V'/3 by its expectation value. On
quantum states that are peaked on effective trajectories, the
right-hand side of Eq. (9.9) can be estimated, apart from an
irrelevant multiplicative number, as the Hubble parameter
multiplied by the scale factor. Hence, in the case of LQC
and choosing the bounce as the initial instant, the condition
at 5o reduces to the trivial demand that @, > 0, which can
be ignored. Again, this would not happen with other
approaches to the quantization of the homogeneous geom-
etry. In total, we expect that our restrictions imply that
wy > @Y, where @) is the larger of M(V'/3)./l, and

|(In W&r) )'|/4. For modes that do not satisfy this inequality,
the particle production should be of the order of unity per
mode, adding to a total quantity proportional to the cube
of @Y, where we have taken into account the degeneracy of
the modes. Let us emphasize that the physically important
result is the finiteness of the number of particles, in spite of
the presence of an infinite number of modes. This means
that the ultraviolet modes do not depart considerably from
their vacuum, and thanks to this fact they make very little
contribution to the particle production.

Let us complete our asymptotic analysis by considering
the behavior or some additional quantities, related to the
backreaction contribution of the fermionic field. A calcu-
lation similar to that explained for f;, but now using
Eq. (7.17), confirms that

a = e~ @) + O(wih), (9.13)
as we anticipated at the beginning of the previous section.
If we make use of this asymptotic expression and of
Eq. (9.12), and recall the parametrization (8.4) of the
phase-shifted Bogoliubov coefficients, we can check that
pr = O(w;"), whereas f, = e~(r=m) g, coincides with
—A; up to subdominant terms of order w;> or less, so that

__M {<r>_ 400
4l(z)a)£

(A cos [2a (1 = 10)] } + O,

(9.14)

0 0

Multiplying this identity by G,({F) and using the expansion

(9.3), we get

M2 )

534

8lyw;,

0 -

x {247 = 400 cos2agn = mo)] } + Olay).

(9.15)

Ge3(Ay) =
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The sum over all modes of the subdominant terms of order
wi* in this expression converges, because the degeneracy
grows asymptotically at most as a function of order w?.
Hence, in the backreaction contribution (8.18) of the
nonzero-modes of the Dirac field, the only possible
divergences arising from G,@S(Ak) may come from its

dominant term, of order w;>. Actually, the oscillating part

proportional to /1(()r) 9 can be ignored in LQC if we choose

the initial time at the bounce and the state I' to be
sufficiently peaked on an effective trajectory around ),
as we have argued in the discussion of the particle
production. In this case, the only possible divergent

contribution would be that of M*(2{))?/(814w3). The
presence of this divergence requires a regularization proc-

ess, that can be incorporated in our discussion by means of

a suitable choice of the phase c,((x’y) in the fermionic

Hamiltonian. The divergence is absorbed with a choice of
the form

2
) M"nom) -
Cr Y= 8130)2 . (’10 )2 + O(wk4)'

(9.16)

We notice that the dominant term is independent of the
considered pair (x, y) and vanishes at the initial time, since
the same happens with the divergent part of (9.15).

This contrasts with the situation found in Ref. [17],
where the divergent contribution of each fermionic mode
was shown to be proportional to w;, much worse than the
behavior O(w;?) found here. The improvement in the
quantum theory with respect to these divergences in
absence of regularization must be attributed mainly to
our selection of Fock representation for the nonzero-modes
of the Dirac field, instead of using the same holomorphic
representation adopted in the mentioned work. On the other
hand, arguments of the kind explained in that reference lead
to the expectation that the fermionic backreaction, after
regularization, should have negligible effects for the typical
small values of the fermion mass (even the divergent term is
proportional to the square mass). Moreover, in the next
section we will present further comments pointing out to
the possibility that this backreaction can be made finite
without regularization, just by adapting in an optimal way
our selection of Fock quantization, while remaining in the
same unitary equivalence class of the choice discussed here.

X. DISCUSSION

In this work, we have discussed the quantization of a
Dirac field coupled to a perturbed flat FLRW spacetime
with a massive scalar field in the framework of LQC. For
mathematical convenience, we have assumed compact
spatial sections. This hypothesis should not have physically
relevant consequences in cosmology, at least if the com-
pactification scale is much larger than that corresponding to
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the cosmological horizon. In our quantization, the geom-
etry and the scalar matter content have been treated
quantum mechanically as well. Moreover, we have allowed
the presence of scalar and tensor perturbations in the
quantum system. Vector perturbations do not play any
physical role, since they are gauge degrees of freedom in
our model and can be ignored. In practice, the Dirac field
has also been treated as a perturbation, inasmuch as any
possible contribution of the fermionic zero-modes has been
supposed small, if the spin structure permits that such
modes exist. We have truncated the Dirac-Einstein action,
with the coupling to the scalar field, at quadratic order in
the perturbations. For the modes of the Dirac field, the
truncation has no effect, since their contribution to the
action is already quadratic. Our analysis can be considered
an extension to LQC of the work of D’Eath and Halliwell
[17] in quantum geometrodynamics, with certain additional
distinctive features that will be pointed out in the following
discussion.

We have adopted a hybrid quantization strategy, with
different kind of representations for the sector of homo-
geneous degrees of freedom of our system and for its
inhomogeneities. The quantum representation of the total
system is a direct product, but the system is highly
nontrivial because the distinct sectors of variables are
coupled by constraints, arising from those of general
relativity and from the gauge symmetries. For the homo-
geneous sector, the scalar perturbations, and the tensor
ones, it is possible to introduce a canonical transformation
that disentangles the constraints that have a genuine
perturbative nature. This leads to a set of variables for
the perturbations that includes those constraints, some
suitable conjugate momenta, and canonical pairs of gauge
invariants (namely, variables that commute with the gauge
transformations generated by the perturbative constraints).
Besides, this transformation provides homogeneous vari-
ables that retain the canonical structure, not only among
them, but also with respect to the perturbations [39]. After
the transformation, it is almost straightforward to deal with
the perturbative constraints a la Dirac. Physical states
depend only on the homogeneous variables, the gauge-
invariant scalar and tensor perturbations, and the fermionic
modes. The relevant constraint left in the system is the zero-
mode of the Hamiltonian constraint, in which the homo-
geneous constraint that persists in absence of perturbations
appears modified by quadratic perturbative contributions.

According to our hybrid approach, we have then passed
to a convenient Fock description of the Dirac field. For its
nonzero-modes, we have employed the same type of
creation and annihilation variables adopted in Ref. [17].
This choice belongs to a privileged family of unitarily
equivalent Fock representations for the fermionic degrees
of freedom. When the background spacetime is regarded
as a classical entity, this family is picked out by the criterion
of a unitarily implementable dynamics, together with the
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invariance of the vacuum under the spatial symmetries of
the system and the spin rotations generated by the helicity
[22], adopting a convention of particles and antiparticles
that connects smoothly with the standard one in the
massless case. In contrast to the analysis of Ref. [17]
where, at the end of the day, a holomorphic representation
was selected for the Dirac field, we have truly performed
the change to these creation and annihilation variables in
our Hamiltonian treatment. Since this change depends on
the configuration variable that describe the homogeneous
geometry (let us say its scale factor), we have had to
complete it into a canonical transformation for the entire
system, at our order of perturbative truncation. This has two
effects. First, it requires a modification of the canonical
momentum of the homogeneous geometry, incorporating
quadratic contributions of the fermions. This modification
allows us to retain a symplectic (canonical) structure in our
system, and to progress in the discussion with a neat
correspondence between our canonical variables and the
metric and matter fields. Second, it alters the global
Hamiltonian constraint, since the transformation involves
time-varying variables. As a consequence, the final global
Hamiltonian constraint for our hybrid quantization differs
from that of Ref. [17]. Our Hamiltonian dictates the
evolution of the system after a splitting of the degrees of
freedom in which a specific part of the dynamics of the
Dirac field is attributed to the homogeneous geometry and
another to the selected creation and annihilation variables,
rather than to the fermionic variables associated with the
holomorphic representation used by D’Eath and Halliwell.

In the hybrid quantization of this system, we have
introduced a Born-Oppenheimer ansatz, searching for
quantum physical states that present a separated depend-
ence on the homogeneous geometry, the gauge-invariant
scalar perturbations, the tensor perturbations, and the
fermionic degrees of freedom. In this ansatz, the role of
the homogeneous scalar field is that of an internal time. The
corresponding wave function of the homogeneous geom-
etry has been constructed as a state evolving unitarily in
terms of that internal time. The generator of this unitary
evolution is assumed to be perturbatively close to that of the
unperturbed model. We have then identified the conditions
necessary to ignore transitions of the homogeneous geom-
etry mediated by the global, zero-mode of the Hamiltonian
constraint. In this way we have arrived at a master
constraint equation that is quadratic in the momentum of
the scalar field and in all the perturbative elementary
operators (of scalar, tensor, or fermionic nature) and where
the homogeneous geometry is incorporated only via
expectation values. From this master constraint, and some
very mild assumptions about the contributions of the
perturbations to the momentum of the homogeneous scalar
field, one can derive, for instance, the quantum counterpart
of the Mukhanov-Sasaki equations for the gauge-invariant
scalar perturbations [39] or the quantum dynamics of the
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fermionic variables. Alternatively, we have specified con-
ditions so that, from this master constraint equation, one
can extract Schrodinger equations for the different pertur-
bations of the system. These Schrodinger equations use
again the homogeneous scalar field as a natural time for the
quantum evolution. The procedure to arrive to these
equations also differs in some fundamental aspects from
the discussion presented in Ref. [17]. There the authors
recurred to a semiclassical approximation, starting from an
action that was a Hamilton-Jacobi solution of the homo-
geneous model and defining a notion of time evolution in
terms of the projection in the direction of the gradient of
this action, all this performed in absence of a Hilbert space
and an inner product for the homogeneous geometry. In our
case, the Hilbert space and the inner product are those of
LQC, and the expectation values that appear in the master
constraint equation are rigorously defined and capture the
quantum behavior of the wave function of the homo-
geneous geometry, without the need of assuming semi-
classical trajectories. Nevertheless, let us clarify that many
aspects of our treatment can be generalized to other
approaches to the quantization of the homogeneous geom-
etry, different from LQC, along the lines that we have
sketched at the end of Sec. V. On the other hand, and partly
related to the issue of time that we were commenting, we
have also introduced a conformal time (7.2) that depends on
the particular state considered for the homogeneous geom-
etry. This time is well-defined in our quantization, at the
level of our perturbative truncation. In geometrodynamics,
however, any possible semiclassical counterpart of the
definition of this time would be problematic around the
big bang, since the numerator of Eq. (7.2) would vanish
there, given that the cosmological singularity is not eluded
in the semiclassical trajectories.

For the fermionic nonzero-modes, we have analyzed in
detail the quantum dynamics. The evolution equations
retain the effects of the quantization of the homogeneous
geometry by means of the presence of expectation values
that replace the role played by functions of the background
in ordinary quantum field theory in curved spacetimes.
At this point, several comments are in order.

The dynamical equations for all the infinite tower of
modes of the (gauge-invariant) scalar and tensor pertur-
bations depend only on a finite number of expectation
values. In full contrast, in the case of the Dirac field, its
dynamics depends on different expectation values for
each of the modes, leading to an infinite sequence of
them. This has radical implications for the philosophy that
has been put forward in the dressed metric approach,
where the standard interpretation is that a limited number
of expectation values must suffice to characterize the
dressed metric, encoding essentially the same information
that determines the homogeneous solutions to the effec-
tive description of LQC [42-44]. We also emphasize that
the expectation values that enter the dynamical equations
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of the sequence of creation and annihilation variables of the
Dirac field explore the quantum dependence of the wave
function of the homogeneous geometry in an infinite number
of algebraic powers of the volume, but they always depend
in the same operational way on the conjugate momentum.

In spite of the inclusion of these quantum effects on the
geometry, and the subsequent replacement of functions of
the background by expectation values in the dynamical
equations of the fermionic variables, the resulting dynamics
determines a Bogoliubov transformation that is indeed
implementable as a unitary transformation in our hybrid
quantization. This result is reassuring and permits a
rigorous connection between LQC and quantum filed
theory in curved backgrounds. We have found the unitary
operator that implements the dynamical evolution and
proved that it is generated by a fermionic Hamiltonian
that, as expected, coincides with the Hamiltonian that
appears in the Schrodinger equation deduced for the
system. In particular, we have constructed a solution to
this equation, which describes the evolution of the (non-
zero-modes part of the) fermionic vacuum. The construc-
tion is exact: The transformed vacuum satisfies the
Schrodinger equation without further approximations.

The identification of a notion of quantum dynamics for
the fermionic degrees of freedom that is unitarily imple-
mentable, and its realization in terms of a specific operator
and its corresponding Hamiltonian, guarantees the quantum
coherence of the evolution in what refers to the associated
concept of particles and antiparticles. In other words, we
have been able to split the evolution of the Dirac field into a
part that varies with the homogeneous geometry and
another for which the dynamics can be implemented as
a unitary transformation in the quantum theory (at least in
the range of validity of the Schrodinger equation). Even if
the geometry is a quantum dynamical entity as well, and in
general is far from being stationary, the unitarity of the
fermionic dynamics preserves the coherence, and hence the
quantum information, about the particles and antiparticles
described by the creation and annihilation variables that we
have picked out in our Fock quantization.

In particular, the unitarity immediately ensures that the
particle production, or equivalently the creation of pairs of
particles and antiparticles, is finite. For modes with w;
smaller or of the order of the fermion mass and the Hubble
parameter, we have recurred to arguments similar to those
explained in Ref. [17] to estimate that the number of
particles per unite volume will be, roughly speaking,
proportional to the cube of the larger of the two considered
quantities, that in inflationary scenarios is typically the
Hubble scale. Much more importantly, for any mode with
larger wy, and especially those deep inside the ultraviolet
sector, the production is insignificant and, in general,
proportional to the square fermion mass. The number is
small enough as to have a convergent sum when all modes
are considered. In this sense, we can consider that the
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modes in the ultraviolet sector, which do not cross the
cosmological horizon, do not depart significantly from their
vacuum state in the quantum evolution. Let us also com-
ment that, for modes which do not really belong to the
region of asymptotically large wy, one could modify the
vacuum state following prescriptions like, for instance, that
introduced recently by Martin de Blas and Olmedo [52].
That prescription is characterized precisely by minimizing
the particle production in the evolution while not affecting
in a relevant way the physical behavior of the vacuum in the
ultraviolet sector.

We have also investigated the issue of the backreaction
contribution of the fermions to the master constraint equa-
tion, which includes not only the homogeneous sector, but
also the scalar and tensor perturbations. This backreaction
contribution is identified as the fermion-independent part of
the quantum Hamiltonian for the Dirac field, once we have
adopted the normal ordering corresponding to our choice of
Fock representation. We have shown that this backreaction
needs regularization, as it was already discussed in Ref. [17],
but the situation is now much better than the one found in
the geometrodynamical analysis. The divergent individual
contributions of each mode in the ultraviolet sector are now
of the order O(w;?), instead of order O(wy). Actually, any
contribution of order O(w; ), with arbitrary e > 0, is
summable and hence leads to a finite backreaction effect.
We have postponed to this point of the discussion an
important comment. As we have explained, we still have
certain freedom in the choice of Fock description for our
Dirac field while respecting the criterion of unitary dynamics
and symmetry invariance. This freedom corresponds to a
privileged family of unitarily equivalent quantizations, which
do not only allow for equivalent complex structures, but
also for slightly different dynamics [22]. All of these
dynamics are unitarily related, and the change from one to
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another amounts to a distinct splitting of the dependence of
the Dirac field into components that depend on the homo-
geneous geometry and fermionic variables. We have also
explained that these different dynamics have a different
global Hamiltonian constraint associated with them.
It should then be obvious that we still have freedom left
to improve the behavior of the backreaction contribution by
optimizing our choice of creation and annihilation variables
for the nonzero-modes of the Dirac field, a choice that,
being dependent on the homogeneous geometry, captures the
available freedom in the selection of dynamics and of
complex structure for the corresponding canonical anticom-
mutation relations. The use of this freedom to deal with issues
like the backreaction without recurring to regularization in
LQC will be explored in future works. In this sense, our study
has to be regarded as a first step towards the rigorous
consideration of the backreaction in the quantization of
cosmological perturbations. The system investigated here
has the advantage of presenting a well understood transition
from the quantum cosmology regime to the quantum field
theory regime in a quantum corrected, curved spacetime, as
we have shown, something that comes combined with the
possibility of performing analytical computations and esti-
mations with a great deal of accuracy and control in the
quantum theory.

ACKNOWLEDGMENTS

The authors thank J. Cortez, D. Martin de Blas, J. Olmedo,
and J. M. Velhinho for enlightening discussions. This work
was supported by the Project. No. MINECO FIS2014-
54800-C2-2-P from Spain, and by the Portuguese Grant
No. UID/FIS/04434/2013 from the Fundacad para a Ciéncia
e Tecnologia (FCT). M. M-B. is supported by a FCT
Research contract, with Reference No. IF/00431/2015.

[1] P.A.R. Ade et al. (Planck Collaboration), Planck 2015
results. XIII. cosmological parameters, Astron. Astrophys.
594, A13 (2016).

[2] P.A.R. Ade et al. (Planck Collaboration), Planck 2015
results. XX. constraints on inflation, Astron. Astrophys.
594, A20 (2016).

[3] A.R. Liddle and D.H. Lyth, Cosmological inflation
and large-scale structure (Cambridge University Press,
Cambridge, England, 2000).

[4] V. Mukhanov, Physical foundations of cosmology
(Cambridge University Press, Cambridge, England, 2005).

[5] D. Langlois, Inflation and cosmological perturbations,
Lect. Notes Phys. 800, 1 (2010).

[6] L. Parker, Quantized fields and particle creation in expand-
ing universes. II, Phys. Rev. D 3, 346 (1971).

[7]1 A.D. Dolgov and D. P. Kirilova, Production of particles by
a variable scalar field, Sov. J. Nucl. Phys. 51, 172
(1990).

[8] V. Kuzmin and I. Tkachev, Matter creation via vacuum
fluctuations in the early Universe and observed ultrahigh
energy cosmic ray events, Phys. Rev. D 59, 123006
(1999).

[9] G.F. Giudice, M. Peloso, A. Riotto, and I. Tkachev,
Production of massive fermions at preheating and lepto-
genesis, J. High Energy Phys. 08 (1999) 014.

[10] P.B. Greene and L. Kofman, Preheating of fermions, Phys.
Lett. B 448, 6 (1999).

[11] D.J.H. Chung, L.L. Everett, H. Yoo, and P. Zhou,
Gravitational fermion production in inflationary cosmology,
Phys. Lett. B 712, 147 (2012).

044023-23


https://doi.org/10.1051/0004-6361/201525830
https://doi.org/10.1051/0004-6361/201525830
https://doi.org/10.1051/0004-6361/201525898
https://doi.org/10.1051/0004-6361/201525898
https://doi.org/10.1007/978-3-642-10598-2
https://doi.org/10.1103/PhysRevD.3.346
https://doi.org/10.1103/PhysRevD.59.123006
https://doi.org/10.1103/PhysRevD.59.123006
https://doi.org/10.1088/1126-6708/1999/08/014
https://doi.org/10.1016/S0370-2693(99)00020-9
https://doi.org/10.1016/S0370-2693(99)00020-9
https://doi.org/10.1016/j.physletb.2012.04.066

BEATRIZ ELIZAGA NAVASCUES et al.

[12] K. Enqvist, D. G. Figueroa, and T. Meriniemi, Stochastic
background of gravitational waves from fermions, Phys.
Rev. D 86, 061301 (2012).

[13] D.J. H. Chung, H. Yoo, and P. Zhou, Fermionic isocurva-
ture perturbations, Phys. Rev. D 91, 043516 (2015).

[14] C.J. Isham and J.E. Nelson, Quantization of a coupled
Fermi field and Robertson-Walker metric, Phys. Rev. D 10,
3226 (1974).

[15] T. Christodoulakis and J. Zanelli, Quantization of Robert-
son-Walker geometry coupled to fermionic matter, Phys.
Rev. D 29, 2738 (1984).

[16] J.J. Halliwell, in Introductory Lectures on Quantum
Cosmology, in Proceedings of the 1990 Jerusalem Winter
School on Quantum Cosmology and Baby Universes, edited
by S. Coleman, J.B. Hartle, T. Piran, and S. Weinberg
(World Scientific, Singapore, 1991).

[17] P.D. D’Eath and J.J. Halliwell, Fermions in quantum
cosmology, Phys. Rev. D 35, 1100 (1987).

[18] J.J. Halliwell and S. W. Hawking, Origin of structure in the
universe, Phys. Rev. D 31, 1777 (1985).

[19] K. Banerjee, G. Calcagni, and M. Martin-Benito, Introduc-
tion to loop quantum cosmology, SIGMA 8, 016 (2012).

[20] J. Cortez, B. Elizaga Navascués, M. Martin-Benito, G. A.
Mena Marugdn, and J. M. Velhinho, Unitary evolution and
uniqueness of the Fock representation of Dirac fields in
cosmological spacetimes, Phys. Rev. D 92, 105013 (2015).

[21] J. Cortez, B. Elizaga Navascués, M. Martin-Benito, G. A.
Mena Marugén, and J. M. Velhinho, Unique Fock quanti-
zation of a massive fermion field in a cosmological scenario,
Phys. Rev. D 93, 084053 (2016).

[22] J. Cortez, B. Elizaga Navascués, M. Martin-Benito, G. A.
Mena Marugén, and J. M. Velhinho, Dirac fields in flat
FLRW cosmology: Uniqueness of the Fock quantization,
Ann. Phys. (Amsterdam) 376, 76 (2017).

[23] M. Bojowald, Loop quantum cosmology, Living Rev.
Relativ. 11, 4 (2008).

[24] G. A. Mena Marugan, A brief introduction to loop quantum
cosmology, AIP Conf. Proc. 1130, 89 (2009).

[25] G. A. Mena Marugan, Loop quantum cosmology: A cosmo-
logical theory with a view, J. Phys. Conf. Ser. 314, 012012
(2011).

[26] T. Thiemann, Modern Canonical Quantum, General
Relativity (Cambridge University Press, Cambridge,
England, 2007).

[27] A. Ashtekar, T. Pawlowski, and P. Singh, Quantum nature of
the big bang: An analytical and numerical investigation,
Phys. Rev. D 73, 124038 (2006).

[28] A. Ashtekar, T. Pawtowski, and P. Singh, Quantum nature of
the big bang: Improved dynamics, Phys. Rev. D 74, 084003
(2000).

[29] M. Martin-Benito, G. A. Mena Marugédn, and J. Olmedo,
Further improvements in the understanding of isotropic loop
quantum cosmology, Phys. Rev. D 80, 104015 (2009).

[30] P. Singh, Are loop quantum cosmos never singular?,
Classical Quantum Gravity 26, 125005 (2009).

[31] B. Elizaga Navascués, M. Martin-Benito, and G. A. Mena
Marugan, Hybrid models in loop quantum cosmology, Int. J.
Mod. Phys. D 25, 1642007 (2016).

PHYSICAL REVIEW D 96, 044023 (2017)

[32] M. Martin-Benito, L.J. Garay, and G. A. Mena Marugén,
Hybrid quantum Gowdy cosmology: Combining loop and
Fock quantizations, Phys. Rev. D 78, 083516 (2008).

[33] G. A. Mena Marugédn and M. Martin-Benito, Hybrid quan-
tum cosmology: Combining loop and Fock quantizations,
Int. J. Mod. Phys. A 24, 2820 (2009).

[34] B. Elizaga Navascués, M. Martin-Benito, and G. A. Mena
Marugén, Modeling effective FRW cosmologies with per-
fect fluids from states of the hybrid quantum Gowdy model,
Phys. Rev. D 91, 024028 (2015).

[35] B. Elizaga Navascués, M. Martin-Benito, and G. A. Mena
Marugan, Modified FRW cosmologies arising from states of
the hybrid quantum Gowdy model, Phys. Rev. D 92, 024007
(2015).

[36] M. Fernandez-Méndez, G.A. Mena Marugin, and J.
Olmedo, Hybrid quantization of an inflationary universe,
Phys. Rev. D 86, 024003 (2012).

[37] M. Fernandez-Méndez, G.A. Mena Marugin, and J.
Olmedo, Hybrid quantization of an inflationary model:
The flat case, Phys. Rev. D 88, 044013 (2013).

[38] L. Castell6 Gomar, M. Fernandez-Méndez, G. A. Mena
Marugén, and J. Olmedo, Cosmological perturbations in
hybrid loop quantum cosmology: Mukhanov—Sasaki
variables, Phys. Rev. D 90, 064015 (2014).

[39] L. Castelld6 Gomar, M. Martin-Benito, and G.A. Mena
Marugén, Gauge-invariant perturbations in hybrid quantum
cosmology, J. Cosmol. Astropart. Phys. 06 (2015) 045.

[40] L. Castell6 Gomar, M. Martin-Benito, and G. A. Mena
Marugan, Quantum corrections to the Mukhanov-Sasaki
equations, Phys. Rev. D 93, 104025 (2016).

[41] E. Benitez Martinez and J. Olmedo, Primordial tensor modes
of the early Universe, Phys. Rev. D 93, 124008 (2016).

[42] 1. Agullo, A. Ashtekar, and W. Nelson, A Quantum Gravity
Extension of the Inflationary Scenario, Phys. Rev. Lett. 109,
251301 (2012).

[43] 1. Agullo, A. Ashtekar, and W. Nelson, Extension of the
quantum theory of cosmological perturbations to the Planck
era, Phys. Rev. D 87, 043507 (2013).

[44] 1. Agullo, A. Ashtekar, and W. Nelson, The pre-inflationary
dynamics of loop quantum cosmology: Confronting quan-
tum gravity with observations, Classical Quantum Gravity
30, 085014 (2013).

[45] 1. Agullo, W. Nelson, and A. Ashtekar, Preferred instanta-
neous vacuum for linear scalar fields in cosmological space-
times, Phys. Rev. D 91, 064051 (2015).

[46] M. Bojowald, G. M. Hossain, M. Kagan, and S. Shankar-
anarayanan, Anomaly freedom in perturbative loop quan-
tum gravity, Phys. Rev. D 78, 063547 (2008).

[47] M. Bojowald, G. Calcagni, and S. Tsujikawa, Observational
Constraints on Loop Quantum Cosmology, Phys. Rev. Lett.
107, 211302 (2011).

[48] T. Cailleteau, L. Linsefors, and A. Barreau, Anomaly-free
perturbations with inverse-volume and holonomy correc-
tions in loop quantum cosmology, Classical Quantum
Gravity 31, 125011 (2014).

[49] E. Wilson-Ewing, Holonomy corrections in the effective
equations for scalar mode perturbations in loop quantum
cosmology, Classical Quantum Gravity 29, 085005 (2012).

[50] B. Bolliet, J. Grain, C. Stahl, L. Linsefors, and A. Barrau,
Comparison of primordial tensor power spectra from the

044023-24


https://doi.org/10.1103/PhysRevD.86.061301
https://doi.org/10.1103/PhysRevD.86.061301
https://doi.org/10.1103/PhysRevD.91.043516
https://doi.org/10.1103/PhysRevD.10.3226
https://doi.org/10.1103/PhysRevD.10.3226
https://doi.org/10.1103/PhysRevD.29.2738
https://doi.org/10.1103/PhysRevD.29.2738
https://doi.org/10.1103/PhysRevD.35.1100
https://doi.org/10.1103/PhysRevD.31.1777
https://doi.org/10.3842/SIGMA.2012.016
https://doi.org/10.1103/PhysRevD.92.105013
https://doi.org/10.1103/PhysRevD.93.084053
https://doi.org/10.1016/j.aop.2016.11.005
https://doi.org/10.12942/lrr-2008-4
https://doi.org/10.12942/lrr-2008-4
https://doi.org/10.1063/1.3146242
https://doi.org/10.1088/1742-6596/314/1/012012
https://doi.org/10.1088/1742-6596/314/1/012012
https://doi.org/10.1103/PhysRevD.73.124038
https://doi.org/10.1103/PhysRevD.74.084003
https://doi.org/10.1103/PhysRevD.74.084003
https://doi.org/10.1103/PhysRevD.80.104015
https://doi.org/10.1088/0264-9381/26/12/125005
https://doi.org/10.1142/S0218271816420074
https://doi.org/10.1142/S0218271816420074
https://doi.org/10.1103/PhysRevD.78.083516
https://doi.org/10.1142/S0217751X09046187
https://doi.org/10.1103/PhysRevD.91.024028
https://doi.org/10.1103/PhysRevD.92.024007
https://doi.org/10.1103/PhysRevD.92.024007
https://doi.org/10.1103/PhysRevD.86.024003
https://doi.org/10.1103/PhysRevD.88.044013
https://doi.org/10.1103/PhysRevD.90.064015
https://doi.org/10.1088/1475-7516/2015/06/045
https://doi.org/10.1103/PhysRevD.93.104025
https://doi.org/10.1103/PhysRevD.93.124008
https://doi.org/10.1103/PhysRevLett.109.251301
https://doi.org/10.1103/PhysRevLett.109.251301
https://doi.org/10.1103/PhysRevD.87.043507
https://doi.org/10.1088/0264-9381/30/8/085014
https://doi.org/10.1088/0264-9381/30/8/085014
https://doi.org/10.1103/PhysRevD.91.064051
https://doi.org/10.1103/PhysRevD.78.063547
https://doi.org/10.1103/PhysRevLett.107.211302
https://doi.org/10.1103/PhysRevLett.107.211302
https://doi.org/10.1088/0264-9381/31/12/125011
https://doi.org/10.1088/0264-9381/31/12/125011
https://doi.org/10.1088/0264-9381/29/8/085005

FERMIONS IN HYBRID LOOP QUANTUM COSMOLOGY

deformed algebra and dressed metric approaches in loop
quantum cosmology, Phys. Rev. D 91, 084035 (2015).

[51] E. Wilson-Ewing, Testing loop quantum cosmology, C.R.
Phys. 18, 207 (2017).

[52] D. Martin de Blas and J. Olmedo, Primordial power spectra
for scalar perturbations in Loop Quantum Cosmology,
J. Cosmol. Astropart. Phys. 06 (2016) 029.

[53] L. Castell6 Gomar, D. Martin de Blas, G. A. Mena Marugén,
and J. Olmedo, Hybrid Loop Quantum Cosmology and
Predictions for the Cosmic Microwave Background,
arXiv:1702.06036.

[54] M. Bojowald and R. Das, Fermions in loop quantum
cosmology and the role of parity, Classical Quantum
Gravity 25, 195006 (2008).

[55] R. M. Wald, Quantum Field Theory in Curved Spacetimes
and Black Hole Thermodynamics (University of Chicago
Press, Chicago, USA, 1994).

[56] D. Brizuela, G. A. Mena Marugdn, and T. Pawlowski, Big
bounce and inhomogeneities, Classical Quantum Gravity
27, 052001 (2010).

[57] M. Fernandez-Méndez, G.A. Mena Marugin, and J.
Olmedo, Effective dynamics of scalar perturbations in a
flat Friedmann-Robertson-Walker spacetime in loop quan-
tum cosmology, Phys. Rev. D 89, 044041 (2014).

[58] G. Immirzi, Quantum gravity and Regge calculus, Nucl.
Phys. Proc. Suppl. 57, 65 (1997).

[59] J. M. Bardeen, Gauge-invariant cosmological perturbations,
Phys. Rev. D 22, 1882 (1980).

[60] G.FE. R. Ellis and M. Bruni, Covariant and gauge-invariant
approach to cosmological density fluctuations, Phys. Rev. D
40, 1804 (1989).

[61] M. Sasaki, Gauge invariant scalar perturbations in the new
inflationary universe, Prog. Theor. Phys. 70, 394 (1983).

[62] H. Kodama and M. Sasaki, Cosmological perturbation
theory, Prog. Theor. Phys. Suppl. 78, 1 (1984).

[63] V. Mukhanov, Quantum theory of gauge-invariant cosmo-
logical perturbations, Zh. Eksp. Teor. Fiz. 94, 1 (1988)
[Sov. Phys. JETP 67, 1297 (1988)].

PHYSICAL REVIEW D 96, 044023 (2017)

[64] R. Geroch, Spinor structure of space-times in general
relativity. I, J. Math. Phys. (N.Y.) 9, 1739 (1968).

[65] H.B. Lawson and M.L. Michelson, Spin Geometry
(Princeton University Press, Princeton, USA, 1989).

[66] F. A. Berezin, The Method of Second Quantization
(Academic, New York, USA, 1966).

[67] Th. Friedrich, Die Abhingigkeit des Dirac-Operators von
der Spin-Struktur, Colloquium Mathematicum XLVII, 57
(1984).

[68] J. Cortez, G.A. Mena Marugin, J. Olmedo, and J.M.
Velhinho, A uniqueness criterion for the Fock quantization
of scalar fields with time-dependent mass, Classical
Quantum Gravity 28, 172001 (2011).

[69] J. Cortez, G.A. Mena Marugan, J. Olmedo, and J. M.
Velhinho, Criteria for the determination of time dependent
scalings in the Fock quantization of scalar fields with a time
dependent mass in ultrastatic spacetimes, Phys. Rev. D 86,
104003 (2012).

[70] L. Castell6 Gomar, J. Cortez, D. Martin-de Blas, G. A.
Mena Marugén, and J. M. Velhinho, Uniqueness of the Fock
quantization of scalar fields in spatially flat cosmological
spacetimes, J. Cosmol. Astropart. Phys. 11 (2012) 001.

[71] J. Cortez, G.A. Mena Marugidn, and J. M. Velhinho,
Quantum unitary dynamics in cosmological spacetimes,
Ann. Phys. (Amsterdam) 363, 36 (2015).

[72] J. Cortez, B. Elizaga Navascués, M. Martin-Benito, G. A.
Mena Marugan, and J. M. Velhinho, Uniqueness of the Fock
quantization of Dirac fields in 2 + 1 dimensions, Phys. Rev.
D 96, 025024 (2017).

[73] D. Marolf, Quantum observables and recollapsing
dynamics, Classical Quantum Gravity 12, 1199 (1995).

[74] D. Marolf, Refined algebraic quantization: Systems with a
single constraint, arXiv:gr-qc/9508015.

[75] D. Shale, Linear symmetries of free boson fields, Trans. Am.
Math. Soc. 103, 149 (1962).

[76] J. Derezinski, Introduction to representations of the canoni-
cal commutation and anticommutation relations, Lect. Notes
Phys. 695, 63 (2000).

044023-25


https://doi.org/10.1103/PhysRevD.91.084035
https://doi.org/10.1016/j.crhy.2017.02.004
https://doi.org/10.1016/j.crhy.2017.02.004
https://doi.org/10.1088/1475-7516/2016/06/029
http://arXiv.org/abs/1702.06036
https://doi.org/10.1088/0264-9381/25/19/195006
https://doi.org/10.1088/0264-9381/25/19/195006
https://doi.org/10.1088/0264-9381/27/5/052001
https://doi.org/10.1088/0264-9381/27/5/052001
https://doi.org/10.1103/PhysRevD.89.044041
https://doi.org/10.1016/S0920-5632(97)00354-X
https://doi.org/10.1016/S0920-5632(97)00354-X
https://doi.org/10.1103/PhysRevD.22.1882
https://doi.org/10.1103/PhysRevD.40.1804
https://doi.org/10.1103/PhysRevD.40.1804
https://doi.org/10.1143/PTP.70.394
https://doi.org/10.1143/PTPS.78.1
https://doi.org/10.1063/1.1664507
https://doi.org/10.1088/0264-9381/28/17/172001
https://doi.org/10.1088/0264-9381/28/17/172001
https://doi.org/10.1103/PhysRevD.86.104003
https://doi.org/10.1103/PhysRevD.86.104003
https://doi.org/10.1088/1475-7516/2012/11/001
https://doi.org/10.1016/j.aop.2015.09.016
https://doi.org/10.1103/PhysRevD.96.025024
https://doi.org/10.1103/PhysRevD.96.025024
https://doi.org/10.1088/0264-9381/12/5/011
http://arXiv.org/abs/gr-qc/9508015
https://doi.org/10.1090/S0002-9947-1962-0137504-6
https://doi.org/10.1090/S0002-9947-1962-0137504-6
https://doi.org/10.1007/b11607427
https://doi.org/10.1007/b11607427

