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Phantom domain walls
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We consider a model with two real scalar fields which admits phantom domain wall solutions.
We investigate the structure and evolution of these phantom domain walls in an expanding homogeneous
and isotropic universe. In particular, we show that the increase of the tension of the domain walls with
cosmic time, associated to the evolution of the phantom scalar field, is responsible for an additional
damping term in their equations of motion. We describe the macroscopic dynamics of phantom domain
walls, showing that extended phantom defects whose tension varies on a cosmological time scale cannot be

the dark energy.
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I. INTRODUCTION

Over the past years, high precision cosmological obser-
vations have been providing overwhelming evidence that
the expansion of the Universe is currently accelerating (see,
e.g., [1-3]). In the standard cosmological model, this
acceleration is attributed to a tiny cosmological constant
which became the dominant energy component of the
Universe in recent times. Despite its simplicity, a satisfac-
tory explanation for the extremely small energy density
associated to the cosmological constant is still missing.
Thus, dynamical dark energy (DE) and modified gravity
models may play a fundamental role in sourcing the
acceleration of the Universe, not only at early but also at
late cosmological times [4—8]. Current observational data is
perfectly consistent with dynamical DE and does not
exclude the possibility that most of the energy content
of our Universe might be phantom energy, as long as the
value of its equation-of-state parameter is smaller than but
sufficiently close to —1 [3]. Recently, in [9], compact and
extended nonstandard gravitating defect static solutions
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supported by phantom fields have been investigated,
including phantom balls, strings and walls. Except for
domain walls, all these solutions were shown to exhibit
phantom behavior.

Topological defects, such as cosmic strings and domain
walls, may leave behind a large number of interesting
astrophysical and cosmological signatures. In [10] it was
first suggested that a domain wall network, if frozen in
comoving coordinates, could be responsible for the recent
acceleration of the Universe (see also [11-14]). However,
the possibility of a significant contribution of featureless
domain walls—defined as domain walls whose physical
velocity is always perpendicular to the wall—to the dark
energy budget has since been ruled out both dynamically
[15] and observationally (the same also applies, even more
strongly, in the case of linelike defects such as cosmic
strings or pointlike defects such as monopoles).

Domain walls may be formed due to the breaking of a
discrete symmetry, whenever the vacuum manifold is
disconnected (see, for example, [16], and references
therein). Standard domain walls have a very small thickness
and are essentially 2 4+ 1-dimensional objects. They may be
described locally as planar distributions of energy, with an
energy-momentum tensor whose components are invariant
with respect to any Lorentz boost along the directions
parallel to the walls. They then act as a cosmological
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constant in two spatial dimensions. As a result, the physical
velocity of these walls must be perpendicular to them, and
their mass per unit area and tension must be equal in the
proper frame. The equation of state of a frozen domain wall
network, when averaged on scales much larger than its
characteristic length, is therefore given by w = p/p =
—2/3 (for moving walls this may be generalized to
w = —2/3 + 9%, where 7 is the root mean squared velocity
of the domain walls). Note, however, that the average
domain wall density grows more rapidly than the back-
ground density in the radiation and matter eras, and so
domain walls must necessarily be very light in order not to
completely dominate the energy density of the Universe at
late times.

Standard domain walls cannot explain the dark energy
since the observed value of the equation-of-state parameter
of dark energy is significantly smaller than —2/3 [3] (the
minimum allowed value for standard domain walls). On
the other hand, it has been shown in [15,17] that both the
simplest domain wall models and more complex models
with junctions naturally approach a scaling regime in the
matter and radiation eras and do not frustrate. In the
standard case, in order to obtain a frustrated domain wall
network one must either assume an unrealistic initial
configuration [17] or invoke additional damping mecha-
nisms which could only be effective if the domain walls
were subdominant [18].

The simplest generalization of standard domain walls
can be realized by considering a time-dependent cosmo-
logical scalar field y confined to two spatial dimensions. In
this case, the wall mass per unit area and tension are not
necessarily equal, and some of the above results may not
apply. In fact, in this paper we shall demonstrate that, if y is
a phantom field, the averaged equation-of-state parameter
of the domain walls is no longer constrained to be larger
than or equal to —2/3. On the other hand, the time
evolution of the phantom field has an impact on the
dynamics of the domain walls which may provide an
additional source of damping of the domain wall motion.

In this paper we shall investigate the structure and
dynamics of phantom domain walls, assessing their possible
role as dark energy candidates. In Sec. II, we start by
presenting a simple model with two real scalar fields which
admits phantom domain wall solutions. In Sec. III, we
investigate the properties of static planar phantom domain
wall solutions in Minkowski space. In Sec. IV, we extend the
results of Sec. III to homogeneous and isotropic Friedmann-
Lemaitre-Robertson-Walker (FLRW) universes, consider-
ing specific parametrizations, for definiteness. In Sec. V, we
compute the effect of the dynamics of the phantom field y on
the evolution of phantom domain walls. The potential role of
extended phantom defects as dark energy candidates is then
discussed in Sec. VI. We conclude in Sec. VIIL.

Throughout this paper we use units such that ¢ =1,
where c is the value of the speed of light in vacuum.
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II. THE MODEL
Consider the Lagrangian

L=y, Y)V(9) + f(X), (1)

where ¢ and y are real scalar fields,

1

X= EV”(ﬁVﬂ(ﬁ, (2)
1

Y = Evﬂl/[vyy/’ (3)

are their kinetic terms, V, represents a covariant derivative
with respect to the coordinate x#, V¥ = ¢#*V,, and ¢** are
the components of the inverse metric tensor. Here,
Alw,Y) <0 is a real function of y and Y that represents
the proper pressure associated to the phantom field y, and
V(¢) > 0is a Z, symmetric potential, with two degenerate
minima, that admits domain wall solutions (this extension
of the simplest Goldstone model has been previously
studied in [19,20] considering a constant 4).

The equations of motion of the scalar fields ¢ and y are
given, respectively, by the Euler-Lagrange equations

o:-g—iwﬂ[a(gifw)], @)
s A

or, equivalently, by
g*V,Vyy =21, -2Yy, —V'yV,p(InV) 1y, (6)
GV NV, p =1V, (7)
where a comma represents a partial derivative, and
G = dyd" + AyyViyViy, (8)
G" = fxg" + fxxV'¢V* . )
The components of the energy-momentum tensor are
T = f xVFOV P + VA yViyViy — gV L. (10)
III. PHANTOM DOMAIN WALLS:
MINKOWSKI SPACE

In this section we shall study static planar phantom
domain wall solutions in Minkowski space. In this case, the
line element may be written as

ds* = dr* — dr - dr, (11)
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where 7 is the physical time and r = (x, y, z) are (spatial)
Cartesian coordinates. Consider the ansatz

¢ =¢(2). (12)
y =w(1), (13)

sothat X = —¢'2/2, Y =% /2 (a dot and a prime represent
a derivative with respect to ¢ and z, respectively). Let us
also define the equation-of-state parameter of the phantom
field y as

’ A A
wy=tr—_ ~ L (14
ﬂy, l’yl// -4 2/1,YY -1

where p, =24yY — 1 and p, = A are the proper density
and pressure associated with the phantom field .

The components of the energy-momentum tensor are
given by

p=T0 =—L+2V¥iy =Y\, -V —Ff. (15

p” = —Txx = —Tyy :;CZAV‘f'f
= —p+2ViyY, (16)

pL=-T,=L-2Xfx=WV+[f-2Xfx=0, (17)

where the last equality in Eq. (17) is a consequence of
energy-momentum conservation (7% ; = 0 in Minkowski
space) and of the assumption that 7%(z = +00) = 0.

It follows from Eq. (17) that 2Xf x — f = AV. For
definiteness, let us consider that f(X) can be effectively
described by f(X) = X|X|*~!, with @ > 1. In this case, f =
AV/(2a — 1) and Egs. (15) and (16) imply that

Py
= -, 18
p V(/A,, - 1) (18)

20
p”:Vpll/za_l’ (19)

which yields
2

wy =2 M (20)

p :2a—1—wv,'

Equation (20) implies that wy is always greater than or
equal to w, (W > w,). If w, = —1 then w =w,, = -1,
but, unlike in the case of the domain walls studied in [9], w,
may be smaller than —1 if y is a phantom field with
w,, < —1. In particular, if w,, < —(2a — 1) then w; ~ —2a
(w) = —2a for w,, — —00).

The relation between the domain wall energy per unit
area and tension, defined respectively by
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az/pdz, (21)

TE/Pnd% (22)
is

% = w. (23)

Note that, for wy # —1, the components of the energy-
momentum tensor are not invariant with respect to a
Lorentz boost along any direction parallel to the domain
wall. Hence, the physical velocity is not necessarily
perpendicular to the wall and, consequently, phantom
domain walls cannot be considered to be featureless.

IV. PHANTOM DOMAIN WALLS:
FLRW BACKGROUND

Let us now consider a FLRW universe whose line
element is given by

ds* = df* — a(t)*dq - dq, (24)

where ¢ is the physical time, a(¢) is the cosmological scale
factor, and q = (g,. ¢, ¢,) are comoving Cartesian coor-
dinates. For definiteness, let us assume that

f(X) =X, (25)
My.Y) ==Y -Uly), (26)
with U > 0, and
V(g) =V(g) + V.. (27)
V(g) =V (é - 1>2, (28)
V., = const > 0. (29)

In this case, the equations of motion for the scalar fields y
and ¢ [Egs. (4) and (5)] yield

, dU dhV . .
¢+3Hw—V2w=w— dr;, (P =V - Vy)
v 1 dv,. .
:@—V_FV*@(WU—V(#‘VW)
(30)
. . dv
¢+3H¢—V2¢:—M|%, (31)
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where dots represent derivatives with respect to the
physical time ¢, V =V, /a, and V? = V}/a?.

In the V, — 4oo limit, the last term of Eq. (30) is very
small and can be neglected. Hence, in this case, Eq. (30)
becomes

du

a (32)

W+ 3Hy =

In this limit, the evolution of y is only coupled to the
evolution of ¢ through the source term on the right-hand
side of Eq. (31). Throughout this paper we shall assume
that V, is sufficiently large for it to be a good approxi-
mation to consider the equations of motion for the scalar
fields ¢ and y in the V, — +oo limit. In this case, y and 1
may be assumed to be homogeneous in the comoving frame
and the topological stability of the domain walls is
guaranteed (assuming that the evolution of 1 is sufficiently
slow). The study of the dynamical relevance of the last term
in Eq. (30) shall be left for future work.

Let us start by considering the case in which H = 0 and
A = const. In this case, Eq. (31) admits planar static domain
wall solutions of the form

¢ = £, tanh (g) (33)
where
&~ ¢po(|A[Vo)~"/? (34)
is the thickness of the domain wall and z = agq,.
The inhomogeneous components of the energy-momen-

tum tensor associated to the planar wall are given approx-
imately by

2
p=T0% = —Vi? + V(W + U) L2 33

2 2’
.2 2
yr 9~
=T =TV = _—
p|| X y V( 3 -+ U) 3
=P Vljlzv (36)
. 2
pL=-T",=-V ("’ + U) "’2 0. (37)

where p, vanishes as a result of energy-momentum
conservation as discussed in the previous section.
By using Eq. (37), one finds that

p=2UV >0, (38)

py=-VQU +y?), (39)
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sothat w, = p,/p =0, and

Ve 2w,
wp=—"=—l-oe =

. =, (40)

l—ww

where p, =—y?/2+U and p,=1=—y*/2-U.
Equation (40) is equivalent to Eq. (20) for a = 1.

Let us now consider the case of a frozen phantom
domain wall—so that the region with ¢ = 0 [or, equiv-
alently, maximum V/(¢)] does not move—with A = A(7) ina
FLRW universe with H # 0, and introduce three character-
istic time scales defined by

Aty = 3 dol(AVo) . ay
SLR

A =14 ~19 42

=l ~ 2 )

Aty = H, (43)

which represent, respectively, the time necessary for light to
travel across a domain wall of thickness 6, the characteristic
time associated to variations of 6 and A, and the Hubble
time. In the most interesting situation, in which Aty < At,
and Ats < Aty, the results obtained previously for H = 0
and A = const are still approximately valid, except that now
both y and A are assumed to be generic functions of the
physical time alone.

Although the condition d|4|/dt > 0 would be automati-
cally satisfied if w,, = const < —1, it might not be true in
general. Nevertheless, throughout this paper we shall
assume that the time dependence of w, is such that
d|A|/dt > 0 is always verified. In this case, the thickness
of domain walls is thus affected by the evolution of the
phantom field and decreases, proportionally to |4|~/2, as
the expansion of the background causes |4| to increase. The
opposite happens to the domain wall tension which
increases proportionally to V(6 « |4 /2. The constraint
on the energy scale of the domain wall-forming phase
transition, 7 = ¢y < 1 MeV, computed in [21], assuming
A=—-landV, = f‘), should also apply to phantom domain
walls, but may be relaxed if [1|V( < ¢ at the present time.

V. PHANTOM DOMAIN WALL DYNAMICS

In this section, we shall use the method devised in [22] to
extract the dynamics of phantom domain walls from
Eq. (31). Let us start by performing a change of variables
in Eq. (31) from (¢,q) into a new coordinate set (z,u)
defined by

0 1 0

g_ - 9 — a|2'/2q
o Ao and u = al|/| (44)
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In this case, Eq. (31) yields

P2
— H
FER <3 A

where VZ = [1]7'V? and H, = |A|"'/?H.

In Minkowski spacetime, a planar static domain wall
solution oriented perpendicularly to the z direction is given
by ¢ = ¢,(l) and satisfying

1dn |/1|)a_¢ V)

R v
or uf d¢’

&>y, dV
=22, 46
>~ d¢ (46)

where I = u, [we took u = (u,, u, u,)]. If the domain wall
is boosted with a velocity » along the positive z direction,
the planar solution still satisfies Eq. (46), but now we
have [ = y(u, — vr).

Let us now consider the more general case of a curved
domain wall section in a 3 + 1-dimensional FLRW uni-
verse and assume that it is locally flat (or equivalently that
its thickness is very small when compared to its curvature
radii). In this case, we may choose a new set of u
coordinates such that the domain wall is locally defined
by u, = const and it moves along the positive u, direction.
Moreover, we shall use gauge freedom to choose a
coordinate u, which measures the arclength along the
direction perpendicular to the wall. Once again, the domain
wall solution will still be given by ¢ = ¢(I) [satisfying
Eq. (46), with [ = y(u, — vr)]. We then have that

e @)
Moreover, it was shown in [22] that
Vids = —rky dZ“' +r? d;z“' , (50)

where i, = |4|7!/?« is the extrinsic curvature measured in

the nonphysical u coordinates, and « is the physical
curvature.
We then have that

&, _dp, AV
- =-=" 51
ar Tl de, (51)

with
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d 1dIn|A
f———(yv)—yv<3HT+— n||>+;n<u. (52)

dr 2 dr

Since ¢,(I) must necessarily satisfy Eq. (46), we should
then have that 7 = 0O or, equivalently, that

%:(1—02)[K—v(3H+%‘%D} (53)

Therefore, phantom domain walls feel an additional damp-
ing effect caused by the increase of their tension with time.
Also, since we are assuming that the scalar field y is
homogeneous in the comoving frame, the domain wall
velocity, in this reference frame, is determined by the
evolution of the scalar field ¢ and is, therefore,
perpendicular to the wall. Notice that Eq. (53) is equivalent
to the evolution equation for the velocity of a domain wall
with varying tension introduced in [23].

VI. PHANTOM DOMAIN WALLS
AND DARK ENERGY

The dynamics of networks of topological defects of
arbitrary dimensionality may be described statistically
on sufficiently large scales by resorting to a velocity-
dependent one-scale (VOS) model [24,25]. This model
describes the macroscopic evolution of topological defects
by following two variables: the characteristic length L—
defined, in the case of domain walls, as

o
P=7 (54)
where o is the surface energy density and p is the average
domain wall energy density—and the root-mean-squared
(rms) velocity .
For phantom domain walls, an evolution equation for the
rms velocity of the network may be obtained by averaging
Eq. (53) for the whole network. This yields

dv k v

—=1-)==-— 55

dt ( v ) (L fd) ? ( )
where we have defined the damping length scale as

£3' =3H +5

1|4
i 59
Here, k(?) is the averaged momentum parameter—
rigorously defined in [24,26]—which describes the con-
version of rest mass energy into kinetic energy (and vice
versa) by the network, thus describing the acceleration
caused by domain wall curvature. Note that this equation
assumes the same form as the evolution equation for v for
standard domain walls [24,26], but with a modified damp-

ing length scale. £, here includes the damping effect caused
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by the decrease of domain wall thickness associated to the
nonminimal coupling to the phantom field.

Since phantom domain walls are able to provide a
negative average pressure, the question of whether they
can contribute to the dark energy budget naturally emerges.
Current cosmic microwave background (CMB) constraints
restrain the fractional density of domain walls with a
characteristic length comparable to the cosmological hori-
zon to be

Q, =2 <107, (57)

Pe

where p.. is the critical density of the universe (see Ref. [21]
for a detailed characterization of the CMB constraints on
standard domain wall networks). If phantom domain walls
are to contribute significantly to the dark energy budget,
one would need Q, ~O(1) and, thus, a characteristic
length significantly smaller than the cosmological horizon.

As discussed in Refs. [15,18], the amplitude of the CMB
temperature fluctuations generated by domain walls is
(conservatively) constrained around the present time to
be smaller than 107> down to scales of the order of L, =
H{y'/100 (otherwise they would generate strong signatures
on the CMB). This means that the fractional density
fluctuations associated with domain walls on a physical
scale Ly (much larger than L),

(58)

where N ~ (Ly/L)? is the number of domain walls on a
volume V = L3, and 8p are the rms fluctuations on the
domain wall energy density on the Ly physical scale,
should be

8~ 103Q,0(HyLy)Y* <107, (59)
We should then have that
HoLy < 1075Q07, (60)
and consequently
7o < 1075Q27°, (61)

where we have used the fact that one should expect
9 S HyLy, unless there is an abrupt increase of the
velocity of domain walls near the present time.
Therefore, if phantom domain walls are to significantly
contribute to the dark energy budget, their rms velocity
should be extremely small and the network should therefore
be frustrated (or frozen in comoving coordinates). The
dynamics of frustrated domain wall networks have been
thoroughly studied in the literature [15,17,18,25] and all
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studies indicate that such networks cannot realistically be
(or significantly contribute to) dark energy. The frustration
of domain wall networks can be achieved with additional
damping mechanisms, however the energy necessary to
decelerate the walls is so large that these mechanisms
would make a much larger contribution than the walls
themselves to the energy budget of the universe. As a
consequence, in order not to spoil current observational
data, domain walls would need to have an energy density
that is significantly smaller than the critical density, thus
contributing negligibly to dark energy. As we shall see
here, similar arguments apply in the case of phantom
domain walls.

The curvature term in Eq. (55) causes the domain walls
to accelerate and, hence, it has to be suppressed in order for
frustration to occur. It was shown that, for standard domain
wall networks, k ~ 1 and that Hubble damping is insuffi-
cient to freeze domain walls in this case [17]. Although
more complex networks with junctions exhibit smaller
values of k, in this case k is still of order unity. As a matter
of fact, one would not expect k£ < 1 in any realistic domain
wall network for causality reasons. Therefore, the only way
in which frustration can be achieved for phantom domain
walls is if the damping caused by the variations of domain
wall thickness is strong enough to counteract the effects of
curvature:

k|2
—<| |7 62
LO ~ 2 Vo, ( )
or equivalently if
1|4 1
—| = == , (63)
HO ﬂ U()H()LO

where we have used the fact that k ~ 1. We should then
have that

A

A

1

> 1010Q*3, 64
HO ~ o0 ( )

Hence, if phantom domain walls are to contribute signifi-
cantly to the dark energy budget, with Q,~ 1, the
characteristic time scale associated with the variation of
A would have to be much smaller than one Hubble time
(that is, Aty < Aty) at recent times. However, since the
expansion of the universe plays a crucial role in feeding
the time variation of A(¢), one would not expect this to be the
case. Note that similar constraints apply to other extended
phantom defects, such as phantom cosmic strings, and
therefore—despite also being able to provide an average
negative pressure—these are also not expected to contribute
significantly to the dark energy budget.
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VII. CONCLUSIONS

In this paper we introduced a simple model with two real
scalar fields which admits phantom domain wall configu-
rations. This model, a generalization of the simplest
Goldstone model, has, as its main feature, a double-well
potential whose height is controlled by a phantom scalar
field. We computed the corresponding solutions in
Minkowski and FLRW spacetimes, determining the impact
of the equation of state of the phantom field and of the
specific form of the kinetic term of the Goldstone field on
the properties of the corresponding domain walls. We have
further shown that in an expanding FLRW universe an
increasing tension, associated to the evolution of a phantom
scalar field, gives rise to an additional damping term in their
equations of motion. Finally we assessed their possible role

PHYSICAL REVIEW D 96, 043506 (2017)

as dark energy candidates, showing that extended phantom
defects, such as phantom domain walls whose tension
varies on a cosmological time scale, cannot be the dark
energy.
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