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We present a lattice calculation of the masses and decay constants of D�
ðsÞ and B�

ðsÞ mesons using the
gauge configurations produced by the European Twisted Mass Collaboration (ETMC) with Nf ¼ 2þ
1þ 1 dynamical quarks at three values of the lattice spacing a ∼ ð0.06 − 0.09Þ fm. Pion masses are
simulated in the range Mπ ≃ ð210–450Þ MeV, while the strange and charm sea-quark masses are close to
their physical values. We compute the ratios of vector to pseudoscalar masses and decay constants for

various values of the heavy-quark mass mh in the range 0.7mphys
c ≲mh ≲ 3mphys

c . In order to reach the
physical b-quark mass, we exploit the heavy quark effective theory prediction that, in the static limit
of infinite heavy-quark mass, the considered ratios are equal to one. At the physical point our results
are MD�=MD ¼ 1.0769ð79Þ, MD�

s
=MDs

¼ 1.0751ð56Þ, fD�=fD ¼ 1.078ð36Þ, fD�
s
=fDs

¼ 1.087ð20Þ,
MB�=MB ¼ 1.0078ð15Þ, MB�

s
=MBs

¼ 1.0083ð10Þ, fB�=fB ¼ 0.958ð22Þ and fB�
s
=fBs

¼ 0.974ð10Þ.
Combining them with the experimental values of the pseudoscalar meson masses (used as input to fix
the quark masses) and the values of the pseudoscalar decay constants calculated by ETMC, we get
MD� ¼ 2013ð14Þ, MD�

s
¼ 2116ð11Þ, fD� ¼ 223.5ð8.4Þ, fD�

s
¼ 268.8ð6.6Þ, MB� ¼ 5320.5ð7.6Þ, MB�

s
¼

5411.36ð5.3Þ, fB� ¼ 185.9ð7.2Þ and fB�
s
¼ 223.1ð5.4Þ MeV.

DOI: 10.1103/PhysRevD.96.034524

I. INTRODUCTION

The decay constants of D�
ðsÞ and B�

ðsÞ mesons play
an important role in the phenomenological description
of various processes relevant for heavy-flavor physics.
For instance, they provide phenomenologically useful
descriptions of semileptonic form factors, within the
nearest resonance model, and of nonleptonic decay rates
in the factorization approximation.
Since the decay modes of D�

ðsÞ and B�
ðsÞ mesons are

dominated by the strong and the electromagnetic decays,
it is unlikely that their decay constants will be measured
directly in the experiments. Thus, a nonperturbative
approach based on first principles, like lattice QCD
simulations, is essential to gain access to these parameters.
Until now there have only been a few lattice calculations
of the vector-meson decay constants in simulations with
either Nf ¼ 2 [1,2] or Nf ¼ 2þ 1ðþ1Þ [3,4] dynamical
quarks. Surprisingly a non-negligible difference between
present Nf ¼ 2 results and those including the strange
quark in the sea has been observed [5].
The aim of this work is to determine the masses and

the decay constants of D�
ðsÞ and B�

ðsÞ mesons using the

gauge configurations produced by the European Twisted
Mass Collaboration (ETMC) with Nf ¼ 2þ 1þ 1

dynamical quarks. To this end we will make use of a
well-known prediction of the heavy quark effective
theory (HQET), namely, in the limit of infinite heavy-
quark mass (the static limit) the vector (V) and pseudo-
scalar (P) heavy-light mesons, which differ only in their
internal spin configuration, belong to a doublet of the
spin-flavor symmetry and therefore they are degenerate in
mass and have the same decay constants. Consequently,
the V-to-P ratios of masses and decay constants are
expected to be equal to one in the static limit, i.e.
limmh→∞ðMH�=MHÞ ¼ 1 and limmh→∞ðfH�=fHÞ ¼ 1.
When the heavy quark is either the charm or the beauty,

the spin-flavor symmetry is broken and the above ratios
deviate from one due to power corrections in 1=mh and
logarithmic radiative corrections. Since the b-quark is still
too heavy to be simulated dynamically on present lattices,
the HQET asymptotical constraint can be successfully
exploited in order to reach the physical b-quark sector
through an interpolation in the inverse heavy quark mass

PHYSICAL REVIEW D 96, 034524 (2017)

2470-0010=2017=96(3)=034524(10) 034524-1 © 2017 American Physical Society

https://doi.org/10.1103/PhysRevD.96.034524
https://doi.org/10.1103/PhysRevD.96.034524
https://doi.org/10.1103/PhysRevD.96.034524
https://doi.org/10.1103/PhysRevD.96.034524


performed between the static limit and the accessible values
of the heavy-quark mass on the lattice.
The paper is organized as follows. In Sec. IIwe summarize

the details of the simulations and of the input parameters.
In Sec. III we start by illustrating the extraction of masses
and decay constants calculated on the lattice. Then the results
for D�

ðsÞ mesons are presented in Sec. IV and represent the
starting point for the B�

ðsÞ-meson analysis to which Sec. V is

dedicated. Our conclusions are given in Sec. VI.

II. SIMULATION DETAILS

We used the gauge ensembles generated by ETMC with
Nf ¼ 2þ 1þ 1 dynamical quarks [6–8]. In the ETMC
setup the gluon interactions are described by the Iwasaki
action, while the fermions are regularized with the max-
imally twisted-mass (Mtm) Wilson lattice formulation.
In order to avoid the mixing of strange and charm quarks
in the valence sector we adopted a nonunitary setup in
which the valence strange and charm quarks are regularized
as Osterwalder-Seiler fermions, while the valence up and
down quarks have the same action as the sea. Working at
maximal twist such a setup guarantees an automatic OðaÞ
improvement and introduces unitarity violations, which
however vanish in the continuum limit.
The simulation parameters are summarized in Table I.

Three values of the lattice spacing are considered, namely
a ¼ 0.0885ð36Þ, 0.0815(30) and 0.0619(18) fm, with the

simulated pion mass in the range Mπ ≃ ð210–450Þ MeV.
For each lattice spacing different values of the light sea
quark mass are studied. They are always taken to be
equal to the valence up/down degenerate quarks, i.e.
msea ¼ mval

u=d ¼ mu=d, while the strange and charm sea-
quark masses are close to their physical values [9]. The
valence quark masses are chosen to be in the ranges
3mphys

ud ≲mu=d ≲ 12mphys
u=d , 0.7mphys

s ≲ms ≲ 1.2mphys
s and

0.7mphys
c ≲mc ≲ 1.1mphys

c . In order to extrapolate up to
the b-quark sector we have also considered higher values
of the valence heavy-quark mass in the range 1.1mphys

c ≲
mh ≲ 3mphys

c ≈ 0.7mphys
b . The lattice scale has been deter-

mined using the experimental value of fπþ [9], while the
physical up/down, strange, charm and bottom quark masses
have been fixed in Refs. [9,10] using the experimental
values of Mπ , MK , MDðsÞ and MB, respectively.
As for the determination of the input parameters,

eight branches of the analysis have been implemented in
Ref. [9]. They differ in:
(1) the strategy for the continuum extrapolation, by

choosing as a relative scale parameter either the
Sommer parameter r0 or the mass of a fictitious
pseudoscalar meson made up of strange(charm)-like
quarks;

(2) the chiral extrapolation fit, where the dependence on
the light-quark mass is described by either a poly-
nomial expansion or an Ansatz based on chiral
perturbation theory; and

TABLE I. Simulation parameters for the 15 ETMC gauge ensembles with Nf ¼ 2þ 1þ 1 dynamical quarks.
For each ensemble we provide the inverse lattice coupling β, the lattice volumes, and the sea and valence bare
quark masses. The strange and charm sea-quark masses are close to their physical values.

ensemble β L3 × T aμsea ¼ aμu=d aμs aμc aμh > aμc

A30.32 1.90 323 × 64 0.0030 0.0180 0.212 56 0.345 83
A40.32 (a−1 ∼ 2.19 GeV) 0.0040 0.0220 0.250 00 0.406 75
A50.32 0.0050 0.0260 0.294 04 0.478 40
A40.24 243 × 48 0.0040 0.562 67
A60.24 0.0060 0.661 78
A80.24 0.0080 0.778 36
A100.24 0.0100 0.915 46
B25.32 1.95 323 × 64 0.0025 0.0155 0.187 05 0.304 33
B35.32 (a−1 ∼ 2.50 GeV) 0.0035 0.0190 0.220 00 0.357 94
B55.32 0.0055 0.0225 0.258 75 0.420 99
B75.32 0.0075 0.495 15
B85.24 243 × 48 0.0085 0.582 37

0.684 95
0.805 61

D15.48 2.10 483 × 96 0.0015 0.0123 0.144 54 0.235 17
D20.48 (a−1 ∼ 3.23 GeV) 0.0020 0.0150 0.17000 0.276 59
D30.48 0.0030 0.0177 0.199 95 0.325 31

0.382 62
0.450 01
0.529 28
0.622 52
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(3) two methods, denoted as M1 and M2, differing by
Oða2Þ effects, for the nonperturbative RI0-MOM
determination of the renormalization constants
(RCs) Zm ¼ 1=ZP and ZA used in this paper to
renormalize the quark masses and the local vector
current.

The central values and errors of the input parameters for
each of the eight branches are evaluated using a bootstrap
sampling [of Oð100Þ events] and are collected in Table II.
The eight sets of values represent the input parameters for
the present analysis.

III. EXTRACTION OF MASSES AND
DECAY CONSTANTS

The decay constants of vector and pseudoscalar mesons
are defined in terms of the matrix elements of the vector
current V̂μ and pseudoscalar density P̂

h0jV̂μjH�
lðp⃗; λÞi ¼ fH�

l
MH�

l
ϵλμ; ð1Þ

ðmh þmlÞh0jP̂jHlðp⃗Þi ¼ pHl
μ h0jÂμjHlðp⃗Þi ¼ fHl

M2
Hl
;

ð2Þ

whereM
Hð�Þ

l
is the heavy-light meson mass, mh and ml are

the heavy- and light-quark masses with h ¼ fc; bg and
l ¼ fu=d; sg, ϵλμ is the vector meson polarization and Âμ is
the axial current. In Eq. (2) the axial Ward-Takahashi
identity, which is also fulfilled on the lattice in our Mtm
Wilson formulation, has been used.
Ground-state masses and decay constants are determined

in lattice QCD by studying two-point correlation functions
at large time distances, viz.

CVðtÞ ¼
1

3

�X
i;x⃗

V̂iðx⃗; tÞV̂†
i ð0; 0Þ

�

→
t≥tmin

1

3

X
i;λ

jh0jV̂ið0ÞjH�
lðλÞij2

2MH�
l

½e−MH�
l
t þ e

−MH�
l
ðT−tÞ�;

ð3Þ

CPðtÞ ¼
�X

x⃗

P̂ðx⃗; tÞP̂†ð0; 0Þ
�

→
t≥tmin

jh0jP̂ð0ÞjHlij2
2MHl

½e−MHl
t þ e−MHl

ðT−tÞ�; ð4Þ

where tmin stands for the minimum time distance at which
the ground state can be considered isolated. In Eqs. (3)–(4)
we employ the local versions of both the vector current
V̂i ≡ ZAh̄γil and the pseudoscalar density P̂≡ ZPh̄γ5l,
which in our Mtm setup renormalize multiplicatively
with the RCs ZA and ZP, respectively, once opposite
values of the Wilson r parameter are adopted for the
two valence quarks. Since at maximal twist the mass RC is
given by Zm ¼ 1=ZP, the operator ðmh þmlÞP̂ becomes
ðμh þ μlÞh̄γ5l, where μh and μl are bare quark masses,
which is renormalization group invariant and does not
require any RC.
The correlation functions (3) and (4), based on local

interpolating fields, contain both the vector and pseudo-
scalar ground-state meson masses, MHl

and MH�
l
, as well

as the matrix elements required to compute fHl
and fH�

l

from Eqs. (1)–(2). In order to improve the determination of
the above quantities we have analyzed the whole set of
correlation functions given by the combinations of local
interpolating operators with those obtained from a

TABLE II. Input parameters for the eight branches of the analysis of Refs. [9,10]. The renormalized quark masses and the RC ZP are
given in the M̄S scheme at the renormalization scale of 2 GeV. Branches 1–4 correspond to the use of the RCs determined by the method
M1, while branches 5–8 correspond to the RCs obtained with the method M2. With respect to Ref. [9] the table includes an update of the
values of the lattice spacing and, consequently, of all the other quantities.

β 1st 2nd 3rd 4th 5th 6th 7th 8th

1.90 2.224(69) 2.191(76) 2.269(87) 2.209(85) 2.222(67) 2.195(76) 2.279(90) 2.219(87)
a−1 (GeV) 1.95 2.416(63) 2.381(73) 2.464(85) 2.400(83) 2.413(61) 2.384(73) 2.475(88) 2.411(87)

2.10 3.184(59) 3.137(64) 3.248(75) 3.163(75) 3.181(57) 3.142(65) 3.262(79) 3.177(78
mphys

u=d (GeV) 0.00371(13) 0.00386(17) 0.00365(10) 0.00375(13) 0.00362(12) 0.00377(16) 0.00354(9) 0.00363(12)

mphys
s (GeV) 0.1014(44) 0.1023(39) 0.0992(29) 0.1007(32) 0.0989(45) 0.0995(39) 0.0962(27) 0.0975(30)

mphys
c (GeV) 1.183(34) 1.193(28) 1.177(25) 1.219(21) 1.150(35) 1.1583(27) 1.144(30) 1.181(19)

mphys
b (GeV) 5.291(90) 5.111(90)

1.90 0.5290(74) 0.5730(42)
ZP 1.95 0.5089(34) 0.5440(17)

2.10 0.5161(27) 0.5420(17)
1.90 0.7309(86) 0.7029(16)

ZA 1.95 0.7370(50) 0.7139(21)
2.10 0.7621(36) 0.7519(21)
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Gaussian smearing procedure at both the sink and the
source, namely CLL

P;V; C
LS
P;V; C

SL
P;V and CSS

P;V , where L and S
denote local and smeared operators, respectively.
For the reasons explained in the Introduction we have

considered the following ratios:

RM
l ðmhÞ ¼

MH�
l

MHl

; ð5Þ

Rf
lðmhÞ ¼

fH�
l

fHl

; ð6Þ

which go to unity in the static limit. Considering these
ratios has also the benefit that the uncertainties due to the
chiral and continuum extrapolations are significantly
reduced with respect to the case of the individual V and
P masses/decay constants (see next sections).
In order to determine the mass ratio (5) we have

considered the ratio of the effective masses of V and P
correlators, namely

R̄effðtÞ≡MV
effðtÞ

MP
effðtÞ

⟶
t≥tmin

RM
l ; ð7Þ

where

MP;V
eff ðtÞ≡ arcosh

�
CP;Vðt − 1Þ þ CP;Vðtþ 1Þ

2CP;VðtÞ
�
⟶
t≥tmin

M
Hð�Þ

l
:

ð8Þ

As for the ratio (6), in the case of LL correlators we have
constructed the quantity

R̄LL
f ðtÞ≡ sinhðaMHl

Þ
aμh þ aμl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CLL
V ðtÞ

CLL
P ðtÞ

MHl

MH�
l

e−MHl
t þ e−MHl

ðT−tÞ

e
−MH�

l
t þ e

−MH�
l
ðT−tÞ

s

⟶
t≥tmin

Rf
l; ð9Þ

where the factor sinhðaMHl
Þ comes from the temporal

derivative of the axial current on the lattice in Eq. (2). In the
case of smeared correlators we have used the ratio

R̄SL
f ðtÞ≡ sinhðaMHl

Þ
aμh þ aμl

CSL
V ðtÞ

CSL
P ðtÞ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CSS
P ðtÞ

CSS
V ðtÞ

MHl

MH�
l

e−MHl
t þ e−MHl

ðT−tÞ

e
−MH�

l
t þ e

−MH�
l
ðT−tÞ

s
⟶
t≥tmin

Rf
l:

ð10Þ

In Fig. 1 we show the quality of the plateaux of the ratios
(7), (9) and (10) in the case of the gauge ensemble A40.32
with aμl ≃ aμs and aμh ≃ aμc. We also compare the
extraction of masses and decay constants from Gaussian-
smeared and/or local correlation functions. The smearing
technique has two advantages: it allows the plateaux to be
reached at earlier time distances and it improves the signal-
to-noise ratio at large time distances, particularly in the case
of the SL correlation functions. Thus, we have chosen the
latter ones in order to extract the ground-state masses and
decay constants in our analysis.
The SS correlation functions exhibit the most anticipated

plateaux. Therefore, we make use of them to select the
proper plateau range tmin ≤ t ≤ tmax, where the ground state
can be considered safely isolated. The value of tmin is
identified as the point where the values of ratio RM

l ,
obtained from SL and SS correlators, begin to intercept

(a) (b)

FIG. 1. (a) The effective mass ratio (7) versus the Euclidean time distance t corresponding to the LL, SL and SS correlators, calculated
forDs andD�

s mesons in the case of the ETMC gauge ensemble A40.32. (b) The local [Eq. (9)] and smeared [Eq. (10)] ratios versus the
Euclidean time distance t for the same gauge ensemble. The horizontal bands represent the values of RM

s and Rf
s , including the statistical

uncertainties at the one standard deviation level, obtained from the plateau regions indicated by the vertical dotted lines.
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each other. On the other hand, the value of tmax is chosen in
order to cut the largest statistical fluctuations. It turns out
that tmax gets smaller for heavier heavy-quark masses,
although we checked that its choice has a negligible impact
on the final results. The plateau ranges are given in
Table III. We have chosen common plateau ranges for
masses and decay constants, as they are extracted from the
same correlators, and we do not observe any significant
dependence on the light- or heavy-quark masses. As a
further check of the correct isolation of the ground state, we
have employed the Generalized EigenValue Problem
(GEVP) method [11], which simultaneously involves the
four correlators LL, LS, SL and SS. The GEVP method
yields results in agreement with those obtained using only
the SL correlators with a slightly larger uncertainty.

IV. D�
ðsÞ MESONS MASSES AND DECAY

CONSTANTS

We now present our analysis of the vector masses
and decay constants in the charm sector. We perform a
smooth interpolation of the lattice data for the ratios RM

l

and Rf
l to the value of the physical charm quark mass

mphys
c ðM̄S; 2 GeVÞ ¼ 1.176ð39Þ GeV [9] and, for l ¼ s,

also to the value of the physical strange quark mass
mphys

s ðM̄S; 2 GeVÞ ¼ 99.6ð4.3Þ MeV [9]. The dependen-
ces of RM

l ðmcÞ and Rf
lðmcÞ on the renormalized up/down

quark mass mu=d ¼ aμu=d=ðaZPÞ and on the lattice spacing
a are investigated by performing a combined chiral and
continuum extrapolation, based on a polynomial expansion
of the form

Rfitða;mu=dÞ ¼ P0 þ P1mu=d þ P2a2 þ P3m2
u=d þ P4a4;

ð11Þ

where we have taken into account that, for our Mtm setup,
the automaticOðaÞ improvement implies that discretization
effects involve only even powers of the lattice spacing. The
results obtained with the quadratic m2

u=d and the quartic a4

terms have not been included in the final average (which
therefore corresponds to P3 ¼ P4 ¼ 0), but they have
been considered in order to estimate the uncertainty related

to the chiral and continuum extrapolations, respectively.
The combined extrapolations are shown in Fig. 2, where the
physical point corresponds to ðmu=d; aÞ ¼ ðmphys

u=d ; 0Þ with
mphys

u=d ðM̄S; 2 GeVÞ ¼ 3.70ð17Þ MeV [9]. Note (i) the

dependences of both RM
l and Rf

l on the light-quark mass
are mild, and (ii) the discretization effects are of the order of
∼1ð5Þ% in the case of the mass (decay constant) ratio.
In this way for the Dð�Þ

ðsÞ mesons we get

MD�=MD ¼ 1.0769ð71Þstatð30Þinputð13Þtmin
ð8Þdiscð5Þchir½79�;

ð12Þ

MD�
s
=MDs

¼ 1.0751ð49Þstatð27Þinputð4Þtmin
ð8Þdiscð2Þchir½56�;

ð13Þ

fD�=fD ¼ 1.078ð31Þstatð5Þinputð6Þtmin
ð8Þdiscð9Þchir½36�;

ð14Þ

fD�
s
=fDs

¼ 1.087ð16Þstatð6Þinputð6Þtmin
ð7Þdiscð5Þchir½20�;

ð15Þ

where the total uncertainty (in the square brackets) is the
sum in quadrature of the statistical and various systematic
uncertainties, which have been estimated in the following
way:
(1) The uncertainty labelled tmin is computed by repeat-

ing the analysis with a value of tmin shifted by two
units and taking half of the difference with the
central values.

(2) The chiral and discretization uncertainties, labeled
respectively as chir and disc, are obtained by
considering either P3 ≠ 0 or P4 ≠ 0 in Eq. (11)
and taking again half of the difference with the
central values.

(3) The uncertainty labeled input comes from the un-
certainties of the input parameters of Table II.

Combining our results (12)–(13) for MD�
ðsÞ
=MDðsÞ with the

experimental values of theDðsÞ-meson masses [12] (used to

calculate mphys
c in Ref. [9]) we obtain

MD� ¼ 2013ð14Þ MeV and MD�
s
¼ 2116ð11Þ MeV;

ð16Þ

which compare well with the experimental values Mexp
D� ¼

2010.27ð5Þ and Mexp
D�

s
¼ 2112.1ð4Þ MeV [12].

As for the decay constants, existing lattice calculations
for fD�

ðsÞ
=fDðsÞ have been carried out only with Nf ¼ 2þ 1

and Nf ¼ 2 dynamical quarks. The Nf ¼ 2þ 1 estimate
fD�

s
=fDs

¼ 1.10ð2Þ [3] is in good agreement with our
result, while the Nf ¼ 2 results fD�=fD ¼ 1.208ð27Þ [2]

TABLE III. Values of tmin and tmax chosen to extract the

ground-state signal from the RMðfÞ
l ratios constructed from the

SL and SS correlators (see text).

β L3 × T tmin=a tmax=a

1.90 323 × 64 10 20
243 × 48 10 18

1.95 323 × 64 12 20
243 × 48 12 18

2.10 483 × 64 16 36
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and fD�
s
=fDs

¼ 1.26ð3Þ[1] are ≃10% larger than our
predictions (14)–(15).
Using the values of the pseudoscalar decay constants

fD ¼ 207.4ð3.8Þ and fDs
¼ 247.2ð4.1Þ MeV determined

by our collaboration in Ref. [13] we get

fD� ¼ 223.5ð8.7Þ MeV and fD�
s
¼ 268.8ð6.5Þ MeV:

ð17Þ
V. B�

ðsÞ MESONS MASSES AND DECAY
CONSTANTS

We now present our analysis of the vector masses and
decay constants in the beauty sector. We have computed
the ratios RM

l ðmhÞ and Rf
lðmhÞ for a series of heavy quark

masses fmðkÞ
h g ≥ mc with k ¼ 1;…; 8 (see Table I).

For each of these ratios the results are extrapolated to
the chiral and continuum limits, as shown in the panels (a)

of Figs. 3–6 for some illustrative cases. Note that i) the
dependences of both RM

l and Rf
l on the light-quark mass

are mild, and ii) the discretization effects are of the order
of ∼1ð5Þ% in the case of the mass (decay constant) ratio.
This is similar to what has been observed for the charmed
mesons (see Fig. 2) though the heavy-quark mass is higher
than the charm mass. In what follows we will indicate by
RM
l jphys and Rf

ljphys the extrapolated values of the corre-

sponding ratios at the physical point ðmu=d;aÞ¼ ðmphys
u=d ;0Þ.

HQET predicts that the ratios RM
l jphysðmhÞ for l ¼

ðu=d; sÞ are equal to one in the static heavy-quark limit, i.e.

lim
mh→∞

RM
l jphysðmhÞ ¼ 1: ð18Þ

For the ratios of decay constants the perturbative matching
between QCD and HQET has to be taken into account.
Introducing the HQET ratios

FIG. 2. Chiral and continuum extrapolations of the ratios RM
l ðmcÞ and Rf

lðmcÞ for l ¼ ðu=d; sÞ based on the polynomial fit (11) with
P3 ¼ P4 ¼ 0. The black points represent the values at the physical point ðmu=d; aÞ ¼ ðmphys

u=d ; 0Þ.
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(a) (b)

FIG. 3. (a) Chiral and continuum extrapolations of RM
u=dðmðkÞ

h Þ for k ¼ 4 and 8, based on the polynomial fit (11) with P3 ¼ P4 ¼ 0.
(b) Dependence of RM

u=djphys on the inverse heavy-quark mass 1=mhðMS; 2 GeVÞ and its interpolated value at the physical b-quark mass.
The interpolation is based on correlated fits according to Eq. (22). The band corresponds to the fit uncertainty at one standard deviation.
The vertical dotted line corresponds to 1=mphys

b determined in Ref. [10].

(a) (b)

FIG. 4. Same as in Fig. 3, but for the ratios Rf
u=dðmðkÞ

h Þ (a) and Rf
u=djphys=CWðmhÞ (b).
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(a) (b)

FIG. 5. Same as in Fig. 3, but for the ratios RM
s ðmðkÞ

h Þ (a) and RM
s jphysðmhÞ (b).

(a) (b)

FIG. 6. Same as in Fig. 3, but for the ratios Rf
s ðmðkÞ

h Þ (a) and Rf
s jphys=CWðmhÞ (b).
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R̄f
ljphysðmhÞ≡ Rf

ljphysðmhÞ
CWðmhÞ

; ð19Þ

where CWðmhÞ is given at next-to-next-leading order in the
strong coupling constant by [14]

CWðmhÞ ¼ 1 −
2

3

αsðmhÞ
π

−
�
−
1

9
ζð3Þ þ 2

27
π2 log 2

þ 4

81
π2 þ 115

36

��
αsðmhÞ

π

�
2

; ð20Þ

HQET predicts that the ratios R̄f
ljphysðmhÞ for l ¼ ðu=d; sÞ

are equal to one in the static heavy-quark limit, i.e.

lim
mh→∞

R̄f
ljphysðmhÞ ¼ 1: ð21Þ

We then perform correlated polynomial fits in the inverse
powers of the heavy-quark mass mh by imposing the static
limit constraints (18) and (21), namely

RM
l jfitphys ¼ 1þD2=m2

h þD3=m3
h þD4=m4

h; ð22Þ

R̄f
ljfitphys ¼ 1þ D̄1=mh þ D̄2=m2

h þ D̄3=m3
h; ð23Þ

where we have taken into account that, according to HQET,
the linear term is absent in the case of the mass ratios
[i.e., D1 ¼ 0 in Eq. (22)]. The interpolations of the various
ratios in the inverse heavy-quark mass are shown in
Fig. 3 together with the results corresponding to the
physical b-quark mass mphys

b ðM̄S; 2 GeVÞ ¼ 5.201ð90Þ
[10]. Note that the fit uncertainty, shown as a band in
Fig. 3(b), is close to the uncertainty of the data around
the charm region, it decreases as the heavy-quark mass
increases and it vanishes in the static limit. This is due to
the fact that the error of the HQET constraint (18) is exactly
zero [up to higher-order radiative corrections neglected
in Eq. (20)].
Our final results for the Bð�Þ

ðsÞ mesons are

MB�=MB ¼ 1.0078ð8Þstatð8Þchirð7Þtmin
ð5Þdiscð2Þinput½14�;

ð24Þ

MB�
s
=MBs

¼ 1.0083ð6Þstatð7Þchirð6Þdiscð3Þtmin
ð2Þinput½11�;

ð25Þ
fB�=fB ¼ 0.958ð18Þstatð10Þdiscð6Þchirð5Þtmin

ð2Þinput½22�;
ð26Þ

fB�
s
=fBs

¼ 0.974ð7Þstatð6Þdiscð3Þtmin
ð2Þinputð1Þchir½10�; ð27Þ

where the error budget accounts for the same sources of
uncertainties already considered for the charm sector in
Sec. IV. In addition, we have verified that the inclusion of

higher-order terms in 1=mh in the fitting Ansätze (22)–(23)
used for the heavy-quark interpolation has a negligible
effect when compared to the other sources of uncertainty
taken already into account.
Our results (24)–(25) for theMB�

ðsÞ
=MBðsÞ mass ratios can

be combined with the experimental values of BðsÞ-meson

masses [12] (used to evaluate mphys
b in Ref. [10]) to obtain

MB� ¼ 5320.5ð7.6Þ MeV and MB�
s
¼ 5411.8ð6.2Þ MeV;

ð28Þ

which compare well with the experimental values Mexp
B� ¼

5324.83ð32Þ and Mexp
B�
s
¼ 5415.4ð1.6Þ MeV [12].

As for the decay constant ratios, we can compare our
results with a recent determination obtained by the HPQCD
Collaboration [4] with Nf ¼ 2þ 1þ 1 dynamical quarks:
fB�=fB ¼ 0.941ð26Þ and fB�

s
=fBs

¼ 0.953ð23Þ. They can
also be compared with a recent calculation based on the
QCD sum rule approach of Ref. [15], yielding fB�=fB ¼
0.944ð23Þ and fB�

s
=fBs

¼ 0.947ð30Þ. All the above esti-
mates are nicely consistent with our results. On the
contrary, as for the D�

ðsÞ case, we still find a ≃10%

difference with the Nf ¼ 2 determination fB�=fB ¼
1.051ð17Þ from Ref. [2].
Combining our results (26)–(27) with the pseudoscalar

decay constants fB ¼ 193ð6Þ and fBs
¼ 229ð5Þ MeV,

calculated by ETMC in Ref. [10], yields the following
predictions for the vector meson decay constants:

fB� ¼ 186.4ð7.1Þ MeV and fB�
s
¼ 223.1ð5.6Þ MeV:

ð29Þ
VI. CONCLUSIONS

We have computed the masses and the decay constants
of vector heavy-light mesons using the ETMC gauge
configurations with Nf ¼ 2þ 1þ 1 dynamical quarks.
Our results reproduce very well the experimental values
of both D�

ðsÞ- and B�
ðsÞ-meson masses.

We have found that fD�
ðsÞ
=fDðsÞ > 1 and fB�

ðsÞ
=fBðsÞ < 1

with a spin-flavor symmetry breaking effect of ≃þ 8%
in the charm sector and ≃ − 4% in the beauty sector.
Our results for the decay constant ratio exhibit a tension
with the corresponding lattice determinations obtained
by ETMC at Nf ¼ 2 [1,2], while they are consistent with
the findings of Refs. [3,4] obtained by the HPQCD
Collaboration with Nf ¼ 2þ 1ðþ1Þ dynamical quarks.
Since our analysis follows almost the same steps as the

ETMC analyses at Nf ¼ 2 of Refs. [1,2], the observed
≃10% tension might be due to a dependence on the number
of sea quarks, and in particular to the inclusion of the
strange quark. The possibility that the observed difference
can be attributed to a quenching effect of the strange quark
is a quite interesting issue, because its size would be larger
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than what is typically expected. Further investigations at
differentNf values are required in order to assess this issue.
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