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We perform a pilot study of the perturbative renormalization of a supersymmetric gauge theory with
matter fields on the lattice. As a specific example, we consider supersymmetric N ¼ 1 QCD (SQCD). We
study the self-energies of all particles which appear in this theory, as well as the renormalization of the
coupling constant. To this end we compute, perturbatively to one-loop, the relevant two-point and three-
point Green’s functions using both dimensional and lattice regularizations. Our lattice formulation involves
the Wilson discretization for the gluino and quark fields; for gluons we employ the Wilson gauge action; for
scalar fields (squarks) we use naïve discretization. The gauge group that we consider is SUðNcÞ, while the
number of colors,Nc, the number of flavors,Nf, and the gauge parameter, α, are left unspecified. We obtain
analytic expressions for the renormalization factors of the coupling constant (Zg) and of the quark (Zψ ),
gluon (Zu), gluino (Zλ), squark (ZA� ), and ghost (Zc) fields on the lattice. We also compute the critical
values of the gluino, quark and squark masses. Finally, we address the mixing which occurs among squark
degrees of freedom beyond tree level: we calculate the corresponding mixing matrix which is necessary in
order to disentangle the components of the squark field via an additional finite renormalization.
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I. INTRODUCTION

In recent years the prospects of extracting nonperturba-
tive information for supersymmetric theories through
lattice simulations are being addressed extensively, from
a number of viewpoints [1–8]. There are a number of
important physical questions regarding supersymmetry
(SUSY) to be ultimately investigated on the lattice, such
as the nature of SUSY breaking, and the phase diagram of
SUSY models. Such questions have become increasingly
relevant in recent years, in the context of studies of beyond-
the-standard-model (BSM) physics. Many notorious prob-
lems arise when formulating SUSY models on the lattice,
such as the emergence of a plethora of counterterms in the
action and the need for fine-tuning of masses and coupling
constants [2]. The present paper investigates these prob-
lems using, as a representative nontrivial model, super-
symmetric SUðNcÞ quantum chromodynamics (SQCD),
with N ¼ 1 supersymmetric generators and Nf flavors of
matter fields.
Regularizing a field theory on the lattice entails breaking

several symmetries, including Lorentz/rotational sym-
metry, chiral symmetry and, inevitably, supersymmetry.
Depending on the type of discretization, a small subset of
the original SUSY generators may be left intact in some
models; the study of such cases is very interesting on its
own merits [5]. However, in most models of interest, SUSY
is thoroughly broken upon discretization; thus one must
carefully assess the possibility of restoring the symmetry in
the continuum limit. In the absence of anomalies, symmetry

restoration amounts to introducing appropriate counter-
terms to the regularized Lagrangian, and thus it is a feasible
procedure in principle; the correctness of such a procedure
was established, for supersymmetric Yang-Mills theories,
in the seminal paper of Curci and Veneziano [9].
Nevertheless, a satisfactory calibration of counterterms
appears to be a formidable problem; not only can their
number be exceedingly large [10], but some of them can
diverge with inverse powers of the lattice spacing, making
their determination intractable by perturbation theory
alone. At best, one must evoke both perturbative and
nonperturbative methods [11] in order to achieve a reliable
renormalization of the theory. The present work represents
a first step towards this goal.
In a supersymmetric version of QCD, both gluons and

quark fields are promoted to superfields, containing
fermionic and bosonic components. In this paper we
concentrate on N ¼ 1 supersymmetry in the Wess-
Zumino (WZ) gauge. In this gauge, the SQCD
Lagrangian contains the following fields: the gluon
together with the gluino and one real auxiliary scalar;
in addition, for each quark flavor, a Dirac fermion, two
squarks and two complex auxiliary scalars. The squark
fields are complex scalar bosons, and the gluino field is a
Majorana fermion which mediates interactions of the
squark fields with their fermionic partners. In addition to
these interactions, the gluon field is coupled with all
superpartners and with the quark field. Since all these
interactions must have the same coupling, the theory has
a unique coupling constant renormalization. Furthermore,
SUSY requires that the renormalized masses for quark
and squark fields be the same.
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The outline of this paper is as follows: Sec. II provides a
brief theoretical background in which we introduce the
supersymmetric transformation of all fields which appear in
the classical Lagrangian of SQCD. The main part of this
study is Sec. III which contains a summary of the calcula-
tional procedure for the two-point (2-pt) Green’s functions
for each field and three point (3-pt) Green’s function for the
determination of the coupling constant. This section is
divided in two subsections: In Subsection III A, we
calculate the 2-pt and 3-pt Green’s functions using dimen-
sional regularization and in Subsection III B, using the
lattice formulation. Furthermore, in Sec. III B, using the
results that we found in Sec. III A, we extract the renorm-
alization of all fields and of the coupling constant, in the
MS (modified minimal subtraction) renormalization
scheme. We also discuss the finite mixing between the
two squark fields, which appears on the lattice but also in
dimensional regularization, depending on the D-dimen-
sional prescription for γ5, and calculate the corresponding
mixing matrix. Finally, we conclude in Sec. IV with a

discussion of our results and possible future extensions of
our work.

II. THE CONTINUUM ACTION AND
TRANSFORMATION PROPERTIES OF THE

COMPONENT FIELDS

Superfields are functions over superspace fxμ; θ; θ̄g,
where θ, θ̄ are anticommuting variables and xμ are the
spacetime coordinates. The construction of the Lagrangian
of SQCD involves chiral superfields and vector superfields.
These fields are described in detail in, e.g., Refs. [12–15];
in what follows, we list some of their properties, for the
sake of a self-contained presentation. The physical com-
ponents of a chiral superfield Φ are the matter fields: AðxÞ
which represents a complex scalar (squark), ψðxÞwhich is a
two-component spinor (quark—spin 1

2
) and FðxÞ which is

an auxiliary complex scalar field. All components of the
chiral superfield carry a color index in the fundamental
representation of SUðNcÞ. In superspace notation the chiral
superfield Φ in terms of the above component fields is:

Φðx; θ; θ̄Þ ¼ AðyÞ þ
ffiffiffi
2

p
θψðyÞ þ θθFðyÞ ðyμ ≡ xμ þ iθσμθ̄Þ

¼ AðxÞ þ
ffiffiffi
2

p
θψðxÞ þ θθFðxÞ þ iθσμθ̄∂μAðxÞ þ

iffiffiffi
2

p θθθ̄σ̄μ∂μψðxÞ þ
1

4
θθθ̄ θ̄ ∂μ∂μAðxÞ: ð1Þ

The general form of a vector superfield Vðx; θ; θ̄Þ is:

Vðx; θ; θ̄Þ ¼ CðxÞ þ iθχðxÞ − iθ̄ χ̄ðxÞ þ i
2
θθ½MðxÞ þ iNðxÞ� − i

2
θ̄ θ̄½MðxÞ − iNðxÞ�

− θσμθ̄uμðxÞ þ iθθθ̄

�
λ̄ðxÞ þ i

2
σ̄μ∂μχðxÞ

�
− iθ̄ θ̄ θ

�
λðxÞ þ i

2
σμ∂μχ̄ðxÞ

�

þ 1

2
θθθ̄ θ̄

�
DðxÞ þ 1

2
∂μ∂μCðxÞ

�
; ð2Þ

where CðxÞ, DðxÞ, MðxÞ, NðxÞ are real scalar fields, χðxÞ
and λðxÞ are two-component spinors, and uμðxÞ is a vector
field; all components are in the adjoint representation of
SUðNcÞ: Vðx; θ; θ̄Þ ¼ Vðx; θ; θ̄ÞαTα, where Tα are the
generators of SUðNcÞ and α ¼ 1;…; N2

c − 1. A super-
symmetric gauge transformation may be applied on both
the chiral and vector superfields, see Eq. (4), and we will
require the Lagrangian to be invariant under this trans-
formation. We can choose a special gauge where the
components C, χ, M, N are zero. This defines the Wess-
Zumino (WZ) gauge. A vector superfield in the WZ gauge
reduces to the form:

Vðx; θ; θ̄Þ ¼ −θσμθ̄uμðxÞ þ iθθθ̄ λ̄ðxÞ − iθ̄ θ̄ θλðxÞ

þ 1

2
θθθ̄ θ̄DðxÞ; ð3Þ

where uαμ is the gluon field, λα is the gluino field and Dα is
an auxiliary field.
In order to obtain a renormalizable theory, we need to

construct a Lagrangian with products of superfields having
dimensionality ≤ 4; in addition, we require Lorentz invari-
ance as well as invariance under supersymmetric gauge
transformations:

Φ0þ ¼ e−iΛΦþ
Φ0

− ¼ Φ−eiΛ

e2gV
0 ¼ e−iΛ

†
e2gVeiΛ; ð4Þ

where Λðx; θ; θ̄Þ is an arbitrary chiral superfield:
Λðx;θ;θ̄Þ¼Λ0ðyÞþ

ffiffiffi
2

p
θΛ1ðyÞþθθΛ2ðyÞ. The special case
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in which Λ1 ¼ Λ2 ¼ 0 → Λðx; θ; θ̄Þ ¼ Λ0ðyÞ ¼ Λ0ðxÞ þ
iθσμθ̄∂μΛ0ðxÞ þ 1

4
θθθ̄ θ̄□Λ0ðxÞ, where Λ0ðxÞ ¼ Λ†

0ðxÞ,
amount to ordinary gauge transformations, which do not
take us out of the WZ gauge:

A0þ ¼ G−1Aþ; ψ 0þ ¼ G−1ψþ; F0þ ¼ G−1Fþ

ðGðxÞ≡ eiΛ0ðxÞÞ
A0− ¼ A−G; ψ 0− ¼ ψ−G; F0− ¼ F−G

u0μ ¼ G−1uμGþ i
g
ð∂μG−1ÞG; λ0 ¼ G−1λG;

D0 ¼ G−1DG: ð5Þ

A Lagrangian, which respects the transformations of
Eq. (4), in terms of superfields is

L ¼ 1

16kg
TrðWαWαjθθ þ W̄ _αW̄ _αjθ̄ θ̄Þ

þ ðΦ†
þe2gVΦþ þΦ−e−2gVΦ†

−Þjθθθ̄ θ̄
þmðΦ−Φþjθθ þΦ†

þΦ†
−jθ̄ θ̄Þ; ð6Þ

where TrðTαTβÞ ¼ kδαβ,Wα ¼ − 1
4
D̄ D̄ e−2gVDαe2gV is the

supersymmetric field strength, and the supersymmetric
covariant derivative is defined as: Dα ¼ ∂

∂θα þ
iσμα _αθ̄

_α∂μ; D̄ _α ¼ − ∂
∂θ̄ _α − iθαðσμÞα _α∂μ [13,15]. Combining

the components of Φþ with Φ− we can construct a
4 component Dirac spinor (ψD). In the presence of
at least 3 flavors of matter fields, the Lagrangian may
contain in principle further color singlet terms of

dimension ≤ 4, having the form: ϵijkðhff
0f00

þ Φif
þΦ

jf0
þ Φkf00

þ þ
hff

0f00
− Φif

−Φjf0
− Φkf00

− þ h:c:Þ, where h� is a totally antisym-
metric tensor with flavor indices; such terms are not
included in the present study.
We conclude that the SQCD Lagrangian for N ¼ 1

supersymmetry in 4 dimensions contains, for each flavor of
matter fields, two complex scalars (squarks) Aþ; A−, a
Dirac spinor (quark) fψþ;ψ−g, and two auxiliary complex
scalars Fþ; F−; in addition, the Lagrangian contains a
gauge field (gluon) uμ, a Majorana spinor (gluino) λ and
one further real auxiliary field D. Starting from Eq. (6),
taking the corresponding components of the superfields
(appropriate powers of θ and θ̄), the continuum Lagrangian
in the WZ gauge is

LSQCD ¼ −
1

4
uðαÞμν uμνðαÞ þ 1

2
DðαÞDðαÞ − iλ̄ðαÞσ̄μDμλ

ðαÞ

−DμA
†
þDμAþ −DμA†

−DμA− − iψ̄þσ̄μDμψþ − iψ̄−σ̄
μDμψ− þ F†

þFþ þ F†
−F−

þ i
ffiffiffi
2

p
gðA†

þλðαÞTðαÞψþ − ψ̄þλ̄ðαÞTðαÞAþ þ A−λ̄
ðαÞTðαÞψ̄− − ψ−λ

ðαÞTðαÞA−Þ
þ gðA†

þDðαÞTðαÞAþ − A−DðαÞTðαÞA†
−Þ

þmðA−Fþ þ F−Aþ − ψ−ψþ þ A†
þF†

− þ F†
þA†

− − ψ̄þψ̄−Þ: ð7Þ

where:

DμAþ ¼ ∂μAþ þ iguðαÞμ TðαÞAþ

DμA†
− ¼ ∂μA†

− þ iguðαÞμ TðαÞA†
−

DμA− ¼ ∂μA− − igA−TðαÞuðαÞμ

DμA
†
þ ¼ ∂μA

†
þ − igA†

þTðαÞuðαÞμ

Dμψþ ¼ ∂μψþ þ iguðαÞμ TðαÞψþ

Dμψ− ¼ ∂μψ− − igψ−TðαÞuðαÞμ

Dμλ ¼ ∂μλþ ig½uμ; λ�
uμν ¼ ∂μuν − ∂νuμ þ ig½uμ; uν�: ð8Þ
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LSQCD is invariant, up to a total derivative, under the supersymmetric transformations (ξ is a Majorana spinor parameter):

δξAþ ¼
ffiffiffi
2

p
ξψþ;

δξA− ¼
ffiffiffi
2

p
ψ−ξ;

δξψþa ¼ i
ffiffiffi
2

p
σμ
a _b
ξ̄ _bDμAþ þ

ffiffiffi
2

p
ξaFþ;

δξψ
a
− ¼ −i

ffiffiffi
2

p
ξ̄ _bσ̄

_baμDμA− þ
ffiffiffi
2

p
F−ξ

a;

δξFþ ¼ i
ffiffiffi
2

p
ξ̄σ̄μDμψþ þ 2igTðαÞAþξ̄λ̄ðαÞ;

δξF− ¼ −i
ffiffiffi
2

p
Dμψ−σ

μξ̄ − 2igA−TðαÞξ̄λ̄ðαÞ;

δξu
ðαÞ
μ ¼ −iλ̄ðαÞσ̄μξþ iξ̄σ̄μλðαÞ;

δξλ
ðαÞ ¼ σμνξuðαÞμν þ iξDðαÞ;

δξDðαÞ ¼ −ξσμDμλ̄
ðαÞ −Dμλ

ðαÞσμξ̄: ð9Þ
Note that the above transformations are not linear: Indeed, the standard linear realization of supersymmetry

transformations on superfields would reintroduce those field components which are absent in the WZ gauge.
Consequently, linear SUSY transformations must be accompanied by appropriate gauge transformations, in order to
ensure persistence in the WZ gauge. Thus, the end result is no longer linear in the component fields.
Equation (7) can be rewritten in 4 dimensions in Dirac notation and in the Weyl basis as follows:

LSQCD ¼ −
1

4
uαμνuμνα þ

1

2
DαDα þ i

2
λ̄αMγ

μDμλ
α
M

−DμA
†
þDμAþ −DμA−DμA†

− þ iψ̄Dγ
μDμψD þ F†

þFþ þ F†
−F−

− i
ffiffiffi
2

p
gðA†

þλ̄αMT
αPþψD − ψ̄DP−λ

α
MT

αAþ þ A−λ̄
α
MT

αP−ψD − ψ̄DPþλαMT
αA†

−Þ þ gðA†
þDαTαAþ − A−DαTαA†

−Þ
þmðA−Fþ þ F−Aþ þ ψ̄DψD þ A†

þF†
− þ F†

þA†
−Þ; ð10Þ

where P� ¼ 1�γ5
2
, γ5 ¼ iγ0γ1γ2γ3, λM ¼ ð λa

λ̄ _a
Þ and ψT

D ¼ ðψþa

ψ̄ _a
−
Þ.

The auxiliary fields may now be eliminated, either by applying their equations of motion (classical case), or by
functionally integrating over them (quantum case). In both cases, the action of SQCD takes the following form in
Minkowski space:

SSQCD ¼
Z

d4x

�
−
1

4
uαμνuμνα þ

i
2
λ̄αMγ

μDμλ
α
M −DμA

†
þDμAþ −DμA−DμA†

− þ iψ̄Dγ
μDμψD

− i
ffiffiffi
2

p
gðA†

þλ̄αMT
αPþψD − ψ̄DP−λ

α
MT

αAþ þ A−λ̄
α
MT

αP−ψD − ψ̄DPþλαMT
αA†

−Þ

−
1

2
g2ðA†

þTαAþ − A−TαA†
−Þ2 þmðψ̄DψD −mA†

þAþ −mA−A†
−Þ
�
; ð11Þ

SSQCD is invariant under supersymmetric transformations:

δξAþ ¼ −
ffiffiffi
2

p
ξ̄MPþψD;

δξA− ¼ −
ffiffiffi
2

p
ψ̄DPþξM;

δξðPþψDÞ ¼ i
ffiffiffi
2

p
ðDμAþÞPþγμξM −

ffiffiffi
2

p
mPþξMA†

−;

δξðP−ψDÞ ¼ i
ffiffiffi
2

p
ðDμA−Þ†P−γ

μξM −
ffiffiffi
2

p
mAþP−ξM;

δξuαμ ¼ −iξ̄MγμλαM;

δξλ
α
M ¼ 1

4
uαμν½γμ; γν�ξM − 2igγ5ξMðA†

þTαAþ − A−TαA†
−Þ: ð12Þ

After a Wick rotation, the resulting expression for the Euclidean action in Dirac notation, SE
SQCD, is
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SE
SQCD ¼

Z
d4x

�
1

4
uαμνuαμν þ

1

2
λ̄αMγ

E
μDμλ

α
M

þDμA
†
þDμAþ þDμA−DμA†

− þ ψ̄Dγ
E
μDμψD

þ i
ffiffiffi
2

p
gðA†

þλ̄αMT
αPEþψD − ψ̄DPE

−λ
α
MT

αAþ þ A−λ̄
α
MT

αPE
−ψD − ψ̄DPEþλαMT

αA†
−Þ

þ 1

2
g2ðA†

þTαAþ − A−TαA†
−Þ2 −mðψ̄DψD −mA†

þAþ −mA−A†
−Þ
�
; ð13Þ

where PE
� ¼ 1�γE

5

2
, γE5 ¼ γE1 γ

E
2 γ

E
3 γ

E
4 . Euclidean γ matrices

are defined as: γE4 ¼ γ0, γEi ¼ −iγi and they satisfy:
fγμ; γνg ¼ 2δμν.
As is the case with the quantization of ordinary gauge

theories, additional infinities will appear upon functionally
integrating over gauge orbits. The standard remedy is to
introduce a gauge-fixing term in the Lagrangian, along with
a compensating Faddeev-Popov ghost term. The resulting
Lagrangian, though no longer manifestly gauge invariant, is
still invariant under BRS transformations [16]. This pro-
cedure of gauge fixing guarantees that Green’s functions of
gauge invariant objects will be gauge independent to all
orders in perturbation theory.
For supersymmetric gauge theories one can choose a

gauge fixing term [17], which is the natural supersymmetric
generalization of covariant gauge fixing [see Eq. (15)]:

SSUSYGF ¼ −
1

8α

Z
d4xðD̄2VÞðD2VÞjθθθ̄ θ̄

¼ −
1

8αk

Z
d4xTrð4M□M þ 4N□N

þ 4ðDþ□CÞ2 þ 4ð∂μuμÞ2
− 8λ□χ − 8λ̄□χ̄ − 8iλ̄σ̄μ∂μλ − 8iχ̄σ̄μ∂μ□χÞ:

ð14Þ
This gauge fixing term does not break supersymmetry due
to the fact that it is a θθθ̄ θ̄ term; thus it is a reasonable
choice in regularizations which strive to preserve exact
SUSY at all intermediate steps of the calculation of
renormalized Green’s functions. However, given that the
renormalized theory does not depend on the choice of a
gauge fixing term, and given that many regularizations, in
particular the lattice regularization, violate supersymmetry
at intermediate steps, one may as well choose the standard
covariant gauge fixing term, proportional to ð∂μuμÞ2.
Actually, this simpler choice is most often utilized also
in continuum perturbative calculations of supersymmetric
models. Below are the ordinary gauge fixing term and ghost
contribution arising from the Faddeev-Popov gauge fixing
procedure:

SE
GF ¼ 1

α

Z
d4xTrð∂μuμÞ2; ð15Þ

where α is the gauge parameter [α ¼ 1ð0Þ corresponds to
Feynman (Landau) gauge], and

SE
Ghost ¼ −2

Z
d4xTrðc̄∂μDμcÞ; ð16Þ

where the ghost field c is a Grassmann scalar which
transforms in the adjoint representation of the gauge
group, and: Dμc ¼ ∂μcþ ig½uμ; c�. The term SEGF is
quadratic with respect to uμ and it contributes to the
tree level gluon propagator. On the other hand, SEGhost
contains an interaction between gluon and ghost fields.
Consequently, the corresponding continuum action has
the form:

SE
total ¼ SE

SQCD þ SE
GF þ SE

Ghost: ð17Þ

III. THE CALCULATION OF
THE SUPERSYMMETRIC

RENORMALIZATION FACTORS

In this section we calculate perturbatively a set of 2-pt
and 3-pt Green’s functions up to one-loop, both in the
continuum and on the lattice. The quantities that we
study are the self-energies of the quark (ψ), gluon (uμ),
squark (A), gluino (λ), and ghost (c) fields, using both
dimensional regularization (DR) and lattice regularization
(L) [18]. In addition we calculate the gluon-antighost-
ghost Green’s function in order to renormalize the
coupling constant (g). The Green’s functions leading to
self-energies of squarks exhibit also mixing among Aþ
and A†

−; we calculate the elements of the corresponding
2 × 2 mixing matrix.
Since all of our calculations will be in Euclidean space,

the superscript “E” is understood in what follows.

A. Dimensional regularization

The first step in our perturbative procedure is to calculate
the 2-pt and 3-pt Green’s functions in the continuum, where
we regularize the theory in D Euclidean dimensions
(D ¼ 4 − 2ϵ). The continuum calculations [19,20] are
necessary in order to compute the MS-renormalized
Green’s functions; the latter are relevant for the ensuing
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calculation of the corresponding Green’s functions using
lattice regularization and MS renormalization. The con-
tinuum results also provide the renormalization factors of
the quark field (Zψ ), squark field (ZA�), gluon field (Zu)
gluino field (Zλ), ghost field (Zc) and coupling constant
(Zg) in DR. For the extraction of the renormalization
factors, we applied the MS scheme at a scale μ̄. Once
we have computed the renormalization factors in the MS
scheme, we can construct their RI0 counterparts using
conversion factors which are immediately extracted from
the above computations to the required perturbative order.
Being regularization independent, these same conversion
factors can then be also used for lattice renormalization
factors.
The aforementioned renormalization factors are defined

as follows:

ψR ¼ ffiffiffiffiffiffi
Zψ

p
ψB; ð18Þ

AR
� ¼ ffiffiffiffiffiffiffiffi

ZA�

p
AB
�; ð19Þ

uRμ ¼
ffiffiffiffiffiffi
Zu

p
uBμ ; ð20Þ

λR ¼
ffiffiffiffiffi
Zλ

p
λB; ð21Þ

cR ¼
ffiffiffiffiffi
Zc

p
cB; ð22Þ

gR ¼ Zgμ
−ϵgB; ð23Þ

where B stands for bare and R for renormalized quantities,
and μ is an arbitrary scale with dimensions of inverse
length. For one-loop calculations, the distinction between
gR and gB is inessential in many cases; we will simply use g
in those cases.
For the calculation of Feynman diagrams in DR we

adopt the t’Hooft-Veltman (HV) scheme [21], in order to
continue to D dimensions the metric tensor, gμνD , and the
gamma matrices. The following relations hold in this
scheme:

gμνD gDμν ¼ D; fγμ; γνg ¼ 2gμνD : ð24Þ

The matrix γ5 is defined as:

γ5 ¼
1

4!
εμνλργμγνγλγρ; ð25Þ

where εμνλρ ¼ 0when any of its indices is outside the range
1–4. In this way:

fγ5; γμg ¼ 0; μ ≤ 4; ð26Þ

½γ5; γμ� ¼ 0; μ > 4: ð27Þ

There exist several alternative prescriptions [22] for
γ5: Naïve dimensional regularization (NDR) [23], in
which γ5 anticommutes with all γμ, as well as the DRED
[24] and DREZ schemes (see, e.g., Ref. [25]). These
prescriptions are related among themselves via finite
conversion factors [26]. Thus, the treatment of diagrams
containing quark-squark-gluino interactions in the MS
scheme requires special attention. For our continuum
results, we use MS renormalization in the HV scheme
and for completeness we present also the conversion
factors to the NDR scheme. In our calculation of the
quark and gluino propagators the indices carried by all
gamma matrices are eventually contracted with the
indices of external momenta; given that the latter only
have 4 (rather than D) components, all four prescrip-
tions give the same results for these propagators. The
gluon propagator is also prescription independent to
one-loop order, since it does not involve vertices
containing γ5.
Our conventions for Fourier transformations are

~ψðqÞ ¼
Z

d4xe−iq·xψðxÞ; ψðxÞ ¼
Z

d4q
ð2πÞ4 e

iq·x ~ψðqÞ

ð28Þ

~A�ðqÞ ¼
Z
d4xe∓iq·xA�ðxÞ; A�ðxÞ ¼

Z
d4q
ð2πÞ4 e

�iq·x ~A�ðqÞ

ð29Þ

~uμðqÞ ¼
Z

d4xe−iq·xuμðxÞ; uμðxÞ ¼
Z

d4q
ð2πÞ4 e

iq·x ~uμðqÞ

ð30Þ

~λðqÞ ¼
Z

d4xe−iq·xλðxÞ; λðxÞ ¼
Z

d4q
ð2πÞ4 e

iq·x ~λðqÞ

ð31Þ

~cðqÞ ¼
Z

d4xe−iq·xcðxÞ; cðxÞ ¼
Z

d4q
ð2πÞ4 e

iq·x ~cðqÞ

ð32Þ

Figure 1 shows all vertices in the action of SQCD
[Eq. (17)]. There is a total of 16 vertices in the continuum;
four of these vertices are present in the nonsupersymmetric
case (# 1, 5, 10, 16). The algebraic expression for each
vertex, Vi (i ¼ 1;…; 16), is given in Eqs. (33)–(48); a
factor of

R
d4k=ð2πÞ4 ~XðkÞ is understood for each field X

appearing in the vertex; saturation of the vertices’ indices
(Dirac, color, Lorentz) with those of the corresponding
external fields is also implied. [kj denote momenta; αjðajÞ
are color indices in the adjoint(fundamental) representa-
tion; μj are Lorentz indices.]
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V1ðk1; k2; k3Þ ¼ igð2πÞ4δðk1 − k2 þ k3Þγμ1Tα1
a2a3 ð33Þ

V2ðk1; k2; k3Þ ¼ gð2πÞ4δðk1 − k2 þ k3Þðk2μ1 þ k3μ1ÞTα1
a2a3 ð34Þ

V3ðk1; k2; k3Þ ¼ −gð2πÞ4δðk1 þ k2 − k3Þðk2μ1 þ k3μ1ÞTα1
a3a2 ð35Þ

V4ðk1; k2; k3Þ ¼
1

2
gð2πÞ4δðk1 − k2 þ k3Þγμ1fα1α2α3 ð36Þ

V5ðk1; k2; k3Þ ¼ −igð2πÞ4δðk1 − k2 þ k3Þk2μfα1α2α3 ð37Þ

V6ðk1; k2; k3Þ ¼ −i
ffiffiffi
2

p
gð2πÞ4δðk1 − k2 þ k3Þ

1 − γ5
2

Tα1
a2a3 ð38Þ

V7ðk1; k2; k3Þ ¼ −i
ffiffiffi
2

p
gð2πÞ4δðk1 − k2 þ k3Þ

1þ γ5
2

Tα1
a2a3 ð39Þ

V8ðk1; k2; k3Þ ¼ i
ffiffiffi
2

p
gð2πÞ4δðk1 − k2 þ k3Þ

1þ γ5
2

Tα1
a3a2 ð40Þ

V9ðk1; k2; k3Þ ¼ i
ffiffiffi
2

p
gð2πÞ4δðk1 − k2 þ k3Þ

1 − γ5
2

Tα1
a3a2 ð41Þ

1 0

1 1 1 2 2 2

3 3 3

4

3 3 2 2

51 1 1

3 3 2 2

1 1 1

+

9

−

8

+

6 7

−

1 1 1 1 1 1 1 1

k  ,a2 2
k  ,a2 2 k  ,a2 2 k  ,a2 2

k  ,a3 3 k  ,a3 3 k  ,a3 3 k  ,a3 3

1 6
1 1 1

3 3 3

1 2

+ +

1 1 1
3

−−k  ,a2 2k  ,a3 3
k  ,a3 3 k  ,a2 2

k   ,a2 2
k  ,a3 3

1 1 1 1 1 1

1 4

+ +

1 5

− −

1 1 1
2 2 2 2 2 21 1 1

k   ,a3 3k  ,a 4 4
k   ,a3 3k   ,a4 4

k  ,a

k  ,a
+ +

1 1+ +

1 1 2 2

3 3

− −

1 2− −
k  ,a1 1

k   ,a2 2

k   ,a3 3k   ,a4 4 − −

1 3+ +
k  ,a1 1

k  ,a2 2

k  ,a3 3k  ,a4 44 4

2 2 2

4 4 4

FIG. 1. Interaction Vertices of SE
total. A wavy (solid) line represents gluons (quarks). A dotted (dashed) line corresponds to squarks

(gluinos). The “double dashed” line is the ghost field. Squark lines are further marked with a þð−Þ sign, to denote an AþðA−Þ field. A
squark line arrow entering (exiting) a vertex denotes a Aþ (A†

þ) field; the opposite is true for A− (A†
−) fields.
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V10ðk1; k2; k3Þ ¼ −
i
2
gð2πÞ4δðk1 þ k2 þ k3Þfα1α2α3δμ1μ2ðk2μ3 − k1μ3Þ ð42Þ

V11ðk1; k2; k3; k4Þ ¼
1

2
g2ð2πÞ4δðk1 þ k2 − k3 − k4ÞTα

a1a3T
α
a2a4 ð43Þ

V12ðk1; k2; k3; k4Þ ¼
1

2
g2ð2πÞ4δðk1 þ k2 − k3 − k4ÞTα

a3a1T
α
a4a2 ð44Þ

V13ðk1; k2; k3; k4Þ ¼ −g2ð2πÞ4δðk1 − k2 þ k3 − k4ÞTα
a1a2T

α
a4a3 ð45Þ

V14ðk1; k2; k3; k4Þ ¼ g2ð2πÞ4δðk1 þ k2 − k3 þ k4ÞðTα1Tα2Þa3a4δμ1μ2 ð46Þ

V15ðk1; k2; k3; k4Þ ¼ g2ð2πÞ4δðk1 þ k2 þ k3 − k4ÞðTα1Tα2Þa4a3δμ1μ2 ð47Þ

V16ðk1; k2; k3; k4Þ ¼
1

4
g2ð2πÞ4δðk1 þ k2 þ k3 þ k4Þfα1α2αfαα3α4δμ1μ3δμ2μ4 ð48Þ

All these vertices are intended to be symmetrized over
identical fields before contraction among the fields and
creation of Feynman diagrams; a summation over the color
index α is understood.
The one-loop Feynman diagrams [one-particle irreducible

(1PI)] contributing to the quark propagator, hψðxÞψ̄ðyÞi,
are shown in Fig. 2, those contributing to the squark

propagator, hAþðxÞA†
þðyÞi, in Fig. 3. Identical results

are obtained for hAþðxÞA†
þðyÞi and hA†

−ðxÞA−ðyÞi. The
one-loop Feynman diagrams contributing to the gluon

propagator, huαμðxÞuβνðyÞi, and gluino propagator,
hλαðxÞλ̄βðyÞi, are shown in Fig. 4 and Fig. 5, respectively.
Lastly, the 1PI Feynman diagram which contributes to the
ghost propagator, hcðxÞc̄ðyÞi, is shown in Fig. 6. As is
usually done, we will work in a mass-independent scheme,
and thus all of our calculations, in the continuum as well as
on the lattice will be done at zero renormalized masses for all
particles.
Here we collect all our results for the 2-pt inverse

Green’s functions; the first result which we present, is
the inverse quark propagator in momentum space:

h ~ψBðqÞ ~̄ψBðq0ÞiDR
inv ¼ ð2πÞ4δðq − q0Þiq

�
1þ g2CF

16π2

�
2þ α

ϵ
þ 4þ αþ ð2þ αÞ log

�
μ̄2

q2

���
; ð49Þ

where CF ¼ ðN2
c − 1Þ=ð2NcÞ is the quadratic Casimir operator in the fundamental representation, q is the external

momentum in the Feynman diagrams, and μ̄ is the energy scale which is related to μ through:1 μ ¼ μ̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eγE=4π

p
. Note also

that a Kronecker delta for color indices is understood in Eqs. (49)–(54).
In the HV prescription, there is mixing in the 2-pt Green’s functions of Aþ and A−. The diagonal elements of the mixing

matrix are

h ~AB
þðqÞ ~AB†

þ ðq0ÞiDR
inv ¼ h ~AB†

− ðqÞ ~AB
−ðq0ÞiDR

inv ¼ ð2πÞ4δðq − q0Þq2
�
1þ g2CF

16π2

�
1þ α

ϵ
þ 16

3
þ ð1þ αÞ log

�
μ̄2

q2

���
: ð50Þ

The nondiagonal elements are shown in Eq. (60). Furthermore, we calculate here the same quantities in the NDR scheme. It
is known that this scheme needs additional corrections [27], in order, e.g., to reproduce the correct axial anomaly in QCD.
The diagonal elements in NDR are

h ~AB
þðqÞ ~AB†

þ ðq0ÞiNDRinv ¼ h ~AB†
− ðqÞ ~AB

−ðq0ÞiNDRinv ¼ ð2πÞ4δðq − q0Þq2
�
1þ g2CF

16π2

�
1þ α

ϵ
þ 4þ ð1þ αÞ log

�
μ̄2

q2

���
: ð51Þ

Note that, because of the definition of γ5 in the NDR prescription, the nondiagonal elements vanish. In Eq. (66), we have
determined the conversion factor between NDR and HV.

1γE is Euler’s constant: γE ¼ 0.57721.
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We now turn to the gluon propagator. The contributions from the diagrams of Fig. 4, taken separately, are not transverse.
But, their sum has this property, and it is found to take the following form in the continuum:

h ~uBμ ðqÞ ~uBν ðq0ÞiDR
inv ¼ ð2πÞ4δðqþ q0Þ

�
1

α
qμqν þ ðq2δμν − qμqνÞ

�
1þ g2Nf

16π2

�
1

ϵ
þ 2þ log

�
μ̄2

q2

��

−
g2Nc

16π2
1

2

�
ð3 − αÞ 1

ϵ
þ 19

6
þ αþ α2

2
þ ð3 − αÞ log

�
μ̄2

q2

����
: ð52Þ

Since there is no one-loop longitudinal part for the gluon self-energy, the renormalization factor for the gauge parameter
receives no one-loop contribution. This result as well as the result for the quark propagator are in complete agreement with
older results in the absence of supersymmetry (see, e.g., Ref. [28]).
Our result for the inverse gluino propagator to one-loop order is

h~λBðqÞ ~̄λBðq0ÞiDR
inv ¼ ð2πÞ4δðq − q0Þ i

2
q

�
1þ g2Nf

16π2

�
2þ 1

ϵ
þ log

�
μ̄2

q2

��

þ g2Nc

16π2

�
αþ α

ϵ
þ α log

�
μ̄2

q2

���
: ð53Þ

Finally, the ghost propagator is the same as in the nonsupersymmetric case, since its contributions come only from SGhost:

h~cBðqÞ ~̄cBðq0ÞiDR
inv ¼ ð2πÞ4δðq − q0Þq2

�
1 −

g2Nc

16π2

�
1þ 3 − α

4ϵ
þ 1

4
ð3 − αÞ log

�
μ̄2

q2

���
: ð54Þ

Starting from the 2-pt Green’s functions, it is straightforward to write down the renormalization factors for all fields
appearing in SE

total in the MS renormalization scheme. In this scheme, renormalization factors are simply defined in such a
way as to only remove the pole parts.

2 3

5
6

9

+

+

−

1

7

4−

8

FIG. 4. One-loop Feynman diagrams contributing to the 2-pt
Green’s function huαμðxÞuβνðyÞi.

1

2 3+ −

FIG. 5. One-loop Feynman diagrams contributing to the 2-pt
Green’s function hλαðxÞλ̄βðyÞi.

FIG. 6. One-loop Feynman diagram contributing to the 2-pt
Green’s function hcðxÞc̄ðyÞi.

1

2+ 3−

FIG. 2. One-loop Feynman diagrams contributing to the 2-pt
Green’s function hψðxÞψ̄ðyÞi.

1
2

+ + + +

3

+ +

5

+ +

− 4

+ +

+

FIG. 3. One-loop Feynman diagrams contributing to the 2-pt
Green’s function hAþðxÞA†

þðyÞi. The case of hA†
−ðxÞA−ðyÞi is

completely analogous.
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The results for the DR renormalization factors in the MS
scheme are presented for arbitrary values of Nc, Nf, and α:

ZDR;MS
ψ ¼ 1þ g2CF

16π2
1

ϵ
ð2þ αÞ ð55Þ

ZDR;MS
A� ¼ 1þ g2CF

16π2
1

ϵ
ð1þ αÞ ð56Þ

ZDR;MS
u ¼ 1þ g2

16π2
1

ϵ

��
α

2
−
3

2

�
Nc þ Nf

�
ð57Þ

ZDR;MS
λ ¼ 1þ g2

16π2
1

ϵ
ðαNc þ NfÞ ð58Þ

ZDR;MS
c ¼ 1 −

g2

16π2
1

ϵ

3 − α

4
ð59Þ

As already mentioned, there are also nonzero 2-pt
Green’s functions connecting Aþ with A− in the HV
scheme. The mixed Green’s functions of Aþ and A− arise
beyond tree level: h ~AB

þðqÞ ~AB
−ðq0Þi and h ~AB†

− ðqÞ ~AB†
þ ðq0Þi.

This nonsingular mixing comes from the diagrams of
Fig. 7 and the corresponding mixing elements
obtained in the HV scheme are shown in Eq. (60).
Given that the MS scheme affects only the pole
parts (1=ϵ terms), the renormalization factors in this
scheme will be diagonal. However, the 2-pt Green’s
functions of the MS-renormalized squark fields will
remain mixed.
The nondiagonal elements are equal to each other and

our result, to one loop, is

h ~AB
þðqÞ ~AB

−ðq0ÞiDR
inv ¼ h ~AB†

− ðq0Þ ~AB†
þ ðq0ÞiDR

inv

¼ −ð2πÞ4δðq − q0Þ g
2CF

16π2
4

3
q2: ð60Þ

In matrix notation, our results for the MS renormalized
Green’s functions are

h ~AMSðqÞ ~AMS†ðq0Þiinv ¼ ð2πÞ4δðq− q0Þ
�
q2
�
1 0

0 1

�
þ q2

g2CF

16π2

�
16

3
þ ð1þ αÞ log

�
μ̄2

q2

���
1 0

0 1

�
− q2

g2CF

16π2
4

3

�
0 1

1 0

��

≡ ð2πÞ4δðq− q0Þ½q21− ΣMS�; ð61Þ

where AMS is a 2-component column which contains the
renormalized squark fields:

AMS ¼
�

AMSþ

AMS
−

†

�
: ð62Þ

Since the nondiagonal matrix elements of hAMSAMS†iinv
are simply constant multiples of q2, we can use another
renormalization scheme (Y), in which the squark field
propagators are disentangled. The two schemes will be

related via a mixing matrix (conversion factor), CY;MS,
which is finite and scale independent. The conversion
factor does not depend on the regularization scheme (thus,
it will be the same also using a lattice regularization, as in
Sec. III B) and its definition is as follows:

AY ≡ ðCY;MSÞ1=2AMS: ð63Þ
There are several possible choices for such a scheme:
(i) A “diagonal” scheme (“D”) in which the diagonal

elements of the squark propagator matrix remain
unaffected.

CD;MS ¼ 1 − g2CF

16π2
4

3

�
0 1

1 0

�
ð64Þ

(ii) An RI0-like scheme (“RI0”), in which the renormal-
ization prescription is: ΣRI0 jq2¼μ̄2 ¼ 0.

CRI0;MS ¼ 1þ g2CF

16π2
4

3

�
4 −1
−1 4

�
ð65Þ

(iii) An MS-like scheme (“MSNDR”), in which bare
Green’s functions are constructed in the NDR
regularization, and only pole parts in ϵ are removed
from them.

CMSNDR;MS ¼ 1þ g2CF

16π2
4

3

�
1 −1
−1 1

�
ð66Þ

In this paper we also calculate the gluon-antighost-
ghost Green’s function in order to renormalize the
coupling constant. Other determinations of the coupling
constant renormalization (through gluon-antiquark-quark,

+ − − +

FIG. 7. One-loop Feynman diagrams contributing to the 2-pt
Green’s function h ~AB

þðqÞ ~AB
−ðq0Þi and h ~AB†

− ðqÞ ~AB†
þ ðq0Þi.
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gluon-gluino-gluino and gluon-antisquark-squark Green’s
functions) are expected to lead to identical results. We
compute, perturbatively to one-loop, this Green’s function
using both dimensional and lattice regularizations. In

Fig. 8, we have drawn the corresponding continuum 1PI
Feynman diagrams. The 3-pt amputated Green’s function,
at zero antighost momentum, in DR gives:

h~cBαðqÞ ~̄cBβð0Þ ~uBγμ ðq0ÞiDR
amp

¼ ð2πÞ4δðqþ q0ÞfαβγðigqμÞ

×

�
1þ g2Nc

16π2
α

2
ð1þ 1

ϵ
þ log

�
μ̄2

q2

��
: ð67Þ

The value of ZDR;MS
g now stems from the requirement:

lim
ϵ→0

½ðZDR;MS
c Þ−1ðZDR;MS

u Þ−1=2ðZDR;MS
g Þ−1h~cBαðqÞ ~̄cBβð0Þ ~uBγμ ðq0ÞiDR

amp� ¼ h~cBαðqÞ ~̄cBβð0ÞuBγμ ðq0ÞiDR
ampj1=ϵ→0 ð68Þ

In the above equation ZDR;MS
g is required to eliminate only

the pole parts of the left-hand side, without additional finite
terms; the same requirement leads to the definition of

ZDR;RI0
g , which is thus trivially equal to ZDR;MS

g . The right-
hand side is actually the MS renormalized 3-pt Green’s
function. There follows:

ZDR;MS
g ¼ 1þ g2

16π2
1

ϵ

�
3

2
Nc −

1

2
Nf

�
: ð69Þ

Notice that the expression for ZDR;MS
g is gauge independent.

B. Lattice regularization

Even though the lattice breaks supersymmetry explicitly
[29], it is the only regulator which describes many aspects
of strong interactions nonperturbatively. We use a standard
discretization where the quarks, squarks and gluinos live on
the lattice sites and the gluons live on the links of the lattice:
UμðxÞ ¼ eigaT

αuαμðxþaμ̂=2Þ. We will extend Wilson’s formu-
lation of the QCD action, to encompass SUSY partner
fields as well. This formulation leaves no SUSY generators
intact, and it also breaks chiral symmetry; it thus represents
a “worst case” scenario, which is worth investigating in
order to address the complications which will arise in

numerical simulations of SUSY theories. In our ongoing
investigation we plan to address also improved actions, so
that we can check to what extent some of the SUSY
breaking effects can be alleviated.
As we mentioned earlier, we will calculate the renorm-

alization factors which are necessary ingredients in relating
lattice matrix elements to physical amplitudes. Our compu-
tation is performed to one loop order and to the lowest order
in the lattice spacing, a. Lattice perturbation theory is much
more complicated than continuum perturbation theory. There
are more vertices stemming from the discretized action, see
Fig. 9, leading to more Feynman diagrams; what is worse,
the propagators and vertices, with which one builds the
Feynman diagrams, are also more complicated on the lattice
than they are in the continuum, which can lead to expres-
sions containing a very large number of terms: Even in the
Wilson formulation, which is rather concise, a typical
“difficult” Green’s function contains a few thousand terms
at intermediate stages.
Calculating the same Green’s functions as before on the

lattice, and combining them with our results from the
continuum, we will be able to extract ZL;MS

ψ , ZL;MS
u , ZL;MS

λ ,

ZL;MS
A� , ZL;MS

c and ZL;MS
g in the MS scheme and on the

1 7

k  ,a3 3

1 1 1 2 2 2

1 1 1 2 2 2

k  ,a4 4

1 1 1

1 8

1 9

2 0

4 4 3 3

4 4 3 3

2 2 2

2 2 21 1 1

FIG. 9. Additional interaction vertices in lattice-SQCD. All
fields are represented as in Fig. 1. The solid box in the bottom
right vertex comes from the measure part of the lattice action.

1 2

FIG. 8. One-loop Feynman diagrams contributing to
hcαðxÞc̄βðyÞuγμðzÞi.

FIG. 10. Additional one-loop Feynman diagrams contributing
to the 2-pt and 3-pt Green’s functions on the lattice.
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lattice. On the lattice we have to calculate all the diagrams
which were presented in Sec. III A as well as further loop
diagrams, as shown in Fig. 10; in addition, for the gluon
propagator we have to take into account the contribution
which comes from the measure part of the action. For the

algebraic operations involved in evaluating Feynman
diagrams, we make use of our symbolic package in
Mathematica.
For Wilson-type fermions and gluons, the Euclidean

action SL
SQCD on the lattice becomes:

SL
SQCD ¼ a4

X
x

�
Nc

g2
X
μ;ν

�
1 −

1

Nc
TrUμν

�
þ
X
μ

Trðλ̄MγμDμλMÞ − a
r
2
Trðλ̄MD2λMÞ

þ
X
μ

ðDμA
†
þDμAþ þDμA−DμA†

− þ ψ̄DγμDμψDÞ − a
r
2
ψ̄DD2ψD

þ i
ffiffiffi
2

p
gðA†

þλ̄αMT
αPþψD − ψ̄DP−λ

α
MT

αAþ þ A−λ̄
α
MT

αP−ψD − ψ̄DPþλαMT
αA†

−Þ

þ 1

2
g2ðA†

þTαAþ − A−TαA†
−Þ2 −mðψ̄DψD −mA†

þAþ −mA−A†
−Þ
�
; ð70Þ

where: UμνðxÞ ¼ UμðxÞUνðxþ aμ̂ÞU†
μðxþ aν̂ÞU†

νðxÞ, and a summation over flavors is understood in the last three lines of
Eq. (70). The 4-vector x is restricted to the values x ¼ na, with n being an integer 4-vector. Thus the momentum integration,
after a Fourier transformation, is restricted to the first Brillouin zone (BZ) ½−π=a; π=a�4 and the sum over x leads to
momentum conservation in each vertex. The terms proportional to the Wilson parameter, r, eliminate the problem of
fermion doubling, at the expense of breaking chiral invariance.2

The definitions of the covariant derivatives are as follows:

DμλMðxÞ≡ 1

2a
½UμðxÞλMðxþ aμ̂ÞU†

μðxÞ − U†
μðx − aμ̂ÞλMðx − aμ̂ÞUμðx − aμ̂Þ� ð71Þ

D2λMðxÞ≡ 1

a2
X
μ

½UμðxÞλMðxþ aμ̂ÞU†
μðxÞ − 2λMðxÞ þU†

μðx − aμ̂ÞλMðx − aμ̂ÞUμðx − aμ̂Þ� ð72Þ

DμψDðxÞ≡ 1

2a
½UμðxÞψDðxþ aμ̂Þ −U†

μðx − aμ̂ÞψDðx − aμ̂Þ� ð73Þ

D2ψDðxÞ≡ 1

a2
X
μ

½UμðxÞψDðxþ aμ̂Þ − 2ψDðxÞ þ U†
μðx − aμ̂ÞψDðx − aμ̂Þ� ð74Þ

DμAþðxÞ≡ 1

a
½UμðxÞAþðxþ aμ̂Þ − AþðxÞ� ð75Þ

DμA
†
þðxÞ≡ 1

a
½A†

þðxþ aμ̂ÞU†
μðxÞ − A†

þðxÞ� ð76Þ

DμA−ðxÞ≡ 1

a
½A−ðxþ aμ̂ÞU†

μðxÞ − A−ðxÞ� ð77Þ

DμA†
−ðxÞ≡ 1

a
½UμðxÞA†

−ðxþ aμ̂Þ − A†
−ðxÞ� ð78Þ

As always in perturbation theory, we must introduce an appropriate gauge-fixing term to the action; in terms of the gauge
field uμðxÞ it reads:

SLGF ¼ 1

2α
a2
X
x

X
μ

Trðuμðxþ aμ̂=2Þ − uμðx − aμ̂=2ÞÞ2: ð79Þ

2In what follows, we will set jrj ¼ 1.
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In simulations there is no need for gauge fixing since functional integration is performed over a finite number of degrees of
freedom (d.o.f.), each of which ranges within the compact domain of the group manifold. However, in perturbation theory,
where an infinite number of d.o.f. takes values over the noncompact algebra, gauge fixing is necessary in order to avoid
divergences from the integration over gauge orbits. Covariant gauge fixing produces the following action for the ghost fields
c and c̄:

SLGhost ¼ 2a2
X
x

X
μ

Tr

�
ðc̄ðxþ aμ̂Þ − c̄ðxÞÞ

�
cðxþ aμ̂Þ − cðxÞ

þ ig½uμðxþ aμ̂=2Þ; cðxÞ� þ 1

2
ig½uμðxþ aμ̂=2Þ; cðxþ aμ̂Þ − cðxÞ�

−
1

12
g2½uμðxþ aμ̂=2Þ; ½uμðxþ aμ̂=2Þ; cðxþ aμ̂Þ − cðxÞ��

��
þOðg3Þ: ð80Þ

In Eq. (70) we must also add a term arising from the fact that we change integration variables from the link variables Uμ to
the gluon fields uμ . This procedure changes the Haar integration measure by a Jacobian, which can be recast as an
exponential, thus taking the form of an additional contribution to the action; this is the usual measure term SLM in the action
and, to lowest order in g, it reads:

SLM ¼ g2Nc

12
a2
X
x

X
μ

Trðuμðxþ aμ̂=2ÞÞ2 þOðg4Þ: ð81Þ

The terms SL
SQCD, S

L
GF, S

L
Ghost and SLM must be added to obtain the total lattice action.

We now summarize the rules for calculating the contribution of a Feynman diagram to the 2-pt and 3-pt Green’s
functions. In the following equations we present the tree-level propagators.

Quark propagator∶
1

iq
∘ þ 2r

a

P
μsin

2ðaqμ=2Þ −m
; where∶ q

∘ ¼ 1

a

X
μ

γμ sinðaqμÞ

Gluon propagator∶
1

q̂2

�
δμν − ð1 − αÞ q̂μq̂ν

q̂2

�
; where∶ q̂μ ¼

2

a
sin

aqμ
2

; q̂2 ¼
X
μ

q̂2μ

Ghost propagator∶
1

q̂2

Squark propagator∶
1

q̂2 þm2

Gluino propagator∶
2

iq
∘ þ 2r

a

P
μsin

2ðaqμ=2Þ
ð82Þ

We have also listed the vertices which are required for carrying out the lattice computations. The extra vertices on the
lattice are enumerated in Fig. 9 and all vertices’ expressions on the lattice are given in Eqs. (83)—(102) in momentum space.
In these expressions we have rescaled all momenta ki to the range ½−π; π� and omitted overall powers of a.

V1ðk1; k2; k3Þ ¼ igð2πÞ4δðk1 − k2 þ k3ÞTα1
a2a3

�
γμ1 cos

�ðk2 þ k3Þμ1
2

�
− ir sin

�ðk2 þ k3Þμ1
2

��
ð83Þ

V2ðk1; k2; k3Þ ¼ 2gð2πÞ4δðk1 − k2 þ k3ÞTα1
a2a3 sin

�ðk2 þ k3Þμ1
2

�
ð84Þ

V3ðk1; k2; k3Þ ¼ −2gð2πÞ4δðk1 − k2 þ k3ÞTα1
a3a2 sin

�ðk2 þ k3Þμ1
2

�
ð85Þ

V4ðk1; k2; k3Þ ¼
1

2
gð2πÞ4δðk1 − k2 þ k3Þfα1α2α3

�
γμ1 cos

�ðk2 þ k3Þμ1
2

�
− ir sin

�ðk2 þ k3Þμ1
2

��
ð86Þ
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V5ðk1; k2; k3Þ ¼ −2igð2πÞ4δðk1 − k2 þ k3Þfα1α2α3 cos
�
k3μ1
2

�
sin

�
k2μ1
2

�
ð87Þ

V6ðk1; k2; k3Þ ¼ −i
ffiffiffi
2

p
gð2πÞ4δðk1 − k2 þ k3Þ

1 − γ5
2

Tα1
a2a3 ð88Þ

V7ðk1; k2; k3Þ ¼ −i
ffiffiffi
2

p
gð2πÞ4δðk1 − k2 − k3Þ

1þ γ5
2

Tα1
a2a3 ð89Þ

V8ðk1; k2; k3Þ ¼ i
ffiffiffi
2

p
gδð−k1 þ k2 − k3Þ

1þ γ5
2

Tα1
a3a2 ð90Þ

V9ðk1; k2; k3Þ ¼ i
ffiffiffi
2

p
gδð−k1 þ k2 þ k3Þ

1 − γ5
2

Tα1
a3a2 ð91Þ

V10ðk1; k2; k3Þ ¼ igð2πÞ4δðk1 þ k2 þ k3Þδμ1μ2fα1α2α3 cos
�
k3μ1
2

�
sin

�ðk1 − k2Þμ3
2

�
ð92Þ

V11ðk1; k2; k3; k4Þ ¼
1

2
g2ð2πÞ4δðk1 þ k2 − k3 − k4ÞTα

a1a3T
α
a2a4 ð93Þ

V12ðk1; k2; k3; k4Þ ¼
1

2
g2ð2πÞ4δðk1 þ k2 − k3 − k4ÞTα

a3a1T
α
a4a2 ð94Þ

V13ðk1; k2; k3; k4Þ ¼ −g2ð2πÞ4δðk1 − k2 þ k3 − k4ÞTα
a1a2T

α
a4a3 ð95Þ

V14ðk1; k2; k3; k4Þ ¼ g2ð2πÞ4δðk1 þ k2 − k3 þ k4Þδμ1μ2ðTα1Tα2Þa3a4 cos
�ðk3 þ k4Þμ1

2

�
ð96Þ

V15ðk1; k2; k3; k4Þ ¼ g2ð2πÞ4δðk1 þ k2 − k3 þ k4Þδμ1μ2ðTα1Tα2Þa4a3 cos
�ðk3 þ k4Þμ1

2

�
ð97Þ

V16ðk1; k2; k3; k4Þ ¼ −g2ð2πÞ4δðk1 þ k2 þ k3 þ k4ÞTrðTα1Tα2Tα3Tα4Þ

×

�
δμ1μ2μ3μ4

�
2

3
−
2

3

X
ρ

cosðk1ρÞ þ
1

2

X
ρ

cos ðk1 þ k2Þρ
�
þ δμ1μ2μ3

�
−
4

3
sin

�
k4μ1
2

�
sin

�
k4μ4
2

�

þ 2 sin

�
k4μ1
2

�
sin

�ð2k1 þ k4Þμ4
2

�
þ 2 sin

�
k4μ1
2

�
sin

�ð2k3 þ k4Þμ4
2

��

þ δμ1μ2δμ3μ4

�
cos

�ðk3 þ k4Þμ1
2

�
cos

�ðk3 þ k4Þμ3
2

�
− 2 cos

�ðk3 − k4Þμ1
2

�
cos

�ðk3 þ k4Þμ3
2

��

þ δμ1μ3δμ2μ4

�
cos

�ðk1 − k3Þμ2
2

�
cos

�ðk2 − k4Þμ1
2

���
ð98Þ

V17ðk1; k2; k3; k4Þ ¼
1

2
g2ð2πÞ4δðk1 þ k2 − k3 þ k4Þδμ1μ2ðTα1Tα2Þa3a4

×

�
−iγμ1 sin

�ðk3 þ k4Þμ1
2

�
þ r cos

�ðk3 þ k4Þμ1
2

��
ð99Þ

V18ðk1; k2; k3; k4Þ ¼
1

4
g2ð2πÞ4δðk1 þ k2 − k3 þ k4Þδμ1μ2fα1α3αfα2α4α

×

�
−iγμ1 sin

�ðk3 þ k4Þμ1
2

�
þ r cos

�ðk3 þ k4Þμ1
2

��
ð100Þ
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V19ðk1; k2; k3; k4Þ ¼ −
1

3
g2δμ1μ2ð2πÞ4δðk1 þ k2 − k3 þ k4Þfα1α3αfα2α4α sin

�
k3μ1
2

�
sin

�
k4μ1
2

�
ð101Þ

V20ðk1; k2Þ ¼
1

12
Ncg2δμ1μ2ð2πÞ4δðk1 þ k2ÞTrðTα1Tα2Þ ð102Þ

Using the 2-pt Green’s functions of each field, we can determine the corresponding renormalization factor. The first result
presented here, Eq. (103), is the lattice inverse quark propagator up to one loop; in this equation the quantity proportional to
1=a contributes to the additive renormalization of the quark mass (critical mass). In all lattice expressions the systematic
errors (coming from an extrapolation to infinite lattice size of our numerical loop integrals) are smaller than the last digit we
present.

h ~ψBðqÞ ~̄ψBðq0ÞiLinv ¼ ð2πÞ4δðq − q0Þ
�
iq

�
1 −

g2CF

16π2
½12.8025 − 4.7920αþ ð2þ αÞ log ða2q2Þ�

�
þ g2CF

16π2
1

a
51.4347r

�

þOðaÞ: ð103Þ

From the one-loop correction to the quark propagator we obtain the multiplicative renormalization factor of the quark
field. To this end, we use the renormalization condition of Eq. (104) which connects the bare inverse 2-pt Green’s
function on the lattice with the MS renormalized one. To avoid heavy notation we have omitted coordinate/momentum
arguments, as well as Dirac/flavor indices on hψψ̄i:

hψRψ̄Riinv ¼ Z−1
ψ hψBψ̄BiLinvja→0: ð104Þ

The left-hand side equals the inverse Green’s function in Eq. (49) without the pole parts. From this equation we extract
the renormalization for the quark field on the lattice:

ZL;MS
ψ ¼ 1þ g2CF

16π2
ð−16.8025þ 3.7920α − ð2þ αÞ logða2μ̄2ÞÞ: ð105Þ

In Eq. (103), just as in the corresponding equation in the continuum, terms with γ5 cancel out at one-loop level. The same
observation holds also for the gluino 2-pt function, see Eq. (107). This means that the ψþ and ψ− components of massless
quarks do not mix under renormalization, unlike the case of the squark propagator, see Eq. (112). The quark critical mass
can be read from Eq. (103):

mquark
crit ¼ g2CF

16π2
1

a
51.4347r: ð106Þ

This result is in agreement with Ref. [30].
The gluino inverse propagator is given at the one-loop order by:

h~λBðqÞ ~̄λBðq0ÞiLinv ¼ ð2πÞ4δðq − q0Þ
�
i
2
q

�
1þ g2Nf

16π2
ð1.9209 − log ða2q2ÞÞ

−
g2Nc

16π2
ð16.6444 − 4.7920αþ α log ða2q2ÞÞ

�
þ g2

16π2
Nc

2

1

a
51.4347r

�
þOðaÞ: ð107Þ

The renormalization factor of the gluino field is determined in the MS scheme by imposing the following condition:

hλRλ̄Riinv ¼ Z−1
λ hλBλ̄BiLinvja→0 ð108Þ

leading to:

ZL;MS
λ ¼ 1 −

g2

16π2
½Ncð16.6444 − 3.7920αþ α log ða2μ̄2ÞÞ þ Nfð0.07907þ log ða2μ̄2ÞÞ�; ð109Þ

and the critical mass for the gluino field is
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mgluino
crit ¼ g2Nc

16π2
1

a
51.4347r: ð110Þ

In order to discuss the renormalization and mixing of
squarks, it is convenient to write the bare squark fields in 2-
component form:

AB ≡
�

ABþ
AB
−
†

�
: ð111Þ

The inverse squark propagator (without Oð1=a2Þ contri-
butions), is given to one-loop order by:

h ~ABðqÞ ~AB†ðq0ÞiLinv ¼ ð2πÞ4δðq − q0Þ
�
q2
�
1 0

0 1

�
−
g2CF

16π2
q2
�
½11.0173 − 3.7920αþ ð1þ αÞ logða2q2Þ�

�
1 0

0 1

�

þ 1.0087

�
0 1

1 0

���
þOðaÞ; ð112Þ

and the critical mass for the squark fields (Oð1=a2Þ contributions) is

m2 squark
crit ¼ −

g2CF

16π2
1

a2

�
65.3930 75.4031

75.4031 65.3930

�
: ð113Þ

We define the renormalization mixing matrix for the squark fields as follows:

�
ARþ
AR†
−

�
¼ ðZ1=2

A Þ
�

ABþ
AB†
−

�
: ð114Þ

Substituting Eq. (114) into Eq. (112), and requiring agreement with Eq. (50) in the a → 0 limit, we find:

ðZ1=2
A ÞL;MS ¼ 1 −

g2CF

16π2

��
8.1753 − 1.8960αþ 1

2
ð1þ αÞ log ða2μ̄2Þ

��
1 0

0 1

�
− 0.1623

�
0 1

1 0

��
: ð115Þ

The gluon inverse propagator is given to one loop by:

h ~uBμ ðqÞ ~uBν ðq0ÞiLinv ¼ ð2πÞ4δðqþ q0Þ
�
1

α
qμqν

þ ðq2δμν − qμqνÞ
�
1 −

g2

16π2

�
−19.7392

1

Nc
þ Nfð−2.9622þ log ða2q2ÞÞ

þ Nc

�
20.1472 − 0.8863αþ α2

4
þ
�
α

2
−
3

2

�
log ða2q2Þ

����
þOðaÞ: ð116Þ

For h ~uBμ ðqÞ ~uBν ðq0ÞiLinv, some diagrams contribute a quadratically divergent mass term (1=a2 contribution). But when all
Feynman diagrams are summed these divergences are found to cancel out. Another cancellation worthy of note regards
noncovariant terms of type ðδμνq2νÞ; after summing all contributions, these terms cancel out and one is left with a transverse
expression for the gluon self-energy, reflecting the gauge invariance of the theory. Since there is no critical mass or
longitudinal part for the gluon self-energy, the renormalization of the gauge parameter Zα receives no one-loop contribution.
Our result for the gluon propagator without diagrams which involve squarks and gluinos, is consistent with Ref. [31], where
we calculate the same quantity in the nonsupersymmetric case. By demanding the following:

huRμuRν iinv ¼ Z−1
u huBμuBν iLinv; ð117Þ

we find:

ZL;MS
u ¼ 1þ g2

16π2

�
19.7392

1

Nc
− Nc

�
18.5638 − 1.3863αþ

�
−
3

2
þ α

2

�
log ða2μ̄2Þ

�
þ Nfð0.9622 − log ða2μ̄2ÞÞ

�
:

ð118Þ
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The ghost field renormalization, Zc, which enters the evaluation of Zg can be extracted from the ghost propagator:

h~cBðqÞ ~̄cBðq0ÞiLinv ¼ ð2πÞ4δðq − q0Þq2
�
1 −

g2Nc

16π2

�
4.6086 − 1.2029α −

1

4
ð3 − αÞ log ða2q2Þ

��
þOðaÞ; ð119Þ

and ZL;MS
c is

ZL;MS
c ¼ 1 −

g2Nc

16π2

�
3.6086 − 1.2029α −

1

4
ð3 − αÞ log ða2μ̄2Þ

�
: ð120Þ

As in DR, we extract the coupling constant renormalization, Zg, from the gluon-antighost-ghost Green’s function
huBαμ ðxÞcBβðxÞc̄BγðyÞiLamp. In the MS scheme, the renormalization condition, by analogy with Eq. (68), is

lim
a→0

½ðZL;MS
c Þ−1ðZL;MS

u Þ−1=2ðZL;MS
g Þ−1h~cBαðqÞ ~̄cBβð0Þ ~uBγμ ðq0ÞiLamp� ¼ h~cBαðqÞ ~̄cBβð0ÞuBγμ ðq0ÞiDR

ampj1=ϵ→0 ð121Þ

where the expression for h~cBαðqÞ ~̄cBβð0ÞuBγμ ðq0ÞiDR
ampj1=ϵ→0 is the MS-renormalized 3-pt Green’s function which was

calculated in the continuum, and the corresponding expression on the lattice is

h~cBαðqÞ ~̄cBβð0Þ ~uBγμ ðq0ÞiLamp ¼ ð2πÞ4δðqþ q0ÞfαβγðigqμÞ
�
1þ g2Nc

16π2

�
2.3960α −

1

2
α log ða2q2Þ

��
þOðaÞ: ð122Þ

Our result for ZL;MS
g is

ZL;MS
g ¼ 1þ g2

16π2

�
−9.8696

1

Nc
þ Nc

�
12.8904 −

3

2
log ða2μ̄2Þ

�
− Nf

�
0.4811 −

1

2
logða2μ̄2Þ

��
: ð123Þ

From the calculation of ZL;MS
g one can extract the Callan-

Symanzik beta-function for SQCD. On the lattice the bare
beta-function is defined as:

βLðgBÞ ¼ −a
dgB

da

				
gR;μ̄

ð124Þ

In the asymptotic limit for SQCD, the expansion of the
beta-function is done in powers of the bare coupling
constant. The first term in this expansion is

βLðgÞ ¼
g3

16π2
ð−3Nc þ NfÞ þOðg5Þ: ð125Þ

For Nf < 3Nc, the Oðg3Þ term is negative, in other
words, the theory is asymptotically free. Our finding for the
beta function agrees with what is obtained in the super-
symmetric Yang-Mills theory [32].

IV. SUMMARY—CONCLUSIONS

In this paper we have performed a pilot investigation of
issues related to the formulation of a supersymmetric
theory on the lattice. As a prototype model, we have
studiedN ¼ 1 supersymmetric QCD. This model bears all
major characteristics of potential extensions of the standard

model, including superpartners for gauge and matter fields;
it is thus appropriate for a feasibility study on the lattice.
There are several well-known problems arising from the

complete (or even partial) breaking of supersymmetry in a
regularized theory, including the necessity for fine tuning of
the theory’s bare Lagrangian, and a rich mixing pattern of
composite operators at the quantum level. We address these
problems via perturbative calculations at one loop. In order
to provide the necessary ingredients for performing numeri-
cal studies of supersymmetric theories, we have calculated
the self energies of all particles which appear in SQCD. We
determined the renormalization factors for these fields; in
addition, for the squark propagator we found the mixing
coefficients among its different degrees of freedom.
Furthermore, we have computed the gluon-antighost-ghost
Green’s function in order to renormalize the coupling
constant. Our results are also relevant to the investigation
of relationships between different Green’s functions
involved in SUSY Ward identities [33,34].
There are several directions in which this work could

be extended. A natural extension would be the computation
of the Green’s functions for composite operators made
of quark, squark, gluon and gluino fields; studies of
such operators in the continuum can be found in, e.g.,
Refs. [35–38]. A serious complication in the supersym-
metric case regards the mixing of quark bilinear operators
with other composite operators. A whole host of operators
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with equal or lower dimensionality, having the same
quantum numbers and same transformation properties
can mix at the quantum level; on the lattice, the number
of operators which mix among themselves is considerably
greater than in the continuum regularization. We are
planning to study their renormalization and mixing per-
turbatively. The perturbative computation of all relevant
Green’s functions of these operators, will be followed by

the construction of the mixing matrix, which may also
involve nongauge invariant (but BRST invariant) operators
or operators which vanish by the equations of motion.
Finally, it would be important to extend our computa-

tions to further improved actions with reduced lattice
artifacts and reduced symmetry breaking, e.g. the overlap
fermion action, as a forerunner to numerical studies using
these actions.
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