PHYSICAL REVIEW D 96, 034501 (2017)

Chiral behavior of K — zlv decay form factors in lattice QCD
with exact chiral symmetry

S. Aoki,' G. Cossu,” X. Feng,™* H. Fukaya,” S. Hashimoto,®” T. Kaneko,®’ J. Noaki,® and T. Onogi’
(JLQCD Collaboration)

"Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan
*School of Physics and Astronomy, The University of Edinburgh, Edinburgh EH9 3JZ, United Kingdom
3Physics Department, Columbia University, New York, New York 10027, USA
School of Physics, Peking University, Beijing 100871, China
5Deparl‘ment of Physics, Osaka University, Osaka 560-0043, Japan
SHigh Energy Accelerator Research Organization (KEK), Ibaraki 305-0801, Japan
"School of High Energy Accelerator Science, SOKENDAI (The Graduate University for Advanced
Studies), Ibaraki 305-0801, Japan
(Received 8 May 2017; published 3 August 2017)

We calculate the form factors of the K — z/v semileptonic decays in three-flavor lattice QCD and study
their chiral behavior as a function of the momentum transfer and the Nambu-Goldstone boson masses.
Chiral symmetry is exactly preserved by using the overlap quark action, which enables us to directly
compare the lattice data with chiral perturbation theory (ChPT). We generate gauge ensembles at a lattice
spacing of 0.11 fm with four pion masses covering 290-540 MeV and a strange quark mass m, close to its
physical value. By using the all-to-all quark propagator, we calculate the vector and scalar form factors with
high precision. Their dependence on m, and the momentum transfer is studied by using the reweighting
technique and the twisted boundary conditions for the quark fields. We compare the results for the
semileptonic form factors with ChPT at next-to-next-to-leading order in detail. While many low-energy
constants appear at this order, we make use of our data of the light meson electromagnetic form factors in
order to control the chiral extrapolation. We determine the normalization of the form factors as f (0) =

0.9636(36)(137) and observe reasonable agreement of their shape with experiment.
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I. INTRODUCTION

The kaon semileptonic decays K — zlv provide
a precise determination of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix element |V, |. The decay rate
is given as

I'(K — zlv)

_ GyM;,
19273

C2Spw (1 + Spm + Ssu(2))* |V us|2f 1 (0)2,
(1)

where G is the Fermi constant, the Clebsch-Gordan

coefficient C is 1 (1/v/2) for the K° (K*) decay, and I
represents the phase space integral. We denote the short-
distance electroweak, long-distance electromagnetic (EM),
and isospin-breaking corrections by Sgw, dgm and gy(2),
respectively.

The vector form factor f, (¢) is defined from the relevant
hadronic matrix element,

Z(P)IVulK(p)) = (p + P)uf+(0) + (p = P)uf-(0),
2)
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where t = (p' — p)? is the momentum transfer. Instead of
f_(t), the scalar form factor,

t
1) = 4+ ——=71f_(1), 3
1ol = S+ 0) + 3 -0 G)
has been widely used in phenomenological analyses of the
semileptonic decays. By definition, the normalizations of
the vector and scalar form factors coincide with each other
at the zero momentum transfer r = 0,

f+(0) = £o(0). (4)

The Ademollo-Gatto theorem [1,2] states that SU(3)
breaking effects are suppressed as f,(0)=1+
O((m; —my)?), where m; = (m, +my)/2 and my,
represent the masses of up, down and strange quarks.
The normalization f, (0) has been used, therefore, as an
important input to determine |V, | through the decay
rate (1).

Since the form factors describe effects due to the
strong interaction at low energy, a precise calculation of
f+(0) needs a nonperturbative method to study QCD. A
target accuracy is <1%, because other experimental and
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theoretical inputs have been determined with a similar or
even better accuracy [3.4]. Lattice QCD is the only known
method to calculate the form factors with controlled and
systematically improvable accuracy.

The phase space integral I encodes information about the
shape of the form factors, namely their # dependence. The
current determination of |V ;| employs a precise estimate of
I obtained from experimental data. A lattice study of the
form factor shape and comparison with experiments can
examine the reliability of the numerical lattice determina-
tion of the normalization f, (0). We note that new physics
can modify not only the normalization but also the shape,
which may, therefore, provide a different probe of new
physics if both theoretical and experimental data become
sufficiently accurate in the future.

Lattice calculation of £ (0) has become mature [4-6] by
realistic simulations at reasonably small pion masses and
lattice spacings. The so-called twisted boundary condition
[7] enables us to simulate near the reference point ¢ = 0.
Although recent lattice studies [8—11] have achieved
subpercent accuracy, more independent calculations are
welcome to establish the lattice estimate with such a high
precision. A detailed study of the form factor shape based
on the next-to-leading order (NLO) chiral perturbation
theory (ChPT) [12—14] and model independent parametri-
zation [15-17] is also available [11].

A recent trend of precision calculations is to directly
simulate physical quark masses at r = 0. In this study, we
take a different approach based on our large-scale simu-
lations with exact chiral symmetry [18]. By exploiting
exact symmetry, we directly compare our lattice data with
next-to-next-to-leading order (NNLO) ChPT [19,20], and
determine the normalization f,(0), relevant low-energy
constants (LECs) in the ChPT Lagrangian, and study the
form factor shape. We note that chiral symmetry is
explicitly violated with conventional lattice actions. The
explicit violation makes the direct comparison between
lattice QCD and NNLO ChPT difficult because of modified
functional form of the ChPT formulas and additional
unknown LECs.

For a rigorous comparison with ChPT, we calculate the
form factors with high precision by using the so-called all-
to-all quark propagator [21,22]. The strange quark mass
dependence and the form factor shape near the reference
point 1 =0 are studied by employing the reweighting
technique [23,24] and the twisted boundary conditions,
respectively. While many unknown LECs appear at NNLO,
we control the chiral extrapolation by making use of our
lattice data of the light meson EM form factors obtained in
Ref. [25]. We also employ a linear combination of f, and
the decay constant ratio Fx/F, [20], which has a reduced
number of the LECs. Our preliminary analyses have been
reported in Refs. [26-29].

This paper is organized as follows. In Sec. II, we
introduce our method to generate our gauge ensembles
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and to calculate relevant meson correlators. The kaon
semileptonic form factors are extracted at our simulation
points in Sec. III. Section IV details comparison with
NNLO ChPT to study the chiral behavior of the form
factors, and summarizes the numerical results for the
normalization, shape and relevant LECs. We summarize
our conclusions in Sec. V.

II. SIMULATION METHOD

A. Configuration generation

We simulate Ny =2 + 1 QCD using the overlap quark
action [30,31] defined by the Dirac operator,

D(m,) = <1 - ’”")D(o) +m,, (5)

2m

where m,, represents the quark mass, and

D(0) = mo(1 + yssgn[Hw(-mo)]) (6)

is the overlap-Dirac operator in the massless limit. The
parameter m for the Hermitian Wilson-Dirac operator Hy,
is set to my = 1.6 from our study of the locality of D [32].
Numerical simulations are remarkably accelerated by
modifying the Iwasaki gauge action [33] with an auxiliary
Boltzmann weight [34,35]

_ det[Hy(-mg)?]
W

 det[Hy(—my)* + p?] =02 )

and by simulating the trivial topological sector. The effect
of the fixed global topology can be considered as a finite
volume effect suppressed by the inverse lattice volume
[36]. In fact, the effect turns out to be small in our previous
study of the pion EM form factor on similar and even
smaller lattice volumes [25,37]. We also note that local
topological excitations are active in our gauge ensembles.
Indeed, the topological susceptibility calculated in our
simulations is nicely consistent with the prediction of
ChPT [38].

The lattice spacing a determined from the € baryon mass
is 0.112(1) fm with our choice of the gauge coupling
B =6/g> = 2.30. We simulate four values of the degen-
erate up and down quark masses m;. The bare masses are
0.015, 0.025, 0.035 and 0.050 in lattice units, and cover a
range of M, ~290-540 MeV. The gauge ensembles are
generated at a strange quark mass m, = 0.080, close to its
physical value my . = 0.081. The m, dependence of the
form factors is studied by calculating them at a different
my(= 0.060) using the reweighting technique [23,24].

The spatial lattice size is set to Ny = L/a =24 or 16
depending on m;, so that a condition ML 2 4 is satisfied to
control finite volume effects. The temporal lattice size is
fixed to N, = T/a = 48. The statistics are 2,500 HMC
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FIG. 1. Jackknife error of three-point function C§% % (Bxg,
Ax/,p,p’) as a function of bin size. We plot data at (m,4, m,) =
(0.015,0.080) with Ax, = Axj =9, 6 =0.00, and &' = 1.68.
See Sec. II B for the definition and parameters of the three-point
function.

trajectories at each simulation point (m;, m,). We estimate
the statistical error by the jackknife method with a bin size
of 50 trajectories. Figure 1 shows that the jackknife error of
three-point functions is stable against the choice of the bin
size. Our simulation parameters are summarized in Table I.

B. Calculation of meson correlators

We calculate the three-point functions of the kaon and
pion,

che o (Axy, AXy;p.p’)

:—Z Z (Og.p (X", x4 + Axy + AX);p')

tx4—lxx x”

X V(X' x4 + Axg)Op (X, x43P)"), (8)

where P (Q) specifies the initial (final) meson, and is “K”
or “z.” The vector current V, is the weak current for P # Q,

and light (?yﬂl) or strange current (5y,s) for P = Q. The
initial (final) meson momentum is denoted by p'"), whereas
Ax, ") is the temporal separation between V, and the meson
source (sink) operator (’);. " (Ogp,¢)- We also calculate the
two-point function,

ZZ Op .y (X', x4 + Axy;p)

tx;;]xx

X Op 4(x,x4:p)"), )

C¢¢;(AX4, p

to extract the form factors below the maximum value of the
momentum transfer t,,,, = (Mg —M,)?* (see Sec. Il for
details).
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The meson interpolating field is given as

Opy(X.x4,p) = Z(f’ (X 41,0 )y5q(X, x4). (10)

In addition to the simple local operator with ¢,(r) = 6,,
we also use an exponentially smeared operator with
¢, (r) = exp[—0.4|r|] to reduce the excited state contami-
nation in the meson correlation functions.

There are no explicit Fourier factors in the above
expressions (8) and (9). The meson momentum p") is
induced through the twisted boundary condition for the
valence quark fields [7]

q(x + Lk, x;) = e”q(x. x,),

G(x + Lk, x;) = e7g(x,xq) (k=1,2,3). (11)

Here k is a unit vector in the k-th direction, and we take a
common twist angle # in all three spatial directions for
simplicity. This condition induces a quark momentum of
pr =0/L <2x/L, and hence a meson momentum p, =
(0 —¢)/L by using different twist angles, 6 and ', for
the quark and anti-quark components. With our choices of
the twist angle listed in Table I, we simulate a region of the
momentum transfer —(300 MeV)? < t <t The impor-
tant reference point ¢ = 0 is located inside this region. Our
studies of the EM form factors of charged pion and kaon
[25,37] suggest that the next-to-next-to-next-to-leading
order (N3LO) chiral correction, which is not known in
ChPT, is small in this region of t.

In Egs. (8) and (9), the summation over the source
location (x, x4) is not mandatory, but is helpful to remark-
ably improve the statistical accuracy. To this end, we need
the so-called all-to-all quark propagator, which flows from
any lattice site to any site. Since a naive calculation is
prohibitively time consuming, we construct the all-to-all
propagator by using low-lying modes of the overlap-Dirac
operator [21,22] and the stochastic noise method [39].
Namely, the low-mode contribution is calculated as

TABLE I. Simulation parameters. Meson masses, M, and M,
are in units of MeV.

lattice m; mg M, My 0

16% x 48 0.050 0.080 540(3) 617(4) 0.00, 0.40, 0.96, 1.60
16° x 48 0.035 0.080 453(4) 578(4) 0.00, 0.60, 1.28, 1.76
243 x 48 0.025 0.080 379(2) 548(3) 0.00, 1.68, 2.64
43 x 48 0.015 0.080 293(2) 518(1) 0.00, 1.68, 2.64
163 x 48 0.050 0.060 540(4) 567(4) 0.00, 0.40, 0.96, 1.60
16° x 48 0.035 0.060 451(6) 524(5) 0.00, 0.60, 1.28, 1.76
243 x 48 0.025 0.060 378(7) 492(7) 0.00, 1.68, 2.64
43 x 48 0.015 0.060 292(3) 459(4) 0.00, 1.68, 2.64
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FIG. 2. Statistical fluctuation of three-point function CKjZ 4. (Axq, Axj;p,p’) for u = 4 (left panel) and 1 (right panel). We plot the
value for each jackknife sample normalized by the statistical average. The horizontal axis represents the HMC trajectory count of the

excluded configuration in the jackknife analysis. The data are obtained at (m;, m,) =

(0.015,0.080) with Ax, = Ax} = 10, 8 = 0.00,

0" = 1.68. Triangles and circles are data before and after averaging over the temporal location of the source operator x4, respectively.

[Dmy) oy (x3) = 3w (). (12)
=1 4

where /1,(f> and u; represent the k-th lowest eigenvalue of

D(m,) and its associated eigenvector. The number of
the low-modes is N, =240 and 160 on the 24% x 48
and 167 x 48 lattices, respectively.

We estimate the remaining contribution from higher
modes stochastically by using the noise method together
with the dilution technique [22]. A complex Z, noise vector
is prepared for each configuration, and is split into N, =
3 x4 x N,/2 vectors ny(x)(d =1,...,Ny). These diluted
noise vectors have nonzero elements only for a single
combination of color and spinor indices and at two
consecutive time slices. We solve a linear equation for
each diluted noise vector

D(mgy)x, = Phgita  (d=1,....Ng), (13)
where  Ppigh = 1 — Ploy, and Py, = ZkN;1 weuy is the
projector to the eigenspace spanned by the low-modes.
The high-mode contribution is then estimated as

Zxd

We refer the readers to Refs. [25,37] for more details on our
implementation.

Figure 2 shows the statistical fluctuation of the three-
point function CK~% g, (Bxg, Ax;p,p’) with a certain
choice of Ax,") and p(’ ). Averaging over the temporal
coordinate x4 reduces the statistical error by about a factor
of 3 for the temporal component ; = 4 and a factor of 5 for
spatial u = 1.

{D(my)~" }yan(x.) ny(y).  (14)

The my dependence of the form factors is studied by
repeating our calculation at a different value of the strange
quark mass m, = 0.060 using the gauge ensemble at m; =
0.040 and the reweighing technique [23,24]. For instance,
the three-point function can be calculated as

(€ Y

wapg' I m <C Q(p’ﬂ}(mwm )>

(15)

)

where (---) () represents the Monte Carlo average at m”.

The reweighting factor w from m, to m} is defined as

D(m’s)]
D(my)
(16)

w(ml, mg) = . ow(ml,my) = det[

for each gauge configuration. In order to remarkably reduce
the computational cost, w is decomposed into contributions
from low and high modes

W(m./w ms) = Wlow(m{v» ms)whigh(m‘/w ms)’ (17)

D(m})
Wiow(high) (715, M) = det | Piow(high) 57— Plow(hig) |- (18)
ow (high) \"ts» Mty ow(hig )D(ms) ow (high)

We exactly calculate the low mode contribution w,,,, by
using the low-lying eigenvalues, whereas the high-mode
contribution wy,, is estimated through a stochastic esti-
mator for its square

N,
§ _l
Wﬁlgh(m/?’ ms = 2 Ph‘gh§’ Q I)Phlghfr (19)

where Q= D(m,)"{D(m})~'}'D(m})"'D(m;). In our
study of the EM form factors [25], the full reweighting
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factor w turned out to be largely dominated by the low- ITII. FORM FACTORS AT SIMULATION POINTS
mode contribution wy,,, with our simulation setup. For each
configuration, therefore, we use only ten Gaussian random
vectors {&y, ..., &0} (N, = 10) with which the uncertainty
of w due to the stochastic estimator is negligibly small
compared to its statistical fluctuation.

In the limit of large temporal separations Ax4, Ax), — o,
the light meson three-point function (P, Q = 7 or K) is
dominated by the ground state contribution as

Zoy(P')Zpy(p) 1 ,
p— V,|P
A)u,Axf‘—»oo 4EQ(p/)EP(p) ZV<Q(p)| /4| (p)>

x e~Eo(P)Ax, =Ep(p)Axs (20)

Cy9 y (Axy, Axy:p, p')

where Zp ,(p) = (P(p)|Op,) is the overlap of the meson interpolating field to the physical state, and Zy is the

—Epi)(p") A,

renormalization factor for the vector current. These factors and the exponential damping factors e cancel in the

following double ratio [40,41]

Chag(

CKK (Axy, Ax);0,0)CT

4
(MK + Mrr)
Axy,Ax)—co 4MKM;Z

Axy, AX);0,0)CK  (Axy, AX);0,0)

494
T ¢¢,(Ax4, Ax};0,0)

fO(tmax)zs (21)

R¢¢/ (A.X4, A.X4/) =

from which we calculate the scalar form factor f(#,,,,) at the largest momentum transfer 7,,,,,. Figure 3 shows the effective
value of f((#max) as a function of Ax,. The accuracy of f((fmay) is typically <1% with our simulation setup. The figure also
demonstrates that the all-to-all quark propagator greatly helps us increase the reliability of the precision calculation of
So(tmax): it enables us to confirm the consistency in f((#y.) among different values of Ax, + Ax/ and different smearing
functions for the meson interpolating fields.

At smaller momentum transfer ¢ < 7,,,,,, the vector form factor f_ (¢) and the ratio £(¢) = f_(t)/f.(¢) are calculated from
the following ratios [41-43]

¢ (/){/),(Ax4,Ax4,p p )CK (Axy,0) (p/)/(Axm 0)
Ci7 (Axy, Ax}30,0)C 4, (8xs.p)CF  (Ax),P')

Ryy (P, p'; Axy, AX)) =

4.9¢'
Ex(p) + E,(p') , Ex(p) — E;(P) f+() ”
M M + M M 40 ’ (22)
Axy,Ax) -0 x t M, xk +M, fO(trnax)
L e L E—— L T
o ¢:¢s,¢:¢5 Ax +Ax,) =16 it 0 0=0, ¢'=0, Ax+Ax =18
O 0=0. ¢’ =0, Axq+ 4—18 O 0=0, ¢'=0, Ax+Ax,=20
o 9=0, ¢'=0. Ax+Ax, =20 o o 9=0, ¢'=0. Ax+Ax,=22
Lolk A 9=0, 0’ =0, Ax+Ax/ =18 T i | A 9=0, 0’ =0, Ax+Ax, =20
\’E, 4 0=0, ¢'=0, Ar+Ax,/=18 i \’E, 05 4 0=0, ¢'=0, Ax+Ax, =20
< v 0=0¢, ¢'=0, Ax+Ax, =18 A 5 1o5f v 0=0, ¢'=¢, Ax+Ax/ =20 b
Rv T Rv
ﬂ - g <
= RS
1.00 —
m,=0.050, m_=0.080 1 100 m,=0.015, m_=0.080 N
! [ R R PR N H S RS S
5 10 15 20 5 10 15 20
Ax, (shifted) Ax, (shifted)

FIG. 3. Effective value of f((fy,) estimated from double ratio Ry (Axy, Ax}y) at (m;,m) = (0.050,0.080) (left panel) and
(0.015,0.080) (right panel). Blue circles, squares and diamond show data with the smeared source and sink for different values of
Ax, + Ax}. On the other hand, black triangles show data with local source and/or sink with Ax, + Ax} kept fixed. All data are shifted
along the horizontal axis so that the meson source and sink operators are located at 7/4 — (Axq + Ax})/2 and T/4 + (Axy + Ax)))/2,
respectively. Solid and dashed lines show a constant fit to data with different values of Ax, and Ax, + Ax)}.
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FIG. 4. Vector (left panel) and scalar form factors (right panel) as a function of 7 at (m;, m) =
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L m,=0.050, m_=0.080

1.00

— linear
I —— quad.
- free-pole

Jo®

0.95 [

L L L L L | L
-0.10 -0.05
1 [GeV]

(0.050, 0.080). Solid circles show the

results at simulated #’s. Solid, dashed and dot-dashed lines are linear, quadratic (26) and free-pole fits (27), respectively. We also plot the
fit with the K* pole (25) for f,. The dotted lines show their statistical error. The value interpolated to ¢t = 0 is shown by the open
diamond. The blue thicker lines show the fit to estimate the central value and statistical error of the interpolated value.

Ri gy (P.P's Axy, Ax)) =

kKZSqﬁ’(Axlh Axi&a P p/)Cfgqﬁ’ (AX4, AX4, P, p/)
Cfg¢’(Ax4v Axil’ P.P )Cfg¢/(AX4, AX4, P.p )

Ex(p) + Ex(p')

/

(p+p )+ (p-

Axy,Ax,— 00

The last line of Eq. (22) assumes the asymptotic form of the
two-point function

Zpy () Zpy(P) o~Er(0)Ax
2Ep(p)

We evaluate f((7) from f, (7) and £(7) at ¢ < t,,,,. Note
that, at #,,,,, we only have results for f(#y,x) from Ry,

(24)

—00

ng/)’ (Axy;p) Ax,

since I~€¢¢/ and Ry 44 have no sensitivity to f, and &.

In Figs. 4 and 5, we plot the vector and scalar form
factors as a function of 7. At m, = 0.080, the statistical
accuracy of the nontrivial chiral correction fy oy(f) —1

e
L m,=0.015, m_=0.080

| — linear
————— quad.
- free-pole
- K*-pole + linear

£,0

0.9

-0.05 0.00

1 [GeV?]

-0.10

FIG. 5.

(p+ P

Same as Fig. 4, but for (m;, my)

L0 o)

Ex(p) + Ex(p) + {Ek(P) — E-(p")}¢(1)

l
due to my#m; and t#0 is typically 10%-20%.
Analyses based on ChPT suggest that finite volume
effects including those due to the twisted boundary
condition [44] are below this accuracy: O(exp[-M,L]) <
O(2%) or less [44-46].

In Fig. 6, we observe that the statistical error is about a
factor of two larger at my = 0.060 due to reweighting.

We parametrize the ¢ dependence of the form factors
f{+.0} to estimate the normalization f, (0) = f,(0) and the
slopes df (1 01/ dt|,_, at simulated quark masses. For the
vector form factor f, we use the following parametrization
based on the vector meson dominance (VMD) hypothesis

— T
L m,=0.015, m_=0.080
R — linear
—— quad.
i - free-pole
b
0.9k g .
[

-0.05 0.00

1 [GeV?]

= (0.015,0.080).
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FIG. 6. Same as Fig. 4, but for (m;, m,) = (0.050,0.060).

Fol) = mm{%ﬂ% " m}, (25)

where M g+ represents the strange-light vector meson mass
calculated at simulation points. There could be contribution
of the higher poles and cuts, which is well approximated by
the additional linear term at our small values of |¢|. We note
that our data of the pion and kaon EM form factors in a
similar region of ¢z are well described by this type of the
parametrization [25].

Since we simulate small values of [¢|, our data of
f{+.0y does not show any strong curvature in Figs. 4-6,
and simple polynomial parametrization also describes our
data well

o) = 1O 142 3z —

7+, phys
t 2
+ 4, 0 (M—2 > } (26)
7t phys

even without the quadratic term. The conventional free-
pole form

TABLE 1II. Fit results for normalization f,(0) and slope
parameters ﬂ’{ Loy

m mg f+(0) 2. x 10? Ay x 107
0050 0.080 0.9986(11)(2) 2.027D(12)  1.1028)(11)
0.050 0.060 0.99991(25)(—8) 2.12(14)(22) 0.84(51)(27)
0.035 0.080 0.9937(31)(+8) 2.37(11)(18) 1.42(29)(11)
0.035 0060 09977(20)(*%)  2.52(19)(19) 1.72(42)(26)
0025 0.080 0.9919(18)()) 251521  146(17)(7)
0025 0060 0.9969(46)(*1) 274(14)26) 159(52)(18)
0.015 0.080 0.9847(34)(F3)  2.72(10)22) 1.70(15)(1)
0015 0.060 0.9922(74)(“1%)  275(13)32) 1.92(32)(14)

0
freom(t) = _Teo®

- 2
1- t/Mpole,{+,0}

(27)

also works well.

In this study, we estimate f, (0) and df, o,/dt],_o by a
simultaneous fit using the VMD-based form (25) for f
and the quadratic form (26) for f,. The uncertainty due to
the choice of the fitting form is estimated by testing the
polynomial and free-pole forms for f and the linear and
free-pole forms for f,. Fit results are summarized in
Table II, where we list the phenomenologically familiar

slope parameter Af{ +0} in the quadratic parametrization (26)

instead of df , o /dt|,—o = f+(0)’1/{+,0}/M;2zi,phys'

In the simulated region of ¢, all the aforementioned
parametrizations describe our data well with y?/d.o.f <
0.5. The choice of the parametrization leads to small
uncertainty for f (0) compared to the statistical accuracy.
For the slope parameter /1f{ Lop the systematic error is more
important, but not so large compared to the statistical one.

IV. CHIRAL EXTRAPOLATION
OF FORM FACTORS

A. ChPT formulas and LECs

The momentum transfer and quark mass dependence of
the form factors is known up to NNLO in SU(3) ChPT
[19,20]. Let us denote the chiral expansion as

Fx(t) = fxo+ fx2(t) + fxa(t) + fxe(t) (X =+.-.0),
(28)

where fx o, fx2,and fx 4, represent the LO, NLO, and NNLO
contributions, respectively. We add a possible higher order
term f'y ¢, the functional form of which is not yet known.
The current conservation fixes the normalization of the
vector form factor in the chiral limit as f, , = 1. The NLO
contribution can be decomposed into two parts

034501-7
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TABLE III.  Input values for O(p*) couplings L’ at renormalization scale u = M - We use Lg from our study of the EM form factors
[25], whereas Ly,_g) are taken from a phenomenological study [51]. In that paper, authors presented two estimates obtained from
different ChPT fits of experimental data. The central value and the first statistical error of Ly;_gy are from the authors’ preferred fit,

whereas we assign the difference between the two estimates as the second systematic error.

L x 10 L5 x 10° L5 x 103 L x 10 L x 103
0.53(6)(+11) 0.81(4)(-22) -3.07(20)(+27) 0.3(0)(40.46) 1.01(6)(=51)
L x 10° L x 103 L} x 10° Ly x 103
0.14(5)(+35) —0.34(9)(+15) 0.47(10)(=30) 4.6(1.1)(F

foo(®)=fio(t)+ fiap(1). (29)  study of the EM form factors [25]. Other Ly,_g, appear

The first part f, ,; represents the analytic term arising
from the tree diagram with a vertex arising from the O(p*)
chiral Lagrangian L4,

Fafion(t) =2Lgt. (30)

Note that p symbolically represents the Nambu-Goldstone
(NG) boson momentum, and Ly is a LEC in £4. This
contribution does not involve quark masses to be compat-
ible with the current conservation f ,;(0) = 0.

The other part is the contribution of loop diagrams

F3f a(t) = 5 {AGM2) + 2A(M3) + A(M3))

3 - _
- 5{322(M%’M%(, 1)+ Bzz(M%(,M%, N},
(31)

where A and B,, represent one-loop integral functions.
We refer the readers to Refs. [25,47] for their definition
and expression. Note that the so-called &-expansion is
employed in this study: the form factors are expanded in
terms of &, x4 = M%ﬂ, k! (AnF 2)%, where F, represents

the pion decay constant. In Ref. [48], we demonstrated that

the £-expansion of the meson masses and decay constants

has a better convergence than the expansion in terms of

m,/(4xF,)?. Here F is the decay constant in the chiral

limit. The &-expansion has another important advantage

that ChPT formulas are free from the unknown LEC F,.
This is also the case for the NNLO contribution

fra(t) = fract) + frar(t) + frap(t). (32)

Here f, 4p represents the contribution of two-loop dia-
grams without any vertices from £, and O(p®) chiral
Lagrangians L¢ [49]. While its expression is rather lengthy
[50], it does not contain any LECs in the £-expansion, and
is not an obstacle to obtaining a stable chiral extrapolation.

The term f, 4; mainly arises from the one-loop dia-
grams with one vertex from £, and hence depends on the
O(p*) couplings L’. At the level of NLO, only L} appears
in f,,,, and we fix it to an estimate obtained from our

only in small NNLO term f ,,. We fix them to a recent
phenomenological estimate in Ref. [51]. These input values
are listed in Table III.

The NNLO analytic term f, 4 ¢ arises from tree dia-
grams with one vertex from Lg. A central issue in our
analysis based on NNLO ChPT is how to deal with many
O(p®) couplings C’ appearing in this contribution

Fafiac = =8¢ k(Mg — M2)?> —4c Mzt
— 4l g Myt —dehr, (33)

where the coefficients c%’s are linear combinations of
O(p®) couplings

ok = Cio + Gy, (34)

o =2C] +4C; + Cgy + Cos + gy, (35)
ch g =2C1, +8Ch5 +2C5, +2C, + Cyy,  (36)
¢, = Cly — Chy,. (37)

Similar to the case of L/, the chiral behavior of the EM
form factors provides helpful information about C’. The
coefficient of the O(#?) term, namely cly, is the same as the
NNLO analytic term of the EM form factors

F;‘zF]\[/;,c(l) = —4c;

bttt

Mzt —8cr, Myt —4ch?,  (38)

zt Kt

FiFK, (1) = —4c;(+’mM%t - 4c;(+’KtM%(t —4cn?, (39)

8
FiFEi () = =3 coMi = M)t (40)

where

7. = ACT, +ACT, +2C, + Cly + Cls +2Ch,, (41)

xtmt

c =4C1; + Cgy, (42)

;rﬁ.Kt
2 1
10+ Ca—3Cs  (43)

Chv = 4Cl + :

034501-8
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TABLE IV. Input values for the linear combinations of O(p®)
couplings obtained in our study of EM form factors [25].

X 10° x 10°

—-1.95(84)(3%)

ch x 10°
Z64(1.1)(0.1)

-
CI[+,Kt

—1.4(1.2)(109)

Ci’

4 4

(44)
o = 2Cg; — Cs. (45)
In addition, two coefficients for the K — 7z decays, ¢’ ,,

and ¢, g, are written in terms of those for the EM form
factors as

1
Ci,ﬂt = 5 (C;+,ﬂ[ + Cyrﬁ,[([ - C;(f])’ (46)

Ci.Kt = ( ;7;4r ;n+3c +Kt+c ) (47)

N[ =

Therefore, we have only single free parameter ¢’, , x in our
chiral extrapolation of f, at the level of NNLO. The term
=8¢, .k (M% —M2)* in f, 4 describes the SU(3) break-
ing effects at r = 0, and hence is absent in the EM form
factors. The coefficient c:L,HK is, therefore, to be determined
from the data of f. . For other coefficients ¢/, ;;, ¢, ;; and
ch, we use our estimate [25], which is summarized in
Table IV. The uncertainty due to the choice of the input in
Tables III and IV is estimated by repeating the following
analysis with the input shifted by its uncertainty quoted in
the tables.

The LO contribution to the other form factors are given
as f_o=0 and foo=1. At higher orders, however,
additional LECs appear through f_, which is absent in
the EM form factors. For instance, the coefficients

cl ;= —2C1, + Cgg — Cy, (48)

¢!y = 6Chy +4C}; +2C}5 +4Ch; +2C5, + Cly
+ Cos + Coo. (49)

¢l g = 6Cl, +8Cy + 4C}, + 4Cy5 +2CY, + 2C,
+2C;, + Ch, (50)

for the NNLO analytic terms for f_

fose=4cl (M — M)t +4cl (M} — MZ)M;,
+del (M — MZ) M (51)

PHYSICAL REVIEW D 96, 034501 (2017)

have C7,, C{5 and C7;. The information of f, and the EM
form factors is not so helpful in constraining them. In this
study, therefore, we calculate the following quantity,

using our data of Fg/F, obtained in Ref. [52]. As proposed
in Ref. [20], the Callan-Treiman and Dashen-Weinstein
theorems [53,54],

folt) = fo(t)+

F
So(MF = MZ) ~ 2=, (53)

suggest a large cancellation between f and Fg/F, even
out of the Callan-Treiman point = M% — M2. Actually, in
the chiral expansion of f,

folt) = Foo + Foa(t) + Foalt) + fos(t),  (54)
}0,2(1) = }0.2,L(t) + }0,2,30)’ (55)
}0,4(0 = J~co,4.c(1) +J~Co,4.L(t) +}0,4.B(t)’ (56)

the Lj-dependent NLO term vanishes, }O,Z,L =0. The
NNLO analytic term has a rather simple form,

F;‘z}oA,c(t) = —S(C%2 + C§4)(M%< _ M72[)2
+8(2CY, + C,) (M% + M7)t — 8CF, 12
= =8¢} (Mg — M7)?
+8(Cly + ¢ ) (M% + M2)t = 8Cl, 12,
(57)

Genuine loop contributions, ]‘0,2. g and ]70,4. g, are free from
the LECs, and we use the input in Table III for L!-
dependent NNLO contribution ]70_4’ .- Therefore, a simul-
taneous fit to f, and fo has only two fit parameters c’, .
and C7, (or C%y).

B. Chiral extrapolation and normalization
of form factors

The Ademollo-Gatto theorem [1,2] states that SU(3)
breaking effects in f,(7) is second order in (m, — m;) at
t = 0. The chiral expansion (28)—(37) is reduced into a
simpler form with

f12.(0) =0, (58)

0) = 3 H 3 H 59

fi28( )*5 &z +5Hry: (59)
frac(0) = =8¢ x(My — M), (60)
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FIG.7. Chiral extrapolation of £, (0) as a function of M2. Solid
circles and squares show our data at m; = 0.080 and 0.060. The
blue diamond is the value extrapolated to the physical point
(M) phys» My phys). We note that the physical strange quark mass
M, phys (diamond) is slightly off the simulated values (solid lines).

where

1 2MEIMY, M2
Hpp=——— A ML+ M2 —— "L n| 22| L
ro 1287z2F,2,{ O vy VR 7

(61)

In previous lattice studies, therefore, one often determines
f+(0) at simulated quark masses by assuming a phenom-
enological parametrization of the ¢ dependence of the form
factors, and then extrapolates f, (0) to the physical point
(M phys» My phys) based on NLO or NNLO ChPT.

We carry out this type of the conventional analysis using
the data of f (0) in Table II. As plotted in Fig. 7, the data
are well described by the NNLO ChPT formula with a good
value of y?/d.o.f. ~0.2. Numerical fit results are summa-
rized in Table V. The value extrapolated to the physical
point (1 ppys. M phys) 1S consistent with recent lattice
estimates f,(0) ~0.97 [8-11].

The chiral expansion has reasonable convergence
f+(0) =0.9636(40) = 1 —0.0232 — 0.0132(40) at the
physical point. However, Fig. 8 shows that the NLO and
NNLO contributions, f,,(0) and f,4(0), are com-

PHYSICAL REVIEW D 96, 034501 (2017)

parable at unphysically heavy M, ~300-500 MeV, and
there is a significant cancellation between the analytic
(f+4.c(0)) and nonanalytic (f,4.(0) and f45(0))
NNLO contributions.

In order to estimate the systematic error due to neglected
higher order corrections, we also test a fitting form
including a N°LO analytic term f,¢=d, M2(M% —
M2)?/F$, where the factor (M% — M2)? is motivated by
the Ademollo-Gatto theorem. However, the coefficient
d, = —1.1(1.6) x 10° is poorly determined, and the
extrapolated value f, (0) = 0.971(13) is statistically con-
sistent with that from the NNLO fit. This observation and
the good value of y?/d.o.f. for the NNLO fit suggest that
the uncertainty due to the truncation of the chiral expansion
at NNLO is not large compared to the statistical accuracy.
We treat the difference in f, (0) between the fits with and
without the N3LO term as a systematic uncertainty in
Table V.

We can examine the significance of the higher order
correction without assuming the form of f,s. Let us
consider a quantity

Af(O) = f+(0) —fio0-— f+,2.L(O) - f+,2.3(0)
= f+4.(0) = f145(0), (62)

which is the sum of the NNLO analytic term and the
possible higher order correction f, 4¢(0) + f, 4(0). Note
that f,0(0), f.,p5(0) and f,,p5(0) are LEC-free in
£-expansion, and hence Af can be calculated from our
data of f.(0) and inputs in Tables III. We can define an
effective value of ¢’ . = C{, + Cj, as

F4
c:—.HK,eff = _S(M%( _71'M2)2 Af = C:—,HK + O(MIZE’M%()9
z

(63)

which deviates from ¢’,  ; and shows a nontrivial quark
mass dependence, if the higher order correction f ¢ is
significant in the simulation region. As shown in Fig. 9,
however, our result has small dependence on m; and m;
suggesting that the higher order correction is not large
compared to the statistical accuracy.

TABLE V. Numerical results of NNLO ChPT fits to form factors. The first line shows results of the conventional fit to £ (0) in terms

of the NG boson masses M %ﬂ. K}

The second (third) line is from the fit to £, (¢) (f..(¢) and fo(z)) in terms of M2

(K} and ¢. The first error

is statistical. The second and third are systematics due to the choice of the input L}, and truncation of the chiral expansion at NNLO.

Note ¢!, x = Ci, + Cy4 (Eq. (34)).

fit data f+(0) ¢’ g x 10° Cr, x 10° Cyy x 10°
f+(0) 0.9636(40)(*22)(+79) 0.53(7)(=6)(=17) - _

f4(1) 0.9691(42)(*%)(~45) 0.429(73)(33,)(+90) - -

F(0), folt) 0.9636(36)(13") (*75) 0.524(62) (%50) (55) -0.23(7)(13)(555) 0.76(11)(55,) (477)
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FIG. 8. LEC-(in)dependent NLO and NNLO contributions to

f+(0). Thick dashed and dot-dashed lines are the NLO and
NNLO contributions, whereas the NNLO terms, f, 4 (0),
f+4.c(0) and f 45(0), are plotted by the thin dot-dot-dashed,
dot-dashed and dot-dashed-dashed lines, respectively.

—
| e m =0080 ]
20 m m =0.060 B
v-,g :
< 1.0 T T T 1
5 [ T " !
193 L T PY #
h o T
CE O I " im
o L L
0.0 -
1.0 I T R
~0 0.1 0.2 0.3

M [GeV’]

FIG.9. Effective value ¢/, . as a function of M3. Squares are
slightly shifted along the horizontal axis for clarity. The solid and
dotted lines show ¢’ obtained from the NNLO chiral fit and its
uncertainty.
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It is advantageous to use not only f, (0) but all the data
of f,(z) to better constrain the possible higher order chiral
corrections. Parametrizing both the ¢ and quark mass
dependences based on ChPT reduces the model depend-
ence of our analysis. We, therefore, carry out a fit for f_ (7)
using the chiral expansion (28) as a function of 7, M2 and
M?%. As shown in Fig. 10, the ¢ dependence of our data is
also described well by the NNLO formula with an
acceptable value of y/dof ~ (.7, because we simulate a
limited region of # ~ 0.

Results for the LEC ¢/, , x and the normalization £, (0) at
the physical point in Table V show good consistency with
those from the conventional analysis. Their systematic error
due to the truncation of the chiral expansion at NNLO is
estimated by repeating the fit with each of the following
higher order terms

d. Mit, d, M2,

(64)

Ff 6= d Mz (Mg — M3),
d.M2M>%t.

This uncertainty is slightly smaller than the conventional
analysis, because the coefficient d, is better constrained
with more data at nonzero ¢’s.

In order to make use of all the available data, we
performed a simultaneous fit to f,(z) and fy(7) as a
function of #, M2 and M%. As shown in Fig. 11, the
NNLO formulas (28) and (54) describe our data well with a
good value of y?/d.o.f. ~0.7. Numerical results of the fit
are summarized in Table V. We estimate the uncertainty due
to possible higher order corrections by testing the N*LO

terms (64) for f ¢ and the followings for j‘oﬁ

67 2 (A2 212 4 2.2
Fﬂ'f(),6 - d+Mﬂ(MK _Mﬂ') ’ dOMn't’ dOMn't s
dyM2M%t. (65)
— ‘
I A m,=0.050, mJ=0.06()
LOSE ¢ i, =0.035, m, = 0.060
[ v m=0.025 m =0.060
L » m,:0.0lS, mv:0.060
1.00 d

095
090}
0‘85 j ! 1 L L L L L L L L L L L L
20.10 20.05 0.00 0.05
1 [GeVH]

FIG. 10. Chiral extrapolation of f, (¢) as a function of 7. Different symbols show data at different values of m,, whereas the left and
right panels are for m; = 0.080 and 0.060, respectively. Thin solid and dotted lines show the fit curve and its statistical uncertainty. We
also plot those at the physical point (17, ppy, 71, pnys) by thick lines in the left panel at m, ~ gy
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L
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m,=0.035, m_=0.080
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I
m
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FIG. 11.  Simultaneous chiral fit to f, (¢) (left panel) and fo (1) (right panel) at m; = 0.080. Data at different values of m, are plotted by
different symbols as a function of #. Thin solid and dotted line shows the fit curve and the statistical uncertainty, whereas thick lines show

those at (771 phys» My phys)-

Table V shows good consistency in ¢’, ; and f, (0) at the
physical point among the three types of the chiral fit: namely,
the fit to £ (0), that to f, (¢), and the simultaneous fit to

£ (¢) and f(7). This is also demonstrated in Fig. 12, where
the M, dependence of f,(0) at m; = 0.080 ~ my 5 is
reproduced from the three fits. We observe good agreement
within ~1¢ in the whole simulation region of M2.

Table V shows that the statistical accuracy of the fit
results is not largely different between the conventional fit
and the fit to f, . Indeed, these two fits use the same data of
f but different parametrizations for the ¢ dependence:

Eq. (25) or ChPT. The statistical error is slightly reduced by
using fo. The uncertainty due to the choice of the input
(Tables IIT and IV) is more or less the same among the three
fits. However, the uncertainty due to the truncation of the
chiral expansion is significantly reduced by including more

1.00|
S 098
< |
L / m_=0.080
/ —- fittof,(0)
0.96 ... fit tof+(t) —
— fittof,(n and f,(1) |
L L L L 1 L L L L 1 L L L L 1 L
0.0 0.1 02 03
M, [GeV’)
FIG. 12. Comparison of fit curves for f,(0) at
mg = 0.080 ~ m ;.. The dashed, dotted and solid lines lines

are reproduced from the fits to f (0), f,.(¢) and the simultaneous
fit to f,(¢) and }0(1), respectively. For each fit, the thick line
shows the central value, whereas its statistical error is shown by
the two thin lines.

data into the ChPT fit. From this observation, we consider
the simultaneous fit to f, and ]‘0 as our best fit.

We investigate the convergence of this best fit in Fig. 13.
Our observations on f, at large spacelike momentum
transfer —¢ > 0 are similar to those on the charged meson

EM form factors F ;{,’ﬁ’p} in Ref. [25]. The analytic term
fi21 (fiac) is dominant NLO (largest NNLO) contri-
bution to f,, (f;4). We note that our estimate of the
relevant LECs in Tables III-V is not unexpectedly large,
and consistent with an order estimate [51]

L} = 0((4n)™2) = 0(6 x 107%),

Cr = O((4n)™) = 0(4 x 107%). (66)

The large analytic terms, f, ,, and f 4, suggest the
importance of the first-principle determination of the
relevant LECs. While we employ the input in Table III
for other LECs involved in f, 4, this term turns out to be
small. Therefore, the systematic uncertainty due to the
choice of the input is not large.

The convergence at —t>(0 1is reasonably good
and becomes better toward smaller M,. This is because
the dominant NLO term f, ,; «t/ F2 is not suppressed
by the NG boson masses and even enhanced by the factor
F7;? in the &-expansion. A similar convergence property

is also observed for the EM form factors F {,’ﬁ’m} [25].

There is a property of f, different from F é,””ﬁ} near
the important reference point = 0. Unless m; # m,, each
chiral correction does not necessarily vanish except f, 5,
which is dominantly large at —z >> 0 (blue thin dashed lines
in Fig. 13). As a result, the chiral expansion has a poorer
convergence towards ¢ = 0 as already observed in Fig. 8.
Note, however, that our analysis in Fig. 9 does not suggest
statistically significant N°LO nor higher order corrections.

In our analysis, the quantity f is used to obtain addi-

tional constraints on the relevant O(p®) couplings, C}, and
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FIG. 13. LEC-(in)dependent NLO and NNLO contributions to f, () (left panels) and f,(¢) (right panels) as a function of z. The top,
middle and bottom panels show data at (m,, m,) = (0.050,0.080), (0.015,0.080) and the physical point (171, pnys. 771 pnys)» TESpectively.
The net NLO and NNLO contributions are plotted by thick blue dashed and red dot-dashed lines, respectively. Thin lines show their

breakdown into LEC-(in)dependent terms.

C%,. For this purpose, J?o is designed to have no NLO
analytic term, which is adominant contribution to f, , and its
dependence on L! starts from NNLO. The right panels of
Fig. 13 show that the L;-dependent NNLO correction f0,4, L
is not large with our choice of the input in Table III. The
remaining loop corrections, }0’2’ g and ]‘0!4. B, are parameter
free in the &-expansion. Therefore, ]~‘0 has reasonable

sensitivity to the NNLO analytic term }0.40 This leads

to our observation in Table V: incorporating }0 into the chiral
extrapolation is helpful in improving the statistical accuracy
of ¢, ., and f(0), and also in reducing their systematic
error due to the truncation of the chiral expansion.

For phenomenological applications, it is preferable to
separately fix C7, and C%, rather than their sum c’, . This
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is only possible with the data of ]‘0 by disentangle their M2,
M%( and ¢ dependences in the NNLO correction (57). As
mentioned above, however, f, is designed to have the small

NLO correction ]?0,2- This quantity is sensitive to not only
NNLO but the even higher order corrections (64) and (65)
added by hand to estimate the systematic uncertainty due to
the truncation of the chiral expansion. As a result, this
uncertainty for C{, and C%, is rather large in Table V. In this
study, therefore, we only confirm that our results are
consistent with the order estimate (66). We note that a

better determination of C}, and C%, needs more data of fo
at smaller values of M, and M.

C. Form factor shape

In order to support the reliability of the determination of
£+ (0) with the subpercent-level accuracy, it is important to
check the consistency of the form factors’ shape on the
lattice with experiments. In recent analyses of experimental
data, it is popular to employ the so-called dispersive
parametrization of the ¢ dependence [16,17] based on
the analyticity of the form factors. In this study, however,

we consider the slope i’{ +.0} in the conventional quadratic

parametrization (26). These are convenient in our analysis
based on ChPT, since the chiral expansion is the expansion
in terms of ¢ (and the NG boson masses). We note that the
quadratic parametrization has been also well studied
phenomenologically and experimentally. Its relation to
the dispersive one has been established [16]. From recent
experimental data [3], the slopes are estimated as

A =2.58(7) x 1072, Ay =1.36(7) x 1072, (67)

In this paper, we treat Mii in Eq. (26) just as
the normalization factor to make A(, o, dimensionless,

4.0 ————— —— ————
I o m =0.080
m m =0.060

. . - NLO
3.0 : . * experiment |

A7 x10°
+

201

ol R
0.0 0.1 0.2 0.3

M [GeV’]
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and fix it to its physical value. The slope is then
given as

2
Y _ Mni,phys df{+.0}(t) '
B0 fa)  dr |,

We evaluate both the normalization f,(0) = f,(0)
(Table V) and derivatives df o,/dt|,_, from our chiral
fit of . and f, based on NNLO ChPT.

It is straightforward to calculate df, /dt|,_,. From the
chiral expansion (28), (29) and (32), it is given as

(68)

df (t) dfi,(t)  dfia(t)  dfie(?)
dt  dt + dt + dt (69)
df o(t)  dfi,. ()  dfiop(2)
dt  dt + e’ (70)
dfya(t) dfiac(t) dfiap(t)  dfyap(t)
a @ a4 (71)

The derivatives of f.,;, fi2p fiac and f,¢ are
analytically calculable from their expressions (30), (31),
(33) and (64). Since the NNLO nonanalytic terms, f, 4,
and f, 4 p, have rather lengthy expressions, we numerically
evaluate their derivatives as in our study of the light meson
charge radii [25].

We evaluate df,/dt|,_, through

dfo(r) _ dfo(1) 1 Fg
i dt _Mi(—M,Z,(l_F_,r)' (72)

Here df,/ dt|,_, is calculated in a similar way to
df . /dt|,_y, whereas Fg/F, is estimated from our
NNLO chiral fit in Ref. [52].

_
e m =0.080

3 m m = 0060 7]
- NLO for /(1)
L - NNLO for f(1)
20 ) * experiment
NS e
< |
S o
e L
1.0+
0.0+ . —
! T e P ——
0.0 0.1 0.2 0.3
M’ [GeV]

FIG. 14. Slope parameters 1/, (left panel) and A, (right panel) as a function of M?2. The blue solid and dotted lines are reproduced from
our chiral fit based on NNLO ChPT, and represent the slopes at a simulated strange quark mass m, = 0.080. The black dashed (dot-

dashed) line shows the contribution from the NLO (NNLO) correction to f, and fo- The value extrapolated to the physical point
(mud’phys, m S_phys) is plotted by the blue diamonds, whereas the red stars represent the experimental values (67). We also plot the values in
Table II by blue circles (m, = 0.080) and squares (0.060).
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Our results for Af{ 1) are plotted in Fig. 14 as a function
of M2. We observe reasonable agreement with the values in
Table II, which are estimated by assuming the VMD-based
parametrization (25) for f, and the quadratic form (26) for
fo- This agreement does not necessarily hold, since the
nonanalytic chiral behavior is not explicitly taken into
account in the model assumptions. The reasonable con-
sistency in /', is, therefore, compatible with our observation
in Fig. 13 that nonanalytic corrections to f, are not large at
the simulation points.

The dashed line in the left panel of Fig. 14 shows 1/,
up to NLO. The NNLO correction turns out to be
significant at the simulation points and down to the
physical point. In the whole region, the analytic term
f+.4.c gives rise to a dominant part of the NNLO correction
suggesting the importance of the first-principle determi-
nation of the relevant LECs. We observe that contribution
from the NNLO nonanalytic term f, 4, become significant
below the simulation points M, < 0.09 GeV? and leads to
the nonmonotonous M2 dependence of A',.. It is, therefore,
important to study the form factor shape by taking account
of the chiral logarithmic terms.

In the right panel of Fig. 14, dashed and dot-dashed lines
show contributions to A, from f, which are not large. The
slope is, therefore, dominated by the second term in the
right-hand side of Eq. (72). This is because a large part of
the NLO and NNLO analytic terms, which give rise to a
large contribution to A’ , are absorbed into the second term.
This suggests that a modified version [14] of the Dashen-
Weinstein relation [54]

fo0) k1 <F
M3} — M?

b

7% ,phys

holds reasonably well in a wide region of M, < 500 MeV.

D. Numerical results for form factors and LEC

Our numerical result for the normalization is
f (0) = O 9636(36)stat(+49)ch1ral(29)11;&0 (74)

The first error is statistical. The second error is due to the
chiral extrapolation and is a quadrature sum of the
uncertainties from the choice of the input L {1....8)
(Table IIT) and the truncation of the chiral expansion at
NNLO. The third one represents discretization errors at our
finite lattice spacing. Since the LO term f, o = 1 is fixed
from symmetry, we assign discretization errors to the
nontrivial chiral correction f, , + f, 4 by an order count-
ing O((aAqgcp)?) ~8% with Agep = 500 MeV. We
expect that f , + f 4 also receives finite volume effects
of O(e M=) ~ 19%-2%. This is, however, well below other
uncertainties. As shown in Fig. 15, recent lattice estimates
[8—11] are consistent with our result.

PHYSICAL REVIEW D 96, 034501 (2017)

L e e
N /= 2+1
this work H———+—
FNAL/MILC —+—O0—+
RBC/UKQCD H—O0—
N,.= 2+1+1
FNAL/MILC H—O—H
ETM p————
PR T T T T A S SO SO SR SN S S S S
0.95 0.96 0.97 0.98
1.(0)
FIG. 15. Comparison of recent lattice estimates of f, (0). The

filled circle shows our result (74). Recent results in Ny =2 + 1
[8,9].and 2 + 1 + 1 [10,11] QCD are plotted by open circles and
squares, respectively.

A latest analysis of available experimental data together
with analytic calculations of the isospin and EM corrections
[3,55-57] obtains |V ,|f,(0) =0.21654(41) [3]. Our
results lead to

Vsl = 0.2247(519) 1, (4) o (75)

and a measure of the unitarity violation in the first row

ACKM = |Vud|2 + |Vm‘|2 + |Vub|2 -1= _00004(:;)
(76)

Here we use recent estimate |V,,| = 0.97420(21) [58]
from the super-allowed nuclear f decays. Note that |V, | ~
4 x 1073 [59] is too small to affect this test of CKM
unitarity, and the long-standing tension between the exclu-
sive and inclusive decays does not change Acxy signifi-
cantly. CKM unitarity fulfilled at the level of O(0.1%) may
have sensitivity to new physics at the TeV scale [60].
For the LEC and form factor shape, we obtain

Cih(M,) + C5,(M))
=0. 524<62)5tdt(+33)

C+7‘[K( )

(42) 420 % 1073, (77)

chiral

Xy = 3.08(14) o (14 chirar (25) o X 1072, (78)

chiral

Ay = 1.98(15) g (531 apirat (16) o < 1072, (79)

chiral
where we assign O((aAqcp)?) discretization errors, and
1%-2% finite volume effects are well below other uncer-
tainties. We note that our chiral fit to f,(0) and that to
f+(#) yield consistent results for the normalization and
LEC. Recent lattice estimate [8—11] and the current world
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average [5] for £ (0) are in good agreement with our result.
We also observe reasonable consistency with a previous
lattice estimate of the LEC ¢’ (M,) = 0.46(10) x 10~

[8] and experimental results for the slopes (67).

V. CONCLUSIONS

In this article, we have presented our study of the chiral
behavior of the K — 7z semileptonic form factors. Relevant
meson correlators are precisely calculated by using the all-
to-all quark propagator. Our data of the form factors are
directly compared with NNLO ChPT in the continuum
limit by exploiting exact chiral symmetry preserved by the
overlap quark action.

Similar to our observation in our study of the EM form
factors, the nontrivial chiral correction to the vector form
factor f, — 1 is largely dominated by the NLO analytic
term f, ,; o t. As a result, the NNLO chiral expansion
exhibits reasonably good convergence particularly at t <0,
and describes our data reasonably well. While f. ,,
vanishes and the convergence becomes poorer towards
t =0, our analysis suggests that N°LO and even higher
order corrections are not large compared to the statistical
accuracy.

We determined the normalization f, (0) within < 1%
accuracy from our chiral fit to £ (r) and f,(¢) based on
NNLO ChPT. The result is nicely consistent with CKM
unitarity in the first row. We also estimate the relevant
O(p®) coupling C’, + C%, and the slope parameters l’{ L0}
from the same fit, and observe reasonable consistency with
a previous lattice study and experiments, respectively.

The statistical and systematic uncertainties of f (0) turn
out to be comparable to each other with our simulation
setup. Its accuracy can be improved in the future by more
realistic simulations with higher statistics. Note that the
uncertainty of the isospin breaking and EM corrections are

PHYSICAL REVIEW D 96, 034501 (2017)

typically 0.1%—0.2%. Good control of these corrections
will be increasingly important, as the accuracy of f,(0)
approaches this level.

Towards the continuum limit and the physical point,
the computational cost of the low-lying modes rapidly
increases, since the number of the necessary modes and
the computational cost of the Dirac operator multiplica-
tion are both expected to scale as « N3N,. While it is
possible to add another lattice spacing or lighter pion
mass on currently available computers, it is better in the
long term to pursue a more realistic calculation of the
kaon form factors and extension to heavy meson decays
with a computationally inexpensive fermion formulation.
We have carried out a comparative study of such
formulations with good chiral symmetry [61], and sim-
ulations on finer lattices are underway [62]. Preliminary
results have been reported for the D and B meson decay
constants [63] and the D - x and D — K form fac-
tors [64].
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