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Calculation of coupling constants and decay width
of light meson with kaon from QCD sum rules
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In this research paper, we evaluate the strong coupling constants of the K* Kz, KK, pK*K* and pK*K*
vertices in the framework of the three-point QCD sum rules. In each vertex two different off-shell particles
are considered and the final results are compared to the other existing predictions. We study the decay width
of K* - Kz and ¢) > KK and obtain the values I'(K* - Kz) = 46.8 and I'(¢) - KK) = 5.58, which

have good agreement with experimental values.
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I. INTRODUCTION

Investigation of meson and mesonic vertices particulary
at the low-energy region has been one of the most
interesting subjects of QCD. Such investigations are carried
out by the nonperturbative QCD approach. QCD sum rules
have been more reliable than other approaches [1], due to
the fact that they are based upon a QCD Lagrangian with no
model dependent parameter to be matched with experi-
mental data. QCD sum rules (QCDSR) have also been
successful in describing tetraquark states [2—4], molecular
states [5—7] and semileptonic decays [8-11], and in
calculating form factors, decay constant, strong coupling
constant, etc.

Determination of coupling constants helps to better
understand the nature of strong interactions and hadronic
phenomena. When one of the participating particles is off
|

shell, calculations are first carried out in the QCDSR
framework, and then extended to on-shell regions. Using
three-point QCDSR, coupling constants corresponding to
different mesonic vertices have been calculated such as
D*Dx [12,13], DDp [14], D*D*p [15], DDJ/y [16],
D*DJ/y [17], D*D,K, D:DK, DyD.K, D,DK [18],
D*D*P, D*DV, DDV [19], D*D*z [20], D*D*J/w
[21], D{D*K, D;DK [22], DDw (23], ¢D}yD7,, $DDy,
¢DD;, pD, Dy, (241, BBK [25], BiBK [26], D;D¢
[27], D,DK{, ByBK;, D;DK, B;BK, D;DK,, and
BiBK, [28].

In this research work, the K*Kz, ¢KK, ¢K*K*, and
pK*K* vertices have been investigated by using three-point
QCDSR. The interaction Lagrangians between the three
mesons are

L (p)k(k) = 19k (9 k()K" () [7(K)0,K — 0,m(K)K],
'Cqﬁ(p)K*K* = i9¢(p)K*K*{¢(P)M [K*UauKi - aﬂK*”Kﬂ + K [au(f)(ﬂ)UKﬁ - 4’(/0)”3/41@]
+[0.K*9(p), — K0, 9(p) | K*}. (1)

In the three-point QCDSR approach, phenomenological
and theoretical sides are carried out separately, and then are
equated. The theoretical side involves perturbation and non-
perturbation contributions. First, the perturbative contribution
of each vertex is calculated; then the quark-quark and quark-
gluon condensations of nonperturbative parts are found and
added to the perturbative contribution. The phenomenological
side is expanded, based upon hadronic parameters such as
meson and quark mass, decay constant, and strong coupling
constant. The theoretical side representing the Feynman
diagrams is real, whereas the phenomenological side is
imaginary. These two sides are related by the dispersion
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relation. In order to avoid divergences, double Borel trans-
formation is used and continuum and higher terms are ignored.
The present study is organized in four sections. After the
introduction, in Sec. II we introduce three-point QCD sum
rules and calculate the strong coupling constants of the K* K,
¢KK, pK*K*, and pK*K*. In Sec. III, the numerical results
of the coupling constants are given and in this section, the
decay widths of the decay modes K* — Kz and ¢p — KK are
determined. The paper ends with a conclusion in Sec. IV.

II. THREE-POINT QCD SUM RULES FORMALISM
FOR THE COUPLING CONSTANT
DETERMINATION

In three-point QCDSR, the standard method for
obtaining a vertex coupling constant is by introducing

© 2017 American Physical Society


https://doi.org/10.1103/PhysRevD.96.034016
https://doi.org/10.1103/PhysRevD.96.034016
https://doi.org/10.1103/PhysRevD.96.034016
https://doi.org/10.1103/PhysRevD.96.034016

E. KAZEMI and N. GHAHRAMANY

the correlation function that is given by the following
formula:
(1) corresponding to the K — K*(¢)
(a) for K*(¢) off shell,

— n(K) vertex:

s (p,p) = 2 / d*xdtyel )

x (0|7 (¥ (x)jh 7 (0)7%)

(b) for z(K) off shell,

HZ(K)(P,P/) -2 / d4xd4yei(p'.x—p~y)

x (0|7 (% (x) =5 (0) jf 7

())10);
3)

(2) corresponding to the ¢(p) — K* — K* vertex:

(a) for K* off shell,
nk.(p.p') = iz/d“xd“yei("""_"'}')

x (0T (' (x)j% (0)j2) ())]0),

(4)
(b) for ¢(p) off shell,
e (p, p') = 2 / d*xd*yel(Px=r)
x (O[T (& (x) 29 (0) 5 ())[0).
(5)

Each [(2)—(5)] equation can be written in theoretical
[operator product expansion (OPE)] and in phenomeno-
logical (physical) representations. In the OPE part of each
interpolating current can be expanded in terms of quark
fields in the following form:

(i) for the pseudoscalar (P) meson,

J7(x) = q(x)rsq' (x). (6)

pf(V) = 4NCIO |:Bz <km1m2 + mynsz — km2m3 -
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FIG. 1. Perturbative diagrams for (a) off-shell K*(¢) and (b)
off-shell z(K).

(i) for the vector()) meson,

i (x) = q(x)r.q'(x), (7)
where g(x) and ¢’(x) are up, down, or strange quark fields.
In general, the correlation function is written, using
operator product expansion, as

HP(V) - Hpe<r ) + Hno(np)eb (8)

which contain several Lorentz structures. Theoretically all
the structures are equal and give the same results, and we
have the option to choose any structure. But in order to
reduce the effects of approximations, we prefer to select the
structure that is more stable. To calculate the perturbation
contribution (Fig. 1), the product of interpolating currents
in Eqgs. (6) and (7) is expanded by using Wick’s theorem
and is substituted in “perturbation vacuum” brackets
in Eqs. (2)—(5). If the dispersion relation is taken into
account, the general form of the correlation function can be
written as

(s,s",q%)
(s =p*)(s" = p”)
+ subtractlon terms, 9)

Hper = — ds ds

where p is the spectral density and can be calculated by
Cutkosky rules.

As a result, the spectral densities corresponding to each
vertex can be written as

A
+(k+1)2—k;>

A
+(m1m3—m§—5>]p;+~--, (10)
p};va - _Nc[(BZ - Bl)(2m1m2 + 2m1m3 - 2m2m3 - 2m% + 2A — M)
+4A; +8(Cg = C3) + Io(2mymz — 4m3 + A+ 2mym3 + A)|guqe + -+ (11)
where ... denotes other Lorentz structures and k = 1 for off-shell P and kK = —1 for off-shell V. Also, the parameters used in

the spectral densities are given by
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1
Iy(s,s'. ¢?) = ————,
ol ) 423(s, s', ¢%)
Ma,b,c) = a*+ b>+ ¢*> — 2ac — 2bc - 2ac,
A= (s+m3—mi),

A = (s +m3 —m3),

u=s+s—q,
1
B =—[25A = Aul,
1 /‘L(S,S/, qz) [ s u]
1
B, =—[2sA — Au],
2 l(s’s/’q2) [ S l/t]
1
Al = ) [4ss'm3 — sA”? — s’ A? — uPm3 + uAA],
§,8,q9
1
C; = m [8s’2m%As — 25’m§Au2 — 4um§A/ss’ + u3m§A’ — 2523
§,8,49
+35'u>A" — 20" Ass' — A Au? + usA3),
1
Co = D) [8s2m3A"s" — 252 A" — dum3Ass' — 2A%Ass' + 3usA”?A
s,8,49
= 2sm3Au* + s'ul3 + udmiA — AN P, (12)

where the color factor of the quark is N. = 3 and the masses of quarks are given as
(1) corresponding to the K*(¢)Kz(K) vertex,
(a) for K*(¢) off shell: m; = m; my = m,(my) and m3 = my(m,),
(b) for z(K) off shell: m; = my(m,)m, = m,(my) and mz = my,
(2) corresponding to the ¢(p)K*K* vertex,
(a) for ¢(p) off shell: my = ms(m,), my = my(my) and my = m,(my),
(b) for K* off shell: m; = my(m,)m, = m,(m,) and mz = my(my).

Next, the nonperturbation contribution of the theoretical side that contains the quark-quark and quark-gluon
condensations has been discussed and finally both of them lead to the same condensation operator. Here the gluon-
gluon contribution can be ignored because all the participating quarks are light [29,30]. The nonperturbative contribution
that plays a significant role in quark-quark and quark-gluon condensations is given in Fig. 2 and can be presented as the
function of r = p* — mé and 7' = p”? —m?,.

The physical part of the correlation function corresponding to the phenomenology can be calculated, by the unitary
relation, obtained by inserting three complete sets of hadronic intermediate states in Egs. (2)—(5) with the same quantum
number as the interpolating currents. By separating the higher and continuum states, and isolating the ground states, we
have

) _ O (K) () O K () () (K (p) K () g, ) (K () . )it “)0)
! (‘12 - m%(*((/)))(l’z - m%{)(P/z - m,zr(K))

+ higher and continuum states, (13)

d(u) u(s) d(u) u(s)

FIG. 2. Nonperturbative diagrams for z(K) off shell.
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[k _ (Ol 1K (@) (p ) L K (p)) (K (¢ <>< ¢)K(p)|n(K)(9)){x(K)(q)];*¥)|0)
g (q% = m2 ) (p* = mz)(p™ = mi. )

+ higher and continuum states, (14)

i) _ SO 1K (2 €))L [K* (. €)) (K" (', )K" (1. €) 9 (0) (4. ")) p) (a. €)1 £ |0)
" (¢% = m} ) (P> = mi. ) (p” = mi.)

+ higher and continuum states, (15)
e — (OUE 1K (P ) OL (o) (p. ) (K" (2. € )bp) (p )| K" (. €")) (K" (q.€") K 10)

e (¢* = mz)(p* = m3, ) (p” = mi.)

+ higher and continuum states. (16)

Generally the matrix elements are defined on the basis of leptonic decay constants or strong coupling constants such as

V(p.e)V(p'.e)V(g.€") = igowv(4*) [~ 9ua + (@ + Py = (@ + P)agu] % € ()" *(P")e™ (q).
(P(p)P(P")IV(q.€)) = =gppy(*) (P, + P)e"(a).

OPP(p)) = 2P

my+my’
(01 [V(g.€)) = myfre,q), (17)

in which fp and fy, are the leptonic decay constants of the pseudoscalar and vector meson respectively, mp and m,, are

meson masses, and €,, €,, and ¢, are the polarization vectors that satisfy the following completeness relation:

P”P,,

*
€, = =G +
u€ ! T2

14

Using Eqgs. (17) and after some calculations, one can rewrite Eqs. (13)—(16) as

MW Z KW oy M) MMy ) @) f & F k)
! K (mg +mg)(mg +m,)(p* - m%()(Plz - m,zr(K))(qz - m%@(,ﬁ))
(m2 ) —mgx —m%. )
x ) 2K K) (p'y + ) + higher and continuum states,
K (@)
% — i) (@) g )Mk ] ko) S ) (M F i)~ )
! K (my +mg)(mg + mu)(p —mi)(p” - m%{*((p))(qz - m;Z;(K))
1
(p), + ---) + higher and continuum states,
mK*
M) — g0 (g2 e e e G A e =)
H P(p) KK 2mf(*(p2—mi*)(p’z—mf@)(qz—mé(m) Hvda

+ higher and continuum states,
5 mK My f o fK*(3mK* + m¢(/)) q%)
2m (p? = m2 ) (P = ) (¢ = m

+ higher and continuum states. (18)

[ = ~05 e (4

) (g/wCIa + - )

In order to calculate the strong coupling constants by QCD sum rules, the theoretical side and the phenomenological side
of each vertex are equated. The higher and continuum states are almost unknown and can lead to divergences. The situation
can be improved and divergences are suppressed if we apply the double Borel transformation to both sides of the correlation
function with respect to the p? and p'? as follows:
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2 1 (=D e
) () = iy e

e

m2

1 n
Bp’2 (M%) <p/2 _ m2)

where M? and M3 are the Borel parameters.

T(n) (M3)0=1"

The final result for coupling constants is obtained as follows:

m? 5 m2
0 mgz_ow+%wW+%wmﬂf—@m>e%%é
K*(p)Kx(K) mi(mmif k)2 f K(m )+ mK*<¢> -4)

1 s so 7 (K) - CJIT((*[Z;)K (K)
N / 7 ) My, M K (@)K=(K) / -
m? m2
gK (¢) (qz) _ (mg + myg)(my + mu)(qz - mK*) e /,;f)evg
K (@)Kn(X) mK*m meK*fn fK(mz(K) - mg = m%{*((p))
/ K*(¢)
1 [s5 , [SK) PP Nrv- S CK*((/))K;:(K) - _
X {_W/(mﬁmy ds /’1 dSPK*(d;)Kn(K)(S’S .q°)e e "2+ 12M2M3 (dd)((uir)) .

2(q2 B mK*) %

{ 1 / s s / sy dsok’ (s, s’ 2) -z T
X = s spK (5,5, q%)e Mie
47{2 (mu+"1x>2 $2 ¢<p)K K

2 2
z(qz _ m2 ) mK* mK*
17 2 2
g¢(p P (C] ) (p) e M e M3

f/)(/’)f r/)(/))f %( (4’”%( - ‘12)

L[ T e, Ceprr
- {_471'2/(m,,+m&)2 ds [2 dsp(ﬁ( )K*K*(s S 1 ) ’ +W<u

where s1, 5/, 55, and s} are the lower limits of the integrals
over s as

B m ) m —gm)
Si = 2 _ 22 _ o ’ (21)
(mi—q°)(m3 =)

and we presented the contributions of the quark-quark and
quark-gluon condensations as

Coff —shell

Hoff shell _ - ,
<qq > 12 M% M%

nonper

(22)

where the details are given in the Appendix.

III. NUMERICAL ANALYSIS

At this point, numerical analysis is presented to calculate
the strong coupling constants. The QCDSR expression of
vertex strong coupling constants has some inputs including

. Cf;(* KK
" *<s§>(<d51>)},
12M3 M3

N $(p)

mmw} (20)

|
quark and meson masses, decay constants, continuum
thresholds s and s{,, and Borel parameters M? and M3.

The values of masses are presented in Table I
Table II show the leptonic decay constants used in the
present analysis. The condensation values are given
by (s5) = (0.8 £0.2)(uit), (uin) = (dd) = —(0.240 +
0.010 GeV)? [31].

The Borel parameters are not physical so the physical
results should be independent of their variations and for this
reason the ranges of Borel parameters are selected so that
strong coupling constants remain almost unchanged and
stable. Another condition that should be considered in

TABLE I. The values of quark and meson masses in GeV [32].
mg m¢ mg~ mp mg mg,
0.14 1.02 0.89 0.78 0.49 0.14

034016-5



E. KAZEMI and N. GHAHRAMANY

TABLE II. The leptonic decay constants in MeV.
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fo fx fo

fK flr

234 + 10[33] 217 £ 7[32,34]

216 +5[32,34]

156.1 £ 8[32,34] 130.4 + 2[32,34]

range selection is that, with the large increase in Borel
parameters, the continuum and higher state contributions
cannot be ignored.

The continuum thresholds (s, and s;)) are the upper limit
of the integrals in Eqs. (20) and are not physical too. So as
mentioned previously, our results should have independency
to this parameters. The values of the continuum thresholds
are so = (m + A)? and sj, = (m' + A’)?, where m and m’
are the masses of initial and final particles, respectively, and
0.6 < A(A’) £0.9. In Fig. 3, we plot the strong coupling
constants g%..  versus Borel parameters M7 and M3 at
Q? = —¢> = 1 GeV. So by using the conditions mentioned
above, our calculations lead to suitable regions as 7 GeV? <
M? < 14 GeV? for all vertices.

38
36
g
s 34
¢
(=)
32
3
14
12 14
10 12
10
8 8
M2(GeV?) 6 6 M2(GeV2
2 1(eV)
FIG. 3. g%, dependencies on Borel parameters M and M, at
0% =1 GeV.
10 T T T
ol O QCDSRmoff-shell | |
Exponential fit
sl A QCDSR K* off-shell | |
-~ Exponential fit

. ]
X
X
o 5 i
4k
DY
3t Ap
AAAAA
ok AAAAAA "
-8 6 -4 -2 0 2 4 6 8 10 12
Q%(GeV?)
FIG. 4. The strong coupling constant gk, dependencies on
Q2

By acquiring the suitable Borel parameters and using
Table I and Table II data, we are able to present the
numerical solution of Egs. (20). In order to reach the strong
coupling constant values, defined at Q> = —m2;_ 4, a
function of g(Q?) must be found that fits the numerical
solution, because in this region, QCDSR leads to invalid
results. Our numerical solutions can have a good fit by
exponential fit function, i.e.,

9(Q?) = Ae~@'/E. (23)

As an example, we draw the strong coupling constant
%.x, versus Q% in Fig. 4. The A and B values of two
different off-shell mesons for all vertices are given in
Table III.

To reduce the error in extrapolating the strong
coupling constant quantities, three sets are considered. If
the initial and final particles are similar, then A = A’ and
AsetI =0.7 GCV, ASCtH =0.8GeV and AsetHI:O'g GeV.
Otherwise the values of A and A’ parameters are chosen
to be (0.7,0.6) GeV for set I, (0.8,0.7) GeV for set II, and
(0.9,0.8) GeV for set III, so that the larger value corre-
sponds to the heavier particle.

Table IV shows the coupling constant values of the
K*Kr, pKK, pK*K*, and pK*K*. The error estimation in

TABLE IIl.  Parameters appearing in the fit functions for all the
vertices.
Set 1 Set II Set I1I
Form factor A(A;) B(A;) A(A,) B(A,) A(A;) B(Ajz)
Ik kn 3.16 1443 433 1492 578 1551
e 255 11.65 382 13.00 624 16.69
ggm( 424 1559 500 10.09 578 16.38
g¢ 3.61 1670 425 1623 489 16.80
KK
91451(*1(* 528 1742 6.75 1827 843 19.27
g‘f’ 5,57 2070 7.13 2045 893  20.50
KK
gf,}*K* 483 13.18 6.56 1448 8.65 15.63
g"ﬂK*K* 6.57 1748 849 1846 10.71 19.38

TABLE IV. The strong coupling constants of all the vertices.

Coupling constant Coupling constant

Tk 5.42 £ 1.60 e 536 £ 1.65
Ik 5.08 £ 1.09 Gk 456 £ 1.52
Tk 6.86 + 1.45 e 7.59 + 1.64
Pk 7.06 + 1.55 Do 8.88 + 1.73
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TABLE V. Values of the strong coupling constants using different approaches.

Our approach  Ref. [39] Ref. [40] Ref. [41] Ref. [35] Ref. [42] Ref. [43] Ref. [44] Ref. [45] Ref. [38]
Ik Kx 5.39+1.63 5.7 4.6 3.76 343 8.7 5.5 6.38 4.6 5.43
5.85
Ref. [41] Ref. [35] Ref. [46] Ref. [47] Ref. [48] Ref. [49]
9pKK 482+ 1.3 5.55 5.93 5.77 4.7 4.9 4.56
4.51
Ref. [35] Ref. [35]
Gpk K 7.22 +1.55 5.93 4.51
Ref. [36] Ref. [41]
9ok K* 7.97 + 1.64 3.025 5.55
TABLE VI. Values of the full widths using different approaches in MeV.
Decay Our approach Ref. [50] Ref. [51] Ref. [52] Ref. [53] Experiment [32]
K* - Kn 46.8 46 21 52 51 474 +£0.6
¢ — KK 5.58 33 2.5 42 4.266 £+ 0.031

the coupling constant results is obtained by considering the
uncertainties in the physical and nonphysical input param-
eters. Our calculations show that the most effective factors
in the error results are the decay constants and the
continuum thresholds. To estimate the theoretical error
corresponding to the Borel masses, the behavior of the
coupling constants is investigated within the Borel win-
dows (7 GeV? < M? < 14 GeV?) by varying the Borel
mass values while fixing all other variables. It is found that
such variations lead to less than ~5% of deviations in the
values of coupling constants. For example, in the case of
Jk+k, We obtain 3.05% of error. But outside this selected
window for different vertices, the values of coupling
constants are not even close to each other.

Table V presents a comparison between our results
and the predictions of other calculations. In the SU(3)
invariant Lagrangian [35-37], the coupling constants of
¢K*K* and pK*K* can be related to each other by
gqg](*](* = g¢KK and gp](*](* = ngK’ and aCCOfding to
[38], for different charge states we have gxx, =
39k k0 = \/3/29K g, that are used in the compari-
son of Table V. The strong coupling constant values of g xx
and gyx-g+ in Ref. [35] have two results corresponding to
sin@ = 0.761 and sinf = 1.

Finally, we are interested in determining the decay width
of the K**K%z" and ¢K*K~ decay mode via

2 3
r— Gypp P
6]‘[]71%;
P2 _ [m)% - (mp + m'P/)z] [m]z/ - (mp - mp/)Z] . (24)

2
4ms,

so that by using the fraction (I';/T") from [32], the full
width can be achieved. The obtained decay width is
compared to the results from other methods and experi-
ments in Table VI

IV. CONCLUSIONS

In this research, we used the three-point QCD sum rules
to study the K*Kz, KK, pK*K*, and pK*K* vertices,
leading to the calculation of the strong coupling constants
of these vertices. The results are compared to the findings
of other models, and predictions. Except for pK*K*, all the
rest of the coupling constants have good agreement with the
models summarized in Table V. Evaluation of the strong
coupling constants could give useful information about the
nature of strong interactions. For example, we calculated
the decay widths of K* — Kz and ¢ — KK, and their
comparison to the other models shows good agreement
with the experimental results, especially in the K* — Kz
decay that is very close to values from experiment.
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APPENDIX: EXPLICIT EXPRESSION FOR
C-COEFFICIENTS IN EQ. (22)

In this Appendix, the explicit expressions of C’;((f&) Kx(K)®
K*(¢) b(p) - i
Crpyiak) Coopxeir> and CgmexK* are given by
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Cll[((*l((;)l(ﬂ(l() = <12m1M%M% + 12m3M3IM3 + 12mymIM3 + 6m;m3M3 — 6mym3M3
+ 3mym3M3 — 9mym3M3 + 6m mymsM3 — 6mzm3IM3 — 6mym3M?
+ 6m3q> M3 + 12m1m§M% + 6m2m§M% - 3m2m%M% - 9m1m%M%

- 6m?m% - 6m1m%m§ + 6m1m%q2 + 3mgm? + 3m1m%m(2)

M} 3 M3 M3
2.2 2,2 M 2,271 2 2 M2
= 3mymyq” + 3m;mym3 ﬁ% — 5 mimyng ﬁ% + 3mim,m; ﬁ%
2
M3 3 M3 M3\ - R
+6mim3—2 — ~mimym3—2%—3mim3—2 | x e “ie M2,
My 2 M; My
K
KW= <1zm1M$Mg G MEME + 12msmE M2+ 6y M + bmym M3
= 3mymiM3 — 9mmgM3 — 6mymymsM7 + 6mzmiM7 + 12m;m3M3
— 6mym3iM? + 3moym3M3 — 9mymiM7 — 6mim} — 6mm3m3
2
+ 6mym3q® + 3mim3 + 3mymim} — 3m m}q* + 3m1m§m§ﬁ;
2
2
3 M} M3 M3 3 M3 M3\ -
2,27 2 2 M3 3,202 2 2 3,22 [T
- imlmzmoﬁ% — 3mim,m; ﬁ% + 6mim; ﬁ% + Emlmzmo—% - 3m1m0m xe "ie "2,
+ 6mym3M3 — 3m;miM3 — 3mymiM3 — 3m m3M5 + 6m m3M;
+ 3mymamsM3 = 3mymiM3 — 6mym3M? + 3msq* M7 + 6mymiM?
+ 6mymiM? — 3mym3M3 — 3mimiM3 — 3m3im3 — 3m3m3 — 3mym3m3
3 3
= 3mymim3} + 3mym3q* + Emzmng + Em%m? + Emgm%
3 3 3 M?
2.2 2,2 2.2 2.2 2,2 M1
+ Emlmzmo + Emzmlmo - Emlmoq - Em2m0q + 3mymsm; ﬁ%
M? 3 M? 3 M? M3 M3
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