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In this research paper, we evaluate the strong coupling constants of the K�Kπ, ϕKK, ϕK�K� and ρK�K�

vertices in the framework of the three-point QCD sum rules. In each vertex two different off-shell particles
are considered and the final results are compared to the other existing predictions. We study the decay width
of K� → Kπ and ϕ → KK and obtain the values ΓðK� → KπÞ ¼ 46.8 and Γðϕ → KKÞ ¼ 5.58, which
have good agreement with experimental values.
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I. INTRODUCTION

Investigation of meson and mesonic vertices particulary
at the low-energy region has been one of the most
interesting subjects of QCD. Such investigations are carried
out by the nonperturbative QCD approach. QCD sum rules
have been more reliable than other approaches [1], due to
the fact that they are based upon a QCD Lagrangian with no
model dependent parameter to be matched with experi-
mental data. QCD sum rules (QCDSR) have also been
successful in describing tetraquark states [2–4], molecular
states [5–7] and semileptonic decays [8–11], and in
calculating form factors, decay constant, strong coupling
constant, etc.
Determination of coupling constants helps to better

understand the nature of strong interactions and hadronic
phenomena. When one of the participating particles is off

shell, calculations are first carried out in the QCDSR
framework, and then extended to on-shell regions. Using
three-point QCDSR, coupling constants corresponding to
different mesonic vertices have been calculated such as
D�Dπ [12,13], DDρ [14], D�D�ρ [15], DDJ=ψ [16],
D�DJ=ψ [17], D�DsK, D�

sDK, D0DsK, Ds0DK [18],
D�D�P, D�DV, DDV [19], D�D�π [20], D�D�J=ψ
[21], DsD�K, D�

sDK [22], DDω [23], ϕD�
s0D

�
s0, ϕDsDs,

ϕD�
sD�

s , ϕDs1Ds1 [24], Bs0BK [25], B�
sBK [26], D�

sDsϕ
[27], DsDK�

0, BsBK�
0, D�

sDK, B�
sBK, D�

sDK1, and
B�
sBK1 [28].
In this research work, the K�Kπ, ϕKK, ϕK�K�, and

ρK�K� vertices have been investigated by using three-point
QCDSR. The interaction Lagrangians between the three
mesons are

LK�ðϕÞKπðKÞ ¼ igK�ðϕÞKπðKÞK�ðϕÞμ½πðKÞ∂μK − ∂μπðKÞK�;
LϕðρÞK�K� ¼ igϕðρÞK�K�fϕðρÞμ½K�ν∂μK�

ν − ∂μK�νK�
ν� þ K�μ½∂μϕðρÞνK�

ν − ϕðρÞν∂μK�
ν�

þ ½∂μK�νϕðρÞν − K�ν∂μϕðρÞν�K�μg: ð1Þ

In the three-point QCDSR approach, phenomenological
and theoretical sides are carried out separately, and then are
equated. The theoretical side involves perturbation and non-
perturbation contributions. First, the perturbative contribution
of each vertex is calculated; then the quark-quark and quark-
gluon condensations of nonperturbative parts are found and
added to the perturbative contribution. The phenomenological
side is expanded, based upon hadronic parameters such as
meson and quark mass, decay constant, and strong coupling
constant. The theoretical side representing the Feynman
diagrams is real, whereas the phenomenological side is
imaginary. These two sides are related by the dispersion

relation. In order to avoid divergences, double Borel trans-
formation is used and continuumandhigher terms are ignored.
The present study is organized in four sections. After the

introduction, in Sec. II we introduce three-point QCD sum
rules and calculate the strong coupling constants of theK�Kπ,
ϕKK, ϕK�K�, and ρK�K�. In Sec. III, the numerical results
of the coupling constants are given and in this section, the
decaywidths of the decaymodesK� → Kπ andϕ → KK are
determined. The paper ends with a conclusion in Sec. IV.

II. THREE-POINT QCD SUM RULES FORMALISM
FOR THE COUPLING CONSTANT

DETERMINATION

In three-point QCDSR, the standard method for
obtaining a vertex coupling constant is by introducing
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the correlation function that is given by the following
formula:
(1) corresponding to the K − K�ðϕÞ − πðKÞ vertex:

(a) for K�ðϕÞ off shell,

ΠK�ðϕÞ
μ ðp; p0Þ ¼ i2

Z
d4xd4yeiðp0·x−p·yÞ

× h0jT ðjKðxÞjK�ðϕÞ
μ ð0ÞjπðKÞðyÞÞj0i;

ð2Þ

(b) for πðKÞ off shell,

ΠπðKÞ
μ ðp; p0Þ ¼ i2

Z
d4xd4yeiðp0·x−p·yÞ

× h0jT ðjKðxÞjπðKÞð0ÞjK�ðϕÞ
μ ðyÞÞj0i;

ð3Þ
(2) corresponding to the ϕðρÞ − K� − K� vertex:

(a) for K� off shell,

ΠK�
μναðp; p0Þ ¼ i2

Z
d4xd4yeiðp0·x−p·yÞ

× h0jT ðjK�
α ðxÞjK�

ν ð0ÞjϕðρÞμ ðyÞÞj0i;
ð4Þ

(b) for ϕðρÞ off shell,

ΠϕðρÞ
μνα ðp; p0Þ ¼ i2

Z
d4xd4yeiðp0·x−p·yÞ

× h0jT ðjK�
α ðxÞjϕðρÞν ð0ÞjK�

μ ðyÞÞj0i:
ð5Þ

Each [(2)–(5)] equation can be written in theoretical
[operator product expansion (OPE)] and in phenomeno-
logical (physical) representations. In the OPE part of each
interpolating current can be expanded in terms of quark
fields in the following form:

(i) for the pseudoscalar (P) meson,

jPðxÞ ¼ qðxÞγ5q0ðxÞ; ð6Þ

(ii) for the vector(V) meson,

jVμ ðxÞ ¼ qðxÞγμq0ðxÞ; ð7Þ

where qðxÞ and q0ðxÞ are up, down, or strange quark fields.
In general, the correlation function is written, using
operator product expansion, as

ΠPðVÞ ¼ ΠPðVÞ
per þ ΠPðVÞ

nonper; ð8Þ

which contain several Lorentz structures. Theoretically all
the structures are equal and give the same results, and we
have the option to choose any structure. But in order to
reduce the effects of approximations, we prefer to select the
structure that is more stable. To calculate the perturbation
contribution (Fig. 1), the product of interpolating currents
in Eqs. (6) and (7) is expanded by using Wick’s theorem
and is substituted in “perturbation vacuum” brackets
in Eqs. (2)–(5). If the dispersion relation is taken into
account, the general form of the correlation function can be
written as

ΠPðVÞ
per ¼ −

1

ð2πÞ2
Z

ds
Z

ds0
ρPðVÞðs; s0; q2Þ

ðs − p2Þðs0 − p02Þ
þ subtraction terms; ð9Þ

where ρ is the spectral density and can be calculated by
Cutkosky rules.
As a result, the spectral densities corresponding to each

vertex can be written as

ρPðVÞμ ¼ 4NcI0

�
B2

�
km1m2 þm1m3 − km2m3 −m2

3 þ ðkþ 1ÞΔ
2
− k

u
2

�

þ
�
m1m3 −m2

3 −
Δ
2

��
p0
μ þ � � � ; ð10Þ

ρVμνα ¼ −Nc½ðB2 − B1Þð2m1m2 þ 2m1m3 − 2m2m3 − 2m2
3 þ 2Δ − uÞ

þ 4A1 þ 8ðC6 − C3Þ þ I0ð2m2m3 − 4m2
3 þ Δ0 þ 2m1m3 þ ΔÞ�gμνqα þ � � � ; ð11Þ

where… denotes other Lorentz structures and k ¼ 1 for off-shellP and k ¼ −1 for off-shell V. Also, the parameters used in
the spectral densities are given by

(a) (b)

FIG. 1. Perturbative diagrams for (a) off-shell K�ðϕÞ and (b)
off-shell πðKÞ.
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I0ðs; s0; q2Þ ¼
1

4λ
1
2ðs; s0; q2Þ ;

λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ac − 2bc − 2ac;

Δ ¼ ðsþm2
3 −m2

1Þ;
Δ0 ¼ ðs0 þm2

3 −m2
2Þ;

u ¼ sþ s0 − q2;

B1 ¼
1

λðs; s0; q2Þ ½2s
0Δ − Δ0u�;

B2 ¼
1

λðs; s0; q2Þ ½2sΔ
0 − Δu�;

A1 ¼ −
1

2λðs; s0; q2Þ ½4ss
0m2

3 − sΔ02 − s0Δ2 − u2m2
3 þ uΔΔ0�;

C3 ¼
1

2λ2ðs; s0; q2Þ ½8s
02m2

3Δs − 2s0m2
3Δu2 − 4um2

3Δ0ss0 þ u3m2
3Δ0 − 2s02Δ3

þ 3s0uΔ2Δ0 − 2Δ02Δss0 − Δ02Δu2 þ usΔ3�;

C6 ¼
1

2λ2ðs; s0; q2Þ ½8s
2m2

3Δ0s0 − 2s2Δ03 − 4um2
3Δss0 − 2Δ2Δ0ss0 þ 3usΔ02Δ

− 2sm2
3Δu2 þ s0uΔ3 þ u3m2

3Δ − Δ2Δ0u2�; ð12Þ

where the color factor of the quark is Nc ¼ 3 and the masses of quarks are given as
(1) corresponding to the K�ðϕÞKπðKÞ vertex,

(a) for K�ðϕÞ off shell: m1 ¼ ms m2 ¼ muðmsÞ and m3 ¼ mdðmuÞ,
(b) for πðKÞ off shell: m1 ¼ mdðmuÞm2 ¼ muðmsÞ and m3 ¼ ms,

(2) corresponding to the ϕðρÞK�K� vertex,
(a) for ϕðρÞ off shell: m1 ¼ msðmuÞ, m2 ¼ msðmdÞ and m3 ¼ muðmsÞ,
(b) for K� off shell: m1 ¼ msðmuÞm2 ¼ muðmsÞ and m3 ¼ msðmdÞ.

Next, the nonperturbation contribution of the theoretical side that contains the quark-quark and quark-gluon
condensations has been discussed and finally both of them lead to the same condensation operator. Here the gluon-
gluon contribution can be ignored because all the participating quarks are light [29,30]. The nonperturbative contribution
that plays a significant role in quark-quark and quark-gluon condensations is given in Fig. 2 and can be presented as the
function of r ¼ p2 −m2

q and r0 ¼ p02 −m2
q0 .

The physical part of the correlation function corresponding to the phenomenology can be calculated, by the unitary
relation, obtained by inserting three complete sets of hadronic intermediate states in Eqs. (2)–(5) with the same quantum
number as the interpolating currents. By separating the higher and continuum states, and isolating the ground states, we
have

ΠK�ðϕÞ
μ ¼ h0jjπðKÞjπðKÞðp0Þih0jjKjKðpÞihπðKÞðp0ÞKðpÞjK�ðϕÞðq; ϵÞihK�ðϕÞðq; ϵÞjjK�ðϕÞ

μ j0i
ðq2 −m2

K�ðϕÞÞðp2 −m2
KÞðp02 −m2

πðKÞÞ
þ higher and continuum states; ð13Þ

FIG. 2. Nonperturbative diagrams for πðKÞ off shell.
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ΠπðKÞ
μ ¼ h0jjK�ðϕÞ

μ jK�ðϕÞðp0; ϵ0Þih0jjKjKðpÞihK�ðϕÞðp0; ϵ0ÞKðpÞjπðKÞðqÞihπðKÞðqÞjjπðKÞj0i
ðq2 −m2

πðKÞÞðp2 −m2
KÞðp02 −m2

K�ðϕÞÞ
þ higher and continuum states; ð14Þ

ΠϕðρÞ
μνα ¼ h0jjK�

α jK�ðp0; ϵ0Þih0jjK�
μ jK�ðp; ϵÞihK�ðp0; ϵ0ÞK�ðp; ϵÞjϕðρÞðq; ϵ00ÞihϕðρÞðq; ϵ00ÞjjϕðρÞν j0i

ðq2 −m2
ϕðρÞÞðp2 −m2

K� Þðp02 −m2
K� Þ

þ higher and continuum states; ð15Þ

ΠK�
μνα ¼

h0jjK�
α jK�ðp0; ϵ0Þih0jjϕðρÞμ jϕðρÞðp; ϵÞihK�ðp0; ϵ0ÞϕðρÞðp; ϵÞjK�ðq; ϵ00ÞihK�ðq; ϵ00ÞjjK�

ν j0i
ðq2 −m2

K� Þðp2 −m2
ϕðρÞÞðp02 −m2

K�Þ
þ higher and continuum states: ð16Þ

Generally the matrix elements are defined on the basis of leptonic decay constants or strong coupling constants such as

hVðp; ϵÞVðp0; ϵ0ÞjVðq; ϵ00Þi ¼ igVVVðq2Þ½−qνgμα þ ðqþ p0Þμgαν − ðqþ pÞαgνμ� × ϵμðpÞϵ0αðp0Þϵ00νðqÞ;
hPðpÞPðp0ÞjVðq; ϵÞi ¼ −gVPPVðq2Þðpν þ p0

νÞϵνðqÞ;

h0jjP jPðpÞi ¼ m2
PfP

mq þmq0
;

h0jjVμ jVðq; ϵÞi ¼ mVfVϵμðqÞ; ð17Þ
in which fP and fV are the leptonic decay constants of the pseudoscalar and vector meson respectively, mP and mV are
meson masses, and ϵμ, ϵ0μ, and ϵ00μ are the polarization vectors that satisfy the following completeness relation:

ϵ�μϵμ0 ¼ −gμμ0 þ
PμPμ0

m2
V

:

Using Eqs. (17) and after some calculations, one can rewrite Eqs. (13)–(16) as

ΠK�ðϕÞ
μ ¼ −gK

�ðϕÞ
K�ðϕÞKπðKÞðq2Þ

mK�ðϕÞm2
Km

2
πðKÞfK�ðϕÞfKfπðKÞ

ðms þmdÞðmd þmuÞðp2 −m2
KÞðp02 −m2

πðKÞÞðq2 −m2
K�ðϕÞÞ

×
ðm2

πðKÞ −m2
K −m2

K�ðϕÞÞ
m2

K�ðϕÞ
ðp0

μ þ � � �Þ þ higher and continuum states;

ΠπðKÞ
μ ¼ −gπðKÞK�ðϕÞKπðKÞðq2Þ

mK�ðϕÞm2
Km

2
πðKÞfK�ðϕÞfKfπðKÞðm2

K þm2
K�ðϕÞ − q2Þ

ðms þmdÞðmd þmuÞðp2 −m2
KÞðp02 −m2

K�ðϕÞÞðq2 −m2
πðKÞÞ

×
1

m2
K�

ðp0
μ þ � � �Þ þ higher and continuum states;

ΠϕðρÞ
μνα ¼ −gϕðρÞϕðρÞK�K� ðq2Þ m2

K�mϕðρÞfϕðρÞf2K� ð3m2
K� þm2

K� − q2Þ
2m2

K�ðp2 −m2
K� Þðp02 −m2

K�Þðq2 −m2
ϕðρÞÞ

ðgμνqα þ � � �Þ

þ higher and continuum states;

ΠK�
μνα ¼ −gK�

ϕðρÞK�K� ðq2Þ
m2

K�mϕðρÞfϕðρÞf2K� ð3m2
K� þm2

ϕðρÞ − q2Þ
2m2

K�ðp2 −m2
ϕðρÞÞðp02 −m2

K� Þðq2 −m2
K�Þ ðgμνqα þ � � �Þ

þ higher and continuum states: ð18Þ
In order to calculate the strong coupling constants by QCD sum rules, the theoretical side and the phenomenological side

of each vertex are equated. The higher and continuum states are almost unknown and can lead to divergences. The situation
can be improved and divergences are suppressed if we apply the double Borel transformation to both sides of the correlation
function with respect to the p2 and p02 as follows:
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Bp2ðM2
1Þ
�

1

p2 −m2

�
n
¼ ð−1Þn

ΓðnÞ
e
−m2

M2
1

ðM2
1Þðn−1Þ

;

Bp02ðM2
2Þ
�

1

p02 −m2

�
n
¼ ð−1Þn

ΓðnÞ
e
−m2

M2
2

ðM2
2Þðn−1Þ

; ð19Þ

where M2
1 and M2

2 are the Borel parameters.
The final result for coupling constants is obtained as follows:

gπðKÞK�ðϕÞKπðKÞðq2Þ ¼ −
ðmd þmuÞðmd þmsÞmK�ðϕÞðq2 −m2

πðKÞÞ
m2

πðKÞm
2
KfK�ðϕÞfπðKÞfKðm2

πðKÞ þm2
K�ðϕÞ − q2Þ e

m2
K�ðϕÞ
M2
1 e

m2
K

M2
2

×

�
−

1

4π2

Z
sK

�ðϕÞ
0

ðmdþmsÞ2
ds0

Z
sK

�ðϕÞ
0

s1

dsρπðKÞK�ðϕÞKπðKÞðs; s0; q2Þe
− s
M2
1e

− s0
M2
2 þ

CπðKÞ
K�ðϕÞKπðKÞ
12M2

1M
2
2

hss̄i
�
;

gK
�ðϕÞ

K�ðϕÞKπðKÞðq2Þ ¼ −
ðmd þmsÞðmd þmuÞðq2 −m2

K�Þ
mK�m2

πðKÞm
2
KfK�fπðKÞfKðm2

πðKÞ −m2
K −m2

K�ðϕÞÞ
e

m2
πðKÞ
M2
1 e

m2
K

M2
2

×

�
−

1

4π2

Z
sK
0

ðmdþmsÞ2
ds0

Z
sπ
0
ðKÞ

s0
1

dsρK
�

K�ðϕÞKπðKÞðs; s0; q2Þe
− s
M2
1e

− s0
M2
2 þ

CK�ðϕÞ
K�ðϕÞKπðKÞ
12M2

1M
2
2

hdd̄iðhuūiÞ
�
;

gK
�

ϕðρÞK�K� ðq2Þ ¼ −
2ðq2 −m2

K� Þ
mϕfϕðρÞf2K� ð3m2

K� þm2
ϕðρÞ − q2Þ e

m2
ϕðρÞ
M2
1 e

m2
K�
M2
2

×

�
−

1

4π2

Z
sK

�
0

ðmuþmsÞ2
ds0

Z
sϕðρÞ
0

s2

dsρK
�

ϕðρÞK�K� ðs; s0; q2Þe
− s
M2
1e

− s0
M2
2 þ

CK�
ϕðρÞK�K�

12M2
1M

2
2

hss̄iðhdd̄iÞ
�
;

gϕðρÞϕðρÞK�K� ðq2Þ ¼ −
2ðq2 −m2

ϕðρÞÞ
mϕðρÞfϕðρÞf2K� ð4m2

K� − q2Þ e
m2
K�
M2
1 e

m2
K�
M2
2

×

�
−

1

4π2

Z
sK

�
0

ðmuþmsÞ2
ds0

Z
sK

�
0

s0
2

dsρϕðρÞϕðρÞK�K� ðs; s0; q2Þe
− s
M2
1e

− s0
M2
2 þ

CϕðρÞ
ϕðρÞK�K�

12M2
1M

2
2

huūiðhss̄iÞ
�
; ð20Þ

where s1, s01, s2, and s02 are the lower limits of the integrals
over s as

si ¼
ðm2

3 þ q2 −m2
1 − s0Þðm2

1s
0 − q2m2

3Þ
ðm2

1 − q2Þðm2
3 − s0Þ ; ð21Þ

and we presented the contributions of the quark-quark and
quark-gluon condensations as

Πoff−shell
nonper ¼ hqq̄i C

off−shell

12M2
1M

2
2

; ð22Þ

where the details are given in the Appendix.

III. NUMERICAL ANALYSIS

At this point, numerical analysis is presented to calculate
the strong coupling constants. The QCDSR expression of
vertex strong coupling constants has some inputs including

quark and meson masses, decay constants, continuum
thresholds s0 and s00, and Borel parameters M2

1 and M2
2.

The values of masses are presented in Table I.
Table II show the leptonic decay constants used in the
present analysis. The condensation values are given
by hss̄i ¼ ð0.8� 0.2Þhuūi, huūi ¼ hdd̄i ¼ −ð0.240�
0.010 GeVÞ3 [31].
The Borel parameters are not physical so the physical

results should be independent of their variations and for this
reason the ranges of Borel parameters are selected so that
strong coupling constants remain almost unchanged and
stable. Another condition that should be considered in

TABLE I. The values of quark and meson masses in GeV [32].

ms mϕ mK� mρ mK mπ

0.14 1.02 0.89 0.78 0.49 0.14
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range selection is that, with the large increase in Borel
parameters, the continuum and higher state contributions
cannot be ignored.
The continuum thresholds (s0 and s00) are the upper limit

of the integrals in Eqs. (20) and are not physical too. So as
mentioned previously, our results should have independency
to this parameters. The values of the continuum thresholds
are s0 ¼ ðmþ ΔÞ2 and s00 ¼ ðm0 þ Δ0Þ2, where m and m0

are the masses of initial and final particles, respectively, and
0.6 ≤ ΔðΔ0Þ ≤ 0.9. In Fig. 3, we plot the strong coupling
constants gπK�Kπ versus Borel parameters M2

1 and M2
2 at

Q2 ¼ −q2 ¼ 1 GeV. So by using the conditions mentioned
above, our calculations lead to suitable regions as 7 GeV2 ≤
M2 ≤ 14 GeV2 for all vertices.

By acquiring the suitable Borel parameters and using
Table I and Table II data, we are able to present the
numerical solution of Eqs. (20). In order to reach the strong
coupling constant values, defined at Q2 ¼ −m2

off−shell, a
function of gðQ2Þ must be found that fits the numerical
solution, because in this region, QCDSR leads to invalid
results. Our numerical solutions can have a good fit by
exponential fit function, i.e.,

gðQ2Þ ¼ Ae−Q
2=B: ð23Þ

As an example, we draw the strong coupling constant
gπK�Kπ versus Q2 in Fig. 4. The A and B values of two
different off-shell mesons for all vertices are given in
Table III.
To reduce the error in extrapolating the strong

coupling constant quantities, three sets are considered. If
the initial and final particles are similar, then Δ ¼ Δ0 and
Δset I ¼ 0.7 GeV, Δset II ¼ 0.8GeV and ΔsetIII¼0.9GeV.
Otherwise the values of Δ and Δ0 parameters are chosen
to be (0.7,0.6) GeV for set I, (0.8,0.7) GeV for set II, and
(0.9,0.8) GeV for set III, so that the larger value corre-
sponds to the heavier particle.
Table IV shows the coupling constant values of the

K�Kπ, ϕKK, ϕK�K�, and ρK�K�. The error estimation in

FIG. 3. gπK�Kπ dependencies on Borel parameters M1 and M2 at
Q2 ¼ 1 GeV.

FIG. 4. The strong coupling constant gπK�Kπ dependencies on
Q2.

TABLE II. The leptonic decay constants in MeV.

fϕ fK� fρ fK fπ

234� 10[33] 217� 7[32,34] 216� 5[32,34] 156.1� 8[32,34] 130.4� 2[32,34]

TABLE III. Parameters appearing in the fit functions for all the
vertices.

Set I Set II Set III

Form factor AðΔ1Þ BðΔ1Þ AðΔ2Þ BðΔ2Þ AðΔ3Þ BðΔ3Þ
gπK�Kπ 3.16 14.43 4.33 14.92 5.78 15.51
gK

�
K�Kπ 2.55 11.65 3.82 13.00 6.24 16.69
gKϕKK 4.24 15.59 5.00 10.09 5.78 16.38

gϕϕKK
3.61 16.70 4.25 16.23 4.89 16.80

gK
�

ϕK�K� 5.28 17.42 6.75 18.27 8.43 19.27

gϕϕKK
5.57 20.70 7.13 20.45 8.93 20.50

gK
�

ρK�K� 4.83 13.18 6.56 14.48 8.65 15.63

gρρK�K� 6.57 17.48 8.49 18.46 10.71 19.38

TABLE IV. The strong coupling constants of all the vertices.

Coupling constant Coupling constant

gπK�Kπ 5.42� 1.60 gK
�

K�Kπ 5.36� 1.65
gKϕKK 5.08� 1.09 gϕϕKK

4.56� 1.52

gK
�

ϕK�K� 6.86� 1.45 gϕϕK�K� 7.59� 1.64

gK
�

ρK�K� 7.06� 1.55 gρρK�K� 8.88� 1.73
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the coupling constant results is obtained by considering the
uncertainties in the physical and nonphysical input param-
eters. Our calculations show that the most effective factors
in the error results are the decay constants and the
continuum thresholds. To estimate the theoretical error
corresponding to the Borel masses, the behavior of the
coupling constants is investigated within the Borel win-
dows (7 GeV2 ≤ M2 ≤ 14 GeV2) by varying the Borel
mass values while fixing all other variables. It is found that
such variations lead to less than ∼5% of deviations in the
values of coupling constants. For example, in the case of
gπK�Kπ we obtain 3.05% of error. But outside this selected
window for different vertices, the values of coupling
constants are not even close to each other.
Table V presents a comparison between our results

and the predictions of other calculations. In the SU(3)
invariant Lagrangian [35–37], the coupling constants of
ϕK�K� and ρK�K� can be related to each other by
gϕK�K� ¼ gϕKK and gρK�K� ¼ gρKK , and according to

[38], for different charge states we have gK�Kπ ¼ffiffiffi
3

p
gK�þKþπ0 ¼

ffiffiffiffiffiffiffiffi
3=2

p
gK�þK0πþ that are used in the compari-

son of Table V. The strong coupling constant values of gϕKK
and gϕK�K� in Ref. [35] have two results corresponding to
sin θ ¼ 0.761 and sin θ ¼ 1.
Finally, we are interested in determining the decay width

of the K�þK0πþ and ϕKþK− decay mode via

Γ ¼ g2VPP0P3

6πm2
V

;

P2 ¼ ½m2
V − ðmP þmP0 Þ2�½m2

V − ðmP −mP0 Þ2�
4m2

V
; ð24Þ

so that by using the fraction (Γi=Γ) from [32], the full
width can be achieved. The obtained decay width is
compared to the results from other methods and experi-
ments in Table VI.

IV. CONCLUSIONS

In this research, we used the three-point QCD sum rules
to study the K�Kπ, ϕKK, ϕK�K�, and ρK�K� vertices,
leading to the calculation of the strong coupling constants
of these vertices. The results are compared to the findings
of other models, and predictions. Except for ρK�K�, all the
rest of the coupling constants have good agreement with the
models summarized in Table V. Evaluation of the strong
coupling constants could give useful information about the
nature of strong interactions. For example, we calculated
the decay widths of K� → Kπ and ϕ → KK, and their
comparison to the other models shows good agreement
with the experimental results, especially in the K� → Kπ
decay that is very close to values from experiment.
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APPENDIX: EXPLICIT EXPRESSION FOR
C-COEFFICIENTS IN EQ. (22)

In this Appendix, the explicit expressions of CπðKÞ
K�ðϕÞKπðKÞ,

CK�ðϕÞ
K�ðϕÞKπðKÞ, C

ϕðρÞ
ϕðρÞK�K� , and CK�

ϕðρÞK�K� are given by

TABLE V. Values of the strong coupling constants using different approaches.

Our approach Ref. [39] Ref. [40] Ref. [41] Ref. [35] Ref. [42] Ref. [43] Ref. [44] Ref. [45] Ref. [38]

gK�Kπ 5.39� 1.63 5.7 4.6 3.76 3.43 8.7 5.5 6.38 4.6 5.43
5.85

Ref. [41] Ref. [35] Ref. [46] Ref. [47] Ref. [48] Ref. [49]
gϕKK 4.82� 1.3 5.55 5.93 5.77 4.7 4.9 4.56

4.51
Ref. [35] Ref. [35]

gϕK�K� 7.22� 1.55 5.93 4.51
Ref. [36] Ref. [41]

gρK�K� 7.97� 1.64 3.025 5.55

TABLE VI. Values of the full widths using different approaches in MeV.

Decay Our approach Ref. [50] Ref. [51] Ref. [52] Ref. [53] Experiment [32]

K� → Kπ 46.8 46 21 52 51 47.4� 0.6
ϕ → KK 5.58 3.3 2.5 4.2 4.266� 0.031
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CπðKÞ
K�ðϕÞKπðKÞ ¼

�
12m1M2

1M
2
2 þ 12m3M2

1M
2
2 þ 12m3m2

1M
2
2 þ 6m1m2

3M
2
2 − 6m2m2

3M
2
2

þ 3m2m2
0M

2
2 − 9m1m2

0M
2
2 þ 6m1m2m3M2

1 − 6m3m2
1M

2
1 − 6m3m2

2M
2
1

þ 6m3q2M2
1 þ 12m1m2
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2
1 þ 6m2m2
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2
1 − 3m2m2

0M
2
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0M
2
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3
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3
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3
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3
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3

2
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0
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2
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− 3m3
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2
0

M2
2

M2
1

�
× e
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m2
1

M2
1e

−
m2
2

M2
2 ;

CK�ðϕÞ
K�ðϕÞKπðKÞ ¼

�
12m1M2

1M
2
2 þ 6m3M2

1M
2
2 þ 12m3m2

1M
2
2 þ 6m1m2

3M
2
2 þ 6m2m2

3M
2
2

− 3m2m2
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2
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2
3
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3
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2m
2
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2
3
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1
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2

−
3

2
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2
0

M2
1
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2
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3
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2
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3
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2
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0
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0
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�
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CϕðρÞ
ϕðρÞK�K� ¼

�
6m1M2
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