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We investigate the spin-dependent (naive) T-odd fragmentation function D⊥
1T , which can provide an

explanation on the transverse polarization of the Λ0 hyperon produced in an unpolarized process. We
calculate D⊥

1T for light flavors in the spectator diquark model, with a Gaussian form factor at the hyperon-
quark-diquark vertex. We include in the calculation both the scalar diquark and axial-vector diquark
spectators. We determine the values of the model parameters by fitting the unpolarized fragmentation
function DΛ

1 to the parametrization for DΛ
1 by de Florian, Stratmann and Vogelsang. In addition, we

compute the longitudinal polarization fragmentation function GΛ
1 and compare it with the known

parametrization of GΛ
1 . We also estimate the transverse polarizations of Λ production, in both semi-

inclusive deep inelastic scattering and single inclusive eþe− annihilation.

DOI: 10.1103/PhysRevD.96.034010

I. INTRODUCTION

The production of a polarized Λ hyperon from unpo-
larized pp collisions has been observed [1,2]. This has
become a longstanding challenge in high energy physics,
since it contradicts the traditional theoretical expectation
that single spin asymmetries in high energy scattering are
forbidden at the partonic level and that the averaged
polarization of the Λ hyperon should be zero [3]. The
production of the transversely polarized Λ hyperon can
therefore serve not only as a useful tool to study its spin
structure [4], but also can provide further information on
the nonperturbative hadronization mechanism [5–9].
Generally, the measurement of the Λ polarization is quite
difficult since its spin distribution is not directly accessible.
The self-analyzing properties of Λ and a large angular
distribution of the decay products (proton or pion) in the Λ
rest-frame [10] afford a way to extract the polarization
information of the Λ hyperon.
While in the past a lot of experimental data and

theoretical analyses provided us with information about
the fragmentation functions for pion and kaon mesons, our
knowledge of the Λ fragmentation functions, particularly
its polarized fragmentation function, is more limited. This
is so, in spite of the fact that the polarizations of the Λ
hyperon observed in pp → ΛX and pp → Λ↑ðjetÞjetX
reactions [11–16] have attracted theoretical studies and
phenomenological analyses aiming at understanding the
fragmentation mechanism behind the Λ polarization [17–
22]. A class of the so-called time-reversal-odd (T-odd)
fragmentation functions has been the main focus of these

efforts. In particular, a leading-twist polarized fragmenta-
tion function, analogous to the Sivers function f⊥1T , denoted
by D⊥

1T, has been introduced in Refs. [18,23]. As a
transverse momentum dependent (TMD) fragmentation
function, D⊥

1T describes the fragmentation of an unpolar-
ized quark to a transversely polarized hadron; and it may
play an important role in the spontaneous polarization, such
as in: q → Λ↑X [24]. Thus, a non-vanishing D⊥Λ=q

1T could
help to illustrate the spin structure of the Λ hyperon.
However, the single inclusive eþe− annihilation (SIA)
experiment performed by OPAL at LEP has not observed
a significant signal on the transverse polarization of the Λ
hyperon [25]. As an alternative to SIA, the processes
eþe− → Λ↑ þ hþ X and the semi-inclusive deep inelastic
scattering (SIDIS) lp → l0 þ Λ↑ þ X have been suggested
[26,27] to study theΛ polarization, whereD⊥

1T contribute to
the cross section as well as to spin asymmetries. One
important result that validates these approaches is that the
universality of fragmentation functions has been tested for
different processes in Refs. [8,28–32]. The single-inclusive
eþe− annihilation (SIA) [33,34] is similar to both the pp
collision and the SIDIS, and can play a similarly funda-
mental role in the measurement of the polarized Λ
production [35–37]. Recently, the Belle Collaboration
presented the first observation of a nonzero transverse
polarization of Λ production in the inclusive process
eþe−→ΛðΛ̄ÞþX and eþe− → ΛðΛ̄Þ þ K�ðπ�Þ þ X [38].
Since the experimental information on D⊥

1T of the Λ
hyperon still remains unknown, model calculations will
provide an approach to acquire knowledge of this quantity.
In this work we will calculate D⊥

1T of the Λ hyperon for
light flavors using a spectator model [39,40], and study its
contribution to the transverse polarization of the Λ hyperon

*zhunlu@seu.edu.cn
†ivan.schmidt@usm.cl

PHYSICAL REVIEW D 96, 034010 (2017)

2470-0010=2017=96(3)=034010(10) 034010-1 © 2017 American Physical Society

https://doi.org/10.1103/PhysRevD.96.034010
https://doi.org/10.1103/PhysRevD.96.034010
https://doi.org/10.1103/PhysRevD.96.034010
https://doi.org/10.1103/PhysRevD.96.034010


in SIDIS and SIA. The spectator model has been applied to
calculate the Collins fragmentation function of pion and
kaon mesons [41], as well as the twist-3 collinear frag-
mentation function of pion meson [26,42]. In these cases
the spectator system has been taken to be a quark. The
T-even fragmentation functions of the Λ hyperon have also
been calculated by the spectator model, in which case the
spectator system is a diquark. In our calculation, we will
consider both the scalar diquark and the vector diquark, in
order to obtain the flavor content of Λ fragmentation
functions.
The remaining content of this paper is organized as

follows. In Sec. II we calculate the unpolarized fragmen-
tation function DΛ

1 , as well as the longitudinally polarized
fragmentation function GΛ

1 for light flavors, using the
diquark model. The flavor decomposition of the fragmen-
tation functions is realized by the SU(6) spin-flavor
symmetry of the octet baryons. We apply the values of
the parameters which coincide with the Florian, Stratmann
and Vogelsang (DSV) parametrization for DΛ

1 . In Sec. III,
we use the same model and parameters to compute the
T-odd fragmentation functionD⊥

1T for up, down and strange
quarks, considering the gluon scattering effect. We then
present numerical results of the transverse polarization of
the Λ hyperon in SIDIS and SIA. Finally, we summarize
our results and give conclusions in Sec. IV.

II. MODEL CALCULATION OF UNPOLARIZED
AND LONGITUDINALLY POLARIZED Λ

FRAGMENTATION FUNCTIONS

The unpolarized TMD fragmentation functionDΛ
1 ðz; kTÞ

may be obtained from the following trace [40,43]

DΛ
1 ðz; kTÞ ¼

1

4
Tr½ðΔðz; kT ; SΛÞ þ Δðz; kT ;−SΛÞÞγ−�; ð1Þ

where Δðz; kT ;SΛÞ is the TMD quark-quark correlation
function [44,45]

Δðz; kT ; SΛÞ ¼
1

2z

Z
dkþΔðk; PΛ; SΛÞ

≡X
X

Z
dξþd2ξT
2zð2πÞ3

× eik·ξh0jUnþ
ðþ∞;ξÞψðξÞjPΛ; SΛ;Xi

× hPΛ; SΛ;Xjψ̄ð0ÞUnþ
ð0;þ∞Þj0ijξ−¼0: ð2Þ

The Wilson line U is used to ensure gauge invariance of the
operator [46], and a detailed discussion on the structure of
the Wilson line has been given in Ref. [41]. The lowest-
order diagram depicting the fragmentation of a quark into a
Λ hyperon in the spectator model is shown in Fig. 1, where
the final state jPΛ; SΛ;Xi describes the outgoingΛ hyperon
and the intermediate unobserved states. In this paper we

perform the calculation in a diquark model [39,40],
which includes both the spin 0 (scalar diquark) and
spin 1 (axial-vector diquark) spectator systems [44,47].
The quark fragmenting (taking u quark as an example) can
be modeled as u → ΛðudsÞ þDðd̄ s̄Þ, where D denotes a
diquark. The matrix element which appears in the r.h.s. of
Eq. (2) has the following form

hPΛ; SΛ;Xjψ̄ð0Þj0i

¼
(
ŪðPΛ; SΛÞϒs

i
k−mq

scalar diquark;

ŪðPΛ; SΛÞϒμ
v

i
k−mq

εμ axial-vector diquark:
ð3Þ

HereϒD (D ¼ s or v) is the hyperon-quark-diquark vertex,
and εμ is the polarization vector of the spin-1 axial-vector
diquark. In our work, the vertex structure is chosen as
follows [40]

ϒs ¼ 1gs; ϒμ
v ¼ gvffiffiffi

3
p γ5

�
γμ þ Pμ

Λ
MΛ

�
ð4Þ

where gD (D ¼ s or v) is the suitable coupling for the
hyperon-quark-diquark vertex. For simplicity in this work
we assume that gs and gv are the same: gs ¼ gv ¼ gD. Thus,
the expression of the correlator in Fig. 1 can be written as

Δðz; kT ; SΛÞ

¼ g2D
4ð2πÞ3

ðkþmqÞðPΛ þMΛÞð1þ aDγ5SΛÞðkþmqÞ
ð1 − zÞP−

Λðk2 −m2
qÞ2

;

ð5Þ

with

k2 ¼ z
ð1 − zÞ k

2
T þ m2

D

ð1 − zÞ þ
M2

Λ
z

; ð6Þ

and k− ¼ P−
Λ
z . The spin factor aD takes the values as ¼ 1

and av ¼ − 1
3
, and mq, mD and MΛ represent the masses of

FIG. 1. Lowest order diagram describing the fragmentation of a
quark to a hyperon. The dashed line indicates a scalar diquark or
an axial-vector diquark and the thick line is a Λ hyperon
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the parent quark, the spectator diquark and the fragmenting
Λ hyperon, respectively.
Applying the diquark model, the unpolarized fragmen-

tation function DΛ
1 is derived from Eqs. (1) and (5):

DðsÞ
1 ðz;z2k2TÞ¼DðvÞ

1 ðz;z2k2TÞ

¼ g2D
2ð2πÞ3

ð1−zÞ½z2k2TþðMΛþzmqÞ2�
z4ðk2TþL2Þ2 ; ð7Þ

where

L2 ¼ 1 − z
z2

M2
Λ þm2

q þ
m2

D −m2
q

z
: ð8Þ

In Eq. (7), DðsÞ
1 ðz; z2k2TÞ and DðvÞ

1 ðz; z2k2TÞ denotes the
contributions to DΛ

1 from the scalar diquark and the axial-
vector diquark components, respectively, and the final
results that we get for them turn out to be the same. In

order to obtain DðvÞ
1 ðz; z2k2TÞ, we have used a summation

for all polarizations states of the axial-vector diquark:P
λε

�ðλÞ
μ εðλÞν ¼ −gμν þ PΛμPΛν

M2
Λ
.

Assuming an SU(6) spin-flavor symmetry, the fragmen-
tation functions of the Λ hyperon for light flavors satisfy
the following relations between the different quark flavors
and diquark types [48–50]

Du→Λ ¼ Dd→Λ ¼ 1

4
DðsÞ þ 3

4
DðvÞ; Ds→Λ ¼ DðsÞ; ð9Þ

where u, d and s denote the up, down and strange quarks,
respectively. In this study we assume that the relation (9)
holds for all fragmentation functions.
Neglecting the mass differences between the up, down

and strange quarks, the relation in Eq. (9) and the result in
Eq. (7) imply that the light quarks fragment equally toΛ for
the unpolarized fragmentation function DΛ

1 , i.e.

Du→Λ
1 ¼ Dd→Λ

1 ¼ Ds→Λ
1 ≡DΛ

1 : ð10Þ

This result is consistent with the DSV parametrization of
DΛ

1 for light flavors presented in Ref. [10], in which the
eþe− → ΛX data were applied to perform the correspond-
ing fit.
One can perform the integration over the transverse

momentum of the produced hadron PT ¼ −zkT w.r.t. the
quark direction, to obtain the integrated unpolarized frag-
mentation function DΛ

1 ðzÞ:

DΛ
1 ðzÞ ¼

Z
d2PTDΛ

1 ðz;P2
TÞ

¼ πz2
Z

∞

0

dk2TD
Λ
1 ðz; z2k2TÞ; ð11Þ

which is divergent from large values of kT , when a
pointlike hyperon-quark-diquark coupling is considered.
In Refs. [41,51,52], two different approaches to regularize
this divergence are presented. One of them is to set an
upper limit for kT, while the other is to choose a k2

dependent Gaussian form factor for the hyperon-quark-
diquark coupling:

gD ↦
gD
z
e−

k2

Λ2 ; ð12Þ

where Λ2 has the general form Λ2 ¼ λ2zαð1 − zÞβ. In this
work we choose a Gaussian form factor, since with this
choice the unpolarized fragmentation function can be
reproduced reasonably well. Due to the relation between
k2 and k2T , presented in Eq. (6), the divergence arising from
the large kT region can be effectively cut off. Thus, the
analytic result for DΛ

1 ðzÞ is

DΛ
1 ðzÞ ¼

g2s
4ð2πÞ2

e−
2m2

q

Λ2

z4L2

�
zð1 − zÞððmq þMΛÞ2 −m2

DÞ

× exp

�
−2zL2

ð1 − zÞΛ2

�

þ ðð1 − zÞΛ2 − 2ððmq þMΛÞ2 −m2
DÞÞ

×
z2L2

Λ2
Γ
�
0;

2zL2

ð1 − zÞΛ2

��
; ð13Þ

where the incomplete gamma function has the form

Γð0; zÞ≡
Z

∞

z

e−t

t
dt: ð14Þ

The parameters of the model are λ, α, β, together with
the masses of the spectator diquark mD and the parent
quark mq.
In order to get numerical result we choose the constituent

quark mass as mq ¼ 0.36 GeV for up, down and strange
quarks, and the Λ hyperon mass as 1.116 GeV. For the
values of the other parameters, we fit our model result to
the leading order (LO) DSV parametrization for DΛ

1 at the
initial scale μ2LO ¼ 0.23 GeV2. We note that DΛ

1 given in
Ref. [10] is for the fragmentation of quarks to Λ0 þ Λ̄0. On
the other hand, in the diquark model one can only calculate
the valence quark contribution (favored) to the Λ hyperon,
such as u → Λ0 or ū → Λ̄0; while the sea quark contribu-
tion (unfavored, e.g.,u → Λ̄0) is zero. In order to mimic the
unfavored fragmentation function we assume that it is
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proportional to the favored fragmentation function, and
therefore the unfavored fragmentation function can be also
included in the model by adjusting the coupling gD.
The values of the parameters α, β are fixed in the fit. The

fitted results are

gD ¼ 1.983; mD ¼ 0.745 GeV; λ ¼ 5.967 GeV;

α ¼ 0.5ðfixedÞ; β ¼ 0ðfixedÞ: ð15Þ

In the left panel of Fig. 2, we plot our model calculation of
the unpolarized fragmentation function Dq→Λ

1 ðzÞ (solid
line), using the parameters presented in Eq. (15). The
parametrization of the DSV [10] is also shown for
comparison (dashed line).
Using the values of the parameters fitted fromDΛ

1 ðzÞ, we
also calculate the light flavor fragmentation functions for
the longitudinally polarized Λ hyperon, denoted by GΛ

1 ðzÞ,
as a cross check of our calculation. The polarized TMD
fragmentation function G1L can be obtained from the
following trace:

1

4
Tr½ðΔðz; kT ; SΛÞ − Δðz; kT ;−SΛÞÞγ−γ5�

¼ SΛLG1L −
kT · SΛT
MΛ

G1T; ð16Þ

where the spin vector of the Λ hyperon is decomposed as

SμΛ ¼ SΛL
ðPΛ · nþÞnμ− − ðPΛ · n−Þnμþ

MΛ
þ SμΛT: ð17Þ

Applying Eqs. (5), (16) and (17), we arrive at the following

expression for GðDÞ
1L ðz; k2TÞ in the diquark model:

GðDÞ
1L ðz; k2TÞ ¼ −aD

g2D
2ð2πÞ3

ð1 − zÞ½z2k2T − ðzmD þMΛÞ2�
z4ðk2T þ L2Þ2 :

ð18Þ

With the relation between different quark flavors and
diquark types for the polarized fragmentation functions
given in Eq. (9), we obtain the light flavor fragmentation
function GΛ

1L as follows

Gu→Λ
1L ðz; k2TÞ ¼ 0; Gd→Λ

1L ðz; k2TÞ ¼ 0;

Gs→Λ
1L ðz; k2TÞ ¼ GðsÞ

1Lðz; k2TÞ: ð19Þ

We find that although both the scalar diquark and axial-
vector diquark components contribute to GΛ

1L, they cancel
exactly and yield vanishing polarized fragmentation func-
tions for the up and down quarks. The strange quark
fragmentation function Gs→Λ

1L survives and it only receives
contribution from the scalar diquark. This result is con-
sistent with the scenario 1 parametrization for the polarized
fragmentation function G1ðzÞ in Ref. [10], where only the
strange quark contribution to polarized Λ production is
considered.
The integrated fragmentation function GΛ

1 ðzÞ is
defined as

GΛ
1 ðzÞ ¼ πz2

Z
∞

0

dk2TG
s→Λ
1L ðz; z2k2TÞ: ð20Þ

Here we take the same choice for the form factor as in the
calculation of DΛ

1 , which leads to the following result

GΛ
1 ðzÞ ¼

g2s
4ð2πÞ2

e−
2m2

q

Λ2

z4L2

�
ð1 − zÞ½M2

Λð2 − zÞ þ 2zmqMΛ

þ zðm2
D þm2

qð2z − 1ÞÞ� exp
�

−2zL2

ð1 − zÞΛ2

�

− z½2M2
Λð2 − zÞ þ 4zmqMΛ

þ zðð1 − zÞΛ2 þ 2ðm2
D þm2

qð2z − 1ÞÞÞ�

×
L2

Λ2
Γ
�
0;

2zL2

ð1 − zÞΛ2

��
: ð21Þ

FIG. 2. Unpolarized fragmentation function DΛ
1 ðzÞ vs z (left panel), the polarized fragmentation functions GΛ

1 ðzÞ vs. z (right panel).
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In the right panel of Fig. 2, we plot our numerical result
for Gs→Λ

1 ðzÞ vs z (solid line) and compare it with the
parametrization for GΛ

1 ðzÞ within scenario 1 (dashed line)
in Ref. [10]. We find that it qualitatively agrees with the
DSV parametrization, although at the regime z ≥ 0.3 the
size of the model result is smaller than that of the para-
metrization, which might be explained by the fact that in
the experiment part of the measured polarized Λ is
produced from the decay of heavier hyperons.

III. MODEL CALCULATION OF THE T-ODD
FRAGMENTATION FUNCTION D⊥

1T

In this section, we calculate the T-odd TMD fragmenta-
tion function D⊥

1T , which describes the number density of a
transversely polarized Λ hyperon fragmented from an
unpolarized quark [9,53]

DΛ↑=qðz;PTÞ−DΛ↓=qðz;PTÞ¼ΔDΛ↑=qðz;P2
TÞ
ðk̂×PTÞ ·SΛ

zMΛ
;

ð22Þ

where k̂ is the unit vector along the fragmenting quark, and
ΔDΛ↑=q is an alternative notation for D⊥

1T defined in
Ref. [9], which is related to D⊥

1T by

ΔDΛ↑=qðz;k2TÞ¼
jPT j
zMΛ

D⊥q
1T ðz;k2TÞ¼

jkT j
MΛ

D⊥q
1T ðz;k2TÞ: ð23Þ

Notice the appearance of the vectorial triple product, which
indicates a (naive) T-odd expression, since it has two
momenta and one spin vectors.

Following Ref. [18], D⊥
1T can be obtained from the

following trace:

ϵρσT kTρSΛTσ
MΛ

D⊥
1Tðz; kTÞ

¼ 1

4
Tr½ðΔðz; kT ; SΛTÞ − Δðz; kT ;−SΛTÞÞγ−�: ð24Þ

As is well known, the tree-level calculation cannot provide
a contribution to T-odd fragmentation functions, because of
the lack of final or initial state interactions to produce
imaginary phases in the scattering amplitude [54,55]. The
necessary nonzero contribution comes from loop correc-
tions. At one loop level, there are four diagrams that can
generate imaginary phases, as shown in Fig. 3. In Figs. 3(b)
and 3(d), the notation Γ is used to depict the gluon-diquark
vertex, and we apply the following rules for the vertex
between the gluon and the scalar diquark (Γs) and the axial
vector diquark (Γv):

Γρ;a
s ¼ igTað2k − 2PΛ − lÞρ; ð25Þ

Γρ;μν;a
v ¼ −igTa½ð2k − 2PΛ − lÞρgμν

− ðk − PΛ − lÞνgρμ − ðk − PΛÞμgρν�: ð26Þ

Here, Ta is the Gell-Mann matrix, and g is the coupling
constant of QCD. Since the Λ hyperon is colorless, it is
expected that the spectator diquark should have the same
color as that of the parent quark. The Feynman rules for the
eikonal line and vertex with gluon can be found in
Refs. [41,46,56].

(a) (b)

FIG. 3. One loop corrections to the fragmentation of a quark into a Λ hyperon in the spectator model. The double lines in (c) and
(d) represent the eikonal lines. Here “H.c.” stands for the Hermitian conjugations of these diagrams.
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Performing the integration over the loop momentum l,
using the Cutkosky cutting rules, we first give the expres-
sion for D⊥

1T, coming from the scalar diquark component

D⊥ðsÞ
1T ðz; k2TÞ ¼

αsg2sCF

ð2πÞ4
e
−2k2

Λ2

z2ð1 − zÞ
1

ðk2 −m2Þ
× ðD⊥ðsÞ

1TðaÞðz; k2TÞ þD⊥ðsÞ
1TðbÞðz; k2TÞ

þD⊥ðsÞ
1TðcÞðz; k2TÞ þD⊥ðsÞ

1TðdÞðz; k2TÞÞ; ð27Þ

where the four terms in the brackets correspond to the
contributions from the four diagrams (plus their Hermitian
conjugates) in Fig. 3, respectively, and they read

D⊥ðsÞ
1TðaÞðz; k2TÞ ¼

mqMΛ

ðk2 −m2
qÞ
�
3 −

m2
q

k2

�
I1; ð28Þ

D⊥ðsÞ
1TðbÞðz; k2TÞ ¼ MΛfmqð2I2 −AÞ −MΛðB − 2I2 þ 2AÞg;

ð29Þ

D⊥ðsÞ
1TðcÞðz; k2TÞ ¼ 0; ð30Þ

D⊥ðsÞ
1TðdÞðz; k2TÞ ¼

MΛ

z
f2ð1 − zÞðmqCP−

Λ −MΛDP−
ΛÞ

− zðMΛB −mqAÞg: ð31Þ

Here A, B, C and D are functions of k2, mq, mD and MΛ,

A ¼ I1
λðMΛ; mDÞ

×

�
2k2ðk2 −m2

D −M2
ΛÞ

I2
π
þ ðk2 þM2

Λ −m2
DÞ
�
;

B ¼ −
2k2

λðMΛ; mDÞ
I1

�
1þ k2 þm2

D −M2
Λ

π
I2

�
;

CP−
Λ ¼ I34

2k2T
þ 1

2zk2T
ð−zk2 þ ð2 − zÞM2

Λ þ zm2
DÞI2;

DP−
Λ ¼ −I34

2zk2T
−

1

2zk2T
ðð1 − 2zÞk2 þM2

Λ −m2
DÞI2:

The functions Ii in the above equations are defined as

I1 ¼
Z

d4lδðl2Þδððk − lÞ2 −m2
qÞ ¼

π

2k2
ðk2 −m2

qÞ; ð32Þ

I2¼
Z

d4l
δðl2Þδððk−lÞ2−m2

qÞ
ðk−PΛ−lÞ2−m2

D

¼ π

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðMΛ;mDÞ

p ln

�
1−

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðMΛ;mDÞ

p
k2−M2

Λþm2
Dþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðMΛ;mDÞ

p
�
;

ð33Þ

I34 ¼ π ln

ffiffiffiffiffi
k2

p
ð1 − zÞ
mD

; ð34Þ

with λðMΛ;mDÞ ¼ ðk2 − ðMΛþmDÞ2Þðk2− ðMΛ −mDÞ2Þ.
Note that when calculating the diagrams in Fig. 3(b) and

3(d), we chose that the form factor gD depend only on the
initial quark momentum k instead of the loop momentum l.
This simplifies the integration over l, since the main
effect of the form factor is to introduce the cutoff to the
high kT region. The same choice has also been used in
Refs. [41,42].
Similarly, using the gluon vertex given in Eq. (26), we

can also calculate the expression for D⊥
1T from the axial

vector diquark component

D⊥ðvÞ
1T ðz; k2TÞ ¼

2αsg2sCF

ð2πÞ4
e
−2k2

Λ2

z2ð1 − zÞ
1

MΛðk2 −m2
qÞ

× ðD⊥ðvÞ
1TðvÞðz; k2TÞ þD⊥ðvÞ

1TðbÞðz; k2TÞ
þD⊥ðvÞ

1TðcÞðz; k2TÞ þD⊥ðvÞ
1TðdÞðz; k2TÞÞ; ð35Þ

where the four terms in the r.h.s. of Eq. (35) are given by:

D⊥ðvÞ
1TðaÞðz; k2TÞ ¼

−mqMΛ

ð1 − zÞðk2 −m2
qÞ
�
1 −

m2
q

3k2

�
I1; ð36Þ

D⊥ðvÞ
1TðbÞðz;k2TÞ ¼

1

3ðk2−m2
qÞ
�
2MΛ½mqðI2−AÞ

þMΛðA− I2−BÞ�þ k ·PΛð4I2− 6AÞ
− ðAk ·PΛþBP2

ΛÞ

þ 3

2

�
k2−m2

q

2k2
I1þðk2 −m2

qÞA
��

; ð37Þ

D⊥ðvÞ
1TðcÞðz; k2TÞ ¼ 0; ð38Þ

D⊥ðvÞ
1TðdÞðz; k2TÞ ¼

−1
3MΛðk2 −m2

qÞ
�
½MΛððk2 −m2

qÞCP−
Λ þ 2M2

ΛDP−
Λ − 2mqMΛCP−

ΛÞ þ 2k ·PΛðmqCP−
Λ −MΛDP−

ΛÞ þ z
mq

2
I1

þ ðk2 −m2
qÞ

2
ðMΛDP−

Λ −mqCP−
ΛÞ�−MΛðmqMΛAþ 2k ·PΛAþM2

ΛBÞ−
2MΛ

z
ðmqMΛCP−

Λ þ k ·PΛCP−
ΛÞ
�
:

ð39Þ
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As in Eq. (9), the same relations should also hold for the
fragmentation function D⊥

1T :

D⊥u
1T ¼D⊥d

1T ¼ 1

4
D⊥ðsÞ

1T þ 3

4
D⊥ðvÞ

1T ; D⊥s
1T ¼D⊥ðsÞ

1T : ð40Þ

We apply the above equations to obtain D⊥
1T for light

flavors and calculate the half kT-moment of D⊥
1T , which is

defined as:

D⊥ð1=2Þ
1T ðzÞ ¼ z2

Z
dk2T

jkT j
2MΛ

D⊥
1Tðz; k2TÞ: ð41Þ

As a leading-twist fragmentation function, the T-odd
fragmentation function D⊥

1T should obey the following
positivity bound [57], which is an important theoretical
constraint:

jkT j
MΛ

D⊥
1Tðz; k2TÞ ≤ D1ðz; k2TÞ: ð42Þ

Integration over k2T gives an approximate expression for the

positivity bound in terms of D⊥ð1=2Þ
1T ðzÞ

2D⊥ð1=2Þ
1T ðzÞ ≤ D1ðzÞ: ð43Þ

Using the parameters presented in Eq. (15), we calculate
the half kT-moment of the Λ fragmentation function D⊥

1T
for light flavors at the model scale Q2 ¼ 0.23 GeV2. In the
calculation we choose the strong coupling constant at the
model scale as αsðμ20Þ ¼ 0.817. The numerical result of

D⊥ð1=2Þ
1T ðzÞ (multiplied by a factor of 2) is plotted in Fig. 4,

in which the dashed line in the left panel shows the curves
for the u and d quarks. The result for the s quark is shown in
the right panel. The unpolarized fragmentation function
D1ðzÞ (solid lines) is also plotted as the positivity bound for
comparison. We find that the size of D⊥ð1=2Þ

1T ðzÞ for the up
and down quark is around several percent, and the sign is
negative [note that D1ðzÞ in the left panel has been sign

reversed]; while D⊥ð1=2Þ
1T ðzÞ for the s quark is consistent

with zero. This is very different from the cases of the

unpolarized Λ fragmentation function and longitudinally
polarized Λ fragmentation function, where strange quark
content is significant (for DΛ

1 ) or dominant (for GΛ
1 ). The

reason for this discrepancy is due to the dominance of the
axial-vector diquark contribution to D⊥

1T over the scalar
diquark contribution in our model. Moreover, D⊥

1T for the
strange quark receives contribution only from the scalar
diquark, as shown in Eq. (40). Another observation is that
our calculated D⊥

1T for the up and down quarks does not
always satisfy the positivity bound, i.e, at the large z region
(z > 0.75) the bound is violated. We note that similar
violations of the positivity bound were also observed in
Refs. [58,59]. An explanation was given in Ref. [60],
stating that the violation may arise from the fact that T-odd
TMD distributions or fragmentation functions are evaluated
to OðαsÞ, while in model calculations T-even TMD
functions are usually truncated at the lowest order.
In the following, we apply the model result forD⊥

1T of the
Λ hyperon to predict the transverse Λ polarization PΛ

T in
SIDIS and SIA, which is a direct experimental observable.
Usually PΛ

T in high energy processes is defined as

PΛ
T ¼ dΔσ

dσ
¼ ½dσðSΛTÞ − dσð−SΛTÞ�

½dσðSΛTÞ þ dσð−SΛTÞ�
: ð44Þ

If only the transverse momentum of the fragmenting
quark is considered, one can give a simplified expression
for PΛ

T in SIDIS [9]

PΛ
T ðx;y;z;PTÞjDIS¼

P
qe

2
qfq=pðxÞ½dσlq=dy�ΔDΛ↑=qðz;P2

TÞP
qe

2
qfq=pðxÞ½dσlq=dy�Dq→Λ

1 ðz;P2
TÞ

;

ð45Þ

where fq=pðxÞ is the usual unpolarized distribution func-
tion, and dσlq=dy is the lowest order partonic cross section.
Similarly, the transverse polarization PΛ

T in SIA can be
written as

FIG. 4. Left panel: the D⊥ð1=2Þ
1T ðzÞ (multiplied by 2) (dashed line) and D1ðzÞ (multiplied by -1) (solid line) of the up and down quark.

Right panel: the D⊥ð1=2Þ
1T ðzÞ (multiplied by 2) (dashed line) and D1ðzÞ (solid line) of the strange quark.
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PΛ
T ðy; z; PTÞjSIA ¼

P
qe

2
q½dσeþe−=dy�ΔDΛ↑=qðz;P2

TÞP
qe

2
q½dσeþe−=dy�Dq→Λ

1 ðz;P2
TÞ

: ð46Þ

Using the SUð3Þf symmetric unpolarized Λ fragmenta-
tion functions, i.e., Du→Λ

1 ≡Dd→Λ
1 ≡Ds→Λ

1 , and ignoring
the sea quarks fq̄=p and strange quark fs=p contributions to
SIDIS, we give an approximate result for PΛ

T in SIDIS:

PΛ
T jDIS ≈

ΔDΛ↑=u

Du→Λ
1

: ð47Þ

Similarly, PΛ
T in SIA has the simplified form:

PΛ
T jSIA ¼ 5ΔDΛ↑=u þ ΔDΛ↑=s

5Du→Λ
1 þDs→Λ

1

: ð48Þ

In Fig. 5 we plot the transverse Λ polarization PΛ
T vs z, in

both SIDIS (solid line) and SIA (dashed line), after
averaging over the transverse momentum of the Λ hyperon.
We present the result in the region z < 0.75, where D⊥

1T
does not violate the positivity bound. The numerical results
show that the transverse polarization of Λ is negative in
both SIDIS and SIA, and in both cases the size of PΛ

T
increases with increasing z. In the large z region, PΛ

T is
substantial. Our results are consistent with the phenom-
enological analysis presented in Ref. [9] and with the
calculation of Ref. [8]. Furthermore, the shape of PΛ

T in SIA
is very similar to that in SIDIS. This is a consequence of the
up and down quark dominance for D⊥

1T in our model.
The difference between PΛ

T in SIA and SIDIS is given by
DΛ↑=s, as can be seen from Eqs. (47) and (48). Thus this
difference may provide a test for the strange quark con-
tribution to PΛ

T .
Finally, it is necessary to address the implication of our

results (the dashed line in Fig. 5) to the recently measure-
ment on Λ polarization from the Belle collaboration [38].
As the observable measured by Belle (Eq. (2) in Ref. [38])

is not exactly equivalent to our definition on PΛ
T in Eq. (46),

one cannot compare our result with the Belle data directly.
However, our results share some similarity with the Belle’s
measurement. From Fig. 3 of Ref. [38], one can see that the
Λ polarization measured by Belle in SIA is negative and
increases with increasing z bins. We can fairly conclude
that this feature is consistent with our calculation for SIA.

IV. DISCUSSION AND CONCLUSION

In this work, we studied the T-odd transversely polarized
fragmentation function D⊥

1T for the process q → Λ↑ þ X.
We performed the calculation in the diquark spectator
model, and we used the relation between the quark flavors
and diquark types for fragmentation functions, motivated
by the SU(6) symmetric wave functions of the Λ hyperon.
We obtained the values of the model parameters, by fitting
the resulting DΛ

1 ðzÞ to the DSV parametrization for DΛ
1 at

the initial scale μ20 ¼ 0.23 GeV2. Using the same model
and these parameters, we computed D⊥

1T of the Λ hyperon
for light flavors. As a byproduct, we also calculated the
longitudinally polarized fragmentation functionGΛ

1 ðzÞ. The
flavor dependence of the different fragmentation functions
is quite different in our model. In the case of the
unpolarized fragmentation function, Du→Λ

1 ðzÞ, Dd→Λ
1 ðzÞ

and Ds→Λ
1 ðzÞ, they turn out to be the same. The longitu-

dinally polarized fragmentation function, Gs→Λ
1 ðzÞ, is

positive and sizable, and GΛ
1 ðzÞ vanishes for up or down

quarks, which is consistent with scenario 1 set of the DSV
parametrization for GΛ

1 ðzÞ. The situation is opposite in the
case ofD⊥

1T , for which the up or down quark dominate over
the strange quark. Using our numerical result of D⊥

1T , we
estimated the transverse polarization PΛ

T in both SIDIS and
SIA, and found that in these two processes the polarizations
are negative and substantial in the large z region.
Finally, some comments about our calculation are in

order. First, in our model the flavor dependence of the
fragmentation functions was obtained based on the
assumption of SU(6) symmetry of the octet baryons;
second, in the calculation of PΛ

T , we only considered the
leading-order result, and we assumed the same evolution
for D⊥

1T and D1. We note that SU(6) symmetry breaking,
higher order corrections and evolution effects for D⊥

1T may
alter the results only quantitatively, but we fully expect that
they will not change qualitatively.
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FIG. 5. The transverse Λ polarizations, PΛ
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