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Leptonic current structure and azimuthal asymmetry in deeply inelastic scattering
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We present a compact form of the leptonic currents for the computation of the processes involving an
initial virtual boson (photon, W¥, or Z;). For deeply inelastic scattering, once the azimuthal angle of the
plane expanded by the initial- and final-state leptons is integrated over in the boson-proton center-of-mass
frame, the azimuthal-asymmetric terms vanish, which, however, is not true when some physical quantities
(such as the transverse momentum of the observed particle) are specified in the laboratory frame. The misuse

of the symmetry may lead to wrong results.
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I. INTRODUCTION

Deeply inelastic scattering (DIS) provides a useful probe
to the partonic structure of hadrons and photons. It uses
leptons to collide with the species of particles we study and
observes the kinematics of the scattered leptons, which can
provide information for the structure of the targets. Taking
electron-proton scattering as an example, the kinematics of
the scattered leptons can be described by any two of the
following four variables:

Q' =—¢=—(k=k), W2 = (P +q)*
% P-q
p— N :—’ 1
“Topg TPk (1)

where P, k, k', and ¢ are, as illustrated in Fig. 1, the
momenta of the initial proton, the initial and final lepton,
and the virtual boson, respectively. The differential cross
section can be written, in the limit P>/Q? < 1, as
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where 1/(N.Ny) is the color and spin average factor, L,
and H* are the leptonic and hadronic tensors, respectively,
and
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Here, i runs over all the final states other than the scattered
lepton and the tagged hadron (p). The leptonic tensor can
be directly calculated and obtained as

L,, = 4naTr(ky,K'y,)
9.9y (2k - C]) (Zk - Q)v
(o5
= 8raQ?l,,. (4)

where «a is the electromagnetic coupling and the lepton
mass and the contributions from the Z, propagator are
neglected for the moment and will be considered in the
sequel. Having d®y integrated over, the structure of the
hadronic tensor,

W (P, q) = / HY(P.q. b prevvs o)Ay, (5)

is restricted by the Lorentz covariance and, thus, can be
decomposed into the linear combination of the current
conserving dimensionless basic tensors as

W (—gﬂ” - W) Fi(x. Q%)

Q2
! o p) O ) Ly 02
+@ Q+ﬂ Q+P—_q o 2(x, Q%)
— L P g, (v, 07), (6)

where F|, F,, and F; are the structure functions of the
proton and €°'?> =1 in our convention. In the Bjorken
limit, Q%, P-q — oo, the structure functions obey an
approximate scaling law; i.e., they depend only on the
dimensionless variable x [1-3]. This scaling law indicates
that, in the high-energy limit, the hadrons interact via
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FIG. 1. The illustrative diagram for the DIS processes.

pointlike partons inside them [4,5]. The structure functions
describe the parton distributions in high-energy hadrons
(see, e.g., [6,7]). The Q? scaling of the structure functions
can be well described by the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi equations [8—10].

Through a short calculation, one can obtain

2 -2y
LuWH =2F,(x, 0*) + x—yze(x, ). (1)

It is easy to verify that, by setting

lﬂy:2—2yz—|—y2 W_6—6yz+y2€Lﬂw (8)
y y
or equivalently
l;w = 2_2;24—y2€nw - 4(1);)})€L;4w )
where
9uqy

€Cow = G — ?v

1 0’ 0*
€Lﬂv:_§<qﬂ+P—'qPﬂ> (q”+P—qP” s
€T = € — €L (10)

one can reproduce the contraction L, W* for the real form
of the leptonic tensor presented in Eq. (4). Note that the
leptonic momenta k and k" do not appear in the reduced
leptonic tensor presented in Eq. (8) or Eq. (9), the employ-
ment of which, thus, can greatly simplify the calculation of
the cross sections.

For semi-inclusive DIS (SIDIS), an additional final state
other than the scattered lepton is measured. The transverse-
spin and azimuthal asymmetry will emerge [11-24], which,
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FIG. 2. [Illustrations of the process in z frames (a) and the
laboratory frame (b).

in different kinematic regions, can provide crucial informa-
tion for the transverse-momentum-dependent parton distri-
bution and the higher twist transverse-spin-dependent
multiparton correlation functions. On the experiment side,
the HERMES [25] and COMPASS [26] Collaborations
measured the azimuthal asymmetries in SIDIS off unpolar-
ized targets and observed nonvanishing cosine modulations
and their strong dependence on the kinematical variables.
All the discussions in the literature on the azimuthal angle and
transverse spin are carried out in such frames in which the
vector boson and the target travel along the opposite direction.
Without the loss of generality, we assume the spatial
momentum of the vector boson is along the z direction
and name such frames as z frames [see Fig. 2(a)]. In any frame
other than z frames, the azimuthal angle () dependence of
the plane expanded by the initial and final leptons around the z
axis is not a simple trigonometric function and, with y
integrated over, does not vanish. To our astonishment,
numerous works employed the form of the leptonic tensor
in Eq. (8) presenting results for the processes in which the
transverse momentum (p,) or the rapidity (Y) of the observed
particle in the laboratory frame is specified or a cut is applied
on these parameters. As a matter of fact, in the cases stated
above, this form of the leptonic tensor will lead to wrong
results. Among these works' (see, e. g., [27]) are some highly
cited articles and calculations adopted by Monte Carlo
generators.

In this paper, we will provide a compact form of the
leptonic tensor, which, on the one hand, is valid in all kinds

"There are many papers adopting reference frames not belong-
ing to the class of z frames and, at the same time, the reduced
leptonic tensor; however, we list only one of them here.
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of processes, on the other hand, involves only momenta in a
hadronic process, and, thus, helps with the simplification
of the computation. In Sec. II, we present the azimuthal-
dependent form of the leptonic tensor, including a short
note on the application of our approach in the e'e”
annihilation processes in Sec. II C. In Sec. III, we discuss
in detail the difference between the real form of the leptonic
tensor and the reduced ones, following which is the
concluding remark in Sec. IV.

II. THE FORM OF THE LEPTONIC TENSOR

We will provide a compact form of the leptonic tensor for
SIDIS and then a comprehensive form of the leptonic tensor
for the most generalized DIS. Having y integrated over in z
frames, Eq. (8) will be automatically reproduced. However,
when some physical quantities, e.g., p, or Y, in the
laboratory frame are specified, the integration over y (in
any frame) does not lead to the conventional leptonic tensor
in Eq. (8). In the next section, we will see that the difference
between the correct and the wrong results can be huge.

A. The leptonic tensor for SIDIS

Let us first investigate the processes in which only one
final-state hadron (p) is observed. Integrating over all the
other hadronic final states, one can define the hadronic
tensor

Wi (P.g. p) = / HU(P. g, ps prsvves pu)dy. (1)

Since W), is a Lorentz covariant tensor and dependent only
on the momenta P, ¢, and p, it can thus be decomposed as
the linear combination of the tensors constituted of —g*”, P,
g, and p. Note that W, satisfies the following equation:

g, W = 0. (12)

Thus, with the above elements, only four independent
tensors can be constructed. One can define the normalized
longitudinal and transverse vectors, respectively, as

_1 %5
w=g(o75)

1
€ :?(P—PP—ZQ)’ (13)

t

where p; is the transverse momentum of p in z frames, M
isthe mass of p,z = P - p/P - g is the elasticity coefficient,
and

_prq+z20*  pP M +20°
-~ P.-gq 2zP - q ’

(14)

Apparently, we have
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e = —ehes. (15)

We label all the physical quantities calculated in z frames

by the superscript = hereinafter. It is easy to check the
following relations:

q-€e,=q-€=P-€ =0,

€2 =1,e2=-1. (16)

As a matter of fact, €, is a normalized vector perpendicular

to both P and g and parallel to the transverse component of

the momentum p in z frames, as illustrated in Fig. 2(a).
Accordingly, W;, can be decomposed as

Wi = Wet + Woer el
+ Wer(epe] +ejer) + Wrejed, (17)
where W,, W, W;, and W are the coefficients of the

four independent normalized tensors.
With a short calculation, one can obtain

4(1-y)
y2

42—y R
- (y2 )\/1—ycosz// Wir

L, W = 2W, + Wy

2-2y 2-2
++=2 =2
y y

cos(2y*) | Wy, (18)

where y* is the azimuthal angle of the lepton plane around
the z axis relative to the hadron production plane in z
frames, as is illustrated in Fig. 2(a). It is easy to verify that,
with

P = At + Aéres

+ Apr(epel + efer) + Areyet, (19)
where
2(1 - 2(1 -
A, =1+ ( 5 » _2A 5 ) cos(2y*),
y y
6(1 2(1 -
A, =1+ ( 5 ) A 5 y) cos(2y™*),
y y
22—y R
Arr = ( )2 )\/ 1 —ycosy™,
41 -
Ar ZMCOS(ZV/*), (20)
y

one can reproduce the results in Eq. (18). It seems as if the
expression of the reduced leptonic tensor in Eq. (19) is
more complicated than the real one in Eq. (4). However, the
reduced one involves only the momenta in the hadronic
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process; in other words, the leptonic momenta do not appear.
Correspondingly, the number of independent Lorentz invar-
iants in the calculation, while employing Eq. (19), is reduced
by 3, which can greatly simplify the computation, especially
when the calculation is carried out at the loop level.

Taking into account the current conservation, the lep-
tonic tensor in Eq. (19) can be rewritten as

I = Cy(=g") + CoP*P

PHpY + prPY
+ C3 % + Cypt'p*, (21)
where
Cl — Ag’
4x ’
Cy = — (AL =2pA,r + A7),
yS
4x
G = op: (ALt — PA7),
1
Cy=—F5Ar, (22)
1
with

2:0p7

p (23)

The leptonic tensor expressed in Eq. (21) has replaced the
normalized vectors by the momenta of the interacting
particles, which is more suitable for using in calculations.

The leptonic tensor is more complicated for charged and
weak neutral current DIS, when antisymmetric tensors also
participate. This is true for the cases in which the beams and
targets are polarized as well. For most of the cases, the
antisymmetric part of the leptonic tensor is proportional to
the following normalized structure:

2
IZI./ = —zeyvaﬂqakﬂ’ (24)
0
and that of the hadronic tensor W4" can be decomposed as

1 1
WZ"”(P, q.p) = Wi éeﬂmﬂ%euf + W?éeﬂmﬁqaﬁﬁ'
(25)
One can obtain

202 - 4
4, W = %Wﬁ V= yeosy Wi (26)

To reproduce the results in the above equation, the leptonic
tensor can be written in terms of the hadron momenta as
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2—-yl1
IZD = Téeuvaﬂqae/z

2 1 5
+—+v/1—=ycosy* =€, acl, 27
5 Y eOSY* 5 Eapq €y (27)

For inclusive DIS when the target is transversely
polarized, one can directly employ Egs. (19) and (27),
with €, replaced by the polarization vector of the target.

B. The leptonic tensor for the most generalized DIS

When several final states are observed and/or the polari-
zation of the leptonic beam or the target is specified, the
hadron momenta and the polarization vectors are not con-
strained in a plane; accordingly, the hadronic tensor is not only
related to P, ¢, and p. We need to introduce another vector, ¢,,
which, in association with ¢; and €, consists of a complete
set of normalized, mutually orthogonal vectors perpendicular
to g. Here and in the following, we say a 4-vector a is
perpendicular to ¢ when a - ¢ = 0. We define ¢, as

1
eg = ae’waﬁqyemelﬁ- (28)

Apparently, we have
qg-e&=P-¢e;=p-¢, =0, es=-1. (29)

Namely, ¢; and ¢, are the two normalized, mutually orthogo-
nal transverse vectors in z frames. Any vector perpendicular
to ¢ can be decomposed into the linear combination of ¢; , €/,
and €,. Note that 2k — ¢ is perpendicular to g. To express
2k — g in terms of these three vectors, we need to calculate
2k -€; (i = L, 1,2), which are obtained as

2k‘€L :Q(g—l),
y

2
2k-61:——Q 1 —ycosy™,
Yy
2
2k'€2:—£ 1 — ysiny™*. (30)
y

Then, 2k — g can be expressed as

2k —q = Q<%— l)eL —i—%ﬁcosyf*el
+%mgnw*62, (31)

employing which we can obtain the expression of ¥ as

= Areles + Aq(ehel + elel)
T As(ehes + cher) + Agchet
+ As(€1€s + el + Ageres, (32)
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where

2

2(2

y
—y .
7 >\/1—ycosy/ ,

2(2 —
A3 :%\/ 1 —ySinl//*,
2(1-y) 2(1-y)

A2:

Ay =1+"—2+7—cos(2y*).
y y
2(1 =
As = ( 5 Y) sin(2y*),
y
2(1 = 2(1 —
ag—1 42 2”_ (zy%wmww, (33)
y y
and the relation
e = —ej el + el + eyel (34)

has been employed. Then one can find out the relations among
€1, €5, and €7 defined in Eq. (10) as

e = el + el (35)

Withy™* integrated from O to 27, the form of the leptonic tensor
presented in Eq. (8) or Eq. (9) can be reproduced. However,
note that the above statement is true only when the hadronic
part of the cross section is independent of y*.

With Eq. (31), the antisymmetric tensor [j, can be
obtained as

a 2 -y 1 aeﬂ

w = Tée;wa/}q L
2 * 1 acb

+; 1 —ycosy aeypa/)'q 6/1

2 A ysings agh (36)
— -y Vo — €, .
y Q wapd €

The integration over yw* leaves only the first term in
Eq. (36), which is explicitly written

jo 2= 1 e (37)

uw — T é €;waﬂqa

Equations (19), (27), (32), and (36) can reduce the
number of the Lorentz invariants involved and, conse-
quently, help to simplify the calculation. Furthermore, they
can provide important information for the structure of the
cross sections.

To complete our discussion, we note that, in collinear
factorization, one can simultaneously replace P by the
parton momentum in Egs. (13) and (14). Another issue
to address is that Eq. (19) can be reproduced by setting

P = Mz?
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A3 = A5 = 01in Eq. (32), while Eq. (27) can be reproduced
by dropping the last term on the right-hand side of Eq. (36).
Actually, with Eq. (34), one can obtain the following
relations:

Al :AL_Agf AZZALT’
A3 :O, A4:A9+AT,
AS — O, A6 - Ag. (38)

C. Notes on the e* e~ annihilation

The approach discussed above can also be applied to
single inclusive particle production in e*e™ annihilation,
the squared amplitude (without averaging the initial spin)
for which can be expressed as

AR = Lo (39)

§2
The hadronic tensor, after the integration of all the phase
space other than the observed particle and neglecting the
contributions from the Z-boson propagator, will be reduced
into the combination of the following two tensors:

. H AV p M p v
-¢ +qu , (p—qu> <p—qu> ., (40)

where ¢ is the sum of the initial momenta and p is the
momentum of the observed particle. Taking the current
conservation into account, one can easily obtain

L,, = 4znas [—g,w(l + cos?0) + p;fy

(1- 300529)] ,
(41)

where 6 is the angle between p and the spatial momentum
of e~ (or e™) in the e e~ center-of-mass frame. Integrating
over cos@, the second term on the right-hand side of
Eq. (41) will vanish, and the first term will reduce to
8ras/3. We can rewrite Eq. (41) in the Lorentz invariant
form by substituting the following equations:

(9

k=p-k 2
cos?0 = w, (42)
s ps
where k and k' are the momenta of e~ and e™, respectively,
and M is the mass of p.

III. COMPARISON OF THE REDUCED LEPTONIC
TENSOR TO THE REAL ONE

Equations (8), (9), and (37) are the generally used formulas
in many papers in the computation in DIS; thus, we name
them as the conventional leptonic tensors. However, these
formulas are not valid when some quantities, e.g., p, or Y, in
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the laboratory frame are specified. This is generally because,
as long as these quantities are specified, the hadronic part of
the cross section is not independent of y*, which is actually
manifest regarding the following relations:

—2z0p7y/1 —ycosy*,
+ M2 (1= y)0
—2z¢/1 = y0p; cosy*]/(

where E| is the energy of the incident lepton in the laboratory
frame. The derivation of Eq. (43) can be found in the
Appendix. Once p? or Y is specified, the sine and cosine
terms in Egs. (20) and (33) do not vanish after the integration
over y*.

To make our point clearer, we present here a more explicit
form of the cross section for the case in which the p, in
the laboratory frame is specified. Here we constrain our
discussions to only the symmetric leptonic tensor in SIDIS.
The differential cross section for one final-state hadron
production can be expressed as [according to Eq. (2)]

p?=pt+220%(1-y)
|
Yziln{[Pt*z

4y*22E})}, (43)

1 4rna 5
N N SQ2 L, W) d®'d®,,, (44)

where
S=2P- -k (45)

is the squared colliding energy. The phase space can be
obtained as

1
4’ = = dQdydy".

1
D), = 2 4
A0, = 55— dpi?dz. (46)

If we define

uv
_g/wWh s
_ pv
wp = e€r e, Wy,
_ Hv
Wir = (€L”€|u + elﬂeLL/)Wh s

WT = €lﬂ€]yW/Zy, (47)

the differential cross section can then be expressed as

a
do=— % N AwdQldydpdzdyt. (48
4 2567r5NSNCSQ2zZi: widQ dydpdzdy”, - (48)

where i runs over g, L, LT, and T.

Apparently, A; are functions of y and y*, while w; are
functions of Q?, y, pr, and z. If one measures only the
quantities in z frames, e.g., p; is fixed, w; do not depend on
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y*; accordingly, the integration over y* makes the cosine
terms in A; vanish. However, if, e.g., p, in the laboratory
frame is fixed, the values of p; and yw* are constrained in a
curved surface. When y* varies, w; changes accordingly.
In this case, the cosine terms in A; will not vanish after the
integration over y*.

To be more explicit, we can replace dp;? by dp? with the
Jacobian multiplied. The Jacobian can be easily obtained
regarding Eq. (43) as

op;? pi
J= 49
’ 0P| pi—(L—y)2Qsiny” )
Apparently, we have the following inequalities:
2z
/ dy* cosy*J #0,
0
27
/ dy* cos(2u*)J # 0. (50)
0

Correspondingly, the conventional leptonic tensors cannot
be reproduced with the integration over y*.

We can conclude that the structure functions F; and F,
are not sufficient to describe the cross sections when p, or Y
are not taken to cover all their possible values. Even for the
processes in which p,P,W}" = p,p,W}" = 0, the conven-
tional leptonic tensor in Eq. (8) or Eq. (9) will also lead to
wrong results.

We use R to denote the ratio of the differential cross section
calculated with the employment of the leptonic tensor
presented in Egs. (8), (9), and (37) to the correct one, say,
that obtained using Eq. (4). As an example, we investigate the
J /y inclusive production in photonic current DIS, which has
been studied in Ref. [28]. However, it adopted the conven-
tional leptonic tensor to present results for p, and rapidity
distributions in the laboratory frame. It is worth noting that,
with the same form of the leptonic tensor as given in
Ref. [28], we can reproduce their results. R as functions
of p? and the rapidity of the J /iy (yy,) in the laboratory frame
are presented in Fig. 3. As Q7 increases, the difference
between the value of R and 1 becomes larger in the high-p;,
region. For Q% = 400 GeV?, the value of R can be as large as
3.1 in the high-p, region and as small as 0.6 in the low-p;,
region. For specified values of z and integrated Q? in the
range 4 GeV? < Q% < 100 GeV?, the p? dependence of R
is also studied. R peaks at around p? =~ 70 GeV?and z ~ 0.7,
where R = 1.8 is obtained. The difference between the
wrong and correct results for specified values of y,,, however,
is not so large as that for specified values of p?. In midrapidity
regions, especially —0.5 < y,, < 0.5, where most of the J /y
events are produced, R is almost equal to 1, which means in
this region, even with the wrong form of the leptonic tensor,
one can generally reproduce the correct results. However, this
might be true only for specific processes. For a different
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FIG. 3. The ratio R as a function of p, and y, for different values of Q? and z. The invariant mass of the virtual photon and the
proton lies in the region 60 GeV < W < 240 GeV. For the left-hand-side plots, 0.3 < z < 0.9, while for the right-hand-side plots,

4 GeV? < Q? < 100 GeV2.

process, R can be different from 1 even in midrapidity
regions.

IV. SUMMARY

In summary, we investigated the structure of the leptonic
tensors in DIS and SIDIS. The most general forms of the
leptonic tensor are presented in Egs. (32), (33), and (36),
which can greatly simplify the computation by reducing the
number of independent Lorentz invariants. Moreover, they
explicitly prove the azimuthal structure of the cross sections
consists, in addition to the y*-independent terms, of those
proportional to cosy™*, siny*, cos(2y*), and sin(2y*),
respectively, which after the integration over y* will vanish.
For SIDIS, the symmetric leptonic tensor reduces to a more
compact form, which involves only four independent nor-
malized tensors, while the antisymmetric one consists of only
two independent normalized tensors. Taking the J/y inclu-
sive production in DIS as an example, we demonstrate that
the reduced formalism of the leptonic tensor presented in
Eq. (8) or Eq. (9) [as well as in Eq. (37)] cannot give correct
predictions when some physical observables, such as p, and
the rapidity, in the laboratory frame are measured. However,
many works are still using these reduced leptonic currents
in computations. Our work can provide a reference for the
future phenomenological studies in DIS, including the
physics at the future Electron-Ion Collider.
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APPENDIX: RELATION BETWEEN p, AND p;

Since p, is invariant under the boost along the z axis, we
thus parameterize all the momenta in the virtual-photon-
proton (y* p) center-of-mass frame and the laboratory frame.

The invariants k- p and P - p can be expressed in the
laboratory frame as

k-p=E;n/ p}+ M?eY,
P-p=E,/pi+Me,

respectively, where E; and E, are the energies of the incident
lepton and proton, respectively, and the forward z direction is
defined as that of the incident proton. Then we have

4(k-p)(P- p) =4AEE,(p; + M?) = S(p7 + M?). (A2)

(A1)

2P - p can also be obtained in terms of the hadronic
variables as

2P - p = yzS8, (A3)

and, thus, we have

P+ M? =2yzk- p. (A4)

Now, we calculate 2k - p. Apparently, it depends on y™*.
To obtain its explicit expression, we need to parameterize
the momenta in the y* p center-of-mass frame. In the y*p
center-of-mass frame, the forward z direction is defined as
that of the incident virtual photon, which is consistent with
the HERA experiment conventions. Since the invariant
energy of the y* p system is W, we can obtain their energies
and longitudinal momenta as
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W2 2
Py = Wwro ,
2w
2 2
pr— W 0 ,
2w
W2 _ Q2
qdo = “ow
w2+ Q?
* = A
If we define k* as
k= (kb k7 k). (A6)
we can calculate 2k - P and 2k - g as
W2_|_ Q2 . .
W2 _ Q2 . W2 + Q2 .
2k-q=-0°= W kg — W kj. (A7)
Then we can obtain k; and k as
S—Q?
ky = ,
0 2w
1 W2 _ Q2
kit =— | 0? S A8

PHYSICAL REVIEW D 96, 034002 (2017)
k*? can be calculated via
* * * 1 B y
kt2:k02—k12:Q2y—2' (A9)

p can be expressed in the y* p center-of-mass frame as

pt=(mi(e" +e™).pr.mi(e” —e™)),  (AlO)
where
mf =/ pr* + M>. (A11)
Then we can obtain 2k - p as
2k p —i[prz + M2+ (1-y)?Q?
—224/1=yQp; cosy*]. (A12)
With Eq. (A4), we obtain
P} =pi?+ (1-y)220* - 223/T—yQp; cosy*.  (A13)
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