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We construct exact, regular and topologically nontrivial configurations of the coupled Einstein-nonlinear
sigma model in (3þ 1) dimensions. The ansatz for the nonlinear SUð2Þ field is regular everywhere and
circumvents Derrick’s theorem because it depends explicitly on time, but in such a way that its energy-
momentum tensor is compatible with a stationary metric. Moreover, the SUð2Þ configuration cannot be
continuously deformed to the trivial Pion vacuum as it possesses a nontrivial winding number. We reduce
the full coupled four-dimensional Einstein nonlinear sigma model system to a single second order ordinary
differential equation. When the cosmological constant vanishes, such a master equation can be further
reduced to an Abel equation. Two interesting regular solutions correspond to a stationary traversable
wormhole (whose only “exotic matter” is a negative cosmological constant) and a (3þ 1)-dimensional
cylinder whose (2þ 1)-dimensional section is a Lorentzian squashed sphere. The Klein-Gordon equation
in these two families of spacetimes can be solved in terms of special functions. The angular equation gives
rise to the Jacobi polynomials while the radial equation belongs to the Poschl-Teller family. The solvability
of the Poschl-Teller problem implies nontrivial quantization conditions on the parameters of the theory.
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I. INTRODUCTION

The nonlinear sigma model is an important effective field
theory with many applications ranging from quantum field
theory to statistical mechanics systems like quantum
magnetism, the quantum hall effect, meson interactions,
superfluid 3He, and string theory [1]. The most relevant
application for the SUð2Þ nonlinear sigma model in particle
physics is the description of the low-energy dynamics of
pions in 3þ 1 dimensions (see for instance [2]; for a
detailed review see [3]).
The nonlinear sigma models do not admit static globally

regular soliton solutions with nontrivial topological pro-
perties in flat, topologically trivial (3þ 1)-dimensional
spacetimes. This can be shown using the Derrick’s scaling
argument [4]. There are two useful strategies to avoid
Derrick’s argument in the nonlinear sigma model: the first
is to search for a time-periodic ansatz such that the
energy density of the configuration is still static, as it
happens for boson stars [5] in the simpler case of a Uð1Þ
charged scalar field (for a detailed review see [6]). The
second idea is to couple the nonlinear sigma model with the
Einstein theory. In the present paper, we exploit both of
them. The possibility of applying the first idea is prompted

by the recent generalization of the boson star ansatz to
SUð2Þ-valued scalar fields [7–10] and [11–14]. On the
other hand, the idea of coupling the nonlinear sigma model
to Einstein gravity has been tried, but mostly relying on
numerical analyses because of the complexity of the
system. Numerical solutions for the Einstein-nonlinear
SUð2Þ σ model with cosmological constant were derived
in [15]. Recently exact solutions were presented for the
time-dependent gravitating Einstein-Skyrme model [16] by
using the ansatz of [7].
In the present paper, we construct two families of

analytic topologically nontrivial1 solutions of the
Einstein-nonlinear sigma-model system (both with and
without Λ) with quite novel geometrical properties.
In the case in which Λ < 0, some of these configurations

(shortly described in [17]) are smooth and regular every-
where describing wormholes with nonvanishing NUT
parameter [18–20] (for a detailed discussion of the NUT
geometry, see [21–23] and references therein).
It is worth emphasizing that in [24,25] it has been shown

that some typical obstructions to accept solutions with
NUT parameter as physically relevant can be removed.
Thus, the present wormholes are supported by a cloud of

interacting pions and the only exotic ingredient needed for
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1Topologically nontrivial in the sense that the ansatz for the
SUð2Þ-valued matter field possesses a nonvanishing third ho-
motopy class. This implies that it cannot be deformed contin-
uously to the trivial pion vacuum.
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the construction is a negative cosmological constant (which
can hardly be considered as an exotic ingredient).
Moreover, in the Λ ¼ 0 case, we also construct a second

family of regular configurations corresponding to a (3þ 1)-
dimensional cylinder whose (2þ 1)-dimensional sections
are a Lorentzian squashed sphere. Also in this case the
matter field supporting the configuration cannot be
deformed continuously to the trivial pion vacuum.
We exploit the gauge invariance of gravitational systems

in order to reduce the full coupled system of Einstein
nonlinear sigma model equations to a single second order
ordinary differential equation (ODE) which, in the vanish-
ing Λ case, can be further reduced to a first order Abel
equation. Due to the complexity of the 3þ 1-dimensional
Einstein SUð2Þ sigma model, the reduction of the full
coupled system to a single second order ODE is a very
useful property that can be used by other researchers
working in the field. A further nontrivial characteristic
of these configurations is that the Klein-Gordon equation
on these backgrounds can be fully integrated in terms of
special functions.
This paper is organized as follows: in the second section,

the action of the system is introduced while in the third, the
ansatz for the SUð2Þ-valued matter field is described and
the field equations are extracted. In the fourth section, we
derive out of the field equations of motion a single second
order master equation and interesting particular solutions
are analyzed. In Sec. V, the intriguing properties of the
Klein-Gordon equation on the two families of regular
configurations are disclosed. In the last section, some
conclusions are drawn.

II. THE ACTION

We consider the Einstein theory minimally coupled with
the SUð2Þ-valued nonlinear sigma model system in four
dimensions. The nonlinear sigma model describes the low-
energy dynamics of pions, whose degrees of freedom are
encoded in an SU(2) group-valued scalar field U [3]. The
action of the system is (we follow the notation of [17])

S ¼ SG þ Spions; ð1Þ

where the gravitational action SG and the nonlinear sigma
model action Spions are given by

SG ¼ 1

16πG

Z
d4x

ffiffiffiffiffiffi
−g

p ðR − 2ΛÞ; ð2Þ

Spions ¼
K
2

Z
d4x

ffiffiffiffiffiffi
−g

p
TrðRμRμÞ; Rμ ¼ U−1∇μU; ð3Þ

U ∈ SUð2Þ; Rμ ¼ Rj
μtj; tj ¼ iσj; ð4Þ

where R is the Ricci scalar, G is Newton’s constant, the
parameter K ð> 0Þ is experimentally fixed and σj are the

Pauli matrices. In our conventions c ¼ ℏ ¼ 1, the space-
time signature is ð−;þ;þ;þÞ (although we shortly discuss
Euclidean solutions) and greek indices run over spacetime.
Here Λ is the cosmological constant.
As it is well known the nonlinear sigma model can be

seen as the λ ¼ 0 limit (λ being the Skyrme coupling
constant) of the Skyrme model (which, on flat spaces,
allows the existence of nontrivial topological configura-
tions). We have decided to consider here only the nonlinear
sigma model since our analysis provides us with explicit
examples of how the coupling with Einstein theory allows
the nonlinear sigma model to have smooth configurations
with nonvanishing topological charge.
The resulting Einstein equations which follow from the

previous action are

Gμν þ Λgμν ¼ κTμν; ð5Þ

where Gμν is the Einstein tensor and κ the gravitational
constant. The stress-energy tensor is

Tμν ¼ −
K
2
Tr

�
RμRν −

1

2
gμνRαRα

�
;

which for the nonlinear sigma model can be seen to satisfy
the dominant and strong energy conditions [26]. Finally,
the matter field equations are

∇μRμ ¼ 0: ð6Þ

We adopt the standard parametrization of the SUð2Þ-
valued scalar UðxμÞ,

U�1ðxμÞ ¼ Y0ðxμÞI� YiðxμÞti; ðY0Þ2 þ YiYi ¼ 1;

ð7Þ

where I is the 2 × 2 identity. The last equality implies that
YA ≔ ðY0; YiÞ is a unit vector in a three sphere, which is
naturally accounted for by writing

Y0 ¼ cos α; Yi ¼ ni · sin α; ð8Þ

n1 ¼ sinΘ cosΦ; n2 ¼ sinΘ sinΦ; n3 ¼ cosΘ:

ð9Þ

III. THE FIELD EQUATIONS

The full coupled Einstein-nonlinear sigma-model system
of equations (5) and (6) can be consistently analyzed on the
following family of metrics:

ds2 ¼ −FðrÞðdtþ cos θdφÞ2 þ NðrÞ2dr2
þ ρ2ðrÞðdθ2 þ sin2θdφ2Þ: ð10Þ
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As they are already on flat spacetimes the field equations of
the nonlinear sigma model are very complicated; it is
necessary to take great care in choosing the ansatz for the
SUð2Þ-valued scalar field U.
Following the recipe of [7–10] and [11–14], in Ref. [17]

the following ansatz time dependent for α, Θ and Φ has
been proposed:

Φ ¼ tþ φ

2
; tanΘ ¼ cotðθ

2
Þ

cosðt−φ
2
Þ ; tan α ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2Θ

p

tanðt−φ
2
Þ :

ð11Þ

One can verify directly that in any metric of the form in
Eq. (10), a pionic configuration of the form in Eqs. (11), (8)
and (9) identically satisfies the nonlinear sigma-model field
equations [Eq. (6)]. It is also worth emphasizing that the
present ansatz is topologically nontrivial as it has a non-
trivial winding number along the fr ¼ constg surfaces,

W ¼ −
1

24π2

Z
fr¼constg

tr½ðU−1dUÞ3�

¼ −
1

2π2

Z
fr¼constg

sin2α sinΘdαdΘdΦ ≠ 0:

Therefore, the present configuration cannot be deformed
continuously to the trivial pion vacuum U0 ¼ 1.
Furthermore, it is worth emphasizing that the non-

vanishing winding number of the present configurations
is closely related to the nonstandard asymptotic behavior
which characterizes both types of solutions constructed in
the next sections. Indeed, it is easy to check that if the
asymptotic behavior of the metric is anti–de Sitter (AdS),
de Sitter (dS) or Minkowski then the present configurations
would have vanishing winding number. Such a configura-
tion belongs to a different sector with respect to the usual
ones analyzed in the literature on the Einstein-nonlinear
sigma-model system.2

Despite the fact that such configurations explicitly
depend on the timelike coordinate, the energy-momentum
tensor is compatible with the above stationary metric,

Tt
t ¼ −

Kð2F þ ρ2Þ
8Fρ2

; Tr
r ¼ −

Kð2F − ρ2Þ
8Fρ2

;

Tθ
θ ¼ Tφ

φ ¼ K
8F

; Tφ
t ¼ −

KðF þ ρ2Þ
4Fρ2

cos θ: ð12Þ

Hence, the ansatz in Eqs. (11), (8) and (9) avoids the
Derrick theorem since it is explicitly time dependent and, at
the same time, compatible with a stationary spacetime.
Thus, the present ansatz is the SUð2Þ generalization of the

well-known bosons-starslike ansatz in which a Uð1Þ scalar
field depends explicitly on time in such a way that the
energy-momentum tensor does not. However, the present
case is worth further analyzing for at least two reasons: first
of all, the matter field corresponds to pions and secondly,
SUð2Þ-valued matter fields may possess nontrivial topo-
logical properties. It is also worth emphasizing that the
above Tμν has positive energy density. Indeed, as is well
known [26], the Tν

μ of the nonlinear sigma model satisfies
both the null and the weak energy conditions [as can be
checked directly in Eq. (12)].
A direct computation reveals that the full Einstein-

nonlinear sigma-model system reduces, in this sector, to
the following three equations (two second order equations
and one constraint):

0 ¼ 16ρ3FNρ00 þ 8ρ2FNðρ0Þ2 − 16ρ3FN0ρ0

þ N3½Kκρ2ð2F þ ρ2Þ þ 2Fð4ρ2ðΛρ2 − 1Þ − 3FÞ�;
ð13Þ

0 ¼ −8ρ2Fðρ0Þ2 − 8ρ3ρ0F0 þ N2½Kκρ2ðρ2 − 2FÞ
− 2Fð4ρ2ðΛρ2 − 1Þ − FÞ�; ð14Þ

0 ¼ −8ρ3F2Nρ00 − 4ρ4FNF00 − 4ρ3FNρ0F0 þ 2ρ4NðF0Þ2
þ 4ρ3Fð2FN0ρ0 þ ρN0F0Þ
þ FN3ðKκρ4 − 2Fð4Λρ4 þ FÞÞ; ð15Þ

where Eqs. (13)–(15) correspond to the t − t, r − r and
θ − θ components of the Einstein equations, respectively,
while the prime denotes differentiation with respect to r.
It can be easily seen that these remaining Einstein

equations are not independent from one another. Indeed,
a direct computation shows that the total derivative of (14)
is a combination of (13) and (15). Moreover it is straight-
forward to see that the field equations can be derived from
the variation of a Lagrangian L ¼ LðN;F; F0; ρ; ρ0Þ. Due
the reparametrization invariance of this Lagrangian,
Eqs. (13)–(15) form a singular dynamical system. From
the theory of constrained systems we know that Eq. (14)—
since it corresponds to a first class constraint in the
Hamiltonian formalism of the theory—removes a full
degree of freedom from the system (classic references
are [27,28]). Thus, between F and ρ only one can be
considered as a true physical degree of freedom and its
evolution can be described by a single second order
equation, which we derive in the following section.
In order to see the classical analogue of that through a

gauge fixing process, consider without loss of generality
that N ¼ NðF; ρÞ; then the field equations describe a
classical system of two degrees of freedom in which
(14) is the Hamiltonian function expressed in velocity
phase space variables. It can be seen as a conservation law
with a fixed value, which means that it constrains the

2As in most of the examples analyzed in the literature the pions
have vanishing winding number.
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solution. Indeed, if we solve the two second order differ-
ential equations, one of the four integration constants is a
constraint from (14). Moreover, because (14) is the
Hamiltonian function it means that the dynamical system
is autonomous and the solution is invariant under trans-
lations of the independent variable, in our consideration the
radius. Hence, a second integration constant can be
eliminated, which means that there are only two integration
constants and consequently only one free degree of free-
dom, which means that there exists a second order differ-
ential equation which describes equivalently the solution of
the field equations.

IV. DERIVATION OF THE MASTER EQUATION

Let us avoid the typical fixing condition N ¼ 1 and
exploit the fact that the constraint equation (14) is algebraic
with respect to N; its solution is

NðrÞ ¼ �2ρ

�
ρ0ðρFÞ0

F2 þ 1
2
K̄ρ4 − Fρ2ðK̄ þ 4Λρ2 − 4Þ

�1
2

; ð16Þ

where from now on we consider for simplicity a single
constant K̄ ¼ Kκ. Upon substitution of (16) in (13) and
(15), they both reduce to a single equation3 for ρ and F,
namely

Fρ2F0ð2F2 þ K̄ρ4 − 2Fρ2ðK̄ þ 4Λρ2 − 4ÞÞρ00
− Fρ2ρ0ð2F2 þ K̄ρ4 − 2Fρ2ðK̄ þ 4Λρ2 − 4ÞÞF00

þ ρ0½FρF0ρ0ð4ðK̄ − 4ÞFρ2 − 14F2 þ 3K̄ρ4Þ
þ ρ2ðF0Þ2ðK̄ρ4 − 2F2Þ
þ 4F2ðρ0Þ2ðρ4ðK̄ − 4ΛFÞ − 2F2Þ� ¼ 0: ð17Þ

We have to note here that solving (14) with respect to NðrÞ
does not constitute a fixing choice, since the constraint
equation must be satisfied in any lapse. As a result, we still
have the freedom to gauge fix the system by choosing either
ρ or F to be some explicit function of r. We make the
following choice regarding ρ together with a reparametri-
zation condition for F, by introducing a new function gðrÞ
in its place,4

ρðrÞ ¼ r; F ¼ gðrÞ
r

: ð18Þ

Then, Eq. (17) simplifies to the following second order
differential equation:

rgðK̄r6 − 2r3ðK̄ − 4þ 4r2ΛÞgþ 2g2Þg00
− g0ð3K̄r6g − 6g3 þ K̄r7g0 − 2rg2ð8r4Λþ g0ÞÞ ¼ 0:

ð19Þ

As a result, we have succeeded in reducing the initial
system of equations into a problem of finding the solution
of a single nonautonomous second order ODE. As it is
shown in the examples below, all the metric components
can be constructed once the solution of the above master
equation is known.
In particular, once a solution of the above master

equation (19) is known, one can construct a solution of
the full system made by Eqs. (13)–(15) just using Eqs. (18)
and (16).
What is more, Eq. (19) can be further reduced (when

Λ ¼ 0) to a first order ODE of Abel type.
In the remainder of this section we study sets of

particular solutions of (19) as well as its group invariant
transformations and specifically the Lie point symmetries.
It is worth emphasizing that the reduction of the full

coupled four-dimensional Einstein nonlinear sigma model
system in a topologically nontrivial sector to a single
second order ODE is quite an achievement in itself and
is very useful for researchers in the field. For instance, the
above master equation is a very good starting point to
analyze whether or not there are black holes in this sector of
the theory. We hope to come back on this issue in a future
publication.

A. Solution from Lie symmetry

Equation (19) is of the general form g00 ¼ Ωðr; g; g0Þ. It is
defined in the jet space AT ¼ fr; g; g0; g00g; hence in order
to be invariant under an infinitesimal point transformation
of the form

r̄ ¼ rþ εξðr; gÞ; ḡ ¼ gþ εηðr; gÞ; ð20Þ

whose generator is X ¼ ξ ∂
∂r þ η ∂

∂g, the following condition
should hold,

X½2�ðg00 − ΩÞ ¼ 0; mod g00 ¼ Ω; ð21Þ

where X½2� is the second prolongation of X, i.e., the
extension of the generator into the jet space AT (for the
rigorous mathematical definitions, as well as the general
theory of Lie point symmetries, we refer the interested
reader to various textbooks on the subject, e.g., [32,33]). If
(21) is satisfied, then X generates a Lie point symmetry for
the differential equation. Its existence provides a point
transformation under which Eq. (19) can be either

3This is a further confirmation of the fact that among F and ρ
only one can be considered as a true physical degree of freedom.

4The reasoning behind this choice and parametrization can be
traced to a minisuperspace analysis of the system and the fact that
it simplifies a nonlocal integral of motion constructed out of a
conformal vector of the minisuperspace metric. For similar
techniques used in a minisuperspace context in order to achieve
integrability see for example [29,30] and [30] and in regular
systems [31].
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transformed to an autonomous equation or reduced to a first
order equation.
From the symmetry condition (21) we find that Eq. (19)

admits a Lie point symmetry if and only if the cosmological
constant is 0. The corresponding symmetry vector is found
to be

X ¼ ∂r þ 3g∂g ð22Þ

and can be used to further simplify the equation
when Λ ¼ 0.
By using this symmetry vector we can introduce the

normal coordinates,

r ¼ exp

�
R
3

�
; and; g ¼ eRSðRÞ; ð23Þ

with the help of which Eq. (19) assumes the following
form:

3S;RR þ ð2Sþ 5S;RÞ−
3ðK̄ − 2S2ÞðSþ S;RÞð2Sþ S;RÞ

SðK̄ − 2ðK̄ − 4ÞSþ 2S2Þ ¼ 0:

ð24Þ

The latter is an autonomous second order differential
equation due to the fact that the variables we introduced
transformed the symmetry vector into X ¼ ∂R.

1. The Abel master equation with Λ= 0

In the sector with vanishing cosmological constant it is
possible to further simplify the master equation in Eq. (19).
Indeed, from the application of the differential invariants,
(24) can be reduced to a first order Abel equation of the
second kind

v;z ¼ λ0ðzÞ
�
λ1ðzÞvþ

λ2ðzÞ
v

þ λ3ðzÞ
�
; ð25Þ

where z ¼ SðRÞ, vðzÞ ¼ S;R or R ¼ R
1

vðzÞ dzþ R0.
Coefficients λ0;1;2;3 are as follows,

λ0ðzÞ ¼ ½3zð2ðK̄ − 4Þz − 2z2 − K̄Þ�−1;
λ1ðzÞ ¼ ð6z2 − 3K̄Þ; ð26Þ

λ2ðzÞ ¼ 4ð4z4 þ ð4 − K̄Þz3 − K̄z2Þ; ð27Þ

λ3ðzÞ ¼ 28z3 þ 10ð4 − K̄Þz2 − 4K̄z: ð28Þ

Of course with a change of variables Eq. (25) can be
written as an Abel equation of the first kind [34].
In the following we study some particular solutions.

B. Particular solutions

It can be easily verified that Eq. (19) admits a power law
solution that is given by

gðrÞ ¼ σr3 ð29Þ

whenever σ ¼ K̄
4
or σ ¼ −1. We begin our analysis by

examining the former case. Solutions of that form indicate
that F ¼ σρ2 as we can see from (18). In what follows we
study those solutions in the original coordinates of the
spacetime.

1. The σ = K̄
4 case: the wormhole

This solution corresponds to the Lorentzian wormhole
constructed in [17]. Here, as we can observe from (16) and
(18), it is expressed in a gauge where the “lapse” NðrÞ of
the metric is

NðrÞ ¼ � 4
ffiffiffi
3

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24 − 3K̄ − 16Λr2

p : ð30Þ

At this point, to see how the solution is expressed in the
original variables, we can perform a transformation r → ~r
that returns us to the gauge Nð~rÞ ¼ 1. For the case when
Λ ≠ 0 and K̄ ≠ 8 this is achieved by

Z
NðrÞdr ¼ ~r ⇒ r ¼ λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðK̄ − 8Þ
16ð−ΛÞ

s
cosh

� ffiffiffiffiffiffiffi
−Λ

p
~rffiffiffi

3
p

�

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðK̄ − 8Þ
16Λ

r
sinh

� ffiffiffiffiffiffiffi
−Λ

p
~rffiffiffi

3
p

�
; ð31Þ

where λ is an integration constant which can be either real
or imaginary; it depends on the behavior of the rest of the
parameters K̄ and Λ. We have to note here that the original
configuration space variables F and ρ that appear on the
metric are now given as

ρð~rÞ ¼ rð~rÞ ¼ λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðK̄ − 8Þ
16ð−ΛÞ

s
cosh

� ffiffiffiffiffiffiffi
−Λ

p
~rffiffiffi

3
p

�

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðK̄ − 8Þ
16Λ

r
sinh

� ffiffiffiffiffiffiffi
−Λ

p
~rffiffiffi

3
p

�
; ð32aÞ

Fð~rÞ ¼ gð~rÞ
rð~rÞ ¼

K̄
4
rð~rÞ2 ¼ K̄

4
ρ2ð~rÞ: ð32bÞ

Since only ρ2 appears in the metric, all combinations for
which (31) is real (or pure imaginary) are acceptable for a
Lorentzian (or Euclidean) signature solution. Let us note
that for the rest of this subsection—and for reasons of
simplicity—we omit the tilde, understanding that we are
going to restrict our analysis solely in the gauge N ¼ 1 in
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which we decide to symbolize the dynamical variable from
now on as r.
Let us consider for example the case when K̄ > 8, Λ < 0

and at the same time jλj ≥ 1. By setting jλj ¼ coshm inside
solution (32a) and applying the appropriate trigonometric
identity we get

ρðrÞ ¼ � 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðK̄ − 8Þ

−Λ

r
cosh

� ffiffiffiffiffiffiffi
−Λ
3

r
r�m

�
ð33Þ

with the � signs not being of importance, since only ρ2

appears on the metric andm being able to be either positive
or negative. By checking the metric components it is
obvious that this latter constant is not even essential for
the geometry because it can be easily absorbed by a
translation in the r variable. Hence, without any loss of
generality, we can assume m to be equal to 0 and write the
most general solution, for this specific range of validity of
the parameters K̄ and Λ,

ρðrÞ ¼ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðK̄ − 8Þ

−Λ

r
cosh

� ffiffiffiffiffiffiffi
−Λ
3

r
r

�
; ð34aÞ

FðrÞ ¼ K̄
4
ρðrÞ2; K̄ − 8 > 0: ð34bÞ

As it has been discussed in [17], the metric corresponding
to Eq. (33) is a traversable Lorentzian wormhole con-
structed using only ingredients from the standard model
and a negative cosmological constant. To analyze the global
structure of the solution it is useful to compare it with the
NUT-AdS line element,

ds2 ¼ −fðrÞðdtþ 2n cos θdϕÞ2 þ dr2

fðrÞ þ ðr2 þ n2ÞdΩ2
2;

ð35Þ

where

fðrÞ ¼ r2 þ N2 þ l−2ðr4 − 6N2r2 − 3N4Þ
r2 − N2

; ð36Þ

which in the asymptotical limit r → þ∞ can be written as

f∞ðrÞ ¼ l−2r2 þ ð1 − 5l−2N2Þ þOðr−2Þ: ð37Þ

The corresponding asymptotical form of line element (35)
can be transformed under r ¼ lð1 − 5N2

l2 Þ1=2 sinhðr̄=lÞ
[assuming l−2 > 5N2 and n ¼ ðl2 − 5N2Þ1=2] into

ds2 ¼ −
ðl2 − 5N2Þcosh2ðr̄=lÞ

l2

× ðdtþ 2ðl2 − 5N2Þ1=2 cos θdϕÞ2
þ dr̄2 þ ðl2 − 5N2Þcosh2ðr̄=lÞdΩ2

2; ð38Þ

which belongs to the general form of our solution. Thus, the
asymptotic form of a NUT-AdS solution coincides with our
result, the difference being of course that the present
solution has two identical asymptotic regions for r → �∞.
Moreover, the ensuing spacetime we get from (10) does

not exhibit any curvature singularity. For instance, the
Kretschmann scalar is

Ks ¼ RκλμνRκλμν ¼ Λ2

9ðK̄ − 8Þ2cosh4ð
ffiffiffiffiffi
−Λ
3

q
rÞ

×

�
3ðK̄ − 8Þ2 cosh

�
4

ffiffiffiffiffiffiffi
−Λ
3

r
r

�

− 4ðK̄ − 8ÞðK̄ þ 16Þ cosh
�
2

ffiffiffiffiffiffiffi
−Λ
3

r
r

�

þ 57K̄2 þ 272K̄ þ 1088

�
ð39Þ

and it is regular for all r ∈ R. The special properties of the
Klein-Gordon equation on this metric are described in the
next sections.
For the sake of brevity we state in Table I all the

admissible Lorentzian solutions corresponding to the vari-
ous choices of parameters. The procedure is similar and in
all cases the integration constant can be absorbed by a
simple translation in the r variable.
The corresponding Euclidean solutions can be obtained

in each case by simply violating the conditions given
for K̄ in the first column of Table I. For example, if we
consider K̄ < 8 and Λ < 0 the first solution is written as

ρðrÞ ¼ i
4

ffiffiffiffiffiffiffiffiffiffiffi
3ð8−K̄Þ
−Λ

q
cosh

� ffiffiffiffiffi
−Λ
3

q
r
�

and leads to a Euclidean

space without a singularity. An interesting pattern may be
observed in regard to these solutions: The curvature
singularities appear for K̄ < 8 in the Lorentzian manifolds,
while the situation is inverted for Euclidean spacetimes,
where they appear only for K̄ > 8.

TABLE I. Admissible values of essential parameters and
singularities.

Parameters ρðrÞ Singularities

K̄ > 8, Λ < 0 1
4

ffiffiffiffiffiffiffiffiffiffiffi
3ðK̄−8Þ
−Λ

q
cosh

� ffiffiffiffiffi
−Λ
3

q
r
� No

K̄ < 8, Λ < 0 1
4

ffiffiffiffiffiffiffiffiffiffiffi
3ð8−K̄Þ
−Λ

q
sinh

� ffiffiffiffiffi
−Λ
3

q
r
� r ¼ 0

K̄ < 8, Λ > 0 1
4

ffiffiffiffiffiffiffiffiffiffiffi
3ð8−K̄Þ

Λ

q
sin

� ffiffiffi
Λ
3

q
r
�

r ¼
ffiffiffi
3
Λ

q
kπ; k ∈ Z
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Of course we have still to examine three special cases
spanned by Λ ¼ 0 and/or K̄ ¼ 8, which were excluded in
transformation (31). Let us begin by considering Λ ¼ 0. In
this case, one only needs to perform a scaling in the radial
variable to express the result in the gauge N ¼ 1. The
corresponding solution reads

ρðrÞ ¼ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffi
8 − K̄

p
r; ð40aÞ

FðrÞ ¼ K̄
4
ρðrÞ2; ð40bÞ

where K̄ ≠ 8. The line element is Lorentzian if K̄ < 8 and
Euclidean when K̄ > 8. In both cases the manifold exhibits
a curvature singularity at the origin r ¼ 0.
When K̄ ¼ 8 (but Λ ≠ 0), we are led to the solution

(again expressed in the N ¼ 1 gauge)

ρðrÞ ¼ ωe
ffiffiffiffi
−Λ

p
rffiffi

3
p

; ð41aÞ

FðrÞ ¼ 2ρðrÞ2: ð41bÞ

The cosmological constant has to be negative, while the
constant ω can be seen not to be essential for the geometry
and can be absorbed by a translation in r. Thus, without
loss of generality we can consider ω ¼ 1 (or ω ¼ i) for a
Lorentzian (or Euclidean) manifold. The emerging space-
time is regular for r > 0, since the Kretschmann scalar is

Ks ¼ 27e−
4
ffiffiffiffi
−Λ

p
rffiffi

3
p þ 4Λe−

2
ffiffiffiffi
−Λ

p
rffiffi

3
p þ 8Λ2

3
: ð42Þ

Note here that apart from (41), the solution ρðrÞ ¼ ωe−
ffiffiffiffi
−Λ

p
rffiffi

3
p

is also valid. The situation however is inverted and the
space is now regular for r < 0.

2. Cylindrical solution

Another interesting solution is retrieved when both
Λ ¼ 0 and K̄ ¼ 8, which has to be examined separately.
The functions FðrÞ and ρðrÞ in this case are constants,
FðrÞ ¼ K̄

4
ρ2ðrÞ ¼ K̄

4
ρ20 ¼ const. This leads to a regular

manifold described by the metric

ds2 ¼ ρ20½−2ðdtþ cos θdφÞ2 þ ðdθ2 þ sin2θdφ2Þ� þ dr2;

ð43Þ

which admits five Killing fields: the four of the general line
element (10)

ξ1 ¼ ∂t; ξ2 ¼ ∂ϕ;

ξ3 ¼
sinϕ
sin θ

∂t þ cosϕ∂θ − cot θ sinϕ∂ϕ;

ξ4 ¼ −
cosϕ
sin θ

∂t þ sinϕ∂θ þ cot θ cosϕ∂ϕ; ð44Þ

plus the obvious from the form of the metric (43) ξ5 ¼ ∂r.
The special properties of the Klein-Gordon equation on this
metric are described in the next sections.

3. The σ = − 1 case

The treatment is exactly the same as in the previous case.
For brevity we only demonstrate the final resulting sol-
utions in the gauge N ¼ 1. In the line element we set
FðrÞ ¼ −ρðrÞ2, with ρðrÞ being given for various values of
the parameters in Table II.
All the above solutions lead to Euclidean line elements.

Lorentzian solutions can be obtained by letting K̄
possess values that violate the conditions of the first
column. However, the signature of the metric becomes
ð−;þ;−;−Þ, indicating that r has effectively assumed the
role of the time parameter; hence these solutions should
rather be considered as cosmological and we refrain from
their analysis here.
From the geometrical perspective the solutions expressed

in the tabular are not different from the corresponding
Euclidean solutions of the previous sections, since only a
combination of constants differs in the line element.
Nevertheless, it is to be noted that the critical value for
the constant K̄ in the line element has changed from 8 to 2.
Finally, we conclude this analysis by presenting the

particular solutions for three special cases that arise again:
Λ ¼ 0 and/or K̄ ¼ 2. Let us start with the cosmological
constant being 0 while K̄ ≠ 2. Then, the function ρðrÞ reads

ρðrÞ ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffi
2 − K̄
2

r
r ð45Þ

and the resulting manifold is Euclidean when K̄ < 2 (the
Lorentzian case K̄ > 2 being again cosmological) with a
curvature singularity at the origin r ¼ 0.
The situation when Λ ≠ 0 but K̄ ¼ 2 is quite different.

The solution is given by

TABLE II. Admissible values of essential parameters and
singularities.

Parameters ρðrÞ Singularities

K̄ > 2, Λ < 0 1
2

ffiffiffiffiffiffiffiffiffiffiffi
3ðK̄−2Þ
−2Λ

q
cosh

� ffiffiffiffiffi
−Λ
3

q
r
� No

K̄ < 2, Λ < 0 1
2

ffiffiffiffiffiffiffiffiffiffiffi
3ð2−K̄Þ
−2Λ

q
sinh

� ffiffiffiffiffi
−Λ
3

q
r
� r ¼ 0

K̄ < 2, Λ > 0 1
2

ffiffiffiffiffiffiffiffiffiffiffi
3ð2−K̄Þ
2Λ

q
sin

� ffiffiffi
Λ
3

q
r
�

r ¼
ffiffiffi
3
Λ

q
kπ; k ∈ Z

TOPOLOGICALLY NONTRIVIAL CONFIGURATIONS IN … PHYSICAL REVIEW D 96, 025021 (2017)

025021-7



ρðrÞ ¼ σe
ffiffiffiffi
−Λ

p
rffiffi

3
p ð46Þ

with σ being an integration constant which if it is real the
resulting line element is Euclidean and is given by

ds2 ¼ e
2
ffiffiffiffi
−Λ

p
rffiffi

3
p

dt2 þ e
2
ffiffiffiffi
−Λ

p
rffiffi

3
p

cos θdtdϕþ dr2

þ e
2
ffiffiffiffi
−Λ

p
rffiffi

3
p ðdθ2 þ dϕ2Þ: ð47Þ

The constant σ is not essential for the geometry and has
been set equal to 1. The spacetime is regular for r > 0 and,
as with a previous special case, the solution is also valid

under a parity transformation r → −r, ρðrÞ ¼ σe−
ffiffiffiffi
−Λ

p
rffiffi

3
p

with
the manifold being now regular for r < 0.
At the end we complete this analysis of particular

solutions by checking the case where Λ ¼ 0 and K̄ ¼ 2.
This results in the solution where both F and ρ are
constants with FðrÞ ¼ −ρðrÞ2 ¼ −ρ20, which lead to a
regular Euclidean manifold when ρ0 is real and
Lorentzian but a cosmological manifold (with r as time)
whenever ρ0 is purely imaginary.
Let us note that all the above solutions of the F ¼ −ρ2

case admit six Killing vector fields instead of just the four
of the initial general line element (44), the extra two being

ξ5 ¼ cot θ cos t∂t þ sin t∂θ −
cos t
sin θ

∂ϕ; ð48aÞ

ξ6 ¼ cot θ sin t∂t − cos t∂θ −
sin t
sin θ

∂ϕ: ð48bÞ

V. THE KLEIN-GORDON EQUATION IN THE
TWO REGULAR LORENTZIAN FAMILIES

In this section a quite nontrivial property of the two
regular Lorentzian configurations of the Einstein nonlinear
sigma model system is discussed. Namely, the Klein-
Gordon equation on the metrics corresponding to
Eqs. (34a), (34b) and (43), respectively, is not only
separable but it is also integrable in terms of very well-
known solvable potentials.

A. The wormhole solution

The Klein-Gordon equation

ð□ −m2ÞΨ ¼ 0 ð49Þ

on the metrics corresponding to Eqs. (34a) and (34b)
(which are allowed when K̄ − 8 > 0) can be solved by
separation of variables. That is possible since Eq. (49) is a
linear equation, i.e., the Lie symmetry vector Ψ∂Ψ exists,
and secondly the underlying manifold which defines the
box operator is a locally rotational spacetime and admits a

four-dimensional Killing algebra, the A1 ⊕ soð3Þ [35],
where A1 indicates the autonomous symmetry vector ∂t.
Recall that the isometry vectors of the spacetime (10)
generate Lie point symmetries for Eq. (49); for details
see [36].
It is known that any Lie point symmetry X ¼ ∂I þ αΨ∂Ψ

is equivalent with the linear Lie-Bäcklund symmetry
X̄ ¼ ðΨ;I − αΨÞ∂Ψ, and by the definition of the symmetry
vector that transforms solutions into solutions we have
X̄Ψ ¼ ðγ − αÞΨ, or Ψ;I ¼ γΨ, that is, Ψ ¼ ΨðxiÞeγxI ;
solutions of that form are called invariant solutions.
Hence, for Eq. (49) with the use of the autonomous

symmetry, the rotation ∂ϕ, and the Casimir invariant of the
soð3Þ algebra, we find the following general form for an
invariant solution,

Ψðt; r; θ;ϕÞ ¼ UðrÞYðθÞeiðμϕþωtÞ; ð50Þ

where UðrÞ; YðθÞ, satisfies the following set of linear
second order differential equations,

−
1

sinθ
d
dθ

�
sinθ

d
dθ

YðθÞ
�
þ
�
ωcosθ−μ

sinθ

�
2

YðθÞ¼ λYðθÞ;

ð51Þ

U00ðrÞ þ
ffiffiffiffiffiffiffiffiffiffi
−3Λ

p
tanh

� ffiffiffiffiffiffiffi
−Λ
3

r
r

�
U0ðrÞ

þ 16ΛðλK̄ − 4ω2Þ
3ðK̄ − 8ÞK̄cosh2ð

ffiffiffiffiffi
−Λ
3

q
rÞ
UðrÞ ¼ m2UðrÞ; ð52Þ

where λ is the separation constant. Equations (51) and (52)
are linear and maximally symmetric, which implies that
there exists a transformation fr; U; θ; Yg → fr̄; Ū; θ̄; Ȳg,
where they can be written in the form of those of the free
particle [37]; that is,

d2Ū
dr̄2

¼ 0;
d2Ȳ

dθ̄2
¼ 0: ð53Þ

Even though this property holds for any general form
of the spacetime (10), i.e., for arbitrary functions FðrÞ,
ρðrÞ, and such a transformation always exists, it is not
always possible to express the latter in a closed form.
However, as we see below for the case at hand, the radial
term of the Klein-Gordon equation reduces to a well-known
linear equation in which the solution can be written in
closed form.
In Eq. (52) we do the following change of variable,

UðrÞ ¼ ψðrÞh
cosh

� ffiffiffiffiffi
−Λ
3

q
r
�i

3=2 ; ð54Þ
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then we find

ψ 00 þ Σh
cosh

� ffiffiffiffiffi
−Λ
3

q
r
�i

2
ψ ¼

�
−
3

4
Λþm2

�
ψ ; ð55Þ

Λ½ð24þ 64λ − 3K̄ÞK̄ − 256ω2�
12K̄ðK̄ − 8Þ ¼ Σ: ð56Þ

The angular Eq. (51) reduces to the equation for the
rotation matrices which appear in the scattering problem of
a monopole. In particular, Eq. (51) reduces to Eqs. (3.10)
and (3.11) of [38] with the identifications

λ ¼ jðjþ 1Þ − ðm‘Þ2; ð57Þ

ω ¼ m‘; μ ¼ m̄; ð58Þ

j ≥ jm‘j; jm̄j ⇒ λ > 0: ð59Þ

In the notation of [38], m‘ is the strength of the Dirac
monopole and can take only integer and half-integer values;
m̄ is the azimutal quantum number (restricted to be integer)
while j is the eigenvalue of the total angular momentum.
Therefore, just from the generic properties of the rotation
matrices, one gets that the frequency ω appearing in the
invariant solution (50) is restricted to be integer or half
integer. Moreover, the separation constant λ is quantized as
in Eq. (57) and strictly positive.
On the other hand, the radial Eq. (55) [with the

coefficient in Eq. (56)] corresponds to the Poschl-Teller
potential (which is one of the most famous exactly solvable
potentials in quantum mechanics: see, for a review, [39]).
Thus, one can extract a lot of information and nontrivial
constraints from well-known results on the Poschl-Teller
potential. First of all, the coefficient Σ is required to be
positive, which implies the following requirement on the
coupling constant K̄ to be large enough:

ð24þ 64λ − 3K̄ÞK̄ − 256ω2 < 0: ð60Þ

Secondly, one observes that the would-be eigenvalue E2 of
the Schrodinger equation with Poschl-Teller potential (55) is

E2 ¼ −
�
−
3

4
Λþm2

�

and therefore negative. Hence, the problem is solvable if the
Poschl-Teller potential in Eq. (55) with the coefficient in
Eq. (56) admits bound states. Well-known results on the
Schrodinger equation with the Poschl-Teller potential tell us
the number of bound states and the corresponding eigen-
values. To proceed, let us first write Eq. (55) with standard

normalization changing the variable from r to x ¼
ffiffiffiffiffi
−Λ
3

q
r,

−
d2ψ
dx2

−
3Σ

ð−ΛÞ½coshðxÞ�2 ψ ¼ −
ð− 3

4
Λþm2Þ
ð−Λ
3
Þ ψ : ð61Þ

Then, let us write the coefficient of the potential as

3Σ
ð−ΛÞ ¼ NðN þ 1Þ; N > 0: ð62Þ

The number nB of bound states in the Poschl-Teller
potential is

nB ¼ ⌊N⌋; ð63Þ

where ⌊X⌋ denotes the integer part of X. The corresponding
eigenvalues are given by the condition

Γðζ þ 1ÞΓðζÞ
Γðζ þ N þ 1ÞΓðζ − NÞ ¼ 0; ð64Þ

ð− 3
4
Λþm2Þ
ð−Λ
3
Þ ¼ −ζ2; ð65Þ

where Γ is the Euler gamma function. Therefore, assuming ζ
to be positive, the eigenvalues are determined by the
condition that ζ − N is a negative integer,

−ðζ − NÞ ∈ N; ζ − N < 0: ð66Þ

In particular, the allowed values for m2 in the Klein-Gordon
equation are fixed by the quantization condition in Eq. (66).
Finally, in order to have at least one bound state in the radial
Schrodinger problem one must require that

3Σ
ð−ΛÞ ¼ NðN þ 1Þ ≥ 2: ð67Þ

B. The cylindrical solution

The Klein-Gordon equation

ð□ −m2ÞΨ ¼ 0;

on the metrics corresponding to Eq. (43) (which are
allowed when K̄ ¼ 8 and Λ ¼ 0) and as before is invariant
under the same group of transformations; hence it can
be solved with the method of separation of variables.
Therefore, the group invariant ansatz (50), substituted in
the Klein-Gordon equation, results in the following system,

−
1

sin θ
d
dθ

�
sin θ

d
dθ

YðθÞ
�
þ
�
ω cos θ − μ

sin θ

�
2

YðθÞ

¼ λYðθÞ; ð68Þ

U00ðrÞ −
�
m2 þ λ − 2ω2

4ρ20

�
UðrÞ ¼ 0; ð69Þ

where λ is the separation constant.

TOPOLOGICALLY NONTRIVIAL CONFIGURATIONS IN … PHYSICAL REVIEW D 96, 025021 (2017)

025021-9



In the present case, the angular equation is the same as in
the previous subsection and can be analyzed following
[38]. In particular, the solvability of the problem once again
requires the quantization conditions in Eqs. (57) and (58)
(which implies that λ > 0) for C and ω. In this case, the
radial equation is simpler and one gets the typical behavior
of a free massive field when

m2 þ λ − 2ω2

4ρ20
< 0; ð70Þ

in which case one gets periodic solutions along the axis of
the cylinder. On the other hand, when

m2 þ λ − 2ω2

4ρ20
> 0;

one gets solutions which are unbounded on, at least, one
side of the cylinder (either r → −∞ or r → þ∞).
Therefore, the inequality in Eq. (70) must be satisfied.
In conclusion, in both cases the solvability of the Klein-

Gordon equation implies strong constraints on the param-
eters of the theory.

VI. CONCLUSIONS AND PERSPECTIVES

Exact, regular and topologically nontrivial configurations
of the Einstein-nonlinear sigma model system in (3þ 1)
dimensions have been constructed. The ansatz is the SUð2Þ
generalization of the usual boson star ansatz for charged
Uð1Þ fields. Moreover, the SUð2Þ configuration cannot be
deformed continuously to the trivial pion vacuum as it
possesses a nontrivial winding number. Due to the fact that,
with the chosen ansatz for the metric, the nonlinear sigma
model satisfies identically the corresponding field equations,
the full coupled Einstein nonlinear sigma model system can
be successfully reduced to a problem that involves a single
second order ODE (our master equation). When the cos-
mological constant vanishes, such a master equation can be
further reduced to an Abel equation. This is quite a technical
achievement in itself and it can be used as a very convenient
starting point by researchers working in this field. In
particular, such a master equation can reveal whether or
not there are black holes in this sector of the theory. We hope
to come back on this issue in a future publication.

Such a master equation can describe both Lorentzian and
Euclidean spacetimes. Here we have described in more
detail the properties of regular and smooth Lorentzian
solutions. However, the regular Euclidean solutions, due to
their nontrivial topological properties, could be interpreted
as instantons of the theory. We hope to come back on this
interesting issue in a future publication.
The most interesting regular Lorentzian configurations

correspond to a stationary traversable wormhole with
NUT parameter and a (3þ 1)-dimensional cylinder whose
(2þ 1)-dimensional sections are Lorentzian squashed
spheres.
The use of the theory of group invariant transformations

reveals that the Klein-Gordon equations in these two
families of spacetimes are not only separable but the
reduced equation leads to well-known quantum systems
where the solution can be written in terms of special
functions. The angular equation reduces to the equation for
the Jacobi polynomial (typical of the Schrodinger problem
in the field of a Dirac monopole) while the effective
potential appearing in the radial equation belongs to the
Poschl-Teller family. The solvability requirement for the
Poschl-Teller equation determines a quantization condition
for the parameters of the theory.
In the case in which the cosmological constant vanishes,

the solutions of the master Eq. (24) that we have found are
asymptotic solutions; that is, asymptotically, the general
solution is described by one of these solutions. The reason
for that is that the families of regular configurations that
we have found are fixed points for Eq. (24). We hope to
extend the present analysis in the case of the Euclidean
configurations in a future work.
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