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Bondi-Metzner-Sachs bootstrap
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We initiate a study of the bootstrap program for field theories with Bondi-Metzner-Sachs (BMS)
symmetry. Specifically, we look at two-dimensional field theories with BMS; symmetry, and using the
highest weight representations we construct the BMS bootstrap equation by formulating the notion of
crossing symmetry in the four-point functions of these field theories. In the limit of large central charge, we
find analytic expressions for the BMS blocks that are the basic ingredients for the solution of the bootstrap
equation. This constitutes, to the best of our knowledge, the first example of the formulation and significant
steps toward the solution of a bootstrap equation in a theory which is not a relativistic conformal field

theory.
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I. INTRODUCTION

Bootstrapping is a process that is self-generating or self-
sustaining. Historically, it meant an absurd or impossible
action, but it has come to be used in a much more positive
light in the modern world. Much of physics is the study of
symmetry and symmetry principles. A particularly useful
symmetry, which has found very wide ranging applications
starting from the study of phase transitions in statistical
mechanics to the use of world-sheet techniques in string
theory, is conformal symmetry [1]. Field theories with
conformal symmetry, or conformal field theories (CFTs),
enjoy more symmetry than the usual relativistic field
theories. In any general dimensions, the relativistic con-
formal group consists of the Poincaré group (rotations,
boosts and translations) along with scalings and special
conformal transformations. By repeated use of conformal
invariance, it is possible to constrain the form of correlation
functions, the observables of a CFT, completely. This
nonperturbative method of constraining and hence solving
CFTs is known as the conformal bootstrap program [2,3].

In D = 2, the above mentioned finite conformal group is
enhanced to two copies of the infinite dimensional Virasoro
algebra [4] given by

C Suimo(* —n) (1)

[ﬁn"cm] = (I’l E

- m)[’ner +

and a second copy £, that commutes with £,,. The power
of the infinite algebra in two-dimensional (2D) was used
to find a class of exact solutions called the minimal
models. One of the main ideas behind this was the
conformal bootstrap [4]. It was assumed that there exists
an associative operator algebra, and this led to a powerful
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set of constraints on the observables of the theory. This
technique helped solve the models of the minimal series,
which included the Ising model, as well as the Liouville
theory [5]. The power of infinite symmetry, specific to
D = 2, was useful in all of this, and the developments of
conformal bootstrap techniques remained confined to
D =2 for quite a while. Recently, following [6,7] and
aided by numerical studies, there has been an explosion in
activity in generalizing the conformal bootstrap program
to dimensions higher than two. The interested reader is
referred to [8,9] for a review of the current status in
the field.

II. BMS SYMMETRY

It is obviously of interest to ask whether one can extend
the methods of bootstrap to field theories with symmetry
structures other than conformal symmetry. In this paper, we
initiate a program of what we call the Bondi-Metzner-Sachs
(BMS) bootstrap. We will consider field theories invariant
under the BMS group and, drawing inspiration from
techniques in CFTs, use symmetry to constrain such
theories. In a gravitational theory, the asymptotic symmetry
group (ASG) formally captures the symmetries of the theory
at infinity. The states of the theory form representations of
the ASG which also dictates the symmetry structure of any
putative holographically dual field theory living on the
boundary of the gravitational theory. The BMS group arises
as the ASG of asymptotically flat spacetimes at their null
boundary [10,11]. For three-dimensional (3D) Minkowski
spacetimes, the ASG is the BMS; group, the associated
algebra of which is given by [12,13]

[Lm Lm] = (l’l - m)Ln+m + CL5n+m,0(n3 - n)’
[Ln’ Mm] = (l’l - m)Mn+m + CM5n+m,0(n3 - I’l),
M, ,M,]=0. (2)
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Here L,’s are diffeomorphisms of the circle at null infinity
called superrotations, while M,’s are angle dependent
translations of the null direction known as supertranslations.
Equation (2) is also the symmetry algebra of any putative
dual 2d field theory which lives on the null boundary of 3d
flat space [14]. Constructing the notion of holography for 3d
flat spacetimes using the BMS group has been pursued
recently with some successes [15-21]. The reader is referred
to [22] that contains a summary of current research in this
direction.

Our goal in the present paper would be to consider 2d
field theories invariant under (2) and constrain their
properties using self-consistency requirements mimicking
the conformal bootstrap program mentioned previously.
Interestingly, field theories with these symmetries arise in
many different contexts, e.g. in nonrelativistic conformal
systems [23,24], on the world sheet of tensionless string
theory [25,26]. Especially in the nonrelativistic context,
these field theories, also known as Galilean conformal field
theories (GCFTs), are expected to play the same role as
CFTs and are expected to govern the physics of the fixed
points in the renormalization group flows in Galilean field
theories. So the methods and results of this work would
have far reaching consequences in many diverse fields. We
would also like to emphasize that, to the best of our
knowledge, this is the first construction of a bootstrap
program outside the ambit of relativistic conformal field
theories.

III. OPERATOR PRODUCT EXPANSION
AND RECURSION RELATION

We will concentrate on 2d field theories with (2) as their
symmetry algebra. We would also be primarily working in
what we call the “plane” representation. In a field theory
with a noncompact spatial direction x and time direction ¢,
the vector fields which generate (2) in this representation
are given by

L, =—x""19, — (n+ 1)x"t0,, M, = x"10,. (3)

We will consider the highest weight representations of
the algebra (2). This means that the states of the theory
[here for the BMS invariant field theory we assume a state-
operator correspondence: ¢(0,0)|0) = |¢)] are labeled by
[24,27]
LolA8) = A[AS),  MylA8) =¢&|AE).  (4)
We construct the BMS modules by acting with raising
operators L_,, M_, on BMS primary states that are defined

as
LoAE) = MAE =0 Y n>o0. (5)

For primary operators, the coordinate dependence of the
2- and 3-point functions is completely fixed by invariance
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under the 3d Poincaré subgroup (which by abuse of
language, we will call the global subgroup) of the BMS;
group generated by L 1, My [28],

(1 (x1, 1)@ (x2, 1))

2A s
l §1X125A1,A2551,52 ’

(1 (x1, 1) 2 (%2, 1) 3 (x5, 13))

o _g B _g 123
— C123x1A2123x§3231x3A13126 5123X12€ 5312"316 5231,“3‘ (6)

= Cipxps

Here Ci, is a normalization which is taken to be ;5.
Ak = —(A; + Aj = Ay), and & is defined similarly. Cjp3
is an arbitrary constant called the structure constant. This is
not fixed by symmetry and depends on the details of the
field theory under consideration.

All information about correlation functions are contained
in the operator algebra, which gives the operator product
expansion (OPE) of two primary fields as a summation over
all primaries and their descendants. So, in order to know
how correlation functions are constrained by BMS sym-
metries it is enough to study constraints on the OPE. We
make the following ansatz for the OPE of two primary
fields with weights (A, &) and (A,,&,):

&1 (xl’tl b Xz,tz) = Z ZXAIZF flzm

pkq @

Cp{kq}a K+Q_a 4P gkq}(szz)-

(7)
Here, for vectors k = (ki,....k,) and ¢ = (q1, ..., q), we

use the following notation for the descendants of the
primary field ¢,

S0 (x.1) = (L9 LY. LM M2, M%) (x. 1)

= (LgMgp,)(x. 1), (8)
K =) ;ik;, and Q =) lg;. The form of the factor
xliwe=it js  fixed l:iy requiring that the OPE
gives the correct 2-pt function, and the term

S K+Q cpikdlayk+0-a is 1o ensure that both sides of
the OPE transforms the same way under the action of L.
Using the OPE to find the 3-pt functions and comparing it
with (6), we find CP{"M =cr =,

rewrite

. So, we will

Cp{k qha =P ﬂp{k 4} a (9)

ﬁp{o 0}0 = 1.

where by convention The coefficients

B kahe e calculated by demanding that both sides of
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(7) transform in the same way under L,, and M,. For
simplicity, we take A; = Ay = A, & =&, = & We apply
both sides of (7) on the vacuum and take (x|, #1;x,,1,) =
(x,£;,0,0) to obtain

Zx—2A+A,,e 261N "ChxN N, ),

N>a

P(x, 1)|AE) =
(10)

where the state

Naj= 3

(k)
K+Q=N.asN

kgta
ﬂp{ R L- M§|Ap’§p>

is a descendant state at level N in the BMS module,

Lo|N.a) = (A, +N)|N,a). (11)
Operating L, on both sides of (10) and equating coeffi-
cients of x28+4y (266, )ixKtn—az e get

LN +n,a) = (N+na—A+nA+A,)N,a)

+ (né = n*é—né,)|N,a—1). (12)
Similarly, we get two other recursion relations

MoN,a) = §pIN. @) — (@ + 1)[N,a+ 1),  (13)

M,IN +n,a)=((n=1)é+¢,)|N.a) = (a+1)[N,a+1).

(14)

We can use the above equations to recursively find all
B354 In Table 1, we display the coefficients calculated
for level 1 using these recursion relations. A more detailed
discussion of the higher order coefficients is now available
in [29]. So, apart from the structure constants and the
spectrum of the primary fields, the form of the OPE is
completely fixed by symmetry. Hence given the structure
constants, the spectrum of primaries in the theory, and the
central charges, we can completely solve the theory, just as
in the case of the usual CFTs. These dynamical inputs are
the only external inputs needed to completely specify a
given BMS-invariant field theory. However, any random
sets of these dynamical inputs do not constitute a consistent
field theory; they have to satisfy a constraint equation given
by the bootstrap equation that arises as a condition for the
associativity of the operator algebra.

TABLE 1. Coefficients of OPE at level N = 1.
1,01.0 0,1}.0
fz{ } :% p{ 10 _ g
1,0}1 01 B
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IV. BMS BLOCKS, CROSSING SYMMETRY,
AND BOOTSTRAP

Just as in CFTs, the coordinate dependence of 4-pt
functions of primaries in a BMS invariant theory is not
completely determined by invariance under the Poincaré
subgroup {Lg ., Mo+ }. They depend on arbitrary func-
tions Ggms (x, #) of the BMS analogous of the cross ratios x
and ¢ given by

_ X12X34 I Ip n lag N3 I (15)
== = .
X13X24 X X2 X34 X130 X4

These cross ratios [and consequently Gpys(x,7)] are
invariant under the Poincaré subgroup. So, the 4-pt function
has the form

4
(TT 510 ) = PU Gt sl (16
i—1

where

. lil,k/3

P({A;. & x50 1))

fH Zkl ’Jk/?’ __I
ij

We can now do a coordinate transformation such that

{(xi 1)} = {(00,0),(1,0), (x,2),(0,0)},  (17)

where i = 1, ...,4. This is the BMS analogue of the CFT
statement that one can fix four points {z;} — {0, 1,z,0}
by conformal symmetry. Correspondingly, we define

241
241 o7

Gi(x,f)= lim «x

x1—00,t;—=0
X (1 (x1,11)2(1,0)h3(x, 1)94(0,0)),  (18)

which can be expressed in terms of the in and out states,

Go(x, 1) = (A1, &2(1,0) 3 (x, 1) [Ay, &), (19)

Then 4-pt functions in terms of G31(x, 1) are given by

<ﬁ¢i(xiv fi)> = P({A;, & x5, 1 1) f (x, 1)7'G3y(x, 1),
(20)
where
Fxo1) = (1 = 58014220 G )

% €31 (52?1+§2?4)e—§(5341+§342).

The ordering of operators inside the correlator does not
matter except for fermions which would introduce a sign
change. So we can move the operators around inside the
correlators. So, apart from Gﬁ(x, t) we may also define
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G (x.1) = (A1 & ]ga(1,0)p3(x, 1)|Ar, &), (21)

It can easily be seen from their definition that the functions

G}y (x, 1) are related by the crossing symmetry

G%}l(x, t) = Gg‘%(l —x,—1). (22)

If we use the OPE between the fields ¢ and ¢, in G31 (x, 1),
we can express them in terms of three-point functions of
primary fields and their descendant. More precisely, using
the OPE, the function G3}(x, 7) can be decomposed as

G2 (x,1) ZC§4C{’2AM(p|x ), (23)

where the four-point BMS block A%}(p|x, 7) is the sum of
all contributions coming from the primary fields ¢, and its
descendant. It is given by

A%}t(p x’ t) f— (C?Z)_IX_A3_A4+APe(§3+‘}:4_§p)ﬁ
Y N (A E [ y(1,0)|N. )
N>a
K+0
= xA34,;e—§34p§Z <Z ﬁgjk'q}'axK+Q—"t“>
{kgy ~*=0
(A1 &1 |ha(1.0)LMg|A . &)
(A1 &1 ]#2(1,0)]A,.8,)

(24)

We have already shown that the coefficients 7, (kah can be
calculated recursively using BMS symmetry. So, the closed
form expression of these blocks are completely determined
by symmetry. For the function G3}(x, ) we may use the
OPE between the fields ¢, and ¢ giving us the expansion
in terms of another BMS block A%}(q

Gii(x.1) ZczzczlAa‘;(mx f). (25)

The OPE has to be consistent in the sense that (22) has to be
satisfied after using the OPE to expand both sides in terms
of the blocks. This give us the BMS bootstrap equation

Zc” ch Al

For any consistent BMS invariant field theory, the structure
constants and the spectrum of primary operators have to
satisfy (26). Knowing the closed form expressions of the
blocks we can solve (26) to find all the possible consistent
BMS invariant theories. However, even though the BMS
blocks are completely fixed by symmetry, we will only be
able to solve them in a simplifying limit which we now go
on to discuss.

)= CLCHAL (gl —x.—1). (26)
q
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V.BMS BLOCKS FOR LARGE CENTRAL CHARGE

For even dimensional CFTs with d > 4, a closed form
expression for conformal blocks was obtained for scalar
operators in [6]. For 2d CFT, their method gives the global
conformal blocks, which is the large central charge limit of
the Virasoro conformal blocks. We employ an analogue of
this method to obtain what we will call the BMS global
blocks gif(plx, 1).

If we take the asymptotic limit ¢;, ¢y — oo in (7) [30],
the leading terms are given by the descendant fields
generated by L_; and M_,

$3(x3,13)pa(x4, 14)

N=k+q

Z Z xAup 5341);371
pikq} a=0
k.q}.a a
X Ch P Td  (Ly)F (M )by (x4, 1)
1
+o<—,—>+~~~. 27)
Cr Cy

So, the function G3}(x, r) has an expansion of the form

1
ZC12C§49%}; plx, 1) + (’)(— —) I

G2(x,1)
34
cL Cyu

where the global BMS blocks ¢3i(p

t,x) are the large

central charge limit of A3}(p|x.1) given by
N=k+q
g34( |.X t A34/7e '5341’;:2 Z ﬂp{k q}a N —aa

ficay a0
<A1’§1|¢2(1’0)(L—1)k(M—1)qlAp":p>
<A17§1|¢2(1’0)|A‘D’€p> '

(28)

It is possible to find a differential equation for g3} (p|x, ) by
using the requirement that both sides of the OPE transforms
the same way under the quadratic Casimirs

C :M(z) - MM _,,

Cz - 4LOM0 - L_1M1 - LIM—I - MIL—I - M—lLl

of the global subgroup of BMS group. For simplicity, we
choose A;_1534 = A,&_1 234 = £ and denote the blocks
for this special case as ga ¢ (. 7). Defining

2A

2
h(plx. 1) = x**e ™ ga ¢(plx. 1), (29)

we find two differential equations corresponding to the two
Casimirs
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{xzat - (1 - %x) xt0? + (x — 1)x28X8,] h(p

= (8, =1)&ph(plx. 1). (31)

x.1) =0, (30)

X, 1)

Solving (30) and (31) using boundary conditions from (28),
for |x| < 1, we get

—&t t
x, 1) = 2287 2(1 — x)"1/2ex <7"+2 -
) (1= Pexp ( —= 200

X X828 (1 + V1 —x)>728, (32)

gae(p

The above equation thus gives an explicit closed-form
expression for a global BMS block and is one of the central
results of this paper.

VI. CONCLUSIONS

In this paper, we have initiated the BMS bootstrap
program, which is a systematic procedure to constrain
field theories with BMS symmetry. We have focused
entirely on 2d field theories with (2) as their symmetry
algebra and have been inspired by constructions in 2d CFTs
in order to set up the BMS bootstrap equation based on the
crossing symmetry of 4-pt functions of BMS primary
operators. We have then looked at the large central charge
limit to obtain closed-form expressions of what we named
the global BMS block. As stressed before, to the best of our
knowledge, this is the first example of the construction and
significant steps toward the solution of a bootstrap equation
in a field theory which has symmetries other than relativ-
istic conformal symmetry. Our program will help us
constrain field theories putatively dual to Minkowski
spacetimes.

Through the so-called BMS/GCA correspondence [14],
our analysis and results in this paper also would be
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applicable for 2d Galilean conformal field theories and
hence would help systematically analyze all Galilean
invariant field theories in 2d. In particular, it would be
very interesting to investigate whether a set of minimal
models exist for 2d GCFTs using bootstrap techniques
developed here.

The algebra (2) can be obtained as a contraction of two
copies of the Virasoro algebra (1). It should be possible to
obtain all the above results as limits of the corresponding
analyses in 2d CFTs. This has recently been investigated in
[29] and provides an independent check of the validity of
our analysis in this paper.

There also exists a particularly interesting limit of the
algebra (2) where the central term c¢,; = 0. It is possible to
show through an analysis of null vectors that this leads to a
consistent truncation of the theory to a chiral CFT [24].
This has been used in formulating a holographically dual
theory called flatspace chiral gravity [18]. It is of interest to
check the validity of the chiral truncation in terms of the
bootstrap program, and it has been reported recently
in [29].

Among the numerous other future directions, the con-
struction of the holographic side of the BMS conformal
blocks with the flat-space analogues of geodesic Witten
diagrams [31] is a very important and interesting project,
which we wish to investigate immediately.

ACKNOWLEDGMENTS

Discussions with R. Basu, D. Grumiller, R. Gopakumar,
P. Raman, and N. V. Suryanarayana are gratefully acknowl-
edged. A.B. thanks MIT for hospitality during the initial
part of this project and the Fulbright Foundation, the Max
Planck Society, and the Department of Science and
Technology, India, for partial financial support. M. G. is
supported by the FWF Project No. P27396-N27, and Z. by
the India-Israel joint research Project No. UGC/PHY/
2014236.

[1] P. Di Francesco, P. Mathieu, and D. Senechal, Conformal
Field Theory, Graduate Texts in Contemporary Physics
(Springer-Verlag, New York, 1997).

[2] S. Ferrara, A. F. Grillo, and R. Gatto, Ann. Phys. (N.Y.) 76,
161 (1973).

[3] A. M. Polyakov, Zh. Eksp. Teor. Fiz. 66, 23 (1974).

[4] A. A. Belavin, A. M. Polyakov, and A. B. Zamolodchikov,
Nucl. Phys. B241, 333 (1984).

[5] A.B. Zamolodchikov and A.B. Zamolodchikov, Nucl.
Phys. B477, 577 (1996).

[6] F.A. Dolan and H. Osborn, Nucl. Phys. B599, 459
(2001).
[7] R. Rattazzi, V. S. Rychkov, E. Tonni, and A. Vichi, J. High
Energy Phys. 12 (2008) 031.
[8] D. Poland and D. Simmons-Duffin, Nat. Phys. 12, 535
(2016).
[9] D. Simmons-Duffin, arXiv:1602.07982.
[10] H. Bondi, M. van der Burg, and A. Metzner, Proc. R. Soc. A
269, 21 (1962).
[11] R. K. Sachs, Proc. R. Soc. A 270, 103 (1962).

025007-5


https://doi.org/10.1016/0003-4916(73)90446-6
https://doi.org/10.1016/0003-4916(73)90446-6
https://doi.org/10.1016/0550-3213(84)90052-X
https://doi.org/10.1016/0550-3213(96)00351-3
https://doi.org/10.1016/0550-3213(96)00351-3
https://doi.org/10.1016/S0550-3213(01)00013-X
https://doi.org/10.1016/S0550-3213(01)00013-X
https://doi.org/10.1088/1126-6708/2008/12/031
https://doi.org/10.1088/1126-6708/2008/12/031
https://doi.org/10.1038/nphys3761
https://doi.org/10.1038/nphys3761
http://arXiv.org/abs/1602.07982
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0206

ARJUN BAGCHI, MIRAH GARY, and ZODINMAWIA

[12] A. Ashtekar, J. Bicak, and B. G. Schmidt, Phys. Rev. D 55,
669 (1997).

[13] G. Barnich and G. Compere, Classical Quantum Gravity 24,
F15 (2007).

[14] A. Bagchi, Phys. Rev. Lett. 105, 171601 (2010).

[15] A. Bagchi, S. Detournay, R. Fareghbal, and J. Simon, Phys.
Rev. Lett. 110, 141302 (2013).

[16] G. Barnich, J. High Energy Phys. 10 (2012) 095.

[17] G. Barnich, A. Gomberoff, and H. A. Gonzalez, Phys. Rev.
D 86, 024020 (2012).

[18] A.Bagchi, S. Detournay, and D. Grumiller, Phys. Rev. Lett.
109, 151301 (2012).

[19] G. Barnich, A. Gomberoff, and H. A. Gonzlez, Phys. Rev. D
87, 124032 (2013).

[20] A. Bagchi, R. Basu, D. Grumiller, and M. Riegler, Phys.
Rev. Lett. 114, 111602 (2015).

[21] A. Bagchi, D. Grumiller, and W. Merbis, Phys. Rev. D 93,
061502 (2016).

[22] A. Bagchi, R. Basu, A. Kakkar, and A. Mehra, J. High
Energy Phys. 12 (2016) 147.

PHYSICAL REVIEW D 96, 025007 (2017)

[23] A. Bagchi and R. Gopakumar, J. High Energy Phys. 07
(2009) 037.

[24] A. Bagchi, R. Gopakumar, I. Mandal, and A. Miwa, J. High
Energy Phys. 08 (2010) 004.

[25] A. Bagchi, J. High Energy Phys. 05 (2013) 141.

[26] A. Bagchi, S. Chakrabortty, and P. Parekh, J. High Energy
Phys. 01 (2016) 158.

[27] A. Bagchi and 1. Mandal, Phys. Lett. B 675, 393 (2009).

[28] It is instructive to keep in mind that the 3d Poincaré group
acts on a 2d field theory, and hence this is not a usual
relativistic QFT.

[29] A. Bagchi, M. Gary, and Zodinmawia, arXiv:1705
.05890.

[30] To readers familiar with the limit of the BMS; algebra from
2d CFT, the c); — oo limit is perhaps confusing. By this, we
implicitly mean that we take ¢, /& — oo.

[31] E. Hijano, P. Kraus, E. Perlmutter, and R. Snively, J. High
Energy Phys. 01 (2016) 146.

025007-6


https://doi.org/10.1103/PhysRevD.55.669
https://doi.org/10.1103/PhysRevD.55.669
https://doi.org/10.1088/0264-9381/24/5/F01
https://doi.org/10.1088/0264-9381/24/5/F01
https://doi.org/10.1103/PhysRevLett.105.171601
https://doi.org/10.1103/PhysRevLett.110.141302
https://doi.org/10.1103/PhysRevLett.110.141302
https://doi.org/10.1007/JHEP10(2012)095
https://doi.org/10.1103/PhysRevD.86.024020
https://doi.org/10.1103/PhysRevD.86.024020
https://doi.org/10.1103/PhysRevLett.109.151301
https://doi.org/10.1103/PhysRevLett.109.151301
https://doi.org/10.1103/PhysRevD.87.124032
https://doi.org/10.1103/PhysRevD.87.124032
https://doi.org/10.1103/PhysRevLett.114.111602
https://doi.org/10.1103/PhysRevLett.114.111602
https://doi.org/10.1103/PhysRevD.93.061502
https://doi.org/10.1103/PhysRevD.93.061502
https://doi.org/10.1007/JHEP12(2016)147
https://doi.org/10.1007/JHEP12(2016)147
https://doi.org/10.1088/1126-6708/2009/07/037
https://doi.org/10.1088/1126-6708/2009/07/037
https://doi.org/10.1007/JHEP08(2010)004
https://doi.org/10.1007/JHEP08(2010)004
https://doi.org/10.1007/JHEP05(2013)141
https://doi.org/10.1007/JHEP01(2016)158
https://doi.org/10.1007/JHEP01(2016)158
https://doi.org/10.1016/j.physletb.2009.04.030
http://arXiv.org/abs/1705.05890
http://arXiv.org/abs/1705.05890
https://doi.org/10.1007/JHEP01(2016)146
https://doi.org/10.1007/JHEP01(2016)146

