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We discuss the source of the apparent ambiguities arising in the calculation of the dynamics of binary
black holes within the post-Newtonian framework. Divergences appear in both the near and far zone
calculations, and may be of either ultraviolet (UV) or infrared (IR) nature. The effective field theory (EFT)
formalism elucidates the origin of the singularities which may introduce apparent ambiguities. In particular,
the only (physical) “ambiguity parameters” that necessitate a matching calculation correspond to unknown
finite size effects, which first appear at fifth post-Newtonian (5PN) order for nonspinning bodies.
We demonstrate that the ambiguities linked to IR divergences in the near zone, that plague the recent
derivations of the binding energy at 4PN order, both in the Arnowitt, Deser, and Misner (ADM) and
“Fokker-action” approach, can be resolved by implementing the so-called zero-bin subtraction in the EFT
framework. The procedure yields ambiguity-free results without the need of additional information beyond
the PN expansion.
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I. INTRODUCTION

The calculation of high accuracy post-Newtonian (PN)
templates for binary inspirals (for extensive reviews see
[1–3]) plays a key role in the data analysis program in
this nascent era of gravitational wave (GW) science [4–8].
The PN formalism is a systematic expansion in the relative
velocity, v, of the constituents during the early stages of
the inspiral, for which v=c ≪ 1. The expansion parameter
also serves to separate out the relevant length scales in the
problem: The orbital radius r and the wavelength of the
radiation λrad ∼ r=v. In addition, there is a third scale,
namely the typical radius of the constituents, R, which is, in
general, independent of r and v. The starting point of a
perturbative approach corresponds to a multipole expan-
sion where extended objects, such as neutron stars or black
holes, are treated as localized sources. In principle, this is
logically independent of the PN expansion, and it is valid
even in the relativistic limit, as long as the typical wave-
length (or frequency) of the perturbation, λ, obeys λ ≫ R.
For a bound state of compact objects (R ∼ 2GNm),1 the
virial theorem relates the size of the bodies to the orbital
radius, R=r ∼ v2, and therefore all relevant scales in the
problem are organized in powers of v.
In the PN formalism, after the constituents are replaced

by pointlike sources, the calculations are then separated

into regions, the near (or potential) zone entailing quasi-
instantaneous modes ðp0 ≪ jpj) of the gravitational field
varying on the scale of the bound state radius, and the far
(or radiation) zone, where modes propagate (p0 ∼ jpj) with
the typical wavelength of the GW emission. The calcu-
lations are performed in the two regions—in principle—
independently. Amatching procedure is required to read off
the relevant parameters entering in the GW amplitude and
phase in the radiation region (multipole moments) in terms
of quantities from the near zone.
While the full computation within general relativity

(GR)—using extended bodies and without separating
into zones—is devoid of UV divergences, there may be
IR singularities, which are due to the long range nature
of the Newtonian potential. For the computation of the
GW amplitude, the IR sensitivity has two sources:
The unknown value of the phase as the GW enters the
detectors’ band, and the resulting phase shift associated
with scattering off of a long range potential. The former is
absorbed into initial conditions and the latter cancels out in
the total radiated power.2 On the other hand, the approxi-
mation scheme in which we split the calculation into
regions generates new singular integrals. These additional
divergences may be either of IR or UV origin. The latter
appear as a consequence of the point-particle approxima-
tion, whereas the former may include spurious poles which
are not present in the full theory calculations.

1For objects other than black holes, the compactness: c≡
R=ð2GNmÞ depends on the equation of state. Therefore, while
finite size effects will be organized in powers of v, there could be
large coefficients, e.g. c5 for neutron stars, that may enhance the
naive power counting.

2Let us emphasize a cancellation occurs for physical observ-
ables, and may not be the case for gauge-dependent, unphysical,
quantities.
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The effective field theory (EFT) framework, coined
Non-Relativistic General Relativity (NRGR) due to simi-
larities with effective theories for the strong interaction [9],
is particularly useful to, not only organize the computation
systematically, but also to elucidate the origin of IR and
UV divergences, and consistently eliminate them. For
reviews of the EFT approach see [10–15]. In the EFT
formalism the near/far zone separation is accomplished at
the level of the action, by splitting the gravitational field
into potential and radiation modes, such that each term
scales homogeneously in v. Since all observables are
computed in terms of Feynman diagrams, whose vertices
and propagators are fixed by the effective action, it is a
simple matter to determine which ones contribute at any
given order in the expansion parameter.
Near zone calculations, which involve the potential field,

may contain UV divergences due to the point-particle
approximation, and can be removed by counterterms that
include all possible terms in the action compatible with
the symmetries of the problem. In this sense, the removal
of classical divergences is identical to renormalization in
quantum field theories [16,17]. It can be shown that, up to
order ðR=rÞ5 ∼ v10 (or 5PN), the only unknown parameters
(in addition to GN) are the masses of constituents, for
nonrotating compact bodies. This is known as the efface-
ment theorem [18]. In the EFT formalism, this result
follows from the fact that the first term—beyond minimal
coupling—that one can write down in the worldline
effective action is proportional to the square of the electric
and magnetic components of the Weyl tensor [9]. The
coefficients are known as the Love numbers [12,19]. (For
spinning objects [20], on the other hand, finite size effects
appear already at 2PN order [21–23]. We will only deal
with nonrotating bodies in what follows.) Thus, from the
point of view of renormalization, there can be no physically
relevant divergences until 5PN order, or in other words, no
“ambiguity parameters” are needed until this order. At 5PN,
after the divergence is subtracted away, the remaining finite
part is chosen such that it matches the physical value of the
Love number for the underlying constituent. Moreover, the
divergence must be UV in origin, since it arises from
the short-distance region of the Feynman integral, which
in the full theory is cut off by the size of the constituents.
While the subtraction scheme is arbitrary, the physical results
are not, and the independence from the choice of renorm-
alization scale translates into the renormalization group
evolution of the coefficients of the effective theory [9,15].
In the far zone we also encounter UV divergences as a

consequence of the multipole expansion in which the
binary (as a whole) is also replaced by a pointlike source.
In that case, a counterterm is needed which is proportional
to the (time-dependent) multipole moments of the binary
[24]. However, the previously alluded to matching con-
dition takes care of the ambiguity in the remaining finite
part of the (renormalized) multipoles, since these are

obtained in terms of masses, positions, velocities, etc., of
the constituents. (Because of the nonlinearities of GR, the
binding energy of the system also contributes to the source
multipoles.) On other hand, because the effective theory is
constructed to agree with the full theory in the IR, IR
divergences in the far zone will be identical to the ones in
the complete GR computation, and consequently cancel out
[24,25].
The near zone, on the other hand, may introduce spurious

IR divergences if the split into regions is not handled with
care. In principle, IR singularities cannot develop with
potential modes. This would signal a region of momenta
in the Feynman integrals which is much softer than what is
allowed—by definition—in the near zone. In other words,
the near region should be cut off where the far zone begins.
Hence, the IR divergences in the computation of the binding
potential cannot have a physical origin. The solution to this
problem is to remove from the integrals in the near zone the
contribution from Fourier modes with wavelengths larger
than r. The procedure goes by the name of the zero-bin
subtraction [26]. The purpose of this note is to demonstrate
how to implement the latter in the PN framework,without the
need of ambiguity parameters. The logic we are about to
describe holds to all orders in the PN expansion.
We will implement the zero-bin subtraction using dimen-

sional regularization (dim. reg.), for which the procedure
becomes more transparent, due to the preservation of the
symmetries and lack of additional momentum scales,
unlike say a cutoff regulator. However, in principle the
zero-bin subtraction is independent of the regularization
scheme, and in particular it can be utilized also with the
methods described in e.g. [1]. As an explicit example we
will consider the conservative binding energy at 4PN order,
where the spurious IR divergences in the near zone first
appear [27–33]. An illustrative case is presented in full in a
companion paper, where similar considerations apply [34].

II. THE ZERO-BIN SUBTRACTION

The calculation of the binding energy in full-fledged
GR is finite, therefore the IR/UV divergences appear as a
result of the approximation scheme. The above mentioned
IR singularities that arises in near zone calculations is
a signal of double-counting. Modes which are thought to
be confined to the bound state are overlapping with the
radiation region. Therefore, a consistent methodology must
ensure that spurious IR divergences are absent. In the EFT
formalism such a methodology entails including “zero-bin”
subtractions [26]. We sketch the basic steps here, see [26]
for more details.
The binding energy in NRGR is determined by con-

volutions of Green’s functions of potential and radiation
modes. Hence, if we denote by Vfull the full gravitational
potential, we have

Vfull ¼ Vpot þ Vrad; ð2:1Þ
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where Vpot is the potential mode contribution in NRGR,
and Vrad is the conservative part of the tail corrections in the
radiation theory. In principle, at a given nPN order we will
have a result of the form

VðnÞ
potðqÞ ¼

AðnÞ
pot

ϵUV
þ BðnÞ

pot

ϵIR
þ fðnÞpotðq; cðnÞi ; μÞ; ð2:2Þ

with q ∼ 1=r, and ϵUV=IR ≡ ðd − 4ÞUV=IR in dim. reg.,
which we use to regularize the divergent integrals. The
factors of μ appear also from dim. reg. since, in d ≠ 4,
Newton’s constant acquires an extra mass scale propor-

tional to μd−4. The AðnÞ
pot term can be either set to zero by a

coordinate transformation for n ≤ 4; or removed by a

counter-term, ðcðnÞi Þc:t: ∝ 1=ϵUV, using the coefficients of
the effective action (beyond minimal coupling) for n ≥ 5.3

The finite part, encoded in cðnÞi ðμÞ, accounts for the finite
size effects starting at 5PN order. The μ-independence of
physical results leads to a renormalization group evolution
for these coefficients [9,15]. By explicit calculation it is
known that BðnÞ ¼ 0 for n ≤ 3. On the other hand, the far
zone contribution to the conservative part of the potential
will be of the form4

VðnÞ
radðωÞ ¼

AðnÞ
rad

ϵUV
þ BðnÞ

rad

ϵIR
þ fðnÞradðω; μÞ; ð2:3Þ

withω ∼ v=r. For our purposes we will take BðnÞ
rad ¼ 0, since

IR divergences do not appear in the conservative contri-
butions from the radiation sector. From the computation of

the tail effect we find AðnÞ
rad ≠ 0 for n ≥ 4, and AðnÞ

rad ¼ −BðnÞ
pot.

This relationship is key in the cancellation of the spurious
IR/UV divergences in the far/near zones from the
conservative sector [35]. The role of the zero-bin sub-
traction is to remove the IR divergent contribution from the
potential region, and transform it into the required UV pole
to cancel the one arising from the far zone. In other words,
we must shift

Vpot → Vpot − Vzero-bin; ð2:4Þ

where Vzero-bin corresponds to an asymptotic expansion of
the integral around the region responsible for the IR
singularity. This procedure removes the double counting
induced by the overlap between the IR-sensitive part of Vpot

and the contribution from Vrad.

In dim. reg., the zero-bin part may involve a scaleless
integral. These are usually set to zero, however, the
procedure is more subtle for integrals which are simulta-
neously IR and UV divergent. That is because we need to
isolate the UV and IR divergences, which otherwise could
be incorrectly removed. This is a key aspect for the correct
implementation of the zero-bin subtraction. For example,
consider the following scaleless integral in the limit d → 4,

I ¼
Z

ddk
k4

; ð2:5Þ

which is clearly both IR and UV sensitive. One can easily
manipulate the integrand and rewrite it as IR and UV
divergent parts, with M some generic scale,

I ¼
Z

ddk
k2 −M2

1

k2
−
Z

ddk
k2 −M2

M2

k4
: ð2:6Þ

To regularize the integral, in the first term we use a UV
regularization, ϵUV < 0, whereas in the second we chose
ϵIR > 0, leading to

I ∝
�

1

ϵUV
−

1

ϵIR

�
: ð2:7Þ

The zero-bin is often of this form, i.e.

VðnÞ
zero-bin ¼ BðnÞ

pot

�
1

ϵIR
−

1

ϵUV

�
; ð2:8Þ

such that the IR part is precisely what we need to cancel
the pole from the potential region.5 At the same time, the
remaining UV pole readily removes the divergence from the
far zone. Hence, after the zero-bin is incorporated, we have

VðnÞ
pot − VðnÞ

zero-bin þ VðnÞ
rad → VðnÞ

tot ðq;ω; cðnÞi ðμÞ; μÞ; ð2:9Þ

where the cðnÞi ðμÞ are the only parameters which require a
matching computation beyond the PN framework, first
entering at 5PN order according to the effacement theorem
[9,15,18]. For the case n ≤ 4, the final expression is not only
finite, but also all the log μ terms—associated to either IR or
UV poles—cancel out (or are removed by a coordinate
transformation). This is the situation we encounter at 4PN
order, we describe below. Before we move on, let us
emphasize an important point. While using dim. reg. (for
both IR and UV divergences) the zero-bin subtraction may
turn out to be algebraically trivial, as in the example at hand,
that will not be the casewith other regularization procedures

3The divergences with n ≤ 4 can be equally absorbed into
counterterms, which can be removed by field redefinitions [9].

4In principle we also need to incorporate the running of the
multipole moments, e.g. IijðμÞ, see [24]. However, these effects–
which do not introduce ambiguities—will enter at much higher
orders. We suppress their contribution here for simplicity.

5Let us remark this is not a totally foreign procedure within
dim. reg. See for example Appendix B in [24], where scaleless
integrals are essential to remove IR divergences in the compu-
tation of the tail contribution to the radiative multipole moments,
and also to obtain the correct renormalization group equations.
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or more complicated scenarios. Moreover, even in dim. reg.
the zero-bin could involve nontrivial momentum depend-
ence, see for [36] for an example of this sort.

III. THE CONSERVATIVE DYNAMICS
AT 4PN ORDER

The complete conservative dynamics of a gravitationally
bound (nonspinning) two-body system has been recently
determined at 4PN order in [27–33]. However, the calcu-
lations thus far have been plagued by ambiguity parame-
ters. Unlike previous ambiguities at 3PN order, which are
due to UV singularities and can be removed by coordinate
transformations [1] (or field redefinitions in the EFT
language [9,15]), on this occasion the ambiguities are
due to the scheme-dependence introduced in [27–33] to
handle the presence of IR divergences. Hence, the exact
form of the analytic contribution to the gravitational
binding energy at leading order in the symmetric mass-
ratio, ν ¼ m1m2

ðm1þm2Þ2, has been derived after a comparison

with gravitational self-force results was made [29,32],
see also [37]. However, one should not have to rely on
calculations outside the scope of the PN expansion to
remove spurious divergences which are due to the approxi-
mation scheme. (If for no other reason that it requires
unnecessary extra work.) In fact, this issue will reemerge at
higher PN orders, involving IR-sensitive contributions at
OðνkÞ, with k ≥ 2, for which self-force computations may
not be available. The zero-bin subtraction [26], on the other
hand, removes the need of ambiguity parameters altogether,
yielding IR-safe quantities. We illustrate the procedure for
the calculation of the 4PN gravitational potential below.

A. The ambiguities

In [27,28], where the calculation was performed using
dim. reg. in the Arnowitt, Deser, and Misner (ADM)
formalism, the regularized gravitational potential contains
an IR pole,6

Z
dtVJS

4PNðt; μÞ ¼ −
G2

NM
5

Z
dω
2π

ω6Iijð−ωÞIij

× ðωÞ
�

1

ϵIR
− 2 logðμrÞ

�
þ local=finite:

ð3:1Þ

We may attempt to remove the IR divergence from the near
zone calculation, by subtracting it away. However, as it
was originally understood by the authors of [27,28], this is
totally arbitrary since one could subtract either 1=ϵIR or

1=ϵIR þ constant. In general, different subtraction schemes,
or even choices of regulators, e.g. graviton-mass, momen-
tum cutoff, Hadamard, etc., would produce a nonunique
result. Therefore, the final answer would be ambiguous
and the 4PN near zone Hamiltonian would depend on a
regularization scale, μ, as well as an undetermined dimen-
sionless constant, C, through (the factor of 2=5 is a
convention)

VJS
ðCÞ ≡

2

5
CG2

NMðIijð3ÞðtÞÞ2: ð3:2Þ

The same type of ambiguities (in principle more than one)
were introduced in the computation of the Fokker-action
in harmonic gauge [31,32]. The existence of these extra
parameter(s) was also discussed in more detail in [30].
In the ADM and Fokker-action approaches, the value of C
is fixed after importing knowledge from an independent
calculation. Since the ambiguity shows up at leading order
in ν, the constant C (in principle more than one) was fixed
by comparison with existent self-force calculations [29,32].
On the other end, we have the contribution to the

gravitational potential at 4PN order from radiation-reaction,
which was computed within the EFT approach in [35]
(see also [38]), yielding

Z
dtV tailðμÞ ¼

G2
NM
5

Z
dω
2π

ω6Iijð−ωÞIijðωÞ

×

�
1

ϵUV
þ log

ω2

μ2
þ γE − logπ − 41

30

�
: ð3:3Þ

We notice that, instead of IR issues, we encounter a UV
divergence. The alert reader will immediate realize that the
IR and UV near/far zone poles in (3.1) and (3.3) have—up
to a crucial sign—the same coefficients [35], provided the
IR divergence from [27,28] is reproduced in NRGR (see
below).7 In our language, an expression like (3.2) would
arise if we were to use two different subtraction scales for
the IR and UV poles (i.e. μIR and μUV), leading to an
ambiguity parameter, C ∝ logðμUV=μIRÞ [35]; however,
this would be inconsistent.8 We show in what follows
how to unify the treatment of the potential and radiation
singularities in the EFT formalism.

6As it turns out, the derivation in [27,28] uses a combination of
regularization methods before matching the calculation into the
far zone later on in [29]. This exacerbates the ambiguous nature
of the computation.

7As emphasized in [35], this must be the case since the factors
for the pole and logarithm are related in dim. reg., and the
coefficient for the latter is fixed by the long-distance contribution
to the binding energy, first obtained in [39] and re-derived in [35]
(see also [40]).

8The dim. reg. prescription must be universally applied in both
regions (regardless of whether we have IR or UV divergent
integrals) with a d-dimensional GN entering in the Einstein-
Hilbert action.
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B. Infrared divergences in the EFT framework

While the UV pole in the conservative sector from the
tail effect identified in [35] was expected, the IR diver-
gences in the potential region have not been yet fully
isolated in NRGR. Hence, we must first identify the terms
from the near zone which yield IR poles at 4PN order.
There are many diagrams which contribute to the gravita-
tional potential at this order [41,42]. One such term is
depicted in Fig. 1. Following the representation in [42], the
integral may be written as

fig: 1 ¼ m2
1m

3
2

Z
k1;k2;k3

Numðki; pÞ
k22k

2
3k

2
12k

2
13k

2
23p

2
2p

2
3

; ð3:4Þ

where
R
ki
≡ R dd−1ki

ð2πÞd−1, pi ≡ p − ki and kij ≡ ki − kj. The

numerator, Numðki; pÞ, depends on the loop momenta,
ki, as well as the Fourier variable, p, related to the relative
distance, r≡ x1 − x2. In principle this topology contributes
at OðG4

NÞ, and naively it would have entered also at 3PN
order. However, the ϕ3 vertex introduces an extra factor of
v2 [43]. Therefore, the diagram in Fig. 1 enters at order
G4

Nv
2, namely 4PN. The calculation can be reduced to a

series of master integrals, in particular one such integral
will be of the form

MðpÞ ¼
Z
k1;k2;k3

1

k21k
2
2k

2
3d

2
2d

2
3

; ð3:5Þ

with d2 ¼ pþ k1 − k2; d3 ¼ pþ k1 − k2 − k3, so that the
contribution to the gravitational potential is given by,

Vfig: 1 ¼ cMm2
1m

3
2

Z
p
p2MðpÞeip·r þ � � � ; ð3:6Þ

with some numerical prefactor, cM ∝ G4
N .

The master integral may be computed in d-dimensions
and is IR divergent for d → 4. The relevant IR divergent
part is given by9

M ∝ jpj−1þ3
2
ϵIRΓ½ϵIR�…: ð3:7Þ

The origin of this divergence can be traced down to the
standard formula,

I½n1; n2�≡
Z
k

1

½½k2�n1ðkþ pÞ2�n2

¼ Γ½n1 þ n2 − ðd − 1Þ=2�Γ½ðd − 1Þ=2 − n2�Γ½ðd − 1Þ=2 − n1�
Γ½n1�Γ½n2�Γ½ðd − 1Þ − n1 − n2�

ðp2Þðd−1Þ=2−n1−n2 ; ð3:8Þ

which can be used repeatedly (three times) to factorize the
integral. The IR divergence is manifest by the fact that at
some point a term may become singular for d < 4.

C. Removing the double-counting

The implementation of the zero-bin subtraction for the
master integral in (3.5) is relatively straightforward in dim.
reg. Because it can be factorized, the IR pole can be isolated
from [see (3.8)]

I
�
3 − ϵ

2
;
1 − ϵ

2

�
∝ jpj−1þ3

2
ϵΓ½ϵ�; ð3:9Þ

which contains the expected term ∝ 1=ϵIR coming from the
region k ≪ p, which must be subtracted away. Hence,
expanding the factor of ðkþ pÞ, we find

Izero-bin½n1; n2� ¼
Z
k

1

½k2�n1 ½p2�n2 ⟶
ðn1→3=2;n2→1=2Þ jpj−1

Z
k

1

k3

∝ jpj−1
�

1

ϵUV
−

1

ϵIR

�
: ð3:10Þ

Notice the zero-bin subtraction removes the IR pole, essen-
tially transforming it into a UV singularity. This example
illustrates how the procedure works at the level of the master
integrals.10

FIG. 1. A contribution in NRGR to the gravitational potential
from the near zone at 4PN order. We use the decomposition
introduced in [43] in terms of ðϕ;Ai; γijÞ fields. As described in
[42], the diagram may be cast as a “three-loop” self-energy
amplitude in gauge theory, which can be further decomposed in a
series of master integrals.

10Let us emphasize once again that one cannot set to zero these type of integrals when IR divergences are present [17]. Moreover, they
are key to obtaining the correct renormalization group evolution for the Wilson coefficient in the effective action, e.g. [24]. Hence, the
zero-bin subtraction not only properly removes the IR divergences in the conservative sector, it will also play a crucial role at 5PN and
higher orders to compute the renormalization group equations for the finite size terms in the effective theory.

9See [44] for the complete expression which includes various Γ-functions.
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Plugging the expression for the master integral into (3.6),
including the zero-bin subtraction, we get a term,

Vfig: 1 →
G4

Nm
2
1m

3
2v

2

r4

�
−

1

ϵUV
þ 2 log μr

�
þ � � � ; ð3:11Þ

where the IR pole turned into a UV divergence. Using the
equations of motion (EOM), we have

G2
Nðm1 þm2ÞðIijð3ÞÞ2 ⟶EOM

G4
Nðm2

1m
3
2 þm2

2m
3
1Þv2

r3

× ð1þOðv2ÞÞ; ð3:12Þ

such that the contribution from Fig. 1 to the gravitational
binding potential has the correct structure to cancel the UV
divergence from the conservative part of the tail effect (and
log μ factor), as advertised [35]. The zero-bin subtraction
must be implemented in all of the IR-sensitive master
integrals that enter at OðG4

Nv
2Þ. Notice that, while we

referred to the specific contribution from Fig. 1, the
argument applies more generally to the integral in (3.5),
and ultimately the one in (3.8). The latter will enter in the
decomposition of many of the three-loop amplitudes, and
therefore IR poles may appear in principle from a series
of Feynman diagrams, not just the one in Fig. 1. In fact,
it turns out all of the IR-sensitive contributions, from the
master integrals entering in the full computation at 4PN,
can be reduced to the one-loop integral in (3.8).11 After the
zero-bin subtraction, the result will take the form in (3.11)
simply from dimensional analysis.
The reader may wonder about the above procedure if

momentum cutoffs were invoked to regularize the diver-
gences in (3.8), for example adding a small mass in the IR
and using Pauli-Villars regularization in the UV. In such
scenario—which is not the one advocated here since it
breaks the symmetries of the theory—the contribution from
the zero-bin integral would read:

Z
k

1

½k2 −m2
g�3=2½p2�1=2

−
Z
k

1

½k2 − Λ2�3=2½p2�1=2
∝ jpj−1ðlogmg − logΛÞ; ð3:13Þ

instead of (3.10). The logmg termwould cancel out against a
similar IR singularity in the original integral prior to
the zero-bin subtraction, whereas the logΛ removes the
UV pole from the tail contribution [35], which must be
consequently also regularized using a Pauli-Villars cutoff.
Notice there is no sense in which (3.13) can be set to zero in

this framework. We should stress, however, that in general
breaking diffeomorphism invariance (also adding a graviton
mass) introduces several other problems which we refrain
from discussing in the present work.

IV. CONCLUDING REMARKS

The gravitational binding energy contains a logarithmic
contribution, Elog ∝ v8 log v, in GR. When performing PN
calculations, using all the present methodologies, one splits
the problem up into near and far zone, which leads to both
IR and UV logarithmically divergent integrals. The sum of
these results reproduces the aforementioned logarithm, but
at the cost of introducing a set of spurious new poles. While
the UV divergences are well understood, the presence of IR
divergences is a new development in the PN framework,
which first entered scene at 4PN order for nonrotating
bodies.12 The IR sensitivity in the near region has led to the
introduction of ambiguity parameters in the methodology
implemented in [27–33]. This occurs in any framework in
which the IR/UV divergences, from the near/far zone
contributions to the gravitational potential, are treated
independently. That is what happens in the computations
in [27–32], which removed the IR singularity in the near
zone prior to appending the contribution from the far
region, obtained independently in [46,47]. However, by
implementing the zero-bin subtraction there are no ambi-
guity parameters at any stage of the calculation. The
procedure removes the near zone IR divergences, trans-
forming them into UV poles which readily cancel the
singularities from the far region. We illustrated the zero-bin
subtraction in the calculation of the conservative dynamics
at 4PN order using dim. reg., in which case it replaces
ϵIR → ϵUV by subtracting from the near region calculation a
series of scaleless integrals. This procedure justifies the
claims in [35] that the sum of the near/far region IR/UV
poles in dim. reg. must cancel each other out. However, the
formalism is more general and may be also implemented
for other regularization schemes, where a cancellation of IR
and UV divergences may be far less obvious, including the
ones in [27–33]. (See [26] for a discussion of the zero-bin
subtraction in the confines of a cutoff regulator.) The virtue
of our procedure is precisely the independence from the
regulator and subsequent lack of ambiguities to all orders in
the PN expansion. The zero-bin subtraction not only
provides finite results, it also uniquely fixes the analytic
(local) contribution to the potential without the need of

11This has been shown to be the case in the (soon to appear)
complete computation using the EFT approach at 4PN order,
following the methodology discussed in [42] and integration-by-
parts [45]. (Notice there are no IR divergences at OðG5

NÞ [42].)

12Up until now, the computations within the EFTapproach had
not encountered IR divergences in the potential region, and the
only IR poles in the radiation theory arose from the tail
contribution to the one-point function (radiative multipole mo-
ments), previously mentioned. There are other UV divergences in
the radiation sector, which are responsible for the renormalization
group evolution for the multipole moments (or can be consis-
tently set to zero in dim. reg.), e.g. [15].
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extra matching conditions beyond the PN framework.
An explicit example is described in [34] in the context
of electrodynamics.
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Note added.—In a recent paper [48] it was shown how the
implementation of dim. reg. for both IR/UV divergences
(as advocated here) removes an ambiguity parameter within
the formalism of [31,32], also confirming our original
claim that the near and far zone divergences (as well as
factors of μ) cancel each other out without the need of extra
information [35]. As it was argued in [35], the cancelation
in [48] is achieved by identifying ϵIR ↔ ϵUV which, as we
discussed here, is formally justified by the zero-bin sub-
traction. Moreover, it was noted that the remaining ambi-
guity parameter still present in [48] is automatically fixed
within the EFT framework—with the correct coefficient
previously obtained in [35], i.e. 2κ ¼ 41=30 (see Eq. 3.3
above, and see Eq. 5.6 in [48])—provided the completion
of the local part of the 4PN potential, initiated in [41,42],
agrees with the derivation in [31,32], as it is expected to be
the case within the harmonic gauge.
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