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To clarify certain nonlinear properties of strong gravitational field, we investigate cylindrically
symmetric gravitational waves that are localized as regular wave packets in the space of radial and time
coordinates. The waves are constructed by applying a certain kind of harmonic mapping method to the seed
solutions with linear polarization, which are generalizations of the solution representing a cylindrical
gravitational pulse wave discussed by Weber, Wheeler, and Bonnor. The solutions obtained here, though
their form is rather simple, show occurrence of strong mutual conversion between a linear mode and a cross
mode apparently. The single localized wave shows the conversion in the vicinity of the symmetric axis
where the self-interaction is strengthened, and the collision between multiple waves also causes the
conversion. These phenomena can be thought to be the emergence of genuine nonlinearity that the Einstein
gravity holds. Finally we discuss a simple, but interesting application of the solutions to the case of the

Einstein-Maxwell system.
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I. INTRODUCTION

Just before the elapse of a hundred years since Einstein
predicted the existence of gravitational waves, the predic-
tion was directly confirmed at last [1]. Needless to say, the
success of the discovery is owed to heroic experimental
efforts [2]. At the same time, the success has also been
supported by the sustained great theoretical developments
of general relativity, directly or indirectly. This epoch-
making discovery must open up a new astronomical
window in the near future, and also may bring us the
clues to unlock the secret of gravitation and spacetime in
the Universe. The new progress brought by the discovery
will also urge the study based on the exact solutions of the
Einstein equations (one of most traditional approaches) to
enter into a new phase wherein strong nonlinear effects that
have not been discovered so far can be found as new
observational phenomena in gravitational waves.

Actually, however, as pointed out by [3], most of the
traditional studies done so far mainly have focused on the
geometric analysis of spacetime structure, and compara-
tively the studies treating dynamical effects of gravitational
interaction are not so many. For example, as the main
stream of study of general relativity that once existed, we
easily come up with the studies made intensively from the
1970s to the 1980s by using the exact solutions that
represent colliding plane waves (for more details, see [4]
and references therein). Most of the studies were devoted
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to rather restricted aspects of nonlinearity originating
from the Einstein gravity, for example, the global structure
of spacetimes or formation of singularities. Relatively
recently, several researchers have studied the physical wave
phenomena related to nonlinear interaction of gravitational
waves itself: the gravitational Faraday effect [5,6], the time
shift phenomena [7,8], and so on (for more details, see [9]
and references therein). From the present standpoint after
the direct discovery of gravitational waves, it is not too
much to say that many physically interesting solutions,
regardless of whether or not they are known, still remain
without being thoroughly investigated in different ways
than before.

To shed some new light on nonlinear features of
gravitational waves, in previous works [10-13], we studied
cylindrically symmetric gravitational solitonic waves with
nonaligned polarizations that are constructed on flat and
Levi-Civita spacetime backgrounds by the inverse scatter-
ing method [14,15]. Through those studies, some interest-
ing behaviors of the waves (time shift, gravitational
Faraday effect, etc.) were examined. Related to the present
work, it is noteworthy that the solutions dealt with
especially in the second paper [11] have important char-
acteristics to observe the nonlinear features of the waves
clearly. In summary, the characteristics of these waves are
as follows: the background where the gravitational inter-
actions occur is a regular flat spacetime; the waves are
regular and localized on a one-dimensional space of a radial
coordinate in a cylindrical coordinate system, and are
asymptotically well behaved; even single waves must
become inevitably strong when concentrated on the axis
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of symmetry at the reflection. These characteristics may be
advantageous to the deduction of more detailed information
about the effects of strong gravitational interactions, in
comparison with other types of exact solutions like plane
symmetric waves on flat backgrounds or cosmological
backgrounds. Actually, the solutions concerned here can be
considered to represent regular and localized waves propa-
gating in the one-dimensional space, so that we can take a
simple viewpoint of one-dimensional wave phenomena, for
example, reflection of a wave at a boundary (i.e., a
symmetric axis), or collision of an ingoing wave and an
outgoing wave. Then we just need to analyze the behavior of
the one-dimensional wave by tracing the time sequence of
the so-called cylindrical energy (C-energy) and its deriva-
tives (i.e., density and fluxes) [16]. To be able to use the well-
defined gravitational energies like the C-energy is another
advantage of cylindrical symmetric cases. The work of [17]
presented another type of energy that is mathematically
established. In the rest of this article, however, we use the
C-energy only, because both of the two energies show the
same behavior qualitatively as shown in the last section. We
can therefore perform unambiguously the analysis to extract
physical characteristics based on these quantities.

Standing on the above-mentioned viewpoint, we advance
the investigation of nonlinear features of gravitational
waves. The solitonic waves considered previously have rich
structure, but are rather complicated for systematic handling.
To develop the study, we need a different type of solution.
Hence we adopt, as research objects in this paper, some
variations of the famous exact solution that was discussed by
Weber, Wheeler, and Bonnor (WWB) in the early period
[18,19]. The original WWB solution represents the cylin-
drical gravitational wave that can be considered to be
localized on the one-dimensional space. The WWB solution
belongs to a class of Einstein-Rosen-type solutions [20],
which is given by solving a linear wave equation directly,
and further has a simple expression described with elemen-
tary functions. So the WWB solution has been used to clarify
physical features of gravitational waves for a long time (for
example, see [21]). Recently, the cylindrical wave solution
was used to study dragging effects by gravitational waves
[22-24]. However, in principle, the Einstein-Rosen-type
solutions have only a linear polarization mode (i.e., +
mode), so that genuine nonlinearity that originates from
the interaction of independent two modes (i.e., + and X
modes) of gravitational waves cannot be treated by using this
type of solution. To advance the study, we therefore need to
extend the WWB solution to include both modes [7].

To construct variations of the WWB solution, we use one
of the techniques based on harmonic maps [25]. As is well
known, if a spacetime has two commuting Killing vectors,
the Einstein equations are reduced to the so-called Ernst
equation, which can be considered from a mathematical
viewpoint as the equation that determines a certain kind of
harmonic map. In brief, the harmonic map is defined as the
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map that gives an extremum of a so-called “energy func-
tional” for any maps from a base manifold to a target
manifold. This mathematical scheme is also used under the
name of nonlinear sigma model in theoretical physics. The
energy functional just corresponds to an “action functional.”
In the case of vacuum Einstein equations, gravitational fields
can be described compactly with one complex field called
Ernst potential, which corresponds to the harmonic map
from a virtual three-dimensional Minkowski space to a
one-dimensional complex hyperbolic space. Because of the
nonlinearity of the basic equations to determine such
harmonic maps, the explicit construction of the correspond-
ing solutions is a quite difficult task, though the equation has
a simple form. Nevertheless, the construction of the exact
solutions has a long history to overcome the nonlinearity,
and several useful methods are now available.

Among these methods, here we adopt the most simple
one, which is based on the mathematical fact that a
composite map of a geodesic curve in a target space and
an appropriate harmonic scalar function is a harmonic map
required [25]. In both axially symmetric stationary cases
and plane symmetric cases, similar methods have often
been used, and many important solutions that describe
charged black holes or colliding plane waves have been
derived [4,26]. On the other hand, in the cylindrically
symmetric case, though solitonic methods [15] or complex
coordinate transformations [27-29] have been used, there
seem to be few works that treat the solutions derived by the
simple composite harmonic map. In an exceptional work,
Halilsoy once used this method to derive some cross-
polarized solutions from the Einstein-Rosen-type solutions
including the WWB solution [30]. However, it seems that
such solutions have not yet been physically investigated
enough, and have been neglected for a long time, probably
due to rather simple expressions of the solutions.

Hence as a first step from the point of view mentioned
above, we construct new variations of the WWB solution
including Halilsoy’s one by using the method of composite
harmonic mapping. As described in Sec. III, the solutions
considered here have four main parameters (a,c,5,A):
Using these parameters, we can explore the physical
behavior of the gravitational waves corresponding to the
solutions. Through the systematic analysis of the solutions,
we can clarify the nonlinear properties of the gravitational
waves, especially by observing the time variation of mutual
transformation between the linear mode and the cross mode.

As a further application of the generated solutions, it is
worth noting that we can easily set up collision between
multiple cylindrically symmetric waves as a kind of
theoretical experiment, owing to the convenience of the
solution-generation technique adopted here. For example,
the solution representing collision of one localized wave
against a pulselike wave train can be constructed easily. The
solution itself is a rather restricted one; however, its
behavior may be interesting enough.
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To extend the present analysis to other cylindrically
symmetric gravitational systems, the Einstein-Maxwell
system in four-dimensional spacetime, as a next step, is
interesting and appropriate for the application of the harmonic
mapping method, though the system is more complicated
than the Einstein vacuum case. In this place, instead of using
the same approach as above, we pay attention to a simple, but
useful mathematical fact as follows: when four physical
degrees of freedom of the Einstein-Maxwell equations are
consistently reduced to two physical degrees of freedom (one
is for gravitational fields, and the other is for Maxwell fields),
these truncated Einstein-Maxwell equations are mathemati-
cally equivalent to the vacuum Einstein equations. Using this
fact, one can show that the set of solutions of the vacuum
Einstein equations considered above is directly transformed
into a subset of solutions of the Einstein-Maxwell equations.
As discussed in Sec. VI, this transformation is a rather trivial
one from a mathematical viewpoint, but once the solutions are
interpreted as solutions of Einstein-Maxwell equations, the
solutions have a different meaning physically, and further
may become important in some situations.

This paper is organized as follows. In Sec. II, we first
introduce the basic equations reduced from the vacuum
Einstein equations under the assumption of cylindrical
symmetry. After we briefly explain the composite harmonic
mapping method to solve the basic equations, we give a
formal expression of the solution to the basic equations using
a harmonic function (speaking more exactly, a wave func-
tion). In Sec. 111, following the work in Ref. [5], we define the
amplitudes of cylindrical gravitational waves as useful tools
for analysis. The amplitudes are simply expressed using the
harmonic function prepared. Next, we proceed to the analysis
under these preparations. In Sec. IV, we generalize Halilsoy’s
solution, by extending the WWB solution to include the time
asymmetry. The explicit expression of the obtained solution
is summarized. In Sec. V, using the solution in Sec. IV, we
investigate nonlinear features of the waves. This section
splits into three parts: in Sec. A, the asymptotic behaviors of
the waves are considered, in Sec. B, the behaviors of single
waves near a symmetric axis at reflection are examined, and
in Sec. C, the collisions of gravitational wave pulses are
treated. In Sec. VI, as further generalizations, we give two
other solutions that have explicit expressions. On the whole,
the analysis is conducted with attention to conversion
phenomena between two different polarization modes
(+ mode and x mode). The final Sec. VI is devoted to
summary and discussion, where as stated above, physical
meaning of mutual transformation between one gravitational
mode and one electromagnetic mode is also considered.

I1. BASIC EQUATIONS AND FORMAL
EXPRESSION OF GENERAL SOLUTIONS

For the spacetimes corresponding to cylindrically sym-
metric vacuum Einstein equations, we can use the follow-
ing Kompaneets-Jordan-Ehlers form [31],
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ds?> = e* (dz + wd)? + p*e™V dgp?
+ 2V (—df? + dp?), (1)
where the functions yw, @, and y depend on the time
coordinate ¢ and the radial coordinate p only. Using this

metric form, the vacuum Einstein equations are reduced to
the following set of equations:

1 e 5 3
Ysn _;Ww Wopp = 2_p2 [(w’l ) - (w’p ) ]’ (2)
W1 +;w’/) —CU,/,/) = 4(0)»/) l//ap —W, Yy )’ (3)
2 A 2 2
Vo =plw )" + (v )] + D [(@.0)" + (@,,)7], (4)
641//
Vi = zpwvt Vs +Za)’t @,y - (5)

We further introduce the following quantity E (called Ernst
potential):

E = ¥ + i®. (6)
Here the imaginary part @ is defined with @ through

1 1
(I),,:;e‘“”a),p, @,ﬂ:;e‘h”a),t, (7)

whose integrability is ensured by Eq. (3). From the
compatibility of the above definition, ® satisfies the
following equation:

1
(D’tt _;q)’/) _q)w/) = 4((1)7[ 7289, _CD’/) l//w ) (8)

The equations for the Ernst potential therefore can be
combined into a single equation,

where the operators V and V? are defined as the gradient
and the d’Alembertian on a three-dimensional Minkowski
spacetime with cylindrical symmetry. This equation may
be considered a cylindrical symmetric version of the
Ernst equation originally introduced on a stationary axis-
symmetric spacetime, so we also call the above equation
the Ernst equation. The Ernst equation gives harmonic
maps from a hypothetical three-dimensional Minkowski
space(M?) to a two-dimensional hyperbolic space (H?).
Actually the potential space has the following line element,
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2 2
2_ dEdE:M

ds? = ——
P T E+E) y

, (10)

which corresponds to the so-called Poincaré’s upper half-
plane model, when ® and e are assigned to the horizontal
axis x and the vertical axis y of the half plane, respectively.
As stated in Sec. I, we use the fact that composition
of geodesics in a potential space and an appropriate
harmonic scalar function is a harmonic map. Let us
consider composition of 7(x):M?* - R and E(7):R— H.
Equation (9) then is written as follows:

d*E 2 dE
dr

dE__2 (dEVNG g Eo (11)
di? E+E TYET vt

So the composite mapping function E(z(x)) gives a

harmonic map when the function 7 and the mapping
function E satisfy the following equations,
d’E 2 dE\?

Vir =0, ——-—=—=—) =0, 12

i i E+E <d1> (12)

respectively. The first equation is just a linear wave
equation in a cylindrically symmetric flat spacetime, so
that general solutions can be represented with Bessel
functions formally. On the other hand, the nonlinearity is
confined into the second equation, which has been reduced
to a geodesic equation in the hyperbolic space H?. For the
latter equation the variable 7 plays the role of an affine
parameter. As a well-known fact, when considering the
Poincaré half-plane model, the geodesics corresponding to
the latter equation are represented as semicircles, whose
centers are on the real axis assigned to @, and hence the
general expression of the geodesics is given as follows,

ﬁ %) cs=e2m ) (13)
I+s

where R is a positive constant (i.e., radius of the semicircle)
and 7 is a real constant. As a result, once the linear wave
function 7 is specified, the corresponding new Ernst
potential can be obtained directly. The above expression
still has some gauge redundancy: the parameters x; and 7,
can take any real number, independently. Using this
arbitrariness, one can show that after setting x, to R and
replacing s with s/A, the Ernst potential has an overall
factor 2RA. This factor can be absorbed by scaling the
coordinates z and ¢, and renormalizing the metric coef-
ficient y. Finally, as a general expression, E is reduced to
the following simple form:

s A

= ' : 14
I Y (14)

It is noted here that if we take s~! as the seed of the Ernst
potential, the same expression is also derived by the Ehlers
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transformation. For later convenience, some useful formu-
las are presented. From Eq. (14), each part of the Ernst
potentials is given,

1 Ae*
2 _
eV = 27 + AZ2 T e 4 A2 (15)
with s = e7%, respectively. From Eq. (7), the metric

component @ can be expressed as a contour integral along
an appropriate path,

a):4A/p[r,tdp+r,pdt]. (16)

The following formulas are also useful:
W - 6—27: _A2€21 T,
Ww - 6—21 +A2621 T?p ’
[ w, 4A 7,
e_( f)_ ¢ 221( p)' (17)
2p \w,, e+ A T,
Using the above formulas, we can easily derive the
equations that determine y as follows:
ra=2077,,  Vyp=plt,) + (7). (18)
The metric function y is the so-called C-energy, which is
very useful for the later analysis, which plays a role of
“gravitational energy” [16]. It is hence shown from the
above equations that this C-energy has no dependence on
the parameter A. In fact, this is ensured by the fact that the

right-hand sides of Eqs. (4) and (5) are invariants under the
isometry of the potential space.

III. AMPLITUDES

When one considers the propagation of cylindrically
symmetric gravitational waves with two polarization
modes, it is of great convenience to use the definitions
for the amplitudes of the nonlinear waves in Ref. [5],
which are defined as follows: The ingoing amplitudes
(A, ,A,) and outgoing amplitudes (B,,B,) are given,
respectively, by

A+ = 2W,w (19)

B, =2y, (20)
2y

A, =8P (21)
P
2y

B, =<2, (22)
P

where the ingoing and outgoing null coordinates u and v
are defined by u=(t—p)/2 and v = (t+p)/2, respectively.

024023-4



CONSTRUCTION AND APPLICATION OF VARIATIONS ON ...

The indices + and x denote the quantities associated with
the respective polarizations. Then, the vacuum Einstein
Egs. (2)—(5) can be written only in terms of these quantities;
actually, the nonlinear differential Eqgs. (2) and (3) for the
functions y and @ are replaced by

A, = *‘*2;/]19* +A,B,. (23)
B,, - %H&BX, (24)
R (25)
By, = —A%}BX +AB,, (26)

and a couple of the Egs. (4) and (5) that determine the
function y can be rewritten in terms of the amplitudes as

v, (A2 + B2 + A% + BY), (27)

_r
8
P
7o =53~ B + A3 - BY). (28)
In particular, if the metric takes a diagonal form, i.e.,

A, = B, =0, Egs. (23)-(26) are reduced to the set of the
linear equations,

A, B,

oy (29)

A, B,

B =
+,v 2p

(30)

which is another form of the wave equation V2 = 0.

From Eq. (27), y , can be naturally interpreted as the total
energy density of cylindrical waves, which we denote by £
in what follows. The energy densities assigned to the +
mode and x mode, respectively, as

£, =242 + B, (31)

&=L +B). (32)

I I

This C-energy density y , is locally measurable for an
observer along the world line p = const. According to
Thorn [16], the total energy per unit length of z contained
within the radius p; (: constant) at a certain time ¢ is defined
with £ as

Blt.po) = [ €dp = r(t.p0) = (00). (33
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Similarly, the total energies assigned to the + and x modes
can be defined, respectively, as

Po
Bt = [, (34)

Po
E.(t.po) = A Exdp. (35)

Note that for the expression obtained in the previous
section, the wave amplitudes can be generally written as

A, =2eM (e - A%e¥) (7, +1,), (36)
B, =2e (e — A%e¥) (7, —1,), (37)
A, = 4Aez”’(f,, +17,), (38)
B, = —4Ae* (1, —1,). (39)

Therefore, the ratios of the x mode to the + mode are
given by

2 2 2 2
Be___ a4 A Ay
B%L (6—21 _A2627)2 A%r (6—21 —A2€21)2

It immediately turns out from the above equations that
the ratios £, /€ and £, /€ can be expressed, respectively, as

& -2z _A2 27\ 2
=) (41)
& e T+ A%e”
& 2A 2
Z === 42
E <e—2r +A262T) ( )
and the necessary and sufficient condition for £, > &£, is
1 2-1 1 241
Eln fA <7< Ell’l \/_A+ s (43)

which is of great use for the later analysis of the exact
solutions.

IV. GENERALIZATION OF THE
HALILSOY SOLUTION

In this section, we generalize the Halilsoy pulse solution
in Ref. [30], which was obtained by performing the
harmonic mapping method for the WWB pulse. To this
end, first, we generalize the WWB solution to have the
additional parameter that presents the extent of time
asymmetry. Next, by regarding the generalized WWB
solution as a seed, we can present the generalization of
the Halilsoy pulse solution with the additional parameter.

Let us recall that for the Oth order Bessel function J(x),
the following integral formula holds,
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% 1
/ e *Jo(kp)dk =
0

where « is a constant. If one considers the constant a to be a
complex number and puts @ = a — it (t and a are a time
coordinate and a positive constant, respectively), one can
obtain the following formal expression:

(44)
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The real and imaginary parts of the above equation are
written, respectively, as

/ ® ek, (kp) cos(kt)dk

V(7 —p —a?)? +4a** - (1> = p* — a?)
\/_ —p* —a®)* +4a*t? '

. A 1
/0 e~ka=i) g (kp)dk = N (45) (40)
J
/ ek, (kp) sin(ke)dk = V2ar (47)
0 V(2 =p?—d?)? +4da tz\/\/ —p? —a*)? +4a*t — (P = p* - a®)

In terms of the new coordinates (x,y) defined as

p=a\/(x*+1)*-1), t = axy, (48)
the real part and the imaginary part multiplied by the

constants ¢ and ¢/ V2, respectively, can be written in the
considerably simple forms

e = ~ka j. (kp) cos(kt)dk = &2 49

e = ¢ [t lp) ol =S @)
X

Todd = \/_/ kaJO(kp) sm(kt)dk = Zm . (50)

Moreover, superposing the two solutions to the wave
equation, we can obtain the more general solution as follows,

T = ¢(Teyen COS 8 + Toqq SiN 6) (51)

cycosd+ xsind

=— 52
a x2+y2 ’ ( )

(2 + 1)[=x0 + x*(1 —4y?) + 3x%y*(y* = 2)

[

where § is a real constant. Substituting the above 7 for the
right-hand side of Eq. (16), we can integrate  to find

O = Weyen COS S + Wyyq SIN S, (53)

where @, and w,q are obtained by the substitutions
of Toyen and 7,44, respectively, for the right-hand side of
Eq. (16), to be determined, up to a constant, as

2
-1
Weyen = —4Acx(§72>, (54)
X“+y
s+ (55)
Woqq = —4Ac
odd xz +y2

Also, replacing 7 in Eq. (18) with Eq. (52), we can integrate y
to give

Y = Yevencoszé + YOddSinzé + Yeross SIN 20 + 47612 > (56)

where

—2y5 + 4]

yeven -

A% + 1[0 4+ x4 (202 + 1) 4+ x2(9y* — 6y?) + y*]

4a®(x* + y?)*

, (57)

Yodd = —

4c2xy( + 1) = 1)(x2 =2
Ycross — ( B )(2 > 21( ) . (59)
4a*(x* + y*)

Thus, regarding the generalized WWB pulse solution as the
seed of the harmonic mapping, we have obtained the
generalization of the Halilsoy solution given by the three
functions (z, @, ), which depends on only ¢ and p, and has

4a® (x> + y*)*

, (58)

the four parameters (a, ¢, 8, A). The first two parameters a
and ¢ are already held by the WWB solution, and are
related to the width and amplitude of the wave, respectively.
The third parameter ¢ is first introduced here to show the
extent of time asymmetry of the solutions. The fourth
parameter A implies the measurement of the extent of
nonlinearity, in particular, the case A = 0 corresponds to
the Einstein-Rosen-type linear waves. Note that the case
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0 =0 [namely, the solution expressed by only
(Tevens @evens Yeven)] corresponds to the Halilsoy solution
[18,19]. In the following section, by varying these param-
eters, we see the physical behavior of the gravitational
waves that the solutions describe.

V. ANALYSIS

In this section, we study the nonlinear properties of the
gravitational waves through the analysis of the exact
solutions obtained in the previous section, especially by
observing the time variation of the mutual transformation
between the + mode and x mode. First of all, we focus on
the asymptotic behaviors of gravitational pulse waves in the
neighborhood of the spacetime boundaries, the axis p =0
with r = constant, spacelike infinity p — oo with 7 constant,
future null infinity v — oo with u constant, and past null
infinity u — —oco with v constant. Next, we also consider
how much the nonlinear interaction converts the + mode
(x mode) pulse wave to the x mode (+ mode) pulse wave
(such a nonlinear effect is often called the gravitational
Faraday effect) at the reflection of the gravitational pulse
waves at the axis. Finally, we numerically study how the
mode conversion occurs when two single pulses, an out-
going gravitational pulse and an ingoing pulse, collide,
and also when a single outgoing pulse and multi-ingoing
pulses collide.

|

PHYSICAL REVIEW D 96, 024023 (2017)
A. Asymptotics

Near the axis p = 0 (¢ = const), the metric is approxi-
mated by

2¢(acosd+1sind)

z(auoséﬂsmﬁ)
ds*=e &2

(1—1—A2 27 ) (dz—4Acsinddgp)?

2c(acosé+1sind)

_ c(nco;ﬁﬂsmo
—|—p2€ 242 <] —|—A2 a2 412 ) d¢2

_2c(a Lobt)+t sind)

+e a2 42

4C(aco>5+ram 8)

(1+A2 e >(—dt2+dp2).
(60)

From this asymptotic form, it is straightforward to show the
absence of the deficit angle A¢, namely,

fo”\/gr/) d¢
A =27 — lim 61
¢ p=0 [§\/Gppdp (61)
= 0. (62)

This means that if one chooses the periodicity of the
angular coordinate ¢ to be 0 < ¢ < 2z, no deficit angle is
present on the axis. Near the axis p =0, the energy
densities corresponding to the + mode and x mode waves
behave, respectively, as

2c(2a Los«)+rsm5) 2 .
P P <1 — A% &7 ) (—4atcosé + (a® — 12) sin 5)?
gAi = gBi = 2c (2:1L0>5+tsm6) 2 /)’ (63)
8(1 + A% AP > (a® +12)*
2A2 2(-(2ac:;sr$;tsin5)( 4 6 + ( 2 2) . 6)2
P P c“Ace <+ at cos a” —t7)sin
gAi = ng( = 2((2awsé+tsma) p (64)
2(1 + A2 7 ) (a® +12)*
[ ; 5
At spacelike infinity p — oo(t = const), we have the 7 =——, ¢ =1 —|—A2e4€7¢,
( V1+A?

asymptotic form of the metric

ds* =

1+A2d22+p2(1 + A%)dg?

+ (1 4+ A2)e 22 ( —dt?* + dp?). (65)
It turns out that the spacetime is locally Minkowski
spacetime since this metric can be written as

+ (dp')?

ds? = (d2)? + p(dd))? = (dr')? (66)

r,¢/’ t/,p/)

where we have defined the new coordinates (z
such that

=VvIi+ Aze_%t, =1 +A2e7fa_22p

However, the periodicity of ¢’ cannot be 27z as long as one
assumes the periodicity of ¢ is 2z. In fact, at infinity, the
deficit angle can be computed as

(67)

277
o V9gppddh
A= 2m = lim =5 fo e (68)
= 2;:(1 - e‘ﬁ). (69)

It is obvious that the presence of this deficit angle is due to
the energy of the gravitational pulse waves. At infinity, the
energy densities behave as
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2 212002
Py P, (1 =A%)cos*s
877 8T 2(14 A% (70)
2420062
P , _ 2c"Acos”6
_sz_BX27’ 71
8 8 (14 A2)%p’ (70

which become swiftly smaller as p becomes larger.

Let us consider the asymptotic behaviors of the pulse
waves at timelike infinity t— 400 (p = const). At — %00,
we have

1
ds? =y (dz = 4Acsindd)’ + (1 + A%)dg?

2
+ (1 4 A?)e 22 (—dt? + dp?), (72)

which shows that at late (early) time, the spacetime
approaches Minkowski spacetime. Actually, in terms of
the new coordinates (7", ¢", 1", p")

|

do e VFEWF () coss—/Flu)F(-u)sing) o

PHYSICAL REVIEW D 96, 024023 (2017)
f— 1 (:2
_z 4A sin(5)¢p 4= mem(ﬁ’
2
Pl =1+ A2 p, (73)

"
Z
1+ A?
the asymptotic form of the metric turns out to be written as

2
=1+ A%eslt,

ds2 ~ (dZ//)Z +/)”2(d¢”)2 _ (dt”)2 + (dp”)z. (74)

Since at both late and early times, the energy densities
behave as

Pa P (A2=1)2c2psin?s
gt =gl = 8(A2+ 12 75)
2.2, 02
P P A“cpsin~o
—Ac =—"PB = 76
87 8 2(AT+ 1) (76)

the tails of the gravitational waves become smaller and smaller.
At future null infinity v — co (u = const), the metric
behaves as

2
dp| +p*(1+A%)dg? + (1 +A%)e" (=dr* + dp?),

ds* =
1442 ava® +u?
(77)
where F(x) := Va*> + 4x* + 2x and
o c?[a*(a® — 4u?) cos 26 — 4aPusin 28 — 2(a® + 4u?)(a* + 2uF (u))] (78)
e 8(a® + 4u*)*a? ’
The energy densities of the outgoing waves corresponding to the + and x modes behave as, respectively,
P (1 = A%)?[-2(a* + 2uF (—u)) cos 8 + a(F(—u) — 2u) sin 5 (79)
47" 16(1 + A?)?(a® + 4u?)3F(—u) ’
p ., C*A*=2(a* +2uF(—u))coss + a(F(—u) — 2u) sin §]?
2 Bx = 022 23 : (80)
4 4(1 + A%)*(a* + 4u*)’ F(—u)

At past null infinity u — —oco (v = const), the metric behaves as

(v F(=v)F(v)cosé—+/F(v)F(—v)sind)\/—u

2
dp| +p*(1+A%)dg? + (1 +A)e" (=dr* +dp?),

ds* = dz+2Ac
1+A? ava*+1?
(81)
where
c?[a*(a® — 4v?) cos 26 — 4a’ v sin 26 — 2(a* + 4v?)(a® — 2vF(-v))]
Fo= 2 2\2 2 : (82)
8(a* +4v°)*a
Similarly, the energy densities of the ingoing waves corresponding to the + and x modes behave as, respectively,
p o, A1 =A?)?2(a® - 2vF(v)) cos S + a(F(v) + 2v) sin 5]
AT = 2\2( 2 233 ’ (83)
4 16(1 4+ A%)*(a* + 4v°) F(v)
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1.0 : : : n 1.0 1.0 : : :
0.8} { osf 0.8}
0.6} | os} 0.6}
w o %
04} { o4} 0.4}
0.2} ] o2} k 0.2}
0.0k = s 0.0LA ‘ ook : . —
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
P P P

FIG. 1.

Time dependence of the energy densities &, £, and &, for (a, ¢, A, 5) = (1,2,0.05,0). Each figure displays the snapshots of

&, £,, and &, in the order from left to right, where the gray, red, and blue graphs show the pulses corresponding to t = —15, 0, 14,

respectively.

P~ c?A?2(a® — 2uF (v)) cos 8 + a(F(v) — 2v) sin §]?
4 4(1 + A% (a* + 40*)*F(v) '

(84)

Therefore, it turns out that the ratios of the x mode to the +
mode at future and past null infinities are, respectively,

2
_ﬁ. (85)

BY  4A A2
By (1-4%" A%

This means that these two ratios are exactly equal. It is
worth noting that this is a general fact because the result can
be derived directly from Eq. (40) if the harmonic function 7
vanishes at future and past null infinities, respectively, as

(86)

(87)

B. Reflection

By observing the behaviors of the total energy density &,
the + mode portion £, and the x mode portion £, around
the axis, we show, here, some interesting behaviors of the
gravitational waves that embody genuine nonlinearity of
gravitational interaction.

As a characteristic parameter set, we take (a,c,A,5) =
(1,2,0.05,0), for example. The left, middle, and right
graphs in Fig. 1 display the time evolution of &, £, , and
&, respectively, where gray, red, and blue ones in each
graph show the instantaneous figures corresponding to
t = —15, 0, 14, respectively. From these behaviors of the
energy densities, we may consider that the gravitational
pulse is a regular wave packet that first comes into the
region near the symmetric axis from past null infinity and
leaves the axis after reflection for the future null infinity.
It should be especially remarked from Fig. 1 that the
latter two graphs are different from the first graph, which
shows the behavior of total energy density, namely, the +
mode is dominant away from the axis of symmetry,
whereas the X mode can be comparable to the + mode
near the axis.

The three graphs in Fig. 2 show the time dependence of
the ratio of the energy density of the + mode wave to the
total energy density, £, /&, at each time of r = —10, 0, 10.
It can be found that when the + mode wave that comes in
from infinity reflects at the axis, the pulse with the x mode
is generated just for a moment but it soon vanishes, and the
pulse of almost the + mode goes out to the infinity. We
have numerically confirmed that in each case of A < 1, the
behaviors of a pulse wave are considerably similar.

Next, by observing the time dependence of the ratio
E_ (t,po)/E(t, po), let us see how the C-energy is converted

10 1.0 1.0}
0.8F 0.8 0.8}
w 0.6F w 0.6F w 0.6f
[ [ v
0.4 0.4 041
0.2F 0.2 0.2
00 n n n n n 00 n n n n n 00 n n n n n
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
P 14 4

FIG. 2. Time dependence of the ratio £, /€ for (a, ¢, A,8) = (1,2,0.05,0). In the figures from left to right, the red graph display the

ratio at t = —10, 0, 10
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between the + mode and x mode. The left graph in Fig. 5
shows the time dependence of E_ (¢, 1000)/E(z, 1000) for
—30 < ¢ <30. It can be seen from this graph that only
when the incident pulse with the + mode that comes in
from infinity reflects at the axis around ¢t =0, a large
amount of energy of the + mode is transformed into the
energy of the x mode.

In contrast, for A = 1, displayed numerically in Fig. 3,
Fig. 4, and in the right graph in Fig. 5, the behaviors of
gravitational pulses are quite different. From these figures,
it can be seen that the pulse of the x mode becomes
dominant at infinity p = oo, whereas at reflection at the

PHYSICAL REVIEW D 96, 024023 (2017)

axis, the pulse of the + mode only is just temporally
generated near the axis but decays far off the axis, and then
at last completely vanishes at infinity.

As has been studied by several researchers for two
decays [5,6], this conversion between the different polari-
zation modes is considered to be due to the nonlinear term.
In this present case, the parameter A physically represents
the extent of nonlinear interaction. In particular, for A = 0,
the solution is reduced to the Einstein-Rosen type, which
describes the linear cylindrical waves of only almost the +
mode. For A < 1, only the 4+ mode is present at infinity far
from the axis of symmetry, whereas it is transformed into

1.0 1.0 1.0
0.8} 08f 1 os
0.6} 06f 1 os
w [ M
0.4} 04f 1 o4
0.2} 0.2} 1 o2
0.0 : : 0.0 : ﬂL J ool ‘ ‘
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
p p p
FIG. 3. Time dependence of the energy densities £, £, and &, for (a, ¢, A,5) = (1,2, 1,0). Each figure displays the snapshots of &,

&,, and &, in the order from left to right, where the gray, red, and blue graphs show the pulses corresponding to t = —15, 0, 14,

respectively.
1.0f {1 1o} {1 1o}
08 08 1 os
w 06} w 06} 1w o6}
[ o o
04f 04 1 o4
0.0k : . 0.0L : : 0.0b : .
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
o P o

FIG. 4. Time dependence of the ratio £, /& for (a, ¢, A, §) = (1,2, 1,0). In the figures from left to right, the graphs display the ratio at

t=-10, 0, 10.
1.0} 8 1.0+ B
— |
0.8} + s ] 0.8} 1
w 06} ‘| ] wosef Jifi ]
ui + N Pl
0.4} 1 o4f ]
0.2} 1 02 / \“‘“
ool : ‘ : : : 0oL : ‘ : : ‘
-30 -20 -10 0 10 20 30 -30 -20 -10 0 10 20 30
FIG.5. The left and right figures display the time dependence of the ratio E, (¢, 1000)/E(¢, 1000) for (a, ¢, A, 8) = (1,2,0.05,0) and

(a,c,A,8) = (1,2,1,0), respectively.
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the x mode during the reflection at the axis because the
nonlinear self-interaction is rather enhanced. For A =1,
most only the x mode is present at infinity, whereas it is
transformed into the + mode in the vicinity of the axis. We
have checked that for 6 # 0, the nonlinear effect, which
causes the conversion between the different two modes,
becomes much smaller than for 6 = 0.

For simplicity, we put 6 = 0. 7 vanishes at both past and
future null infinities, so that it turns out from Eq. (43) that
& > &£, at null infinities if and only if

V2-1<A<V2+1.

On the other hand, near the axis, the behavior of 7 is much
more complicated, since it has time dependence as

(88)

ac
s (89)

For example, if the parameters (a, ¢, A) satisfy
V2-1<A<(V2+1)e 5, (90)

the x mode always dominates over the + mode at the axis.
Also as another example, for the parameter set of
(a,c,A) such that
(V2+ e <A<V2-1, (91)
at early time and late time, the + mode is dominant at the
axis, whereas during the reflection of the pulse, the
dominant mode is, first, the x mode, then varies from
the x mode to the + mode, and returns to the x mode again.

PHYSICAL REVIEW D 96, 024023 (2017)
C. Collision

First, with the generalized Halilsoy solution obtained in
Sec. 1V, let us construct the solutions that represent the
collision of multiple gravitational pulses and see numeri-
cally how the conversion between both the modes occurs
by the nonlinear interaction. Note that from the linearity
of 7 and the formula (16) for w, it can be easily shown
that if (z;,,7;) and (7, ®,,y,) are arbitrary solutions
generated by the harmonic mapping for the same A,
(71 4+ 72, @1 + @w,,7) is also a solution, where y is deter-
mined by replacing (z,w) with (7; + 75, ®; + @,) in
Eq. (18). For instance, provided that (z(z), w(z),7(z)) is
a solution with the parameters (a,c,A,5) generated by
the harmonic mapping, one can superpose two different
solutions obtained by time shifts #, 7,: (z(t—1),
w(t=11),y(t—1)) and (z(t—12),0(t—1).7(t—1,)) for
the same (a,c,A,d). Furthermore, in general, one can
superpose an arbitrary number of different solutions
with arbitrary parameters (a;, c;,5;) and time shifts 7;:
(T(f - ti),a)(t - ti),}’(t - ti)’ a;, Ci’5i) for the same A, SO
that by arranging the time shifts appropriately, the colli-
sional solutions required are obtained.

In the following, we set 6 to O for simplicity. The upper
graphs in Fig. 6 show the collision of an outgoing small
pulse with (71, ay,c;) = (—45,1,2) and an ingoing large
pulse with (#,, a,, ¢;) = (55,1, 3) for A = 0.05. The three
graphs are taken at t = 0, 4.6, 10, respectively. The lower
graphs show how the ratio of the energy density of the +
mode to the total energy density, £, /&, changes in the
collision process. It is numerically shown that before
the collision, the ratio £, /& is almost 1, whereas only at

2.0~ 2.0~ 20~
1.5} 1.5} 1.5¢
w 1.0+ 4 w 1.0} {1 w 1.0t
0.5¢ 0.5¢ 0.5¢
0.0 0.0 v 0.0
40 45 50 55 60 40 45 50 55 60 40 45 50 55 60
p(t=0) p(t=4.6) p(t=10)
1.0 L L — 1.0
0.8F 0.8 0.8F
v 0.6F w 06F W 06F
o o o
041 041 041
0.2F 0.2 0.2
00 1 1 1 1 1 00 1 1 1 1 1 00 1 1 1 1 1
40 45 50 55 60 40 45 50 55 60 40 45 50 55 60
p(t=0) p(t=4.6) p(t=10)

FIG. 6. The upper graphs show the snapshots of pulses at the collision for (a;, a,, ¢y, ¢, 1,1, A,8) = (1,1,2,3,-45,55,0.05,0),
where from left to right, the three graphs correspond to # = 0, 4.6, 10. The lower graphs show the ratio £, /€ at each time.
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1.0 1.0} 1

0.8} 0.8} 1

w 0.6} w 0.6} ]

w u

04} 0.4} ]

0.2} 02 TN\ 1

ool : : : 0oL : : :

0 5 10 15 20 0 5 10 15 20

t t

FIG. 7. The time dependence of the ratio E (7, 1000)/E(t,1000) when an outgoing pulse with (a;,c, ;) = (1,2,—45) and an
ingoing pulse with (a,, ¢5, 1) = (1,3, 55) collide at 7 = 5, where the left and right graphs display the ratio for (A, §) = (0.05,0) and

(A, 8) = (1,0), respectively.

the moment they collide, it is slightly decreased, and
after the collision, it again returns to 1. Moreover, the
left graph in Fig. 7 shows the time development of
E . (7,1000)/E(z,1000). It can be seen that only when
two pulses with the + mode collide at 7 = 4.6, just a little
amount of energy of the + mode is transformed into the
energy of the x mode.

Next, we consider the collision of a single outgoing large
gravitational pulse with (7, ag, ¢y) and six ingoing small
gravitational pulses with (#;,a;,¢;)(i =1,...,6) and see
how they mutually interact. The upper graphs in Fig. 8
(Fig. 9) display the snapshots of the total energy density £ at

each time of r=0, 13, 20 when a large pulse with
(t9,a9,co)=(—40,1/7,2) and small pulses with (z;, a;, c;) =
(56 +4i,1,3) [(t;,a;,¢;) = (58+2i,1,3) in Fig. 9]
for A =0.05, and the lower graphs show how the
ratio £, /€ changes in the collision process for the corre-
sponding parameters. It is shown that when they collide, the
x mode is temporarily increased but is decreased shortly
afterward, and the + mode becomes dominant at late time.
Also the left and right graphs in Fig. 10 display the time
development of E_(¢,1000)/E(z,1000) for 0 <t <20
for (ag,a;,co,c;,A,8,t0,1;) =(1/7,1,2,3,1,0,—-40,56 +4i)
and (ao,ai,co,ci,A,é, to,t,’) = (1/7, 1,2,3, 1,0,—40,58+2l),

10 100 100
8 8 8t
6 6 6F
w w w
4 4 4t
O L L 2 L 0 L n A L 0 L i n L
30 40 50 60 70 80 30 40 50 60 70 80 30 40 50 60 70 80
p(t=0) p(t=13) P (t=20)
1.0f Y 1‘0"\_\V\/\/\/\/‘< 101
0.8} 0.8} 1 osf
v o06f w o6f w 06}
¢ [ [
0.4} 0.4} 0.4}
0.2} 0.2} 0.2}
00 n n n n n n 00 n n n n n n 00 n n n n n n
30 40 50 60 70 80 30 40 50 60 70 80 30 40 50 60 70 80
p(t=0) p(t=13) p (t=20)
FIG. 8. The snapshots at the collision of a single large gravitational pulse with (y, ag, ¢g) = (=40, 1/7,2) and six small gravitational

pulses with (¢;, a;,¢;) = (56 +4i,1,3)(i = 1, ...,6) for A = 0.05 and 5§ = 0, where from left to right, the three graphs correspond to
t =0, 13, 20. The lower graphs show the ratio £, /€ at each time.
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10~ 10 10 T T T
8+ 8+ 8+
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4+ 4t 4t
| ,/\/\/\/\A,M 1 1 j\/V\AA,M
0 L I 1 L L n " I 0 L i i L I
30 40 50 60 70 80 30 40 50 60 70 80 30 40 50 60 70 80
p(t=0) p(t=13) p(t=20)
10} — \/ 10} 10} ]
0.8+ 4 0.8 0.8+ B
w 06} w 06} w 06} ]
N N N
0.4} 0.4} 04f
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p(t=0) p(t=13) p(t=20)

FIG.9. The upper graphs show the snapshots at the collision of a single large gravitational pulse with (¢, aq, ¢y) = (=40,1/7,2) and
six small gravitational pulses with (;, a;, ¢;) = (58 +2i,1,3)(i = 1, ...,6) for A = 0.05 and § = 0, where from left to right, the three
graphs correspond to ¢t = 0, 13, 20. The lower graphs show the ratio £, /& at each time.

respectively. Only at the moment the pulses collide, the
energy of the + mode is converted to that of the x mode,
while the energy of the + mode comes to dominate that of
the x mode once they go away from each other. For § # 0, it
can be numerically confirmed that the rate of the conversion
from the + mode to the x mode becomes smaller than
foro = 0.

For A = 1, the situation is considerably different. The
upper ones in Fig. 11 show the snapshots of t = 0, 4.6, 10
at the collision of an outgoing small pulse with
(t1,ai,c;) = (—45,1,2) and an ingoing large pulse with
(t2,a5,¢5) = (55,1,3) for A =1, and the lower ones
show the ratio £, /€ at the respective times. From the

right graph in Fig. 7, it can be observed that the x mode is
dominant far away from the axis, whereas the x mode is
transformed into the + mode only when two pulses
meet ¢ =4.6.

Figure 12 (Fig. 13) displays the snapshots of t = 0, 13,
20 at the collisions of a large pulse with (7, ag, cy) =
(—40,1/7,2) and six small pulses with (#;,a; ¢;) =
(56 +4i,1,3) [(t;,a;,¢;) = (58 +2i,1,3) in Fig. 13]
for A =1 and the left (right) graph in Fig. 14 shows
the time development of the ratio E, (¢, 1000)/E(z, 1000)
for 0 <¢r<20. As is shown in these graphs, when
their pulses collide, the x mode is converted to the +
mode by the nonlinear effect but it is soon decreased, and

1.0} 1.0} ]
S S
Toomtmme,, °..
0.8} T "/’ 1 08r \°°-. /’ 1
w 06} w 06} [ ]
i W =
0.4f 0.4} ]
02f 0.2f ]
00 1 1 1 1 1 1 00 1 1 1 1 1 1
0 5 10 15 20 25 0 5 10 15 20 25

t

t

FIG. 10. The time dependence of the ratio E, (¢, 1000)/E(¢, 1000) when an outgoing pulse with (aq, co, ty) = (1/7,2,—40) and six
ingoing pulses with (a;, ¢;) = (1,3) collide for (A = 0.05, 0), where the left and right graphs display the ratio for #; = 56 + 4i and

t; =5842i(i=1,...,6), respectively.
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FIG. 11. The upper graphs show the snapshots of pulses at the collision for (ay,as, ¢y, ca, 1y, 1, A, 8) = (1,1,2,3,-45,55,1,0),
where from left to right, the three graphs correspond to ¢ = 0, 4.6, 10. The lower graphs show the ratio £, /€ at each time.

after that collision, the + mode becomes dominant at whereas during the collision of their pulses, the mode is
late time. transformed into the x mode due to the nonlinear

We can summarize as follows. For 0 < A <« 1, the + interaction between the pulses. On the other hand, for
mode is dominant at infinity far from the axis of symmetry, A =1, only the X mode exists at infinity, whereas it is

10 10 10
8+ 8t 8
6F 6 6
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4l 4t 4
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I M o Ml MAAAA |
30 40 50 60 70 80 30 40 50 60 70 80 30 40 50 60 70 80
p(t=0) p(t=15) P (t=30)
1.0 g 1.0+ 1.0+
0.8} F
w o6l [
[
04} F
0.2+ F
0.0k : : : : . : : : ‘ ol ‘ ‘ : ‘ :
30 40 50 60 70 80 30 40 50 60 70 80 30 40 50 60 70 80
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FIG. 12. The upper graphs show the snapshots at the collision of a single large gravitational pulse with (7, ay, ¢o) = (=40, 1/7,2) and
six small gravitational pulses with (7, a;,¢;) = (56 +4i,1,3)(i =1, ...,6) for A =1 and 5 = 0, where from left to right, the three
graphs correspond to ¢t = 0, 15, 30. The lower graphs show the ratio £, /& at each time.
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FIG. 13. The upper graphs show the snapshots at the collision of a single large gravitational pulse with (z,, a¢, ¢y) = (—40,1/7,2) and

six small gravitational pulses with (7;, a;, ¢;) = (58 +2i,1,3)(i = 1,...,6) for A = 1 and 6 = 0, where from left to right, the three
graphs correspond to ¢ = 0, 13, 30. The lower graphs show the ratio £, /& at each time.
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FIG. 14. The time dependence of the ratio E (¢, 1000)/E(¢, 1000) when an outgoing pulse with (ag, ¢y, #y) = (1/7,2,—40) and six
ingoing pulses with (a;, ¢;) = (1,3) collide for (A = 1, 0), where the left and right graphs display the ratio for #; = 56 + 4i and

t; =5842i (i=1,...,6), respectively.

transformed into the 4+ mode at the collision of the pulses.
Compared with the reflection at the axis of symmetry,
however, for the collision, the ratio of one mode to the
other mode turns out to be smaller. It may be expected
from this result that the more a gravitational wave is
concentrated, the greater its nonlinear interaction influ-
ence on the mode conversion.

VI. FURTHER GENERALIZATIONS

In the previous sections, we have studied the generalized
Halilsoy pulse solution, which is obtained from the
generalized WWB pulse solution. Furthermore, we can

consider more general pulse solutions that are obtained
from the general form of the extended seeds z,

r=c A C1F (k) e Jo (kp) cos(kt)

+ g(k)e o (kp) sin(kt)]dk, (92)

where we consider that f(k) and g(k) are the arbitrary
functions of k such that this integral converges. The
generalized Halilsoy pulse solution obtained in the pre-
vious sections corresponds to f(k) = cosd, g(k) :\/%siné.

In the following, we present three different types of
solutions.
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A. f(k), g(k): polynomial functions of k

If f(k) and g(k) are polynomial functions of k, it is direct
to obtain the integral expression of 7 from the derivatives of
Teven and 7,49 With respect to the parameter a as follows:

7, = cf(~0,) / " ek 1, (kp) cos(kt)dk
0
+ cg(=8,) /0 " e o (kp) sin(kr)dk  (93)

= f(_aa)Teven + \/Eg(_au)fodd' (94)

It can be immediately shown from Eq. (85) that the two
ratios £, /€ at future and past null infinities are the same
because 7, vanishes at both null infinities, which is easily

derived from the fact that z.,., and 7,49 vanish there.

B. f(k)=0, g(k)=1/k
Next, let us consider the case of f(k) =0 and g(k) =

1/k as a seed solution for the harmonic map, in which case
the corresponding pulse solution 7, can be written as

w1
T, 1= c/ %e‘“kJO(kp) sin(kt)dk
0

= csin™! ( 2 ) + Ea,
V@ + (t+p)+/a*+ (t-p)? 2
(95)

where a is a constant and to obtain this integration
expression, we have used the formula for the Bessel
function in Ref. [32]. If one replaces 7z in Eqgs. (15), (16)
and (18) with 7, one can get a new pulse solution including
the four parameters (a,c,A,a). At past null infinity

u = —oo, the amplitudes behave as

/_} _ 1= A2e—2ﬂ(c—a) 2 F(U) o

4A+ ¢ (1 + A2e (=) | g2 4 492 +O((=u)7),
(96)

e 22 2Ae—7r(c—(l) 2 F(’U) o

4AX ‘ <1 + A2¢2a(c=a) | g2 4 49 +O((=w)7),
(97)

whereas at future null infinity » = oo, the outgoing ampli-
tude behaves as

B2 1—A262”(C+a) 2 F(—M)
O\l a2 ) @ a

+0(v2),  (98)

e 22 ZAelr(cha) 2 F(—u) L
gz <1—|—A2e2”(c+“> a2 O 9)
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It turns out that the ratios of the x mode to the + mode yield
4A2 p-27(c—a)
(1 — A2e~2r(c—a))2”
(100)

Bi 4A2627‘[(C+a> A%(

E - (1 _A2627z(c+a))2 ’ A_i -

which can be immediately obtained from Eqgs. (40). This
result implies that the ratio of the + mode to the x mode
for the ingoing pulse from past null infinity is different
from that for the outgoing pulse to future null infinity. This
difference may be considered to be due to the self-
interaction at the reflection at the axis. It is worth noting
that in general, this spacetime is not asymptotically
flat because the mathematical analysis in Ref. [33] shows
that 7, must vanish at infinity for an asymptotically flat
spacetime.

Furthermore, as in the previous section, let us consider
the collision of two pulses, an outgoing pulse with
(aj,cy,a1, 1) and an ingoing pulse with (a,, ¢y, @, 1)
for the same value of A. In particular, it is of physical
interest to impose the additional condition ¢; = —¢, to
guarantee asymptotic flatness at null infinity for the
solution corresponding to the collision of the two pulses.
The upper figures in Fig. 15 display the snapshots of r = 0,
6.5, 10 at the collision of an outgoing pulse with
(ay,ci,a1,t) = (1,7/2,1,-43) and an ingoing pulse
with (Clz, Co, Ay, t2> = (1, —7[/2, 1,57) for A = 10_7. As
seen in the lower figures, when an outgoing pulse with the
x mode and an incoming pulse with the + mode collide,
they seem to bounce in mutually opposite directions.

C. f(k)=1/Vk, g(k)=0 or f(k)=0, g(k)=1/Vk
Finally, let us consider the case of f(k) = 1/v/k, g(k) =

0 or f(k) =0, g(k) = 1/vk. The explicit expression of 7
can be derived by using the formula in Ref. [34],

o ] —ak \/7_7,' |: [0 :|
—e " Jy(kp)dk = ,PO -,
A \/% 0( ) (az —|—p2)1 —% ((12 +p2)§
(101)
and introducing the (x,y) coordinates in (48),
el
T.=C —e %™ Jo(kp)dk 102
|7 Zeretantie) (102)
— it
VT IPOI[ S ] (103)
[(a—i)?+p?f ~l(a—it)? +p?
OV i+ VP )
2a(x* +y?) K
1 )y —i(y* -1
el D, (104)
Xty
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FIG. 15. The upper graphs show the plots of £ at the collision of an outgoing pulse with (a;, ¢;, ;) = (1,x/2, 1) and an ingoing pulse

with (a,, ¢5,ay) = (1,—/2,1) for A = 1077, where from left to right, the three graphs correspond to t = 0, 6.5, 15. The lower graphs

show the ratio £, /€ at each time.

where P (x) is a Legendre function of x and we have

put @ = a — it. From the real and imaginary parts of 7,
one can obtain the harmonic functions (z,, 7;) correspond-
ing to f(k) = 1/vVk, g(k) =0 or f(k) =0, g(k) = 1/Vk,
namely, as

7, == N[z, 7; = Iz, (105)
At past null infinity # - —co and future null infinity
v — o0, v. behaves as, respectively,

7. = O((-u)™), (106)
7, = O(v™) (107)
Therefore, from (40), the obtained solution has
A2 B 4A?
A2 pr VR (108)
TR (1-4)

VII. SUMMARY AND DISCUSSION

In this work, we have studied the nonlinear properties of
strong gravitational field, based on the analysis of the mode
conversion of the cylindrically symmetric gravitational
waves. The solutions that have been treated here are more
controllable and of a different type compared with the
previous solitonic ones. To construct the solutions, we have
first extended the WWB pulse solution [18,19] within a
class of the Einstein-Rosen waves, and then, regarding the
extended linear pulse solution as a seed, obtained the

generalization of the Halilsoy’s WWB solution with non-
aligned polarization in Ref. [30] by the harmonic mapping
method. The general features of the solutions are as follows:
the obtained solutions describe the nonlinear gravitational
pulse waves with the two polarizations (+ and x modes) that
come from past null infinity, reflect at the axis, and return to
future null infinity; among the four parameters that the
solutions have, especially the parameter A is used to control
the extent of the nonlinearity of gravitational waves.

By varying the parameter A, we have observed the time
variation of mutual transformation between the 4+ mode and
the x mode. In particular, through the reflection process of a
single pulse wave and collision process of two waves, we
have investigated the nonlinearity of the gravitational waves.

To summarize, we can conclude as follows:

(i) Reflection: for some parameters (for instance,
A = 0.05), when a pulse with only almost the +
mode comes from past null infinity and reflects at
the axis, it is converted temporarily to the pulse with
the x mode, soon back to the + mode only, and
returns to future null infinity, whereas for other ones
(for instance, A = 1), vice versa. We may consider
that this occurs due to the very strong nonlinearity
since the self-interaction is considerably enhanced
when a pulse reflects at the axis of symmetry.

(i) Collision: when gravitational pulses collide, the
pulse with only almost the + mode is slightly
converted to that of the x mode but gets back to
the + mode only, and vice versa. We may consider
that the nonlinear interaction has a greater influence
on the mode conversion when gravitational waves
are concentrated in a line than when in a planar.
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In the collision of a single pulse and multipulses,
the 4+ mode is more converted than in the collision of
two single pulses. This result implies that the longer
gravitational waves with the different modes interact
nonlinearly with each other, the more one mode is
converted to the other mode.

In the rest, we briefly comment on further investigations
based on the solution derived here. To set physically more
interesting problems, it is natural to introduce an appro-
priate observer (for example, a distant observer) and also
some probes interacting with the waves (i.e., test particles,
test rings, and so on). For a distant observer watching the
behavior of the waves in the strong interaction region, it
may be important to know, first of all, whether the
conversion phenomenon can be detected or not, and, if
possible, it may be interesting to determine how the
phenomenon take place. However, it is easily expected
that the observation may be difficult in the case of pure
vacuum where only the waves exist, because the rate of
mode mixing that the waves generally show returns to the
initial one quickly after the occurrence of the conversion.
Once the test objects are introduced we can know the
existence and more detailed characteristics of the phe-
nomenon through the motion of those objects. In fact, by
analyzing the effect of the waves on a test particle, the
precedent work [22] shows that the WWB linear polarized
wave causes strong “linear stretching” in the directions
transverse to its propagation as well as “linear dragging” in
the radial direction. If the conversion occurs at the position
where such a particle is placed, it may be expected that the
effect of the waves on the particle is qualitatively different
from the case of the original WWB wave. That is, the
ringing way of the particle varies depending on the way of
the conversion. Such approaches are useful to clarify
detailed nonlinear properties of gravitational waves.

For a further application, it is noteworthy that the mode
conversion of the Einstein vacuum system is closely related
to that of the Einstein-Maxwell system: the mode con-
version between two gravitational wave modes can be
interpreted as that of gravitational waves and electromag-
netic waves.

In fact, as is well known [26], the vacuum Einstein
equation with cylindrical symmetry is exactly equivalent
with the Einstein equation with whole-cylindrical sym-
metry in the presence of the Maxwell field with only a
magnetic potential A . To see this, let us assume that in the
Einstein-Maxwell system, the metric is written in the
diagonal form

ds® = e dz?> + p*e~ W d? + 2TV (—di* + dp?),  (109)

and furthermore, the Maxwell’s field strength is denoted by
F=e% % (dd A df), where ® is a certain function,
and ¢ = g,,dx". Following, for example, Ref. [35], if one
replaces (7,4, ®.7) with 2y, @,®,4y), respectively, then
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the Einstein-Maxwell equation coincides with the vacuum
Einstein Eqgs. (2)-(5) in the Kompaneets-Jordan-Ehlers
form (1). This fact gives us the physically interesting
phenomenon that a large portion of the gravitational pulse
wave with a single polarization mode can be converted to
the electromagnetic pulse wave with a single polarization
mode at the axis of symmetry in the same way as a large
portion of gravitational pulse with the 4+ mode is converted
to that of the x mode, as seen in Fig. 1.

Hence if there exists a charged test particle near the
symmetric axis, a distant observer can see easily the way of
the conversion between the gravitational wave and the
electromagnetic wave through characteristic changes of
glittering of the charged particle. From the viewpoint of the
initial value problem, further, the above fact may lead to a
possibility of a strong burst of electromagnetic waves: if the
concentration of gravitational waves with the 4+ mode
exists near the axis at the initial time, the gravitational
waves decay immediately, and at the same time, the strong
electromagnetic waves are generated with only the little
electromagnetic wave existing. Further analysis on this
point will also be interesting.

Finally, we briefly comment on the alternative cylindri-
cal gravitational energy mentioned in the introduction and
compare it with the C-energy. From a standpoint of
symmetry reduction, the other definitions of the energy
were given in Ref. [17] for (the Einstein-Rosen type of) a
diagonal metric and in Ref. [36] for an off-diagonal metric,
respectively. According to them, the energy density is
defined by

c_P _

E=Lery, =

g Per(A2 + B2 + AL + BY),

(110)

which leads us to the following natural definitions for the
energy densities corresponding to the + and x modes,

(111)

(112)

where one notes that the factor e™” comes from the volume
element of the region symmetry reduced along the z
direction. The total energy contained within the radius

po (: constant) at a certain time ¢, the total energies assigned

to the + and x modes are defined as, respectively,

E(t.po) /mé(tpdp, (113)
Ec(tpo) = [ (tp)dp. (114)
Edtn) = [ Edlt.p)dp, (115)
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The behaviors of this ratio £, /€ are exactly the same as
that of the ratio £,/ defined in terms of the C-energy
densities since this extra factor e77 is reduced. Moreover, in
general, the ratio of total energy E_ (. po)/E(t. p) does not
coincide with the ratio E (t,py)/E(t,p) but we have
numerically checked that there is no qualitative difference
from the results in this paper.

PHYSICAL REVIEW D 96, 024023 (2017)

ACKNOWLEDGMENTS

This work was supported by the Grant-in-Aid for
Young Scientists (B) (Grant No. 26800120) and Grant-
in-Aid for Scientic Research (C) (Grant No. 17K05452)
from the Japan Society for the Promotion of Science
(S. T.).

[1] B.P. Abbot et al. (LIGO Scientific Collaboration and Virgo
Collaboration), Observation of gravitational waves from a
binary black hole merger, Phys. Rev. Lett. 116, 061102 (2016).

[2] B. P. Abbot et al. (LIGO Scientific Collaboration and Virgo
Collaboration), GW150914: The advanced LIGO detectors
in the era of first discoveries, Phys. Rev. Lett. 116, 131103
(2016).

[3] G.A. Alekseev, Collision of strong gravitational and
electromagnetic waves in the expanding universe, Phys.
Rev. D 93, 061501(R) (2016).

[4] J. B. Grifiths, Colliding Plane Waves in General Relativity
(Dover Publications, New York, 2016).

[5] T. Piran, P. N. Safier, and R. F. Stark, A general numerical
solution of cylindrical gravitational waves, Phys. Rev. D 32,
3101 (1985).

[6] A. Tomimatsu, The gravitational Faraday rotation for
cylindrical gravitational solitons, Gen. Relativ. Gravit. 21,
613 (1989).

[7] J. B. Griffiths and S. Micciché, The Weber-Wheeler Bonnor
pulse and phase shifts in gravitational soliton interactions,
Phys. Lett. A 233, 37 (1997).

[8] A.D. Dagotto, R. J. Glleiser, and C. O. Nicasio, Time-shift
phenomena in Einstein-Rosen solitarylike waves, Classical
Quantum Gravity 8, 1185 (1991).

[9] J. Bicdk, Selected solutions of Einstein’s field equations:
Their role in general relativity and astrophysics, Lect. Notes
Phys. 540, 1 (2000).

[10] S. Tomizawa and T. Mishima, New cylindrical gravitational
soliton waves and gravitational Faraday rotation, Phys.
Rev. D 90, 044036 (2014).

[11] S. Tomizawa and T. Mishima, Nonlinear effects for a
cylindrical gravitational two-soliton, Phys. Rev. D 91,
124058 (2015).

[12] T. Igata and S. Tomizawa, Gravitational solitons in Levi-
Civita spacetime, Phys. Rev. D 91, 124008 (2015).

[13] T. Igata and S. Tomizawa, Gravitational two solitons in
Levi-Civita spacetime, Classical Quantum Gravity 33,
185005 (2016).

[14] V. A. Belinski and V. E. Zakharov, Stationary gravitational
solitons with axial symmetry, Sov. Phys. JETP 50, 1 (1979).

[15] V. A. Belinski and E. Verdaguer, Gravitational Solitons
(Cambridge University Press, Cambridge, 2001).

[16] K.S. Thorne, Energy of infinitely long, cylindrically sym-
metric systems in general relativity, Phys. Rev. 138, B251
(1965).

[17] A. Ashtekar, J. Bicdk, and B.G. Schmidt, Asymptotic
structure of symmetry reduced general relativity, Phys.
Rev. D 55, 669 (1997).

[18] J. Weber and J. A. Wheeler, Reality of the cylindrical
gravitational waves of Einstein and Rosen, Rev. Mod. Phys.
29, 509 (1957).

[19] W.B. Bonnor, Non-Singular fields in general relativity, J.
Math. Mech. 6, 203 (1957).

[20] A. Einstein and N. Rosen, On Gravitational waves,
J. Franklin Inst. 223, 43 (1937).

[21] J.B. Grifiths and J Podolsky, Exact Spacetimes in
Einstein’s General Relativity (Cambridge University Press,
Cambridge, 2009).

[22] J. Bicak, J. Katz, and D. Lynden-Bell, Gravitational waves
and dragging effects, Classical Quantum Gravity 25,
165017 (2008).

[23] D. Lynden-Bell, J. Bicak, and J. Katz, Inertial rotation
induced by rotating gravitational waves, Classical Quantum
Gravity 25, 165018 (2008).

[24] J. Bicak, J. Katz, T. Ledvinka, and D. Lynden-Bell, Effects
of rotating gravitational waves, Phys. Rev. D 85, 124003
(2012).

[25] J. Eells, Jr. and J. H. Sampson, Harmonic mappings
of Riemannian manifolds, Am. J. Math. 86, 109 (1964).

[26] H. Stephani, D. Kramer, M. A. H. MacCallum, C. Hoenselaers,
and E. Herlt, Exact Solutions of Einstein’s Field Equations,
2nd ed. (Cambridge University Press, Cambridge, 2003).

[27] B. C. Xanthopoulos, A rotating cosmic string, Phys. Lett. B
178, 163 (1986).

[28] D. Papadopoulos and B.C. Xanthopoulos, Tomimatsu-
Sato solutions describe cosmic strings interacting with
gravitational waves, Phys. Rev. D 41, 2512 (1990).

[29] B. C. Xanthopoulos, Cylindrical waves and cosmic strings
of Petrov-type D, Phys. Rev. D 34, 3608 (1986).

[30] M. Halilsoy, Cross-polarized cylindrical gravitational waves
of Einstein and Rosen, Nuovo Cimento Soc. Ital. Fis. 102,
563 (1988).

[31] P. Jordan, J. Ehlers, and W. Kundt, Exact solutions of the field
equations of general relativity, Akad. Wiss. Lit. (Mainz)
Abhandl. Math. Nat. KI. Jahrg 2,21 (1960); A. S. Kompaneets,
Strong gravitational waves in vacuum, Zh. Eks. Teor. Fiz. 34,
953 (1958) [Sov. Phys. JETP 7, 659 (1958)].

[32] L. S. Gradshteyn and I. M. Ryzhik, in Table of Integrals,
Series and Products, Corrected and Enlarged Edition
(Academic Press, New York, 1980), p. 763.

024023-19


https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.131103
https://doi.org/10.1103/PhysRevLett.116.131103
https://doi.org/10.1103/PhysRevD.93.061501
https://doi.org/10.1103/PhysRevD.93.061501
https://doi.org/10.1103/PhysRevD.32.3101
https://doi.org/10.1103/PhysRevD.32.3101
https://doi.org/10.1007/BF00760621
https://doi.org/10.1007/BF00760621
https://doi.org/10.1016/S0375-9601(97)00441-6
https://doi.org/10.1088/0264-9381/8/6/015
https://doi.org/10.1088/0264-9381/8/6/015
https://doi.org/10.1007/3-540-46580-4_1
https://doi.org/10.1007/3-540-46580-4_1
https://doi.org/10.1103/PhysRevD.90.044036
https://doi.org/10.1103/PhysRevD.90.044036
https://doi.org/10.1103/PhysRevD.91.124058
https://doi.org/10.1103/PhysRevD.91.124058
https://doi.org/10.1103/PhysRevD.91.124008
https://doi.org/10.1088/0264-9381/33/18/185005
https://doi.org/10.1088/0264-9381/33/18/185005
https://doi.org/10.1103/PhysRev.138.B251
https://doi.org/10.1103/PhysRev.138.B251
https://doi.org/10.1103/PhysRevD.55.669
https://doi.org/10.1103/PhysRevD.55.669
https://doi.org/10.1103/RevModPhys.29.509
https://doi.org/10.1103/RevModPhys.29.509
https://doi.org/10.1016/S0016-0032(37)90583-0
https://doi.org/10.1088/0264-9381/25/16/165017
https://doi.org/10.1088/0264-9381/25/16/165017
https://doi.org/10.1088/0264-9381/25/16/165018
https://doi.org/10.1088/0264-9381/25/16/165018
https://doi.org/10.1103/PhysRevD.85.124003
https://doi.org/10.1103/PhysRevD.85.124003
https://doi.org/10.2307/2373037
https://doi.org/10.1016/0370-2693(86)91489-9
https://doi.org/10.1016/0370-2693(86)91489-9
https://doi.org/10.1103/PhysRevD.41.2512
https://doi.org/10.1103/PhysRevD.34.3608
https://doi.org/10.1007/BF02725615
https://doi.org/10.1007/BF02725615

TAKASHI MISHIMA and SHINYA TOMIZAWA

[33] J.J. Stachel, Cylindrical gravitational news, J. Math. Phys.
(N.Y.) 7, 1321 (1966).

[34] 1. S. Gradshteyn and I. M. Ryzhik, in Table of Integrals,
Series and Products, Corrected and Enlarged Edition
(Academic Press, New York, 1980), p. 711.

PHYSICAL REVIEW D 96, 024023 (2017)

[35] S.S. Yazadjiev, Nonrotating cosmic strings interacting with
gravitational and electromagnetic waves, Int. J. Mod. Phys.
A 20, 7505 (2005).

[36] K.R.P. Sjodin, U. Sperhake, and J. A. Vickers, Dynamic
cosmic strings. 1., Phys. Rev. D 63, 024011 (2000).

024023-20


https://doi.org/10.1063/1.1705036
https://doi.org/10.1063/1.1705036
https://doi.org/10.1142/S0217751X05025486
https://doi.org/10.1142/S0217751X05025486
https://doi.org/10.1103/PhysRevD.63.024011

