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Gravitational waves in doubly coupled bigravity
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We consider gravitational waves from the point of view of both their production and their propagation in
doubly coupled bigravity in the metric formalism. In bigravity, the two gravitons are coupled by a
nondiagonal mass matrix and show birefrigence. In particular, we find that one of the two gravitons
propagates with a speed which differs from one. This deviation is tightly constrained by both the
gravitational Cerenkov effect and the energy loss of binary pulsars. When emitted from astrophysical
sources, the Jordan frame gravitational wave, which is a linear combination of the two propagating
gravitons, has a wave form displaying beats. The best prospect of detecting this phenomenon would come

from nano-Hertz interferometric experiments.

DOI: 10.1103/PhysRevD.96.023518

I. INTRODUCTION

The recent direct detection of gravitational waves [1,2]
as predicted by general relativity (GR) [3] one hundred
years ago could also serve as a test for alternative theories
of gravity. For instance a loose bound on the deviation of
the speed of gravitational waves from the speed of light
has been extracted from the recent LIGO events [4].
Hence gravitational waves can be used to constrain certain
modified gravity theories. Motivated by the late time
acceleration of the expansion of the Universe [5,6], models
of massive gravity [7,8] have been recently considered
where gravity could be the result of the existence of two or
more gravitons [9,10]. In the case of bigravity, the general
case we will consider here is that of doubly coupled models
whereby a linear combination of the two gravitons couple
to matter [11,12]. The gravitational wave phenomenology
of the singly coupled case has already been considered
[13,14] with the existence of beats in the wave form, which
could be detectable by LIGO only if the speed of gravi-
tational waves is extremely close to one. In this paper, we
generalize these results to the doubly coupled case, where
the amplitude and the phase of the Jordan frame wave is
shown to have differing characteristics from the singly
coupled case. For instance, the modulation of the GR
wave emitted by far away sources does not vanish at large
frequency any more.

In bigravity, the two gravitons obey coupled propagation
equations with eigenmodes whose speeds deviate from one.
In this paper, we focus on the cosmological models where
the graviton mass is of order of the Hubble rate now—the
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background and perturbative cosmology of such doubly
coupled models has previously been explored in [15-18].
On scales much shorter than the size of the Universe, the
mass terms can be neglected and the emission from local
sources resembles the one in GR for each individual
graviton. We examine the emission from such sources
and apply it to the case of binary pulsars. The energy loss is
modified compared to GR, which results in a tight bound
on the deviation of the speed of gravitational waves at the
per mil level [19]. Once emitted and far away from the
source, these waves propagate like plane waves which mix
and show birefringence, i.e. the Jordan frame gravitational
wave can be expressed as an effective propagation wave
with a frequency dependent amplitude and phase shift
whilst the effective gravitational speed differs from one and
is also frequency dependent. The gravitational Cerenkov
effect when the effective speed is smaller than the speed of
light leads to an even tighter bound [20-22] than the one
from binary pulsars.

In view of the recent direct detection of gravitational
waves, one may enquire whether gravitational birefrin-
gence could be observed. This would require us to disen-
tangle the frequency dependence of the wave form from
its amplitude, as the amplitude would be degenerate with
the features, such as the masses, of the emitting system.
We find that this can only be envisaged at best in the
nano-Hertz regime [23] and for small differences between
the effective gravitational speed and the speed of light.
Otherwise, it is likely that the modulation of the bigravity
signal would be averaged out resulting in an undetectable
change of the wave amplitude.

The paper is arranged as follows. In Sec. II, we recall the
main features of doubly coupled bigravity. In Sec. III, we
consider the tensor modes and their emission from local
sources. This allows us to use the binary pulsars to put a
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bound on the effective speed of gravity. In Sec. IV, we
analyze the propagation from a distant source and in
Sec. V the prospect of detecting the effects of gravitational
birefringence.

II. BIGRAVITY
A. The model

We consider massive bigravity models coupled to matter
in the constrained vielbein formalism, which is equivalent
to the metric formulation [24], for energy scales below the
strong coupling limit Az ~ (MpH3)'/3 corresponding to
scales larger than 1000 km’s.' Bigravity can be formu-
lated using two vielbeins ef, and €3, [25], which couple
to matter with couplings f; , respectively [1 1,12].* The
action comprises three very distinct parts. The first one is
simply the Einstein-Hilbert terms for both metrics g,l,;,2
built from the two vielbeins

R R
Sg = [ d* ‘ & 2
G / X 6Gy T / Y2 162Gy

where R,, are the Ricci scalars built from the respective
metrics, and ¢, , are the determinants of the vielbeins viewed
as 4 x 4 matrices. The individual vielbeins eg,, @ = 1, 2 are
constrained to satisfy the symmetric condition

(2.1)

(2.2)

a ,b — ,a ,b
elye2y”ab - ely62/477aba

which we explicitly enforce. This ensures the equivalence
with doubly coupled bigravity in the metric formulation, in
particular all the terms in the action can be written in terms of
the two individual metrics gy, @ = 1, 2 defined by

(2.3)

— a ,b
ng - ”abeaﬂeav'

Matter, i.e. all the fields of the standard model of particle
physics, couple to the Jordan metric

(2.4)

— a,b
gﬂl/ - nabeﬂeb

built from the local frame [12]

'"Technically speaking this is the scale where perturbative
unitarity is lost for fluctuations around Minkowski. While this is
therefore an excellent guess for the cutoff scale, whether full
unitarity is lost at As, i.e. whether this scale is a strict cutoff, is
still not known. Also note that, for backgrounds different to
Minkowski, this scale will get redressed. For example ratios of
the scale factors in the theory will modify this scale, when FRW
backgrounds are chosen for both metrics.

Note that in general other consistent nonderivative matter
couplings exist [26], but when enforcing the symmetric vielbein
condition (as we do here) the couplings of [11,12] are the unique
consistent matter couplings [26-30]. In this context also note the
derivative couplings of [31].
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ey = pref, + prey, (2.5)

where a is a local Lorentz index and p the global coordinate
index associated with the one forms ¢ = ejdx*. The Jordan
metric g, is explicitly related to the gj,’s by

G = BiGu + PrP2Y  + Big (2.6)
where we have defined the symmetric tensor
Yo = Nap(€1,€5, + €5,€7,) (2.7)

which is also directly linked to gj,,a=1, 2 as the
symmetric condition is enforced.

Matter fields y; are (minimally) coupled to g,, and the
matter action involves the coupling of the matter fields y;’s
to the Jordan metric g,,

Sm(l//i’ g/w)' (28)

Massive bigravity involves also a potential term [9,10,25]

_ A4 ijkl 4 uvpo ,a ,b ,c ,d
Sy =A g m /d X €apca€”’ €y 5,1 €,
ijkl

(2.9)

where

A = m*M3, (2.10)
and m is related to the graviton mass while the dimension-
less and fully symmetric tensor m“* involves five real
coupling constants of order one. Both the matter coupling
and the potential terms can be expressed as a function of
the individual metrics gj,.

The Jordan frame energy-momentum tensor is
defined by
268
Tyw=———0r, (2.11)
e ogt”

which is obtained by varying the matter action with respect
to the Jordan metric, i.e. not with respect to the two metrics
Jiw- The Einstein equations for both metrics which follow
from this setting read

G,, = 82Gy(T), +T},) (2.12)
and
where we have introduced the tensors
2 68 2 8Sy
¢ —__ 7 T¢ = —— 2.14
nv ey 5&# uv €y dd;v ( )

from which both the background cosmology and the gravi-
tational wave equations can be deduced. In the following, we
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will recall how the background cosmological solutions
appear. For gravitational waves, we will derive them by
directly using the Lagrangian of bigravity at the second order
level in the gravitational perturbations.

B. Cosmological background

The previous model can be specialized by choosing the
cosmological ansatz for the metrics

ds? = a}(—dn? + dx?*) (2.15)

and

ds3 = a3(=b*dn* + dx?) (2.16)

where the ratio between the lapse functions b* plays a
crucial role in the modification of gravity induced by the
bigravity models. We consider the coupling of bigravity to
a perfect fluid defined by the energy-momentum tensor

™ = (p+ p)u'u’ + pg"” (2.17)

where the 4-vector u# is u# = Z—f: and the proper time in the

Jordan frame is simply d77 = —gudx"dx”. Using the fact
that the Jordan interval is given by

d52 = _(ﬂlal +ﬂ2b(12>2d7’]2 + (ﬁlal —|—ﬂ2a2)2dx2

(2.18)
we can identify the Jordan frame scale factor
a; = pray + pray (2.19)
and the conformal times
dn = dn, dn, = bdn (2.20)
when the Jordan conformal time is
b
0y = prai + P, @ 4 (2.21)
prai + pra,

Matter is conserved in the Jordan frame, as follows from the
residual diffeomorphism invariance of the matter action,
implying that

dp
S 3a;H;(p+p) =0

a0, (2.22)

where the Jordan frame Hubble rate is identified with

da_] 1

H, = =
! ajdn;  (Pray + pobay)a,

(p1aiH, + pra3iH,)

(2.23)

and we have introduced the two Hubble rates H; =
da, __ da, H, = da7

ady, — aldy’ 2=
governed by the two Frledmann equations

. The cosmological dynamics are
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a
SHIME, = B L p+ 24n ik LKL 2.24
1Pl — '% Cl
1
and
3H2M> 3 o aa.a
=5 p+24A4m2ﬂ<l—-’a§ L (225)
2

These equations have two types of solutions. Here we
consider only the branch of solutions which satisfies the
constraint

arH,
a1H1'

(2.26)

This choice is dictated by the fact that the standard
background Friedmann-Robertson-Walker (FRW) cosmol-
ogy in the radiation and matter eras can be retrieved along
this branch. The other branch suffers from inconsistencies
at the background level in the radiation era [16]. It turns out
that the dynamics simplify both at late and early times.
When dark energy is negligible, i.e. in the radiation and

matter eras, we have that the ratio X = 22 > converges to a
constant
XX, = 22 (2.27)
1

and in the asymptotic future when dark energy dominates,
i.e. when the terms in A* in both Friedmann equa-
tions (2.24) and (2.25) are dominant, we have that

X - X, (2.28)
where
2jkl
X, = ZJ,{,Z;ZEZE (2.29)
In both cases we have that
b=1. (2.30)

3Between these eras, and in particular now, b # 1 and X is
not equal to its asymptotic value [24], see Fig. 1. Although
we have not performed a thorough investigation of the

It is interesting to notice that although X, diverges formally
when f; — 0, the physical Hubble rate in the Jordan frame H; in
both the matter and radiation eras is given by

ﬁ% —i—ﬁ%
HR=11 72 2.31
J 3 ]2)1 P ( )

which is well-behaved and shows that the effective Newton
constant is rescaled by a factor 5% + 2.
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FIG. 1. The variation of b as a function of Ina; for a model
where all the m;;;; = 1, f; = 1.1 and 8, = 1. In the recent past of
the Universe, b starts deviating from 1 before settling back to one
in the far future.

dependence of the maximal deviation of b from unity as a
function of the parameter space of the model, yet some
conclusions can be drawn easily. For instance, b deviates
from unity only when the two couplings f3; , differ or the
five constants m;;, differ too. In [24], some examples
where the couplings or the constants m;j; differ were
considered. What we find is that the percentage of devia-
tion of b from unity is roughly given by the percentage
of difference of the couplings or the constants m;jy
respectively. In the numerical example of Fig. 1, the two
couplings deviate by 10% which is also the maximal
deviation of b from unity. This deviation will prove to
be particularly important for gravitational waves as the
effective speed of propagation deviates from one when
b # 1, i.e. we can expect to have non-standard gravitational
wave propagation in the recent Universe.

III. TENSOR MODES: EMISSION
AND PROPAGATION

A. Propagation equations in vacuum

There are two gravitons in bigravity models. They can be
characterized using the tensor perturbations of the two
vielbeins

se§' = ayhl; (3.1)

where a =1, 2 and A, is a symmetric transverse and
traceless tensor with two degrees of freedom. In the rest of
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this paper, we do not consider scalar and vector perturba-
tions and only concentrate on the helicity two parts of the
perturbations [24]. The potential term of bigravity induces a
mass term for the gravitons which reads

Mgﬁ(ay) = —24m2(babﬂ)1/2maﬁ(ay) (3.2)
which is a symmetric matrix of order m? where
map(a Zma[iyéa as- (33)

and a, = b,a, with b; = 1 and b, = b. This mass matrix
is solely determined by the overall scale m and the
constants m,g,; from the potential term of bigravity.
Here we assume that these constants are all naturally
chosen to be of order one implying that the whole mass
matrix is of order m, i.e. of the order of the Hubble rate now
H,. We have normalized the tensor modes according to

h Mplalh }_llzj :MPI h2

sl (34)

Ij’

Notice that the mass matrix is not diagonal and evolves
with time. This induces a mixing of the two gravitons, i.e.
birefrigence. The evolution equations for the two gravitons
h; and h, in vacuum can be deduced from the action
expanded to second order in the perturbations and read

d*h 1 d’a
dn 21 Ahy + (M%l(ar) [ d 21>h1 + M (a,)hy, =0
(3.5)
and
d hz b1/2 dZ(azb—l/Z) B
— b*Ah M3 ——=——1h
e 2+ ( nla,) - @ d? 2
+ M3, (a,)h; = 0. (3.6)

The coupling between the two gravitons will induce beats
in the Jordan gravitational waves. This follows from the
fact that matter couples to the Jordan frame combination of
gravitons

a,h;i, = ﬁlalhjl +ﬁ2a2h§2 (3.7)
and one can see that this evolves with time, i.e. matter
couples to different gravitons in the history of the Universe.

Let us now consider the propagation when matter sources
are taken into account.

B. Gravitational waves from local sources

Let us now consider a gravitational source and the way
gravitational waves are emitted. This can be conveniently

023518-4



GRAVITATIONAL WAVES IN DOUBLY COUPLED BIGRAVITY

analysed starting from the action of the two gravitons
coupled to matter. Let us recall first how this operates in
general relativity. The action involves

1 (dh;;dhi =- =_.. 1da-..
Lor == | —2L———=Vh;;Vhi +=-—hii},;
GR 2<d11 dn Y +ad112 U)
+- LT, (3:8)
Pl

where T;; =T}; —%T and indices are raised with .
The gravitational equation becomes
h; - . _
a0 T by T

(3.9)

where here a is the scale factor of the FRW Universe and
T;; the traceless part of the spatial energy momentum
tensor. Notice that in general relativity we have 82Gy =
Mp?. In bigravity, matter couples to the Jordan frame

energy-momentum tensor too via
Sin = / d*xa; (B\h{ + o' 2h)T ;. (3.10)

As a result the coupled gravitational equations become

d*h!; - 1 d?a,) -
ij 1 2 1 1
P _Ahij+ (Mn(“y)—a_]d—nz)hij
_ a; -
+ M3, (a,)h? = B, M—;T,-j (3.11)
and
2}3[2/ . 5 b1/2 d2(a2b—1/2) -
P —-b Ahij + (Mzz(“y) _G—T>hzj
_ b1/2a B
J’_M%l(a}’)h}j :ﬂzM—JTij- (3.12)
Pl

Notice that the source terms involve both couplings to
matter f;, and complement the propagation equations in
vacuum (3.11) and (3.12). In the following, we shall be
only interested in waves which propagate on distances for
which one can neglect the effects of the cosmological
evolution. The generalization to the cosmological case
can be easily analyzed too and is left for future work.
We will also assume that the waves are emitted at a redshift
corresponding to a; in bigravity and agg in A-CDM. Both
in bigravity and in GR, the scale factors a; and agg are
normalized to be one now. As a result, the metrics read

dsgg ~ —dity + digg (3.13)
and
ds3 ~ —dt5 + dr3 (3.14)
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where dt; = a;dn and dtggr = agrdn. Moreover we have
d?‘] = a‘]d)_C' and d?GR = aGRd)_c'. As agr~ ajy~ 1 in the
recent past of the Universe, the only difference between
the two metrics now comes from the different clocks with
ay :ﬁlal —I—ﬁ2a2 and le :ﬂlal —|—ﬁ2ba2 when b ?é 1.
We also assume that the waves can be well approximated
by plane waves sufficiently far from the source.

C. Emission from binary pulsars

The emission of gravitational waves by binary pulsars
leads to tight constraints on modified gravity. Here the
emission takes places on scales much smaller than the
inverse mass of the gravitons, i.e. less than the size of
the Universe. The perturbative equations that we adopt are
only valid at low energy corresponding to time scales larger
than the inverse cut-off A7! ~ 1072 s. As the typical period
of binary pulsars is of the order of a few hours, the description
which follows, where the emission of gravitational waves
is considered in bigravity, can be applied to binary pulsars.
The wave equations in the emission region therefore simplify

@hi ARl =B a T 3.15
d 2 ij _IIM—PI ij ( . )
and
d*n?, _ a,b\? _
— U P2ARE =Byt T... 3.16
dﬂz ij ﬂZ MP] ij ( )

The Newtonian trajectories of the binary objects are not
modified in doubly-coupled bigravity (see Sec. Vof [24]) and
here we consider that this is still a reasonable assumption in
the case of compact objects with Newtonian potentials
®y <0.1. In the quasistatic limit and in a Minkowski
background this follows from the fact that the extra scalar
field in the spectrum of bigravity decouples from matter in
the doubly coupled case. This can also be seen in the
decoupling limit where the coupling of the scalar field #
appears in the form 9,0, #T* which does not lead to a source
term for 7 and therefore implies that there is no new force
acting on massive objects. The solutions to the wave
equations are simply

. a T =lx=yly)

hl(%,n) = / A'.<¥/d3 M 3.17
lj(x 'I) ﬂl 477MP] ij y |x_y| ( )
in conformal coordinates and

~ a.bl/2 T--(n—l"_y‘ y)

R2(Zn) = ot AK [ By0 b 77 (318
lj('x '7) ﬂ2 477:MP1 1// y |x—y| ( )

Assuming that the energy-momentum tensor of the source has
compact support and |x| > |y| we have the approximation
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— a; 1 _
hgj(% n) =p 4”MP1|7A{'(;/d3yTij(n_ |x

y) (3.19)

Using the identity

42 o .
- / PyyyiTO( — |x],y) = 2 / YT (5~ ], y)
(3.21)

for the conserved energy-momentum in the Jordan frame, we
find that

K g2

hil (R.1) = Paba® (3.22)

a;8zMp; |x|

where indices are raised and lowered with the flat §Y.
This implies that

12
I R
B+ Bajaiy °

where we have used the fact that the local and cosmological
Newton constants in bigravity models is [24]

(3.23)

Glocal - cosmo - (ﬂz +ﬂ2) (324)

where Gy is only a parameter in the action. We have

introduced the usual tensor
Akl Pk PJ

1
ZP,»ij’ (3.25)

where

which is the projector orthogonal to the propagation vector 7;.
The tensor Af} enforces the transverse traceless condition.

We also have the Jordan combination

aj i+ bp; 1 d*1¥!

IL(7.0) = Geomo 22y 2 = Ay =
l.]( 77) cosmo a, /}%_’_ﬂ% |X| jkl d772

(3.27)
where, in terms of the matter density p,

Fij _ 3 ivj 1 ij1v]2

= [ &y(yy 36 YI* )p(n—Ix.y)  (3.28)

to leading order in a multipolar expansion. We have assumed
that b is very close to unity.
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The energy flux emitted by the object can be evaluated as
in [32] where it is the energy given to matter minus the
one that matter radiates subsequently. As the gravitational
waves couple to matter in the Jordan frame, this depends
only on the derivatives of h;

N 1 dhtj 2
N 877:613 dtj

where the average is a time average. The energy loss is
given

(3.29)

dE

d—tj——/Fa3|x|2dQ (3.30)
and therefore
dE a B +bM\2, ...
= == LGl o | 2 ) (Z)? 3.31
e 1 G S RCAURNCED

where the time derivatives are with respect to 7. As a result

dE <ﬁ% + bﬁ%)%f} dE
diy  \P+p3) ajdic

(3.32)

Notice that the deviation from the GR result is only present
when b # 1. As we have already recalled, this is the case in
the present Universe. There is a tight constraint on the
possible difference with GR and it reads [19]

pi+ bﬂz)

4
0.995<< : =
B+

J

(3.33)

which gives a constraint on b at the 1073 level. In the
following, we shall investigate what happens to the
propagation of the gravitational waves when b is con-
strained at a level tighter than one per mil.

Our calculation has taken into account the quadrupolar
emission from binary pulsars. In this case, the distance
between the two stars is much larger than the cutoff distance
of bigravity and our calculation is valid where the two stars
are considered to be orbiting subject to Newton’s law.

On the other hand, since the stars themselves (typically
neutron stars) are much smaller than the cutoff scale of
bigravity, their dynamics will most likely be sensitive to
details of the UV completion of the theory. For example,
the additional decoupled scalar degree of freedom of
doubly coupled bigravity [24], which naively becomes a
ghost below the cutoff distance, may correspond to a
healthy degree of freedom in the UV-completed theory
and lead to stars acquiring scalar charges. This would lead
to the possible emission of dipolar gravitational waves
[33,34]. Another phenomenon which is beyond the present
treatment corresponds to the last phase of the merger
between two black holes when their distance falls below
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1000 km’s. The calculation of the emission spectrum
cannot be tackled using the models described here.
All these effects are beyond the present work.

IV. PROPAGATION

Let us come back to the propagation of gravitational
waves in empty space, when the initial wave is due to a
localized source which is far-away and the waves can be
considered to be plane-waves.

A. Eigenmodes

It is convenient to define the effective mass matrix

2 _ 1da 2
pr My = ar M, il
- M3 M2, _ b2 @b 1)
12 2" 4y, ap )

The two propagation equations for gravitons have two
eigenmodes which can be described by

ha:l: _ Aaiei(wit—ilz.}) (42)

where a = 1, 2. The eigenfrequencies are given by the
quartic dispersion relation

w* — (1 + B + M3, + M3y — M3, 053,
0.

Y Ry
+ (K + M) PPk + M3,) = (4.3)
Defining the discriminant
A=((1- bz),‘(’Z + MY = M5,)? + AMLM3, (44)
we have the two eigenfrequencies
2K + M3 + DK+ M3,) + VA
G)Zi _ w ( + 11 + + 22) \/_ (45)

2

We only consider gravitational waves such that > ]\71,2/
as the mass matrix elements are of order H, and astro-
physical waves are much more energetic than this. As a
result we obtain the expansion

2 72 72 MAI‘Z
wi ~ k" + M7y + T 2 o
(1 =b2)k" +Mi — My
— - M
W2 ~ 2K+ M3,y — 12 — . (4.6)
(1 =) + M3, - M3,
The two eigenmodes are then obtained as
h_ - l’lz—Cl’ll, h+ :hl +Cl’lz (47)
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in terms of s, where

Mi,
C= (=) + i, — 1% (4.8)
11 2
Equivalently we have
h, —Ch_ h_+ Ch,
e Mere WY

which will be useful when defining the Jordan frame
graviton. It is convenient to define the characteristic wave
number

B M2 — M2
= M= M| |111_b2|22’. (4.10)

Hence when k > k, C goes to zero in 1/k* whilst when
k < k, C goes to a constant or order one. In fact we have

- M?
k<k, — Creg—tar (4.11)
My — M3,
and
, M3, i
My, — M, k

The wave number k depends on how small the deviation

o, —a_|

~|b—-1
-]

(4.13)

can be, i.e. how small |b — 1] is.

The initial conditions for &, are related to the waves
obtained in general relativity (as the size of the regions
where the waves are created is smaller than the cosmo-
logical horizon and their energy is very large compared to

H,) scaled by £ebi
o) scaled by e

4
llj .
e lo» see (3.23), i.e.

1/2 4
_8 = %% 0/1GR (4.14)
Pi+ Py aggay

where the first denominator comes from the rescaling
between the cosmological and local, i.e. physical,
Newton constant and the fiducial one in the action.
This follows from the calculation in Sec. III of the wave
form emitted from a local source. The local source
generates the initial wave which then propagate far away
in a plane wave approximation. The resulting waves after
emission are then simply
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}_l - <ﬁ ﬂl (eiw+t+czeiwt>
BBl 1+

N ﬁZC elo+t _ plo_t iz aéjl
e~k
R AN ajagy

hGR
0

(4.15)

and

_ ﬁ2b1/2 elo-t + C2eiwst

o= (e )
1+ 53 1+C

B ﬂlc plo-1 _ pio. 1 e—il}‘j aﬁ
P+ 1+ aaiy

As a result we get for the Jordan frame gravitational wave

hGR.
0

(4.16)

h; = ash; = pyhy + prb"hy (4.17)

the following

- (1 + prb'/2C)? gt 4 (Bb"% — B,C)? gt
! 1+ C? 1+ C?
4
—ikx 9y har
X e (4.18)
ayaglo B + B3

This is the wave-form emitted by a far-away source when
the gravitational waves show a birefringent behavior.

B. The effective speed of gravitational waves

When the b is very close to one, the wave generated by a
distant source A; = N(h,) reads

cos(iw. 1 — ik.X)

+ )
A - <(ﬁ1] 450)

+ Wcos(iw_t - iié.)?))

4
ay her

X
=3 o, 2
ajagg i+ P5

(4.19)

where @, ~ _. Defining 0 = 2= and Aw = 0_ — o,
we have
A — (B + B2b'2C)* + (Bob'* = B C)?

;=

14 C?

x cos(Awt) [cos(wt — ik %)

(B1+B2b'2C)? = (B2 — p1 C)?
(B1 + pab'2C)? + (pob'? = 1 C)?

h
R (4.20)
o1+ P

4
x tan(Awt) sin(wt — ik.)'c’)] a—g
aJaGR
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This represents wave beats compared to the usual wave
front of GR. When the two eigenfrequencies satisfy
Awt < 1, the wave form can be cast into a propagating
wave with a time dependent phase shift

A; = Acos(wt — ik — 8) (4.21)
where the amplitude is given by
4= B+ 5ab'2CP + (BobY? — piC)?
1+ C?
x cos(Awr) a4 |t (4.22)

asagglo Bt + 53
with a small time dependence and a phase shift

i+ Bab'2C)? = (Byb'? = 1 C)?
o= Eﬁll +ﬂ§b1/2C;2 T Eﬁzb”z _ﬁllcgztan(Awt). (4.23)

The wave propagates with the energy

M3 M3,
f— k R — _—
@ =kt T bk

(4.24)
e

in an expansion in % and k = Vk*. We have introduced

the effective speed of the gravitational waves

cr = ﬂ (4.25)
2

This effective speed is highly constrained when b < 1, i.e.
when the effective speed is less than the speed of light.
Indeed in this case, high energy cosmic rays can emit
gravitons in a Cerenkov fashion and this would deplete the
number count of cosmic rays on earth. This is not the case if
and only if [20,21]

(1-b) <1071, (4.26)
One can check that in this case Awd < 1 for sources such
that d << 100 Mpc. Of course the energy of cosmic rays is
higher than the cutoff scale of doubly coupled bigravity so
this constraint may be relaxed when considering the UV
completion of the model.

As a result, we see that the effective speed of gravita-
tional waves is extremely constrained by observations.
In the following section, we will consider the prospects of
detecting deviations from GR when the parameter b is so
tightly bounded.

C. The emitted spectrum and detection prospects

Let us now consider the spectrum of gravitational waves
at a distance d from the source. For that, it is convenient to
consider the spectrum as obtained from the square of the
amplitude
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4
op = (2

~ 3
ajagr

B+ 155

)2 <ﬂ% + bﬂ%>2< (B1 + B2b'2C)*(pob"/? — p,C)?
1-4 2 212
0 (BT + bp3)

(4.27)

sin? <(“’+ _2“">t>> harl?.

This means that the signal has a change of amplitude and a time modulation, and that at a time ¢t = d

4
a

P, (k) = (&]aé
GR

e -
0 b1+

the spectrum is modulated by a frequency dependent
prefactor. Let us first connect with the case of singly
coupled gravity. When f; or f, vanishes we find that

_ 4 2 _ d
|hj|2 = <~ a',3 > <1 - 4C28in2 ((w+ w_) >> |hGR|2
ajagrlo 2

(4.29)

where C is constant for k < k and vanishes at large k [14].
This retrieves the known results of the singly coupled
case. In the doubly coupled case, the term in sin’> never
vanishes, i.e. this is a clear difference with the singly
coupled case.

Let us notice that the modulation should only be effective
when the variation of the sin’> term is not too rapid
compared to the frequency of the signal in GR. If this is
the case and the averaged (sin’) = 1/2 is used, the effects
of bigravity are only a change in the amplitude of the
signal, i.e. degenerate with the astrophysical features of the
emitting system. On the other hand when

b-1]%

. (4.30)

exp
where k., is the most sensitive frequency of the detecting
device, and d the distance to the emitting source, the
modulation of the GR signal would be relevant. For sources
around d = 100 Mpc and a sensitivity peaking in the nano
Hertz regime [23], we can hope to observe effects for
|b—1| <1077, four orders of magnitude lower than the
pulsar bound. The pulsar bound would be probed only by
the detection of nano Hertz events in our immediate vicinity
around 10 kpc.

V. DISCUSSION AND CONCLUSION

We have discussed the emission and the propagation of
gravitational waves in doubly coupled bigravity. The
deviations from GR are essentially governed by one
parameter b which differs from one only in the transient
cosmological era between the matter era in the past and the
future dark energy dominated one. It turns out that the
deviation of this parameter from one measures the effective

b12C)2(B,b'/2 — B,C)* —w_)d
(B1+ P> (ﬂ%lgfﬁz%)z pC) sin? ((0)+ 260 ) >)PGR(k) (4.28)

|

speed of gravitational waves in bigravity. This can be
constrained by both the absence of gravitational Cerenkov
effect and the energy loss of binary pulsars. As a result, we
do not expect that the effective speed of gravitational
waves differs from one by more than one per mil. This is
still large enough to induce possible modulations of the
wave form of the gravitational wave signal in the Jordan
frame, i.e. the gravitational wave coupled to matter. The
best prospect of detecting this gravitational birefringence
would be with nano-Hertz interferometry experiments,
and deviations of the gravitational speed up to 10~ would
be observable from sources further than 100 Mpc. Another
way of detecting these effects would be to monitor nearby
sources of both gravitational and electromagnetic waves
and trying to detect a phase difference between these
signals [35].

The bound on |[b— 1| <1073 from binary pulsar con-
straints implies that other effects of bigravity such as a
change in the growth of cosmological structures would also
be tightly restricted. Indeed, as an order of magnitude, the
growth parameters such as ¢ and X deviate from GR as
|b—1| and therefore one would not expect effects on
structure formation much larger than the percent level.
This would have implications for the detection of bigravity
effect by future cosmological surveys [36]. The details of
this comparison are left for future work.
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