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The model proposed by Georgi and Machacek enables the Higgs sector to involve isospin triplet scalar
fields while retaining a custodial SU(2), symmetry in the potential and, thus, ensuring the electroweak p
parameter to be one at tree level. This custodial symmetry, however, is explicitly broken by loop effects of the
U(1), hypercharge gauge interaction. In order to make the model consistent at high energies, we construct
the most general form of the Higgs potential without the custodial symmetry, and then we derive the one-loop
p functions for all the model parameters. Assuming the §; quantities describing the custodial symmetry
breaking to be zero at low energy, we find that |§;| are typically smaller than the magnitude of the U(1),
gauge coupling and the other running parameters in the potential also at high energy without spoiling
perturbativity and vacuum stability. We also clarify that the mass degeneracy among the SU(2),, 5-plet and
3-plet Higgs bosons is smoothly broken by ~0.1% corrections. These results show that the amount of the
custodial symmetry breaking is kept well under control up to energies close to the theory cutoff.

DOI: 10.1103/PhysRevD.96.015001

I. INTRODUCTION

The discovered scalar particle with a mass of 125 GeV at
the LHC run-I experiment shows properties which are
consistent with those of the Standard Model (SM) Higgs
boson [1]. This experimental fact suggests that the Higgs
sector should be constructed by at least one isospin doublet
scalar field. Due to the still poor experimental accuracy,
there are various possibilities for extensions of the Higgs
sector, which are predicted in many new physics scenarios,
from the minimal form assumed in the SM. Therefore, the
open question is then “what is the true shape of the Higgs
sector?”

One of the most important hints to narrow down the
structure of the Higgs sector comes from the electroweak p
parameter, which is defined by the ratio of the strength of
the charged electroweak current to the neutral one at zero
momentum transfer. It is well known that its experimental
value is quite close to unity, and in fact the global fit
analysis gives p®P = 1.00037 £ 0.00023 [2]. On the other
hand, the tree-level p parameter can be expressed by the
ratio of the weak gauge boson masses in an arbitrary Higgs
sector, which is a sum of contributions from the scalar
multiplets ¢; with hypercharge Y;, isospin 7; and vacuum
expectation value (VEV) v; [3],

where 6y, is the weak mixing angle. Requiring that, in
Eq. (1), the contribution to the numerator equals that to the
denominator for a fixed multiplet ¢;, we obtain

Ti:%(\/l—klZY%—l). (2)

The combinations of 7; and Y; satisfying the above
equation are (7;,Y;) = (0,0), (1/2,1/2) and (3,2).!
Therefore, the introduction of the scalar multiplets with
the above assignments does not change the value of p'®
from 1, regardless of the value of their VEVs.

On the contrary, if we introduce scalar multiplets with
T; > 1 not satisfying Eq. (2), p"™® can be different from 1.
In such a case, there are two ways to avoid the constraint
from p®P, namely, (i) tuning the exotic VEVs® to be quite
small, or (ii) taking an alignment among the exotic VEVs
so as to have a custodial SU(2), symmetric potential.
The former way is evident, since the contribution to
the deviation in p"° from unity is proportional to the
squared VEVs as seen in Eq. (1). The latter way gives
phenomenologically interesting consequences due to non-
negligible exotic VEVs. One of the most characteristic
consequences is seen in the SM-like Higgs boson (h)
couplings to the weak gauge bosons AVV (V =W, Z),
which can be larger than the SM prediction [5-7]. Such
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m%cos?0y 2|0l ?Y? ’ '"The next possibility is (7;,Y;) = (25/2,15/2), but the
introduction of such scalar multiplet breaks the perturbative
_ unitarity due to too large gauge couplings for component scalar
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phenomena cannot be realized in nonminimal Higgs sectors
constructed only by singlet and/or doublet scalar fields.

The model by Georgi and Machacek [8,9] (hereafter,
simply called the GM model), whose Higgs sector is com-
posed of one iso-doublet with ¥ = 1/2 and two iso-triplets
with Y =1 and Y =0, is the simplest3 concrete realization
which satisfies p"™ = 1 by the requirement (ii) explained
above. Basic phenomenological properties of the Higgs
bosons in the GM model, e.g., decays and productions, have
been discussed in Refs. [11,12]. After the discovery of the
125 GeV Higgs boson, the collider phenomenology of the GM
model has been discussed in Refs. [13,14] at the LHC and in
Ref. [15] at future e e~ colliders.

In the GM model, the two triplet fields can be packaged
as an SU(2); x SU(2) bi-triplet, and the doublet Higgs
field forms a bi-doublet by itself. As a result, the Higgs
potential is invariant under the global SU(2), x SU(2)g
symmetry. If we take the VEV of the bi-triplet field to be
proportional to the 3 x 3 unit matrix, which corresponds to
taking the two triplet VEVs to be the same, the SU(2), x
SU(2)r symmetry breaks down to the custodial SU(2),
symmetry.

However, it is known that this custodial SU(2), sym-
metry is broken at quantum level due to the U(1)y
hypercharge gauge boson loop effect [16]. In this paper,
we quantitatively investigate how this custodial SU(2)y,
symmetry is broken at high energies by solving the one-loop
renormalization group equations (RGEs) for scalar quartic
couplings. We will show that in order to have consistent /3
functions, we need to start from the most general form of the
Higgs potential invariant under the SU(2), x U(1), gauge
symmetry. We then numerically evaluate all the running
coupling constants with the initial condition that all the
SU(2),-breaking parameters vanish at low energy. We find
that the amount of the custodial symmetry breaking is well
kept under control, thus making the custodial symmetric
scenario also accessible at high energies.

This paper is organized as follows. In Sec. II, we present
the most general form of the Higgs potential in the GM
model. We then discuss the relation between the general
form and the custodial symmetric one, and define the limit

|
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to recover the latter at tree level. In Sec. III, we clarify the
inconsistency in the derivation of the f functions starting
from the custodial symmetric form of the potential. In
Sec. IV, we first derive the allowed region in the parameter
space by bounds from triviality and vacuum stability as a
function of the cutoff scale. We then calculate the magni-
tude of parameters describing the custodial symmetry
breaking at high energies. We also show the prediction
of the mass spectrum for the Higgs bosons at the Te'V scale.
Conclusions are given in Sec. V. In Appendix A, we list
some useful relations between the SU(2); x SU(2)y bi-
doublet and bi-triplet form of the scalar fields and the usual
SU(2), doublet and triplet ones. In Appendix B, the mass
formulas for all the scalar bosons are given in the general
case (but assuming the two triplet VEVs to be the same)
and in the custodial symmetric case. In Appendix C, the
analytic expressions for the one-loop £ functions for all the
parameters of the GM model are presented.

II. THE MOST GENERAL POTENTIAL
FOR THE GM MODEL

The scalar sector of the GM model is composed of the
complex isospin doublet ¢ with ¥ = 1/2, the complex
triplet y with ¥ = 1 and the real triplet £ with ¥ = O fields.
These fields can be expressed by

n Lyt T
() (5 )
X 5 < -5
(3)

where the neutral components are parametrized as
1 1
0_ ; 0 _ :,0
¢ _\/§(¢r+v¢+l¢i)7 X _\/i()(f+l)(i)+v)(v

50 - gr + Uf’ (4)

with v,, v, and v. being the VEVs for ¢°, »° and &,
respectively. The most general form of the Higgs potential,
invariant under the SU(2), x U(1), gauge symmetry, is
given by

+ " Ep + o (@7 (ita)x T p + Hoe + pstr(x x€) + A(p7)?
+ i le ()P + pate(r ) + pstr(E) 4 pate(r )t (82) + pstr(y T E)tr(Ey)
+o10(r )P P + 020 10 P + 03t0(E2) P + 04 (9 xEP + Hocl), (5)

where ¢¢ = it,¢*. Although u, and o4 can be complex, we assume them to be real for simplicity. In this CP-conserving
case, the potential is described by 16 independent real parameters. Conventionally, the model with the potential given in
Eq. (5) has not been referred to as the GM model. Rather, the GM model has been known as the case where the potential has
a global SU(2); x SU(2), symmetry. In this paper, we will regard the model with Eq. (5) as the generalized GM model.

This mechanism (ii) can be generalized for models with scalar multiplets with 7; > 1 as discussed in Ref. [10].
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Instead of using the scalar fields given in Eq. (3), let us write the potential with the global SU(2), x SU(2)x symmetry in
terms of the SU(2), x SU(2)g bi-doublet @ and the bi-triplet A scalar fields:

)(O* é:+ )(++

(053 +
‘D=<iﬁ¢_ Z°> A= — & ] (6)

It takes the following form:

V(®,A) = mitr(D'®) + mitr(ATA)
+ e (@TD)? + 4, [tr(ATA)]? + A3tr[(ATA)?] + A4tr(DTD)tr(ATA)

+ 7 7’ oAb
b

+ iyt (cp* %tb 5 > (PTAP)® + fi,tr(ATt* At”) (PTAP), (7)
where 7 and t“ (a = 1-3) are the 2 X 2 and 3 x 3 matrix representations of the SU(2) generators, respectively. The matrix

P is defined as

-1/V2 i/v2 0
P= 0 o 1]. (8)
1/V2 i/v2 0

The potential given in Eq. (7) is described by nine independent terms.” Taking the vacuum alignment configuration, i.e.
vp =0, = Vg, the SU(2); x SU(2), symmetry is spontaneously broken down to the custodial SU(2), symmetry, and the
electroweak p parameter is predicted to be unity at tree level.

By using the relations presented in Appendix A, we find the following correspondence between the parameters defined in
Eq. (5) and those defined in Eq. (7):

Iz Iz _
mg, = 2myg, m2 = 2m3, m; = m3, W= —715, Hy = —?1, 3 = 6V/2fi,,
A =44y, p1 =44 + 643, p2 = =443, p3 =2(A + 43), pa =44, ps = 43,
6y =4y — s, 6y = 2)s, 63 = 24, 6, =\ 2s. 9)

From the above equations, we can express 7 out of the 16 parameters of the potential in Eq. (5) (let us choose m?, M2, P345
and o, 5) in terms of the others:

U TP
£ 2 % 2 \/zlula
1 1 3 1 1 1
P3 =501 +Zﬂz7 P4 =Py +§P2, Ps = —Pa2, 03 =501 +4_102’ Oy = 7502- (10)

It is convenient to describe the effect of the custodial symmetry breaking in terms of the following quantities §;:

m; H P1_ P2 3
515”12—7)(, 525/42—75’ 535!)3—?—?7 545/’4—/71—5,02’
o (op) o
05 = ps + pa, 56563_?1_2’ 57504—7%- (11)

We then define the custodial symmetric limit by §; — 0, where the 16 independent parameters of the general potential are
consistently reduced to 9.

*The custodial symmetric potential does not contain any CP-violating parameters.
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The mass formulas for all the physical Higgs bosons are
presented in Appendix B for the general case given in
Eqg. (5) with the two triplet VEVs v, and v, to be the same.
This relation v, = v, is weakly broken at the TeV scale as
we will show in Sec. IV as long as we take §; — 0 at low
energy. In Appendix B, we also derive the mass formulas in
the custodial symmetric case, in which all the physical
Higgs boson states are classified into the SU(2), 5-plet
(HE* HE,HY), 3-plet (Hi, HY) and two singlets (H and
h), and the masses of the Higgs boson belonging to the
same SU(2), multiplet are degenerate. Thus, there are only
four independent masses for the Higgs bosons, i.e. the mass
of the 5-plet (my, ), that of the 3-plet (my,), and those of
the two singlets my and m;,. We will identify & to be the
discovered Higgs boson at the LHC with a mass of
125 GeV, i.e., m;, = 125 GeV.

Finally, let us discuss the vacuum stability condition,
namely the requirement that the potential does not fall down
into a negative (infinite) value at any direction of the scalar
field space. In Ref. [17], the vacuum stability condition has
been derived in the custodial symmetric case. In the general
GM model, there are five more independent quartic cou-
plings. The necessary condition to guarantee the vacuum
stability is here derived by assuming two nonvanishing
complex fields at once. Taking into account all the directions,
we obtain the following inequalities:

420, p3 =0, p1+p2 20, /’1+p—2220,
Pi+ 5+ V20501 + ) 2 0.

2p3(p1 +p2) 20,
ps+23/p3(2p1 + p2) 2 0,
pa+ps+2v/p3(2p1 +p2) 20,
o1 +2v/A(p1 + p2) 20,
o1+ 03+ 2y/Api +p2) 20,
T 20
03+ +/24p3 > 0. (12)

Before closing this section, we briefly review the other
parts of the Lagrangian related to the Higgs fields. The
kinetic Lagrangian is given by

Liin = %tr(D”CD)T(D”CD) + %tr(DﬂA)T(D"A), (13)

where the covariant derivatives are expressed as

. T . i
Dﬂd>:8”d)—lgzzW,’j¢)+lngﬂq)E, (14)
D,A = 0,A —igyt"WiA +ig B, AP, (15)

PHYSICAL REVIEW D 96, 015001 (2017)

Equation (13) can also be written in terms of the ¢, y and &
fields, as

Lin = 10,912 + (D) (D) + (D) (D¥2)),

(16)
with

i i
D, = (3,4 - EQQTQWZ - 5913,4)(15,

i a a s
Dy = 0ux = 59" Wiixl = ig1Bux.

i
Dygzaﬂg_EQZ[TaW;jvg]‘ (17)

The gauge boson masses are then given by

%
4cos’Oy,

@
4

miy =72 (v +4vp +40}), mi = (3, + 802).

(18)

From Eq. (1), we can see that, in the custodial symmetric
case, 1.€., Uy, = Vg = U, p'® = 1 is satisfied. In this limit, it
is convenient to introduce the angle f relating to the two
VEVs v, and v, by tanf = v¢/(2ﬂvA). Also, the SM
VEV v is identified by »* = v} + 803 = (V2Gp)™' =
(246 GeV)? with Gy being the Fermi constant. The
Higgs boson couplings to gauge bosons are obtained from
Eq. (16). As it was already mentioned in the previous
section, the SM-like Higgs boson couplings to gauge bosons
hVV (V =W, Z) can be larger than the SM prediction:

GM 2
Ky = g’s’% = sinffcosa — 2\/;cosﬂsina, (19)
Gnvv

where giM, (gih) is the AVV coupling in the GM model
(SM), and a is the mixing angle between the CP-even Higgs
bosons defined in Eq. (B27). Clearly, ki, can be larger than 1,
because of the factor 24/2/3 in the second term of k,, which
comes from the Clebsch-Gordan coefficient of the SU(2),
triplet representation field.

Finally, the Yukawa Lagrangian is given as follows’:

Ly = —y,03 it*¢p*tg — y,03 pbg — y,L3 drx + Hoc.,
(20)

°In the GM model, there is another possible Yukawa term,
written as L§ iz“yL;, which provides Majorana masses for the
left-handed neutrinos. This is known as the type-II seesaw
mechanism [18]. In our paper, we do not take into account this
Yukawa coupling, because it is negligibly small as compared to
the Yukawa couplings for the doublet Higgs field given in
Eq. (20).
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where we only show the third generation fermion part
with Q3 = (t,b)! and L} = (v,,7)!. The fermion masses
are obtained as my = y;v sinf/v2 (f = t, b, 7) by taking

(¢°) = vsinp/v2.

II1. INCONSISTENCY IN THE g-FUNCTION
CALCULATION FOR THE CUSTODIAL
SYMMETRIC CASE

As we already explained in the Introduction, we encoun-
ter an inconsistency in the calculation of the RGEs, if we
start from the Higgs potential defined in Eq. (7). The source
of such inconsistency is the U(1), gauge interaction in the
kinetic Lagrangian for the Higgs fields, which explicitly
breaks the custodial symmetry at tree level. In fact, the
kinetic Lagrangian given in Eq. (13) is not invariant under
the transformations ® — ®UL(A — AUYL), where Uy is
the SU(2)y transformation matrix, due to the generator
73(#3). This breaking term affects the scalar potential sector
at loop level; i.e., there appear additional operators which
break the custodial symmetry and cannot be expressed in
terms of ® and A defined in Eq. (6). We note that this
breaking effect due to the U(1), gauge interaction is also
present in the SM. In that case, however, the custodial
symmetry emerges accidentally after writing down all the
possible renormalizable terms in the potential, so that no
additional operators can be generated radiatively. There-
fore, there is no such inconsistency in the SM.

In order to clarify this problem, let us show as an
example, the calculation of the one-loop f functions for the
dimensionless couplings p;, po and p; given in Eq. (5).
These can be derived by considering the one-loop vertex
function for the y} term (denoted as T'+) and that for the &}

term (denoted as lA"a;) as follows [y, and &, are introduced in
Eq. (D],

Pp=Tfe 00 Ta=TE+T0  (21)
where we have separately indicated the tree-level and the
one-loop one-particle irreducible (1PI) diagram contribu-
tions. Let us concentrate on the O(gf) terms, so that we do
not take into account the contribution from the wave
function renormalization of the scalar fields which provides
O(g?) terms in the § function.

The terms arising from the tree-level diagrams turn out
to be

5 = —6(p1 +p2),
T = —12p; = —6p; — 3p, — 1263, (22)

where we used Eq. (11). From the one-loop 1PI diagrams,
we obtain the following contribution to the O(g}) term:
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F)igl:#]Sg‘flnszr-n, F{g’l:()+...7
where we have displayed only terms proportional to In z?
with u being an arbitrary scale from the dimensional
regularization. Because the renormalized vertex function
must not depend on y, the following equation should be
satisfied

d . d .
f.= f. =0, 23
ding ©  dinp & (23)

from which we obtain

Plpy)lg = —769‘11 —4p(53).

Blos)l 129} + 45(55). (24)

" l6n?
where the f function for a parameter X is defined by

d
dnyu

B(X) = (25)

Next, let us consider the y* "y ~y,x, and Yy "y x x,
vertices. By following the same steps, we get

N 1
Uy, = =201 + @69‘11 Ing® 4.+, (26)
f)ﬁ*}r’){’xr =—V2p,+ -, (27)

which give

1
Blpi)lg = @69?, Bp2)lgs =0. (28)

1

By comparing Eqgs. (24) and (28), it is clear that we need a
nonvanishing contribution from &;; otherwise, the f func-
tions for the same coupling obtained by considering
different vertices do not have the same form. In particular,
compatibility requires

1
p(83) = - @39?- (29)

Conversely, 63 vanishes in the custodial symmetric poten-
tial (together with all the other §-terms), thus giving rise to
the mentioned inconsistency in the computation of the f
functions. This issue is not particular of p; and p,, but
rather it is common to all the other couplings in the
custodial limit. Therefore, in order to obtain a consistent
description in terms of the RGEs, we need to introduce the
custodial symmetry breaking parameters, or in other words,
we need to start from the most general potential given in
Eq. (5). In Appendix C, we present the expressions of the
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Running of the dimensionless coupling constants in the case of y; = 100 GeV, p; = 0 and tan f = 5. We take the values of

(p1 pa, 01, 02) parameters at the initial scale y = po(= my) to be (0,0,0,0), (0.1,0.1,0,0) and (0,0,—0.4,0.4) for the left, center and right
panels, respectively. The value of A at u° is fixed to satisfy m, = 125 GeV.

one-loop f functions for all the 16 parameters of the general
potential, those for the three gauge couplings, and those for
the top and bottom Yukawa couplings.

In Fig. 1, we show the scale dependence of the
dimensionless couplings which are evaluated by numeri-
cally solving the one-loop RGEs. We here take all the §;
parameters to be zero at the initial scale y, = m , namely,
we assume the custodial symmetric scenario at u,. The
three panels display the running behavior for three different
configurations of the initial values of the p;, p,, o7 and o,
parameters. We can see that the values of §; become
nonzero at u > yo and their magnitudes monotonically
increase, but the maximal value of |§;] at 4 > p is typically
smaller than the maximal magnitude of the other running
scalar couplings at the same scale p. We will further discuss
the values of the running §; parameters and their relative
size to the other running scalar parameters at high energies
in the next section. Depending on the initial values, Landau
poles can appear at different energy scales, e.g. y ~ 10'°
and ~10'7 GeV in the center and right panel of Fig. 1,
respectively. Requiring the absence of Landau poles within
a certain energy scale constrains the parameter space. This
feature will be discussed in the next section.

IV. NUMERICAL RESULTS

In this section, we discuss some numerical consequences
of the evolution in energy of the couplings of the GM

model by using the one-loop RGEs. We use the general
setup but assuming the custodial SU(2), symmetry in the
Higgs potential at low energy in order to keep the
electroweak p parameter to be unity. This is realized by
taking 6; — 0 as defined in Eq. (11).

We first survey the parameter region allowed by the
bounds from vacuum stability and triviality as functions of
the cutoff scale A fr- The former one is defined in such a
way that all the inequalities given in Eq. (12) are satisfied
up to Acyoff» in Which all the dimensionless parameters
should be understood as functions of the scale y. The latter
is defined by requiring that there is no Landau pole up to
Acuofr- Here, we impose the following criteria as the
triviality bound for all the dimensionless parameters:

[A(w)| < 4, lpi(u)| < 4,

lo;(u)] <4m for py < p < Acyofts

(30)

where i = 1,...,5 and j =1, ...,4. The initial scale y is
fixed to be my. In addition to the vacuum stability and
triviality bounds, we also require that all the squared
masses for the physical Higgs bosons are positive at .
We want to show the behavior of the custodial symmetry
breaking parameters o; at high energies according to the
evolution of the parameters as given by the RGEs. In
particular, we want to check if the custodial symmetry is
only weakly broken at high energies. Since we take the
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100

tanf

FIG. 2. The shaded region is allowed by the triviality and the
vacuum stability bounds with the required cutoff scale to be larger
than 10" GeV (red), 10® GeV (blue) and 10* GeV (black). We
take p) = pY = 69 = 69 = u3 = 0. The green dashed lines show
the contour of 9.

custodial symmetric scenario (6; — 0) at g, all the other
parameters at y are determined according to Eq. (10).
In the numerical analysis, we choose the following seven
parameters in the potential, with §; = 0, as inputs,
p9.05,6%,65, 19, 13, tanp, (31)
where X° = X(u,). Notice that the tadpole conditions vary
by changing y, so that the value of tan f also depend on u.
For this reason, we introduce tan #° = tan 3(i). The value
of 1% is determined so as to satisfy m, = 125 GeV.
We first consider the case with p§ = p3 = 69 = 69 = 0 as
a starting point. In Fig. 2, we show the allowed parameter
space on the y{—tan ° plane with u§ = 0. The black, blue

tan[30=5
1000 T T T
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~
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&
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g 600r |
z
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FIG. 3.
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and red shaded regions are allowed from the requirement of
Acuoe > 10%, 108 and 10'° GeV, respectively. In this figure,
we also show the contour of the scaling factor «%, whose tree-
level formula is given in Eq. (19). We see that the large
Ayt is allowed in a limited interval of tan #° depending on
the value of ,u(l). For example, the allowed region with
Acuofe > 10" GeV is obtained in the case with 3 < tan 0 <
10 (20 < tan ° < 80) for 1§ = 100 (1000) GeV. This can be
understood by the fact that this region requires a smaller
value of A° to satisfy m;, = 125 GeV as compared to the
outside region, which makes the appearance of the Landau
pole at a higher-energy scale. We also see that in this
configuration, 9 > 1 is predicted in the most of the
parameter region on this u{—tan$° plane. Finally, we
checked that the allowed region from the triviality and the
vacuum stability bounds and the behavior of ), do not
depend so much on the value of 4 as long as we take uJ to
be not too large to give a negative value of m%,s. In fact, by

requiring m7;_> 0, from Eq. (B22) we obtain

1y < 2uftan?p0 + v(p9cos 0 + 309 tan fOsin f0),  (32)

Let us show the previously derived bounds in terms of the
masses of extra Higgs bosons, namely, the custodial 3-plet
mass my, and the S5-plet mass my;_ at y,. In Fig. 3, we show
the allowed parameter space on the my —my, plane with
pl=p)=0)=069=0 and fixed values of tanp’, i.e.,
tan 8’ = 5 (left) and tan 8° = 10 (right). Again, we show
the contour of the i, value by the green dashed curves.
Similarly to Fig. 2, the black, blue and red shaded regions are
allowed by requiring Ay to be larger than 10, 10% and
10" GeV, respectively. In this plot, the values of 49 and x93
are determined for each point on this plane through

tanBO =10

1000 E—

200

200 600 800

400
m,. [GeV]

The shaded region is allowed by the triviality and the vacuum stability bounds with the required cutoff scale to be larger than

10" GeV (red), 10® GeV (blue) and 10* GeV (black) GeV. The value of tan #° is chosen to be 5 (left panel) and 10 (right panel). We
take p9 = p9 = 69 = 63 = 0. The green dashed lines show the contour of the &9, value.
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FIG. 4. Values of Max(|5;|) (i=3,....7) (left) and R = Max(|5;|)/Max(|4].|p;|.|o¢]) (G=1, 2 and k=1, 2) (right) at
u = 10'* GeV on the p?—pJ plane (upper panels) and the 69— plane (lower panels). For all the figures, we take u = 100 GeV,

43 =0 and tanp® = 5.

Egs. (B22) and (B23). As a typical behavior, larger my, and
my, are allowed with higher Ay for the case with larger
values of tan 3°. This property can also be seen in Fig. 2,
where a larger value of 4 which provides larger values of
my, and my_, is allowed for a larger value of tan p°. Itis also
seen that the region with my, > my, and ) > 1 is favored
by the triviality and the vacuum stability bounds.

Now, let us consider the case with the boundary con-
ditions different from p? = p9 = 6 = 65 = 0. In Fig. 4,
each dot is allowed by the triviality and vacuum stability
bounds with Ao > 10'° GeV in the case of u =
100 GeV, u3 = 0 and tan p° = 5. Here, we scan the four
inputs (p?, p9,069,69) within the range from —1 to +1.
From the upper (lower) panels, we can see the allowed
region on the pY—p9 (69—09) plane. We checked that the
shape of the allowed region does not change so much if we
change the values of (9,43, tan ") as long as they are
allowed with Ao > 10" GeV as shown in Fig. 2. In this
figure, the dots in the left panels show the range of

Max(|5;|) with i =3,...,7 and those in the right panels
represent the range of the ratio R defined by R =
Max (|6;])/Max(|A|. |p;|. [x]) with j =1, 2 and k =1, 2.
The three different colors show the different ranges of
Max(|6;|) or R, where the range is indicated inside the
figure. We find that at 4 = 10'* GeV the value of Max(|5;])
can go up to ~0.6 which is ~g5, while the value of R is
smaller than 1. In addition, by looking at the upper-left
figure, the value of Max(|§;|) ~ 0.6 is only reached by a
large

p?] value such as p; , = 0.4 with p, | = —p ,, while
in most of the region with |p;| < 0.3, we have a milder
value of Max(|§;]) < 0.3. On the contrary, by looking at the
upper-right figure, we find that a larger value of R (but still
less than 1) is obtained for a smaller |p5-)| values. If we look
at the lower-left figure, it is difficult to see a correlation
between the value of Max(|5;]) and the ¢} parameters. This
suggests that the value of Max(|5;]) is almost determined by
p? which are blind in this plane. The upper and lower right
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0

TABLE 1. (first column): Initial values of my_, my,, my, tanf° and &9, For all the three sets, we take p! = p3 = 6) =69 = 0.
(second column): Running masses for the SU(2),, 5-plet Higgs bosons (i HEs My M HQ)’ the 3-plet Higgs bosons (ﬁ’lHiii, My, M HO)s

the singlet Higgs boson 70, and the mixing angle 7 between Hs and H5i at u = 1 TeV. All the masses are given in GeV unit.

My, My, my tan /° K(‘)/ (mHSit,mHg,ﬁ’lHts)) (ﬁZH;,ﬁ”tHg) myo siny
400 300 250 5 1.00 (589, 591, 592) (577, 576) 570 —0.14
300 400 441 5 1.03 (521, 522, 522) (544, 544) 555 —0.011
600 650 673 10 1.01 (951, 951, 951) (956, 956) 959 -0.013

figures show a similar behavior of R, i.e., smaller values of
|6?| give a larger value of R.

We have checked for all the points considered in the
former parameter scan that the signal strengths uy for the
SM-like Higgs boson £, defined as

_ (g9 = h) X BR(h = XX)|M model
M = (g9 = 1) x BR(h — XX)|sy

X=7.ZW,1),

(33)

are typically given to be within 0.9 < puy < 1.1. This is
well inside the 95% C.L. range of uy allowed by the
combined ATLAS and CMS analyses using the data
of the LHC run-I experiment [1]. In addition, we have
also checked that the magnitude of the electroweak
AS(=Scm model — Ssv) parameter” is given to be smaller
than 0.01. This is also allowed at 95% C.L. by the
electroweak data fits [19].

Summarizing we have checked that, if we vary the
initial conditions on pY, p9, 6! and &9 in a natural range,
the custodial symmetry breaking parameters o; keep
values smaller than the other parameters in the potential.

Finally, we show the predictions for the masses of the
Higgs bosons at ¢ =1 TeV to see how the running
parameters §; affect the spectrum. In order to calculate
the Higgs boson masses at p > p, we need to evaluate
not only the running of the dimensionless couplings,
but also that of the dimensionful parameters y;,; and
mé% ¢ (their one-loop f functions are presented in

Appendix C). At a given scale u, we need to re-impose
the tadpole conditions which give three different values
of vy, v, and v;. We find that the difference between v,
and v: at the TeV scale is quite small, i.e. O(1) GeV
level, so that the mass formulas given in Appendix B
give a good enough approximation to derive the spec-
trum at u =1 TeV.

In Table I, we show the running masses of the SU(2),,
5-plet Higgs bosons (ﬁiHsii,ﬁlei,ﬁ’lH(S)), the 3-plet Higgs
bosons (l’h[.ai,ﬁ’l].]%) and the singlet Higgs boson g0 at

u =1 TeV for the three different sets of the initial values
at uy = my written in the first column of the table. For the

®It has been known that the electroweak T parameter cannot be
predicted in the GM model, because it depends on one additional
degree of freedom with respect to the SM case [16].

input values at y , we here fix my, my, and tan A instead of
inputting 49, 49 and tanp’, and also take p =p) =
o) = 69 = 0. All the three sets are allowed by both triviality
and vacuum stability bounds with A ¢ > 10> GeV. We
note that other choices with nonzero values of the inputs p ,
and ¢! , do not change so much the mass spectrum at 1 TeV
from the results given in this table as long as we assume
Acuoft > 101 GeV. We can see that the breaking of the
mass degeneracy among the 5-plet Higgs bosons and that
among the 3-plet Higgs bosons is only given to be
O(1) GeV level. In addition, the running mixing angle j
between Hs and HZ is given to be ~0.1 or smaller.

From the above results, we conclude that in the TeV
region the mass spectrum of the Higgs bosons or, equiv-
alently, the Higgs potential with the custodial SU(2),
symmetry still provides a good approximation to describe
the scenario once the loop effect of the custodial symmetry
breaking is taken into account.

Before closing this section, let us briefly comment
on the signatures of the 5-plet and 3-plet Higgs bosons
and the current bounds on their masses at collider experi-
ments. Concerning the 5-plet Higgs bosons, since they do
not couple to fermions at tree level, their main decay modes
are given by diboson channels, i.e., Hs= - W*W*, HT —
W*Z and Hg - WTW~/ZZ (see, e.g., [14]). In Ref. [20],
the 95% C.L. upper limit on the branching ratio
(Hf* > W*W*) times the cross section of the vector
boson fusion process (¢3' — gg' WEW* — qg' HE*) has
been set using the 8 TeV data at the LHC with an integrated
luminosity of 19.4 fb~!. From this analysis, the 95% C.L.
lower bound on the mass of Hsii can be extracted to be
about 300 GeV when the triplet VEV v, is taken to be
25 GeV corresponding to tanf =3.3. These bounds
become weaker for smaller (larger) value of v, (tan ﬁ).7

"In Ref. [21], the mass bound on doubly charged Higgs bosons
H** decaying into W*W? was also derived in the Higgs triplet
model whose Higgs sector is composed of one doublet (¥ = 1/2)
plus one triplet (Y = 1) fields. From the pair production and the
associated production with a singly charged Higgs boson, the
lower bound on my:: was obtained to be about 84 GeV at
95% C.L. using the LHC run-1 data set. A similar bound can be
applied to the mass of H¥* in the GM model without depending
on vp.

015001-9



BLASI, DE CURTIS, and YAGYU

In Ref. [22], a search for singly charged Higgs bosons
decaying into the WZ mode via the W and Z boson fusion
process has been performed by using the 13 TeV data set at
the LHC with an integrated luminosity of 15.2 fb=!. The
bound is much weaker than that obtained from the search
for the W*W?* channel. In fact, for v, <35 GeV
(tan f < 2.3), no bound ia taken on the mass of H5i
at 95% C.L.

Concerning the 3-plet Higgs bosons, their phenomeno-
logical properties are quite similar to those of singly
charged Higgs bosons and a CP-odd Higgs boson in the
Type-1 2-Higgs doublet model (2HDM) in the alignment
limit [23]. In our notation, tan # plays the same phenom-
enological role as that in the Type-1 2HDM, i.e., the
Yukawa couplings for Hy and HY are proportional to
cot 3. Therefore, the main decay modes of H; and HY are
typically b and 7, respectively, as long as these are
kinematically allowed. For lighter 3-plet Higgs bosons
below the tb and 7 threshold, H¥ — zv and HY — bb/1z
can be dominant, respectively. A dedicated study for the
phenomenology of the 3-plet Higgs boson have been done
in Ref. [14].

V. CONCLUSIONS

We have discussed the high-energy behavior of the GM
model, particularly shedding light on the effect of the
custodial symmetry breaking by using the one-loop RGEs.
In order to obtain a consistent form of the one-loop f
functions, we start from the most general Higgs potential
without the custodial SU(2),, symmetry, which is described
by 16 independent parameters in the case of CP-

PHYSICAL REVIEW D 96, 015001 (2017)

conservation. The custodial symmetric version of the
potential is obtained by taking all seven §; parameters,
describing the breaking of the custodial symmetry, to
be zero.

We then numerically derived the evolution with
energy of §; under the assumption that they all vanish
at py = my as initial condition. First, we surveyed the
parameter region allowed by the triviality and the
vacuum stability constraints as a function of the cutoff
scale A - Requiring the model to be consistent up to
a high-energy scale, e.g. Agyorr > 10" GeV, we obtain a
strong correlation between the dimensionful trilinear
coupling u; and tanf and between the mass of the
custodial S5-plet Higgs boson and that of the 3-plet
Higgs boson at u = . We then extracted the typical
size of the §; parameters at high energies. We found
that, in the configurations with Ay > 10" GeV, the
maximal value of |§;] can be up to ~0.6 at
u= 10'* GeV, and it is smaller than the maximal value
of the input parameters in the potential (4, p;, and o ;).

In addition, in order to quantify the effects of the
custodial symmetry breaking, we derived the running
masses of the Higgs bosons and the running mixing
angle 7 between the Hiy and HZ at u=1TeV. We
found that the deviation from the custodial symmetric
limit is quite small, namely, the mass splitting among
the Higgs bosons belonging to the same SU(2),
multiplet is of the order of 1 GeV, and siny ~0.1.
This means that once custodial symmetry is realized at
low energy (m, scale), it also approximately holds at the
TeV scale which is now being surveyed at the LHC
experiments.

APPENDIX A: RELATIONS AMONG SCALAR FIELDS
Relations between the fields ® and A defined in Eq. (6) and ¢, y and £ defined in Eq. (3) are given as

(@' D) = 247, (A1)
tr(ATA) = 2tr(yy) + tr(&2), (A2)

( + 7 7’ T a_ Lo Lo s
e 3%) (P1APY" = =gl & =3 (47 (ie2)7' 9 + Hacl, (A3)
tr(ATFAL) (PTAP) = 67/ 2tr(y &), (A4)
[tr(ATA)]? = 4[tr(r7))]? + 2tr(&*) + 4tr(y p)tr(&%), (A5)
(r(ATAATA) = ()] = 4r(r ) + 2(E) + A E(Er), (A6)
tr <¢>T %@%) tr(AT ALY = —pTptr(yty) + 2t yytp + V2(pTyEPC + Hee)). (A7)

We note tr(&*) = [tr(£2)]?/2.

015001-10



EFFECTS OF CUSTODIAL SYMMETRY BREAKING IN THE ...

APPENDIX B: MASS FORMULAS

Let us present the mass formulas for the Higgs bosons of
the GM model with the general potential defined in Eq. (5)
and v, = v; = v,.

The mass of the doubly charged scalar states

2 (=HEE) is given by

v
m%_@:;t =1 [4\/§Sﬂf/}ﬂ2 — 2cpp3
— v(cppy + 2550, + \/Esgoq)}. (B1)

For the singly charged scalar states, the weak eigenstates
(&%, ¢*, x*) are related to the mass eigenstates (G*, Hz,
H?), with G* being the Nambu-Goldstone (NG) bosons to
be absorbed into the longitudinal components of the W*
bosons, by the following orthogonal transformation:

b* 1 0 0 sp c5 0
=107 “v|lo -5 0
Ve 0 \/LE % 0O 0 1
I 0 O G*
X (0 c, =S, Hy |. (B2)
0 s, ¢ H;ﬁ

The mixing angle y and the mass eigenvalues mHi and mHi

for the H; and HZ states, respectively, are expressed by

PHYSICAL REVIEW D 96, 015001 (2017)

(M%), :g Ciﬁ(ﬂl +V2uy) = v(oy +V20,)|, (B6)
(M31)y = : s pty(uy + V2u5) — depps

8
— v(s505 + 5\/53/2;04 —2cjps)].  (B7)

(M%), = % [Atg(py — V2u,) + vsy(oy — V2o,)].  (B8)

For the CP-odd scalar states, the weak eigenstates (y;,
¢;) are related to the mass eigenstates (G°, Hg), with G°
being the NG boson to be absorbed into the longitudinal
component of the Z boson, by the following orthogonal
transformation:

; cp —s G°
()= (5 3)Ge) @
i S ¢/ \H3
The squared mass mio for HJ is expressed by

2 V240 \/§2
mi, =——————0°0

e Mt (B10)

Finally, for the CP-even Higgs states, we define the
following basis:

¢, L0 -2

mi = (M3)16] + M)y +2(M2) 56,5, (B3) H
i s o= 0 1 o0 h |, (BI1)
Hi = (M%)1157 + (M3 )pc; = 2(M7)1peys,.  (B4) x 2 g L H2
r 3 73

2(M2) 1 2o
tan 2y = (M2),, — (M%), (BS) where the three states H, & and Hg are not mass eigenstates
* * in general. The squared mass matrix elements, in the basis

where (I:I , h and Hg), are expressed as

|
v 3 5
(Myen)11 = =5 255t5(u1 + 2v2u;) + 2 CpHs veg(2p1 +2p2 + p3 + 2p4) | (B12)
(Mfzzven)22 = 25%1)2/1, (B13)
Vs
(Myen) 12 = Tg [~ = 2V2p5 + veg(o) + 05 + 03+ V204)). (B14)
v
(Mgven)w = 6\/5[ 4sﬁtﬂ( \/_/,12) + Ucﬁ(zp] + 2,02 2,03 ,04)] (BIS)
vs

(Mgyen)23 = #6 2V2u1 — 4up + ”Cﬁ(\/ial + V20, = 2V205 - 0y)). (B16)

v 9
(Myen)33 = 5 2V2s5t5(V2uy + po) — 3epus + veg(py 4 pa+2p3 = 2p4) — 75715204 . (B17)
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The relation of the basis (H, i, HY) to the mass eigenstates
is obtained by an orthogonal transformation,

H H
il - RBVCH h ’ (B 1 8)
Hs Hs

where R.,., can be expressed in terms of three independent
mixing angles.

In the custodial symmetric limit defined in Eq. (10), we
obtain

= (Mgven)ZS = 0’ (Blg)

(Mi)IZ = (Mezven)l.’a
(Mi)zz(Zm%Si) = (Mgven)33(:m3-[(5)> = m?ﬁt’ (B20)

(Mzi)ll(:mz )=m

2 (B21)

2
HY
Therefore, we can clearly reproduce the custodial sym-
metric results; namely, (HZ*, HE, H?) and (Hi, HY)
are the custodial 5-plet (Hi* HZ H?) and the 3-plet
(Hx,HY), respectively. Because of the no-mixing dis-
played in Eq. (B19), the Higgs bosons belonging to the
different custodial multiplets are not mixed with each other.
In addition, the degeneracy of masses for Higgs bosons
belonging to the same custodial multiplet follows:

v
my, = 4 [Asptapy — 2cpu3 — ”(C%;,Oz + 35/2362)], (B22)
2
v v
m%—l; = C—ﬂﬂl RS (B23)

For the CP-even Higgs bosons, the 3 x 3 matrix Ry,
becomes the block diagonal form as R, = diag(R(a), 1)
which is described by only one mixing angle a. We, thus,

|

3

PHYSICAL REVIEW D 96, 015001 (2017)

express the custodial singlet Higgs bosons H and /4 by the
linear combination of the H and / states as

(i) (3)

The two squared mass eigenvalues and the mixing angle a
are expressed as

(B24)

m%{ = (Mezven)llcfzx + (Mezven)ZZS(%z + Z(Mgven)lzcasa’

(B25)
m%, = (Mgven)llsg + (Mgven)22c%t - Z(Mgven)IZCasm
(B26)
2(M?
tan2q = — ( even)122 , (B27)
(Meven)ll - (Meven)22
where
2 _7v 2
e Y 3 9’
(Mgyen) 11 ] (8sptapy + 2cpp3 + UC/;(6P1 +7p,)]
(B28)
(Mézzven>22 = Q'Uzs[zil’ (B29)
V6
(Mezven)IZ = ? Usﬁ[_4ﬂ1 + Ucﬁ(261 + 352)]- (B?’O)

APPENDIX C: g FUNCTIONS

In this Appendix, we give the analytic expressions of the
one-loop f functions for all the model parameters. The
definition of the f function is given in Eq. (25).

The p functions for the three gauge couplings g; (i = 1,
2, 3) and the Yukawa couplings for the top (y,) and bottom
(vp) quarks are given by

g P 11 g 47
Blg3) = 16312 (=7). B(g2) = Kjrz (— g) Blg1) = F;zzg (C1)
1 ]9 3 9 17
B(y:) T [Eyg’+§yi—yt<89§+zg§+ﬁg%>], (C2)
1 ]9 3 9 5
Byp) T [53’2“‘5)’? —yh<89§+19%+ﬁg%>]' (C3)
For the ten dimensionless parameters in the potential given in Eq. (5), we have
2 324 20 4 2 4 4 2 503 2 2
167°4(4) = 3 (395 +2g597 + g7) +242* — 6(y! + y;) + 307 + 3010, + - + 6035 + 207
—34(g7 + 395 — 4y7 —4y}). (C4)
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167°B(p1) = 1595 — 12195 + 641 + 28pT + 24p1py + 6p3 + 6p3 + 4paps + 3p3
+ 207 + 20105 — 12p, (g} + 243).

16725(py) = 244263 — 644 + 24p1ps + 1892 — 2p2 + 02 — 129, (263 + ).
167°f(ps) = 2(395 + 22p3 + 3p3 + 2paps + p5 + 203 = 12¢5p3),

167°B(ps) = 2395 + pa(8p1 + 6ps + 10p3 + 4py) + 2ps(p1 + p2 + p3)
+ 3 + 20105 + 0205 + 65 — 3p4(g1 + 493)].

162B(ps) = 2[3g3 + ps(2p1 + 4p3 + 8py + 5ps) — 03 — 3ps(463 + g7)].
167°f(01) = 39} — 69795 + 693 + 201 (64 + 8p; + 6p; + 26) + 20,(24 + 3p; + p2)

+ 2(6p403 + 2ps503 + 02) + 03 — %al (597 + 11g5 — 4y? — 4y3?),
167°f(0,) = 129765 + 40, [A+ py +2(p2 + 01) + 03] + 403
- %62(59% + 11g3 —4y? — 4y7),
167%p(03) = 3¢5 + 205(64 + 10p5 + 403) + (3p4 + ps5) (261 + 03) + 407

3
— 50391 + 1163 — 47 — 4y3),

16728(64) = % [4(24 + 204 — ps + 261 + 20, + 403) — 33 + 1162 — 4y? — 4y2)].

Finally, the f# functions for the dimensionful trilinear (u; ,3) and bilinear (mé%g) couplings are given by

16228(1,) = % (844 1605 — 3g2 — 2162 + 1232 + 12y2) + 16204 — 21305,
162°(12) = 4y + 5 (81+ 80| + 120, = 967 = 2163 + 12)7 + 123}) = 2wz,
167°f(u3) = —2p106, — 81204 + 2u3(2py + 4ps + 4ps — 2ps — 397 = 993),

3
167°(mg) = Sm (84— g = 3g3 + 4y7 + 4y}) + 3m(201 + 02) + 12moy
+ 3pu? + 1243,
162°p(m2) = 2m3 (201 + 65) + 2m2(8p; + 6p; — 3 — 6g3) + 4m2(3p4 + ps)
+ 4453 + 2483,

167°(mz) = 4mgos + 2m3(3ps + ps) + 4mz (Sps — 3g3) + ui + 443.
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