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We study the quantum fermionic billiard defined by the dynamics of a quantized supersymmetric
squashed three-sphere (Bianchi IX cosmological model within D =4 simple supergravity). The
quantization of the homogeneous gravitino field leads to a 64-dimensional fermionic Hilbert space.
We focus on the 15- and 20-dimensional subspaces (with fermion numbers Ny = 2 and N = 3) where
there exist propagating solutions of the supersymmetry constraints that carry (in the small-wavelength
limit) a chaotic spinorial dynamics generalizing the Belinskii-Khalatnikov-Lifshitz classical “oscillatory”
dynamics. By exactly solving the supersymmetry constraints near each one of the three dominant potential
walls underlying the latter chaotic billiard dynamics, we compute the three operators that describe the
corresponding three potential-wall reflections of the spinorial state describing, in supergravity, the quantum
evolution of the universe. It is remarkably found that the latter, purely dynamically-defined, reflection
operators satisfy generalized Coxeter relations which define a type of spinorial extension of the Weyl group

of the rank-3 hyperbolic Kac-Moody algebra AE;.
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I. INTRODUCTION

One of the challenges of gravitational physics is to
describe the fate of spacetime at spacelike singularities
(such as the cosmological big bang, or big crunches within
black holes). A new avenue for attacking this problem has
been suggested a few years ago via a conjectured corre-
spondence between various supergravity theories and the
dynamics of a spinning massless particle on an infinite-
dimensional Kac-Moody coset space [1-4]. Evidence for
such a supergravity/Kac-Moody link emerged through the
study a la Belinskii-Khalatnikov-Lifshitz (BKL) [5] of the
structure of cosmological singularities in string theory and
supergravity, in spacetime dimensions 4 < D < 11 [6-8].
(For a different approach to such a conjectured super-
gravity/Kac-Moody link see [9,10].) For instance, the well-
known BKL oscillatory behavior [5] of the diagonal
components of a generic, inhomogeneous FEinsteinian
metric in D = 4 was found to be equivalent to a billiard
motion within the Weyl chamber of the rank-3 hyperbolic
Kac-Moody algebra AE; [7]. Similarly, the generic
BKL-like dynamics of the bosonic sector of maximal
supergravity (considered either in D = 11, or, after dimen-
sional reduction, in 4 < D < 10) leads to a chaotic billiard
motion within the Weyl chamber of the rank-10 hyperbolic
Kac-Moody algebra E |y [6]. The hidden role of E in the
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dynamics of maximal supergravity was confirmed to
higher-approximations (up to the third level) in the gradient
expansion 0, < Jr of its bosonic sector [1]. In addition,
the study of the fermionic sector of supergravity theories
has exhibited a related role of Kac-Moody algebras. At
leading order in the gradient expansion of the gravitino
field y,,, the dynamics of y, at each spatial point was found
to be given by parallel transport with respect to a (bosonic-
induced) connection Q taking values within the “compact”
subalgebra of the corresponding bosonic Kac-Moody
algebra: say K(AE;) for D = 4 simple supergravity and
K(E,) for maximal supergravity [2-4]. This led to the
study of fermionic cosmological billiards [11,12]. (For
definitions, and basic mathematical results on Kac-Moody
algebras see Ref. [13]; see also Ref. [14] for a detailed
study of the specific hyperbolic Kac-Moody algebra AE; =
JF that enters 4-dimensional gravity and supergravity.)

The works cited above considered only the terms linear
in the gravitino, and, moreover, treated v, as a “classical”
(i.e. Grassman-valued) fermionic field. It is only recently
[15,16] that the full quantum supergravity dynamics of
simple cosmological models has been tackled in a way
which displayed their hidden Kac-Moody structures. (For
previous work on supersymmetric quantum cosmology,
see Refs. [17-24], as well as the books [25,26].)

The work [15,16] studied the quantum supersymmetric
Bianchi IX cosmological model. This model is obtained by
the (consistent) dimensional reduction of the simple N = 1,
D =4 supergravity to one (timelike) dimension on a
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triaxially-squashed (SU(2)-homogeneous) three-sphere.
This work allowed us to decipher the quantum dynamics
of this supersymmetric (mini-superspace) model. The quan-
tum state |¥(f)) of this model depends (after a symmetry
reduction) on three continuous bosonic parameters f¢,
a =1, 2, 3 (measuring the triaxial squashing of the three-
sphere), and on sixty-four spinor indices (which describe
the representation space of the anticommutation relations of
the gravitino field displayed below). It was shown that the
structure of the solutions of the supersymmetry (susy)
constraints depended very much on the eigenvalue Ny
(going from O to 6) of the fermion-number operator:

Ny =34 56,126 (1.1)
Here, (i)ﬁ (with a spatial vector index @ = 1, 2, 3, and with a
Majorana spinor index A =1, 2, 3, 4 that we generally
suppress) denote the twelve, quantized homogeneous modes
of the spatial components of the gravitino field s, (written in
a special way that makes more manifest some of their
Kac-Moody properties). They satisfy the anticommutation
relations

where

defines a contravariant, Lorentzian-signature [(—, +,+)]
metric in the three-dimensional space spanned by the
bosonic variables #¢. (See Ref. [16] for more details on
our notation.)

The quantum state |¥(f)) must be annihilated by the
susy constraints, i.e.

V1w (p) = o, (1.4)

where the structure of the susy constraints is

5O %éga,,a + V(8. D). (1.5)
Here the potential-like term V,(f, ®) is a complicated
operator which is cubic in the gravitino operators ®4, and
involves various potential walls that will be discussed below.

As the twelve ®4’s satisfy the Clifford-algebra anticom-
mutation law (1.2), and as the ﬁDX’s enter the first term of
35‘0)’ Eq. (1.5), as coefficients of the partial derivatives Gﬂa,
we can view, for each given value of the index A, the
susy constraint (1.4) as being a Diraclike [iy* 0wy (x) =
V (x)w(x)] equation for the propagation of the wave function

PHYSICAL REVIEW D 95, 126011 (2017)

FIG. 1. Sketchy representation of the propagation in
3-dimensional, Lorentzian f space of the cosmological quan-
tum supergravity wave function |¥(f)). When considered
within our canonical chamber ' < > < f*, this wave function
undergoes successive reflections on the three potential walls
that are present in the supersymmetry constraints (1.4). Two of
the potential walls are singular on the hyperplanes a;,(ff) =0
and a,3(f) = 0, while the third potential wall grows exponen-
tially when a;,(ff) becomes negative.

|¥(p)) in the 3-dimensional Lorentzian f space. However,
as the Majorana-spinor index A in Egs. (1.4), takes four
values, we see that the state must simultaneously solve four
different Diraclike equations. This represents a huge con-
straint on possible solutions.

The structure of the solution space of these susy con-
straints has been thoroughly analyzed in [16]. It was found
that the structure and generality of the solutions drastically
depend on the fermionic level N, Eq. (1.1). Here, we shall
study the cosmological dynamics of the solutions at levels'
Np =2 and Ny = 3 that contain two arbitrary real functions
of two variables as free Cauchy data, i.e., that have as much
freedom as the solutions of the usual, purely bosonic Bianchi
IX mini-superspace Wheeler-DeWitt equation. More pre-
cisely, we are interested in quantum solutions which, in
the Wentzel-Kramers-Brillouin (WKB) approximation, can
be viewed as describing the chaotic billiard motion of the
cosmological squashing parameters ', %, f° near a big-
crunch-type singularity. (This chaotic behavior is a quantum,
and spinorial, generalization of the classic BKL oscillatory
behavior of the three Bianchi IX scale factors, a = e™#',
b=e¢",c=e?. The quantum (scalar) version of the
Bianchi IX chaos was first studied in Ref. [27].) The type of
solution we have in mind, and will study in detail below, is
illustrated in Fig. 1.

As illustrated on Fig. 1, we can view these solutions as
wave packets bouncing between potential walls. In Fig. 1,
these potential walls are drawn as sharp walls located on
some (timelike) hyperplanes in f-space. (Note, however, that
our analysis will not make any sharp-wall approximation, as

'There are similar solutions at level N r =4, and in the mirror
part of the Nz = 2 level that we shall not consider, which can be
obtained by a simple involution acting on fermionic generators.
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was made, e.g., in Ref. [12]. We will compute the reflection
of the wave function against each exact potential wall; see
below.) In particular, we highlighted the three wall hyper-
planes defined by the equations

an(p) =0, app(f) =0,

a(p) =0, (1.6

corresponding to the following three linear forms in the f#’s:

ay (B) = 2,31; ap(f) Eﬂz —ﬂl;

an(p) = - . (1.7)
The three hyperplane Eqs. (1.6) constitute a conventional
way of describing the fact that the basic equations of the
supersymmetric Bianchi IX model, i.e. the susy constraints
(1.4), contain operatorial, spin-dependent and f-dependent
potentiallike terms that grow when the f’s approach these
hyperplanes. More precisely, as can be seen on the explicit
expressions given in Eqgs. (6.1)—(6.4) of [16], the potential-
like contribution V, (B, Cﬁ) to the susy constraints operators,
Eq. (1.5), contains the following terms

A 1 a Na
Vh=32 (PO, (18)
and
- 1 ¢ (120F 0
Vit = _gcoth[ﬁl - FPSn (@ - 8%),
+ (yiﬁ((i)l _ ci)z))AS‘]z] + cyclic3 (1'9)
where
N 1,z 54 & bl,012¢
S =5 (B1AD! 4 87) 1 &'y 120!
T 0122 — §'012¢2) (1.10)

The operator S,, together with similarly defined operators
S13.85,, are spin-like operators satisfying the usual su(2)
commutation relations: [S,3, S5,] = +iS),, etc.

The “gravitational-wall” potential term (1.8) is exponen-
tially small when ', %, and f8°, are largish and positive.
It starts becoming exponentially large (and confining)
when, on the contrary, either ', 2, or °, become negative.
It is in that sense that the three gravitational-wall hyper-
planes a;;(f) =0, an(f) =0 and asx3(f) =0 (where
ay =2 and as; = 2°) define (softly confining) poten-
tial walls. The “symmetry-wall” potential (1.9) is similarly
made of three different terms [differing by a (123) cyclic
permutation]. For instance, the term explicitly displayed
in Eq. (1.9), which involves coth[' — ], is singular on
the symmetry hyperplane a;,(f) =0, and tends towards
a f-independent contribution far from it. [The various
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p-independent contributions coming from the asymptotic
+1 values of the various cotha,,’s combine with other
p-independent, ®“-cubic terms to define an effective mass
term in the above Diraclike equations. The effect of these
mass-like, ®“_cubic terms will be fully taken into account
in our discussion below.]

It has been shown in [16] that it is enough to consider the
evolution of the universe wave function |¥($)) within only
one of the six different chambers defined by considering the
two possible sides associated with the three symmetry-wall
one forms a1, (f8), a3 (f3), az (f) (i.e. the two possible signs
for, e.g., 7 — ). Each such chamber corresponds to some
ordering of the three f’s. Here, we shall work within the
canonical chamber

Bl < < B (1.11)

The gravitational wall belonging to this chamber [namely
the term =2/ (y5®'), in (1.8)] further confines the evolu-
tion of the wave packet to stay essentially on the positive side
of a;; = 2B, so that we can think of the wave function
|¥(B)) as evolving in the (approximate) billiard chamber

0<p <p><p. (1.12)
It is this (approximate) billiard chamber, within which
ay(f) = 0,a1,(f) > 0,a3(8) >0, which is represented
in Fig. 1.

In the present work, we shall complete the results of
Refs. [15,16] by studying the quantum reflection operators
of the universe wave function |¥(/)) on the three potential
walls (1.6) constraining its propagation (see Fig. 1). Our
present study will thereby represent the quantum generali-
zation of Ref. [11], which studied similar reflection
operators when treating the gravitino as a classical, i.e.
Grassmann variable. We will study, in turn, the evolution of
|¥(p)) at the fermionic level N =2 (Sec. II) and at the
fermionic level N = 3 (Sec. III). After the completion of
this purely dynamical problem, we shall show (in Sec. IV)
that our results provide a new evidence for the hidden
role of the hyperbolic Kac-Moody algebra AE; (and of its
compact subalgebra K[AE3]) in supergravity.

II. QUANTUM FERMIONIC BILLIARD AT
LEVEL Ny =2

The susy constraints, Egs. (1.4), admit solutions depend-
ing on arbitrary functions at level N =2 only in a
6-dimensional subspace of the total 15-dimensional
Np =2 space, namely (with p, ¢ =1, 2, 3):

®)n,—2 = kpg(B)BLBL]0).. (2.1)
Here, the amplitude &, (/) parametrizing these solutions is
symmetric in the two indices p, g = 1, 2, 3, and the two
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triplets of operators b% = (b%)" denote the Hermitian
conjugates of the following combinations of the basic
(Hermitian) gravitino operators ®4

be = ¢ +ids; bt =D —id.  (2.2)
The vacuum state |0)_ is the unique state annihilated by
the six fermionic annihilation operators b¢. The total
15-dimensional Ny = 2 space is generated by acting on
|0)_ with two among the six (anticommuting) creation
operators b%. The generic propagating state (2.1) lives in
the 6-dimensional subspace Hy; ;) spanned by the sym-

metrized products 5757 |0)_.

In this section we shall discuss the reflection law of the
N = 2 spinorial solutions (2.1) against the three different
potential walls bounding the chamber within which these
solutions propagate. We are interested in an asymptotic
regime (large fA’s, and small wavelengths) where the
quantum solutions can be approximated (away from the
turning points, i.e. sufficiently away from the potential
walls) by quasiclassical WKB solutions (see Fig. 1). Like in
the usual WKB approximation, we will obtain the reflec-
tion laws against the potential walls by matching the WKB
form (away from the walls) to (exact) solutions valid near
the walls.

Far from all the walls (in our canonical Weyl chamber
0 <p' < B <), the effect of the S-dependent potential
terms is negligible, so that the amplitude k,,(f) of the
general WKB-like N = 2 spinorial solution can be written
as a superposition of (rescaled) plane waves:

Kl (g) = F(B) > Ky e/ (2.3)
Here, the rescaling factor F(f3) is generally defined (see
Eq. (8.4) in Ref. [16], here modified by the numerical factor
81/8) as

F(ﬂ) = egﬁO(S| Sinhﬁ12 Sil’lhﬁz:; Sinhﬂ:;] ‘)_1/8, (24)
where we introduced the convenient short-hands
P=p+p+p. Pr=p' —petc. (2.5)

Far from all the walls of the canonical chamber, the
rescaling factor F(f) is a (real) exponential of the f’s,
namely

F(ﬂ) ~ e%ﬂoe—éﬂﬂlz\Hﬂzs\*\ﬂmD — e/3'+f—‘/7'2+%/33‘ (26)
As explained in Refs. [15,16], the rescaling factor F(f)
is such that the mass-shell condition for the plane wave
factor e« takes the simple, special-relativistic-like, form
7'> = —?, namely
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Gryml, = —py, o = +%, (2.7)
where G denotes the Lorentzian-signature (inverse)
metric in f-space. Note that the Np =2 mass-shell is
tachyonic (,u%,p=2 =- %, i.e. 7, is a spacelike momentum).
As was discussed in Ref. [16], this tachyonic character
(which holds for all fermionic levels, except Np = 3)
suggests the possibility of a cosmological bounce. In the
present study, we are, however, focusing on an intermediate
asymptotic regime where the wave packet is centered, most
of the time, around coordinates 3 that are large compared
to 1, so that many wavelengths separate the successive wall
reflections.

The amplitude K ,, (a “tensor” in f-space) of each plane
wave in Eq. (2.3) was found in Ref. [16] to have (for a given
momentum vector 7,) only one (complex) degree of
freedom, contained in an overall factor, say Cy, _, i..
to be of the form

K,, = Cy,o(wym, + LE 7} + m,,), (2.8)
where Lf,q and m,,, are some fixed numerical coefficients
(see Egs. (19.17) and (19.18) in [16], which are reproduced
in Appendix A for the reader’s convenience).

A first way of describing the law of reflection of a plane
wave (2.3) on a potential wall is to compute the trans-
formation between the incident values of the overall
amplitude and of the momentum, say Cy _,, #", and
their reflected (or outgoing) values, say CR'_,, 7" In
order to derive the scattering map C}{,‘ﬁ:z - Yo, i —
%% we need to go beyond the far-wall approximation, and
study the behavior of a generic wave packet (2.3) near each
type of potential wall.

Anticipating on the results of the computations given in
the following subsections, let us already exhibit the simple
structure of the scattering maps. The transformation of the
momentum 7, upon reflection on a potential wall asso-
ciated with a root a(f) is simply given (as expected from
the classical billiard approximation) by specular reflection
[with respect to the f-space geometry defined by the
(contravariant) metric G**], i.e. by
/in | a

/ /i
n.aout =7 am -2

. 2.
29)

Here, the scalar product between two covariant vectors is
defined by 7’ - a = G’ 7, [, is the covariant normal to
the considered potential wall, which is “located” on the
hypersurface 0 = a(ff) = a,f°.]

As for the transformation of the overall scalar amplitude

Cn,—2, it will be found to be encoded in a global

phase, 8&°™ (which will depend on the considered type

of potential wall):
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i 5§lobal

i, = CN,—2- (2.10)

A second way of describing the law of reflection of a
plane wave (2.3) on a potential wall « is to compute the
“reflection operator” 'R, acting on the Hilbert space where
the considered quantum spinorial state lives, and trans-
forming the incident state |¥)™ into the corresponding
reflected state |¥)°". In the present case, the considered
Hilbert space is the 6-dimensional subspace Hy; ;)  of the
15-dimensional N = 2 level, and the incident state is the
ingoing part of (2.1), i.e. a plane-wave state of the type
F(B)K pqei”znﬂ“l;(fl;‘i) 0)_. The corresponding reflection
operator then acts on H(; ;). and is such that

u 6.Np=2 i
|lP>g,1§/F=2:RaNF |lP>6rTNF=2' (2-11)

[When considering the action of R, we strip |¥)" and

[W)out of their corresponding phase factors e~ ] As the
fundamental billiard chamber of the supersymmetric
Bianchi IX model is bounded by three walls, described
by three linear forms in S-space, namely a;,(8) = > — p',
axn(f) = B — p* and a;,(B) = 2", the quantum super-
symmetric Bianchi IX billiard will define (at each fer-
mionic level where there exists propagating states) three
different reflection operators. For instance, at the Np =2
level, supergravity will define three spinorial reflection
operators

RENF=2 RENF=2 RONr=2

a1y ’ A3 ’ apy ’

(2.12)

all acting in the same 6-dimensional space Hy; ;) . We shall
compute these (dynamically defined) operators below, and
find that they have a remarkable Kac-Moody meaning.

In order to derive the reflection laws (2.9), (2.10), (2.11),
and, in particular, to compute the values of the global
phases 52°™ and of the reflection operators, (2.12), we
will use a “one-wall” approximation, i.e. we shall sepa-
rately solve the problems where an asymptotically planar
wave F(B)K ,,e™" impinges on one of the three possible
walls of our canonical chamber, 0 < ! < % < 4, i.e. either
on one of the two symmetry walls a;,(8) = > — p', or
ay(f) = B* — p?%; oron the gravitational wall a;, (8) = 2.
In this one-wall approximation, the spinorial wave function
k,, () in (2.1) will essentially depend only on one variable
(measuring the orthogonal distance to the wall), which will
make the problem of exactly solving the complicated
supersymmetry constraints (1.4) tractable.

A. Scattering on the symmetry wall a,;(8) =p° — >

In this subsection we study (in the one-wall approxi-
mation) the reflection of the N = 2 spinorial state (2.1) on
the symmetry wall ay;(8) = ° — . This study is sim-
plified by using an adapted basis in -space. In doing so, we

PHYSICAL REVIEW D 95, 126011 (2017)
shall treat the building blocks entering (2.1) as tensors, with
the indicated variance, in f-space. Namely, each creation

operator l;i is considered as a (contravariant) vector,
while the amplitude &, is viewed as a (symmetric) covariant
2-tensor. Given a basis of 1-forms (i.e., a set of three
independent linear forms in f-space), say a'(f) = aypr,
a*(p) = aipP, o (B) = a,p7, we shall then work with the
corresponding basis (or dual basis) components bl = ai bl
and k,; = agagkpq, where we defined ajab = &%
It is very useful to use a basis of the type

{at.a". a’} = {a(B). u(p). v(B)}.

where a(f) is the reflecting wall form we are considering,
i.e., in the present subsection

(2.13)

a(p) = al(ﬁ) =apu(p) = B - P (2.14)

while u(f), v(pB) are two one-forms whose corresponding
contravariant vectors” (with u'? = Gr4 ug), are parallel to
the wall hyperplane a(f) = 0, i.e., a*(u') = 0 = a*(v%).
Geometrically, the (contravariant) vector af is
perpendicular to the wall hyperplane a(f) = 0, while the
numerical function f — a(f) measures (modulo a factor
V/2) the orthogonal distance away from the wall hyper-
plane. [The squared norms of the wall forms we shall
consider here are all equal to 2: @ - @ = G"a,a, = 2. This
normalization is adapted to the Kac-Moody interpretation
of the (dominant) wall forms as simple roots of a
Kac-Moody Lie algebra.]

It was further found to be convenient to align the two
basis elements which are parallel to the wall to the two
(intrinsically defined) null directions tangent to the wall.
(The wall hyperplane is timelike in Lorentzian f-space, so
that it intersects the lightcone G, f7f? =0 along two
lines.) Specifically, we use

1,1
MW)E—(mﬂ+§ﬁ?+§ﬁ>, (2.15)

v(p) =P+ P (2.16)
The only nonzero scalar products among the three basis
one-forms {at, @, a"} = {a(B), u(B), v(f)} are a- a =2
and u - v = 2, so that the only nonzero components of the
inverse metric G** are

G =G =G"=2. (2.17)

*The triplet of contravariant vectors {a¥, u®, v#} should not be
confused with the vectorial basis that is dual to the basis of one-
forms (2.13). As we shall see below the dual basis {a , a,, @, } is
{Laf Lof Luf}
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Equivalently, the dual (vectorial) basis {a,,a,,a,} =

{ai%,aﬁ%,a{?%} of {a‘,a*,a’} is equal to

{a,,a,,a,} = {%an,%vn,%uﬁ}, and the nonzero basis
components of the covariant metric G, are

(2.18)

When considering the one-wall approximation, the poten-
tial terms V, (B, ®) entering the susy constraints (1.5),
(1.4), are easily seen to depend on the ’s only through the
single combination a(/3). This immediately implies that the
two wall-parallel components ﬂu:—i%, T, = —I % of
the momentum are conserved. Actually, itis better to consider
the parallel components of the shifted momentum operator,
i.e., the differentiation operator acting on the rescaled wave
function F()~!|¥), i.e. n,=n,+i0InF/OB*. When con-
sidered possibly near the wall a3, but far from the two other
walls, the scale factor F(f3), (2.4), reads (as a function of
o=y, U, V)
F(a,u,v) ~ e 2+ (2| sinha|)~"/8. (2.19)

Hence, the part of In F(a, u, v) that depends on u and v is
—lu+3v, and shifts the conserved parallel momenta
according to: 7, = &, — % i, ), =m, + % i. In keeping with
the type of wavelike solutions (bouncing between potential
walls) we are interested in, we shall henceforth consider wave
packets having real values of the shifted conserved momenta
7, m,, (and therefore complex values of r,, and x,).

Putting together the ingredients we just discussed
(adapted coordinates, adapted basis, conserved shifted
parallel momenta), we finally look for solutions of the
susy constraints (1.5), in the one-wall approximation, of the
form

[Pen,—2 = e(m;,—%)u+(m;+§)v|]_-(a)>6.NF:2’ (2.20)
where
|F(@)) o,z = Ko (@B B]0) . (2.21)

Inserting this expression in the (one-wall-approximated)
susy constraints (1.5), (1.4) leads to constraints on
3i

|F (@), of the form (with 7, = 7}, + 4, 7, = 7, — 3

N 1 . 1 N
J807 @)+ (~jm s - g @i+ 0.0 ) F(@)
=0. (2.22)
We recall that the spinor index A takes four values. For each

value of A =1, 2, 3, 4, Eq. (2.22) is a Diraclike equation
for the quantum spinor state |7 (a)), with @4 playing the
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role of a gamma matrix controlling the evolution with
respect to a. The anticommutation law (1.2) implies

Or by + Dby = 6,561 1d = 26,514, (2.23)
so that we see that each matrix &7 is invertible (with itself
as inverse). Multiplying each one of the four Egs. (2.22) by
%éj yields an overdetermined system of ordinary (matrix)
differential equations in a of the form
Do F(@)) =Z4|F(a)) (A=1,...,4). (2.24)
The unknowns of this system are the six components
K, ;(a) parametrizing the state (2.20), (2.21). Considering
the differences between the Egs. (2.24), we see that the six
components K, ; () are subject to the following system of
linear equations
(2, =Z)|F) =0 (A=2,3,4). (2.25)
We found that the rank of this linear system3 is equal to 2.
In other words, the six components K, ; can be expressed
as linear combinations of two of them, chosen for instance
as K, | and K ,. It is then useful to parametrize the a
dependence of K,, and K, in terms of two other

functions F(a), G(a), as follows (we henceforth work
on the half-line a > 0)

K| (a) = Cpsinh®3(a)F(a),

K | () = Cgsinh’/8(a)G(a). (2.26)

By appropriately choosing the ratio Cr/C; between the

proportionality constants, we obtain a linear system for the
two functions F and G which reads

(2.27)

[0, + coth(a)]G = — (1 + ﬂ’f) F. (228

4

Here, z'? denotes the function of 7/, 7, defined by the far-
wall Np = 2 mass-shell constraint

L 3
ab_t 1 __ 2 /)
G L = 277 + 4nym, = <.

g (2.29)

3Equation (2.24) also leads to six more algebraic constraints,
because the operators X, map the |F)-components partially
outside the subspace to which they belong. However these extra
conditions are found to be consequences of Eqs (2.25); similar
dependences also occur when the same analysis is performed at
level Np =3, as well as in the other one-gravitational-wall
approximations, at levels Np = 2, or 3.
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The general solution of the differential system (2.27), (2.28),
contains two arbitrary constants, say Cp and Cgy. The
solution parametrized by C, involves Q-type Legendre
functions, and is singular (in a non square-integrable way)
on the considered symmetry wall @ = 0. [E.g., K| ,(a)
Cosinh¥/3(a)Q}[cosh(a)] blows up like Ola=>/%] when
a — 0.] In keeping with the general aim of our work, we
shall only consider here the solution parametrized by Cp
which involves P-type Legendre functions, which vanish on
the symmetry wall.

Here we use Legendre functions defined on the complex
plane cut between z =—1 and z =1 by analytically
continuing the expression

1 z+ 1\#/2 -z
Pll=— (VT R vl vl —

(2.30)

F and G involve Legendre functions of order y =0 or
1 =1, and degree v = — % + in', . Here, we conventionally
define 7/, as the positive solution of the far-wall mass-shell
condition (2.29). More precisely

F=CpP°

1y ;-
_TH”J_

[cosh(a)], (2.31)

G = CPPI_%J”.H,L [cosh(a)]. (2.32)

Note that while the definition (2.30) can be used as is
when p =0, the case y =1 involves a ‘“regularized”
hypergeometric function [where the vanishing pre-factor
1/T(1 — p) is needed to regularize the singular coefficients
1/(1 — p) entering the hypergeometric series].

Finally, the general (square-integrable) solution of the
Np =2 susy constraints is of the form (2.20), (2.21),
with adapted-basis components K,;(a) given by (with

__1 P!
v=—5+inr))

Koo (a) = CpK® | [, )] sinh®/3(a)PO[cosh(a)],  (2.33)
Kyy(a) = CpKYy (7, )] sinh®/8(a) PY[cosh(a)],  (2.34)
K, y(a) = CpKY (7, ) sinh®3(a) P [cosh(a)]. (2.35)

Here, the indices U, V run over the two values u, v
parametrizing the parallel components of the wave func-
tion, and the 7},-dependent (but a-independent) polariza-
tion tensors Kg ;(my) are given by

K] = (74 3) (m-g) @30

PHYSICAL REVIEW D 95, 126011 (2017)

{K%V [7[;4 ’ 7'[/1/,] } UV=uu,uv,vv

Lo 70,3, 3
=q—=m; +i— =7y ———,
2 T e T I3 T g
_ / ] i /_/ _E

Ry () 5

1, (1, 7.,\ 13
- 7, — = — 2.37
zzru+z(4m g7 ) T30 (2.37)

Wl ={ () (m-3) b 239

We have checked that the values of the various z}-
dependent coefficients Kg ;(my) are in agreement with
the general, far-wall plane-wave solution (2.8). To perform
this check, and to finally obtain the scattering laws (2.9),
(2.10), (2.11), we will need to use the far-wall (¢ - +o0)
asymptotic expression of the Legendre functions, namely:

L( F(%—i—y) v F(_%_y)e—(wrl)a)
VA=) ) |
(2.39)

Pl[cosh(a)|~

a— +o0.

B. Reflection laws on the symmetry wall ay3(8) =p° — *

Let us now extract from the explicit structure of the one-
wall solution (2.33), (2.34), (2.35) the reflection laws (2.9),
(2.10), (2.11). In the following, we shall conventionally
assume that the wave packets we are considering are
“future-directed” in the sense that the (shifted, far-wall)
contravariant momentum vector 7’ is directed toward
increasing values of the timelike variable p0=p'+5>+/.
[Physically, as ° = —In(abc), this means that we are
considering a contracting universe, going towards a big-
crunch-like singularity where the volume abc — 0.] With
this convention, and given the fact that the wave packet
evolves in the half-space a = a,3 > 0, the ingoing piece of
the asymptotic solution is characterized by having a com-
plex phase factor « ¢~7.%, while its reflected piece should
have a phase factor « eti71% Here, as above, 7, is defined as
being the positive root of the mass-shell condition (2.29).

In the case of the @,; symmetry wall that interest us here,
we should insert v = —%—i— in/, in the asymptotic expres-
sion (2.39). This yields

_1 . .
POI . 262‘1 M —ir, a M€+i”la ’
_§+l711 \/7.7: F(%—lﬂl) F(%"‘lﬂl)
(2.40)
_1 . .
P1 26—20 Me—inla_i_Meerla
—+in, \/7? l"(_l_iﬂ/ ) F(—l—|—i7z’ ) .
2 1 B i

(2.41)
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Let us first note that the combination of the exponentially
decaying prefactor ¢™2® with the overall factor sinh3/3 (a)in
Egs. (2.33), (2.34), (2.35), and with the real exponential
factor linked to the imaginary additions to =, #, in
Eq. (2.20), reproduces (in the limit o> 1) the real

. 143521 103 [ DV P .
exponential factor e ¥ 7 = ¢=5* 2"+ present in the

general far-wall solution (2.8). Then, the presence of the
two complex-conjugated phase factors e*7.% (in addition
to the conserved phase factors e!(%“+7:?)) shows that the
reflection law for the shifted momentum reads

/in __ /out __

my = (=rL, i, ) = 7

= (+a 7, m,). (2.42)
The rewriting of this adapted-basis reflection law, precisely
yields the specular reflection law (2.9).

In order to extract the global reflection phase-factor
global

e Eq. (2.10), connecting the incident far-wall ampli-

tude to the reflected one, one needs to compare both the
incident and the reflected pieces of the solution Eqgs. (2.33),
(2.34), (2.35) to the generic far-wall solution (2.8). When
doing so, one can first factor out the amplitude of, say, the

incident P, i CtyPe modes (in K | | and Kyy). This yields
2 1

a ﬂ' ' -dependent factor in the corresponding incident
L Lein) -type modes (in K | ;) given by
rd-ir) 1

B
) g

(2.43)

where we used the basic identity ['(z+ 1) = z['(z).
Combining this additional 7’ -linear factor (2.43) in K
with the 7};-linear factors displayed in Eq. (2.38), we found
that all the K, ; incident amplitudes of Egs. (2.33), (2.34),
(2.35) nicely agree with the z/,-quadratic dependence of the
generic far-wall amplitude (2.8) derived in our previous
work [16], and recalled in Appendix A. (The same check
holds for the reflected amplitude.)

As an additional result of this asymptotic analysis, one
gets the relation between the overall scalar amplitude
Cy,— of a far-wall wave packet and the overall coefficient
Cp parametrizing the amplitude of the P-type solution,
namely

Cp D(xir))
NZON e

CE = - (2.44)

where the upper sign on Cy, _, refers to the outgoing wave
(having a3 - 7/ > 0), while the lower sign refers to the
ingoing wave. Taking the ratio between C;\?F:g and Cy _,
yields the global phase factor

5,%120,?1] - C]J'\;F =2

_ Pitia U5 — ir]
Pl=im T+ ix ]

Cyp=

PHYSICAL REVIEW D 95, 126011 (2017)

In the small wavelength (WKB) limit (large values for the
components 7,,), this yields, using

Fz4+a) .,

Trp) ~ (2.46)

asz — oo,

. <elobal WKB .
Lo ~ e,

(2.47)
The latter asymptotic value of the global phase is also
easily obtained by considering the K| | component of the
Ny = 2 solution (which is given, for large values of x/,, by
K| = Cy,p7' 7/, where the factor ﬂ does not change
sign upon reflection).

Finally, let us extract from our results above the
reflection operator (1n Hilbert space) RENF=2 mapping
the incident state )i 6.n,—2 to the reflected one. We can
compute this operator by relating the various basis spinor
states I;(fiali) |0)_ making up the one-wall solution (2.21) to
eigenstates of various operators defined in terms of the
basic gravitino operators ﬁ)ﬁ. Let us recall that our previous
work had emphasized that the building blocks of the susy
Hamiltonian operator were some operators quadratic in the
<i>j{’s that generated a representation of the compact
subalgebra K[AE;] of AE;. There were two types of such
operators: the three spin operators S, 3’23, 3'31, associated
with symmetry walls, and three operators J,;, Jp, J33,
associated with the three dominant gravitational walls
ay =2B", ayp =2p% a3 =2p. (See Eq. (8.10) in
Ref. [16].) Here, we are considering the reflection by
the symmetry wall a,;, so that one might expect that the
corresponding reflection operator RENr=2 might be
directly related to the corresponding spin operator Sy;.
There is, however, a subtlety. Indeed, while the considered
dynamical states |'¥)g v, live in a 6-dimensional subspace

Hi1,1), of the 15-dimensional N = 2 level (so that RE&N=2
is an endomorphism of H ;) ), the spin operator 3’23
happens not to leave invariant I]-I] (1.1)s» but to map it to other
sectors within the 15- dlmensmnal Np =72 state space.
However, if one considers, instead of 3’23, its square, namely

§3,, one checks that the latter operator leaves invariant (and
thereby defines an endomorphism of) H(; ;.. [We recall that

it is indeed the squared spin operator Wthh enters each
symmetry wall a,, in the Hamiltonian operator, as per

~(82%, — Id)/(4sinh?(a,)).] In addition, we have shown
that the basis of spinor states l;(f b")|0)_ entering (2.21), and
which were crucial for finding and simplifying the solution
of the susy constraints happen to be eigenstates of S %’; More
precisely, we have shown that four of our basis states are
eigenstates of 3‘33 with zero eigenvalues,

S%sgﬂ;ﬂoﬁ =0; Sz%

UpVioy_ =0, (2.48)
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while the other two basis states are eigenstates of 333 with
eigenvalue equal to 4:

§3.055910)_ = 4bbY)|0)_. (2.49)
We then note that these eigenvalues of 3%3 are correlated to

the Legendre order y of the corresponding wave function
K, ;(a) by the simple rule

1

1= 518l (2.50)

where we introduced the operator |S'23|6,NF:2 defined as

being the (unique) positive square root” of 83, considered as
an endomorphism of Hyy ).

When comparing the phases of the incident and reflected
pieces in the one-wall solution above, one easily sees that
they only differ by a phase factor, and that the latter phase
factor, say e’ only depends on the value of the Legendre
order y, and can be written as

. It —p—ind U(ix
e, — LGmpmim Uir,) (2.51)
[ —p+in I (=i

In view of the strict correlation (2.50), we conclude that the
6.Np=2

reflection operator R,

is an operatorial function of
|S23/6.3,—2» Which is given by

L Tidy UG = in', =3 18536, -2
= L2 Th 2PN (2.52)

R c ) 1 -/ 119
[=iz U5 + in', —5[S2l6n,-2]

In the small wavelength (or WKB) limit (z/, > 1), we have

[ wkp = e ),

(2.53)
so that the reflection operator depends only on the spin
operator, namely

1 global | in|@
Rgi;/ﬁ‘:lWKB — ¢ Ti8nlen—2=1) — 61552033 e TS mlen -2

(2.54)

In the second form, we have factored out the (WKB limit
of the) global phase factor (2.47) (which corresponds to
the §3; = 0 eigenvalues). Note that this result can also be
written as

RG,Np:Z,WKB _

g 85
236N p=2
3 e e ? L

(2.55)
because the eigenvalues of |3’23|6‘NF=2 are 0 and 2.

4By definition, we require this square root to have the same
eigenstates as S336 v, —2-
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C. Scattering and reflection laws on the
symmetry wall a;,(f) =p*-p!

We shall be briefer in our discussion of the scattering
of a Ny =2 wave packet (2.1) on the other symmetry
wall of our canonical chamber, ie., the wall form
a15(B) = p* — p'. Though there are some differences in
intermediate expressions (because of the dissymetric
role of the two symmetry walls bounding one given billiard
chamber) the final results are obtained by applying the
cyclic permutation (231) — (123) to the previous final
results concerning the scattering on the a,;(f) = f° —
wall.

Again, the crucial tool is to work within a basis of one
forms adapted to the considered wall. The previous basis
(2.13), with (2.14), (2.15) is now replaced by

(@ @@} = (@p).ap).5(p). (250
with
)= =p. ) ==(2 38 5.
58 = (B + ). 2.57)

The metric components in this adapted basis are the same as
the previous ones, Eq. (2.17), so that the far-wall mass-shell
condition reads as before, namely

. 3

8

The state reflecting on the @;, wall is looked for in
the form

W)g,—2 = TR F (@) gy, (259)

where the real-exponential contributions are slightly modi-

fied [because of the noncylic invariance of the original scale
factor F(f3), Eq. (2.4)], and where

. (2.60)

F(@)on,—2 = Kap@b5710)

Here it is now understood that the basis indices a =
(L, u,v) must be replaced by their tilded avatars, corre-
sponding to the new basis (2.56), (2.57).

As above, we find Q)-type and Pj-type Legendre

solutions, with the order y related to 3’%2 via

1 4
r=3 S12l6.5,=21 (2.61)
so that u =0 or 1. The degree v is again given by
V= —% + in',. The Q-type solutions are singular and we
discard them. On the other hand, the P-type solutions are
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regular and are expressed by formulas similar to Egs. (2.33),
(2.34), (2.35), when using projections on the tilded
basis (2.56).

The final reflection laws are the same, mutatis mutandis,
as before. Namely, the standard specular reflection law
(2.9) (on the new wall ay,), and [defining as before 7/, as
the positive root of the mass-shell condition (2.58)]

. L_ i
r[+f7rl]F[12 {”L] ~e s (2.62)
[[—iz' [T + i7", ]

. cglobal
e Bay  —

(where the last approximation corresponds to the WKB
limit) and the (23) — (12) version of the reflection
operator (2.52), which yields, in the WKB limit

Rg'llva:ZWKB _ e—%‘ei%\glz lo.vp—2 .

(2.63)

As before, we can indifferently choose here the £ sign
because the eigenvalues of |§12|6qu=2 are, as before,
0 and 2.

D. Scattering on the gravitational wall a;;(f) =2

We shall also be brief in discussing the scattering of a
Np=2 wave packet (2.1) on a gravitational wall
Gravitational walls correspond to terms in the Hamiltonian
that are proportional to e =g ' e =2 or
e~ =¢ 2 The main differences between a gravitational
wall and a symmetry wall are that: (i) a gravitational wall is
softer than a symmetry wall in that it does not become singular
on the corresponding wall hyperplane «,, = 0; and (ii) the
operator J,; coupled (in the Hamiltonian) to the wall factor
e~ is quadratic in the gravitino operators ®%, while we had
quartic-in-fermions operators, such as 83;, for symmetry
walls (see Eq. (8.11) in Ref. [16]). Similarly to the (sharper)
symmetry wall case, we shall impose the boundary condition
that the wave function exponentially decreases as one
penetrates within the considered gravitational wall (i.e., when,
say, ay; () = 2" becomes negative).

As in the symmetry-wall case, we shall solve the susy
constraints in the one-wall approximation. It is again very
useful to introduce an adapted basis of one-forms, namely
ga@ = (gaL, s, ,a’) with

o (B) =2 a(p) = gu=p 1B

yav(ﬂ) =4v :/)71 +/)72- (264)
(Below, we simplify the notation by deleting the pre-
subscript g.) Again, we have chosen a direction normal
to the considered wall, and two null directions parallel to
the wall. The normalization of this co-frame is now slightly
different from before, with
GJ_J_ =2

GW = GV = _1’ (265)

PHYSICAL REVIEW D 95, 126011 (2017)

so that the far-wall mass-shell condition reads

(2.66)

3
272 - 277, = 3

In the following, we shall define 7/, as the positive root of the

latter mass-shell condition, i.e. 7/, = /7,7, — 1p?, where

p* = =3 is the squared mass at level Ny = 2. The dual

(vectorial) basisisequalto {a |, a,, @, } = {% at, =t —un}.
Let us introduce the shorthand notation (here general-

ized, in anticipation of the corresponding Ny = 3 discus-

sion, to a mass-shell condition involving a different squared

mass y2)

Up (B ) = ) pimu (B 1) +ir, (B +57) o 25" W_y i le

(2.67)

_Qﬂ]]

El

where W, ,(z) denotes the standard Whittaker function.

The solution of the susy constraints near a gravitational
wall (and decaying under the wall) is then of the usual form
[see (2.1)]

¥)6n,—2 = ka3 (B)D1B210) . (2.68)

where the frame indices now refer to the gravitational basis
(2.64), and where the components of the state are given by

k. (B)=C’ (Z—H(ﬂ; +2x,) —zz’v2>bl_% _/)7,—3], (2.69)

1 3
k., (B) = CJZ (1 4 2ix,)(1 + 2irz’v)L{_§ b, _5]’ (2.70)
11 il )2 [ 3
km(ﬁ) =C Z(l +2l”u> Z/{_% s, _5 > (271)
1 ) 1
ki,(B)= _CJZ(3 +2im, ) (1 +4m,m, U _s {ﬂ,i] . (2.72)
1 ) 1
ki, (B)= _CJZ(I +2im,)(1 —|—4ﬂ;7r’@,)Z/l_% {ﬂ,i] . (2.73)
ko (B) = —C/(1 + am) (Lu | g2
T2 TR 2
[ | 1
R — —
(oo ushl)). oo
The last component can be rewritten as
1 5
(D) =C g ama) G ama |53 279
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The latter form displays the role of the value j = % in the
second argument of the function U/, (p; j) describing the
behavior of the basis state l;il;f|0>_ (in correspondence
with the fact that the latter state is an eigenstate of the
operator J,; with the eigenvalue j = %).

The behavior of the Whittaker function near the origin
e " - 0 yields the far-wall limit of the wave function:

Uz B.j] ~ B3 i (7, (P45 )+, (B +)
plooo

( L=271] o p M(gi%ﬂ‘)
F[(I;rj)_iﬂfl] F[@%—iﬂﬂ

(2.76)

We have checked that the 7/, -dependence of the successive
ratios between the incident and reflected amplitudes
exhibited in (2.76), which follow from the Euler-gamma
function identity

r[i(HéH)—m'L] = (@—in'L)F[(l;j)—iﬂl],

(2.77)

agree with the general far-wall solution (2.8), obtained
in Ref. [16].

From Eq. (2.76), we also immediately get the phase
shifts, for each component of the wave function, between
the incident (c ¢~27.") and reflected (cx e27./") ampli-
tudes, upon scattering on the a;; = 2" gravitational wall:

1+ _ :
g G = P IT2E] ) o)
T+ i U2

In the cases of the reflections upon symmetry walls
discussed above, the global phase factor, entering
Eq. (2.10), could be read off from the reflection behavior
of the perpendicular-perpendicular amplitude, & (f).
The reason for this fact was that, in those cases, the
perpendicular-perpendicular projection of the far-wall
amplitude (2.8), i.e., the quantity K (x,), happened to
be independent of the sign of the (corresponding)
perpendicular component 7/, of z, (which is the only
adapted-basis component of 7, which changes upon reflec-
tion). [The first contribution o #’Z in K, | (},) is always
invariant under the sign flip #/, — —7/,, but we are talking
also here about the second contribution o L’i | 7T}, wWhich is
linear in ﬂ/l and could, a priori, change under reflection.
It does not in the case of symmetry-wall reflections because
L+, happens to vanish.] By contrast, in the case of reflection
upon the gravitational wall @;;, we found that the corre-
sponding coefficient L1, does not vanish, so that the
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(linear in 7},) contribution oc LY | 7}, changes upon reflection.
On the other hand, we found that all the parallel-parallel
coefficients L{}, measuring the dependence on 47, vanish in
the case of the gravitational wall @;;. As a consequence,
in that case, the global phase can be read off from the
reflection behavior of the parallel-parallel amplitudes,
kyv (). The latter amplitudes correspond to the eigenvalue
j=- % so that

global F[—i - lﬂl]r[lzﬂl}
a1 = .
[[-1+ ix |T[-i27]

e” (2.79)

Contrary to the symmetry-wall cases, the dependence of

5global

the global reflection phase &, = on 7/, does not admit a

L lobal
limit when 7/, — oo, rather one has &%,

This divergence is easily understood classically: because of

~7 Inz.
. ” —2p _ 2
the energy conservation law 0 + ke™" =75 .., a
relativistic particle impinging on a gravitational wall
with incident normal momentum 7’ ¢, ..., Will penetrate
within the wall up to the turning point z#/, = 0, i.e. up to the
. . 1 _ 2
energy-dependent position 28,0, = — (7' £y /k)-
The shift ,Btluming in the effective location of the wall
then leads to an additional (energy-dependent) phase shift
1

~ = 27'L-/Lf'ar—wzlllﬂturning ~ 2ﬂlifar—wall In ﬂlifar—wall‘

Of more importance for our purpose is the dependence of
the phase factors (2.78) on the second argument j of the
mode function U, (#;7), Eq. (2.67). Indeed, we have
shown that our adapted basis was such that each corre-
sponding spinor state l;(f b?) |0)_ was an eigenspinor of the
operator J11 associated with the ay; gravitational wall.
More precisely, the perpendicular-perpendicular, L 1, state

has eigenvalue j = %, the two perpendicular-parallel states,
5
parallel states uu, uv, vv have eigenvalues —%. Note that
these values are precisely the j-values entering the corre-
sponding mode functions (2.67). We can therefore reex-
press the result above by saying that the reflection operator,
in Hilbert space, against the a; gravitational wall is given
by the following operatorial expression

du, Lv have eigenvalues j =5, and the three parallel-

T — i, |rji2e, |

Ran' > =—— . (2.80)
Y 4 in |0[—i27 |
In the large momentum (WKB) limit, this yields
RENE=2 1y ¢ido(w)) o= =150 (2.81)

where we defined 6y(z’, ) = 27/ In(4x/ /e).
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III. QUANTUM FERMIONIC BILLIARD
AT LEVEL Np=3

The analysis done in the previous section of the various
reflection laws at the fermionic level N = 2 can also be
performed at the fermionic level Nyp = 3. This level
corresponds to a 20-dimensional subspace of the total
spinorial state space. Actually, there is a natural decom-
position of the Np =3 space into two 10-dimensional
subspaces. The latter two subspaces are mapped onto
each other via the involution b¢ — b%, Z;i - l;fF, between
the basic fermionic annihilation and creation operators.
Here, we shall work in only one of these equivalent
10-dimensional subspaces.

As found in our previous work the general structure of
the propagating solution of the susy constraints can then be
written as

[P)ron,—3 = f(B)In) + hpy(B)|BPY), (3.1)

where
[T 1 BBl E

) :yﬂklmblibl—b— 0)_;  [B) :Eznp’dbibl*bﬂw"
! kil

(3.2)

Here, #y,, = V/—Gey,,, denotes the Levi-Civita tensor in
p-space, and the first index on #”;; is moved by the
Lorentzian metric G”? in f-space. The general solution
(3.1) is parametrized by the (pseudo-)scalar f and the
(dualized) tensor &,,,. The latter tensor is not symmetric in
its two indices and has, in general, nine independent
components. With the additional degree of freedom
described by the scalar f, this means that the general
Np = 3 solution a priori contains ten independent com-
ponents (as befits its belonging to a 10-dimensional sub-
space of the Ny = 3 level).

It was found in Ref. [16] that, far from all the walls, the
general propagating solution at level Ny = 3 simplifies
because several irreducible components among the ten
generic ones either vanish or become related to each other.
Specifically, in our canonical chamber both the scalar f,
and the antisymmetric part of the tensor h,,, vanish far
from the walls. In addition, the remaining components,
namely the six components of the symmetric part /,,) of
hpg, can all be polynomially expressed in terms of the
shifted momenta 7, according to a formula of the same type
as for the Ny = 2 solution, i.e.

his vl = Cy, s el el (z) 1y + Ly ymi +mp),  (3.3)

where L’I‘,q and m pg AT€ SOme fixed numerical coefficients

(see Egs. (19.32) and (19.33) in [16], which are reproduced
in Appendix A for the reader’s convenience). [The coef-

ficients L’;,q and m,, describing the Np =3 far-wall
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solutions are different from their Ny =2 analogs.]
Here the shifted (far-wall) momenta 7/, satisfy the
(nontachyonic) mass-shell condition

1
ab 1 o 2 —
G Talp = ~Hy,—3 = ~5-

(3.4)
The real exponential factor ¢™«#* = ¢#'+#*+%" s the far-
wall asymptotic form of the rescaling factor (), Eq. (2.4).

We wish to generalize to the Np = 3 level the reflection
laws (2.9), (2.10), (2.11), discussed above for the N = 2
level. As before, these reflection laws will be obtained by
matching the general far-wall solution (3.3) to three separate
approximate susy solutions, obtained by considering, in
turn, the various one-wall cases where the solution prop-
agates near each one of the three walls of our canonical
chamber, i.e., the symmetric walls a3 or a;,, and the
gravitational wall ;. We will again find that the first
reflection law (2.9) is always satisfied, and we will compute
the values of the other scattering data, namely the Np = 3
global phase factor

- cglobal
0y

Cy—s =€ C}\H/F:y (3.5)
and the reflection operator acting in the considered
10-dimensional subspace of the Np = 3 level, such that

10.N =3 ppy\ i
|LP>(1)3TNF:3:RG g ‘T>III}],NF:3'

(3.6)

Asin the Ny = 2 case, we found that it is very useful to use
(for each wall) the same wall-adapted basis as above to be
able both to solve the corresponding one-wall susy con-
straints, and to compute the scattering data. When working
in some basis of one forms, say a® () = %, we shall write
the general solution (3.1) in the form

P)son,—3 = FB)n) + hy(B)lata?),  (3.7)

J——
where h,; = aa“;,hpq

are the components of the tensor £,,,
in the dual basis (a}a? = &) or, equivalently alal = &2),
and where we introduced the short-hand notation
a,b\ — b
la’a’) = | BPY). (3.8)
[One must also tensorially transform the Levi-Civita tensor,
and the metric.]
In the following subsections, we shall briefly summarize
the main results of our analysis at the N = 3 level.

A. Np =3 reflection on the symmetry wall
ax()=p>-p
We use the same basis of one forms as above, namely
(2.13), with (2.14) and (2.15). One decomposes the wave
functions f(f) and h,;(f) entering the general Np =3
solution (3.7) in the products of the factor
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elim=y)u+(ix, +%)11’

(3.9)

and of functions of @ = a,3(f#). Here, the conserved shifted
momenta 7}, 7/, (which measure the momentum parallel to
the wall plane) must satisfy (when receding far from the
wall) the Ny = 3 mass-shell condition (3.4) which explic-
itly yields

1
208 H AT, = i, == (3.10)

One then writes down the Ny = 3 analogs of Egs. (2.22),
(2.24), and (2.25) (written in terms of adapted-basis
objects). The rank of the latter linear system is again found
to be equal to 2. This means that the ten components of f,
h, j, can be expressed as linear combinations of only two of
them. One also finds that the three antisymmetric compo-
nents of &, ; must separately vanish. We could then express
the seven remaining components, i.e., f, h< ab)> in terms

of two functions of a = ax(B) = — f?, say F(a) and
G(a). For instance,

h, | « sinhi()G(a), (3.11)
B o sinhi(a)F(a). (3.12)

The F and G have to satisfy the differential system

1
0. F + Zcoth(a)F + G =0, (3.13)
3 1 n
8aG+Zcoth(a)G— E—l—irl F=0, (3.14)
from which follows
O%F + coth(a)d,F + l+ﬂ’2 L \r-o
“ “ 4 "L 16sinh?(a)
(3.15)
The general solution of this system is
F=c,P'}  [cosh(@)]+c P} [cosh(@)], (3.16)
3 l”J_ ) lﬂ.'J_

1 _3 43
G=c, (E + ﬂ’f) Pl [cosh(a)] — P { [cosh(a)].

(3.17)

The solution for f and A (@bh) also involves the combination

G + L coth(a)F which can be shown to be equal to
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1
G+ zcoth(a)F = chPJr

5
. loosh(a)]

9 _s
—c_ (1_6 + ”E) P_i;+iﬂ/i [cosh(a)].

(3.18)

As we see, there is a two-parameter family of solutions:

43 41 _3
! and P |

. oo . 3 )
(i) the ¢, family involving P_% i, P_% i, i

3
and (ii)) the c_ family involving P | P

—+in T Ain!, and

3
PJ_rf i Near the wall (¢ — 0), the Legendre functions
2 1

behave like (we recall that a > 0):

e (5)

Though the above Legendre functions enter the solution
after being multiplied by sinhi(a), the c, family of
solutions will be singular at ¢ =0 in a non square
integrable way. We therefore exclude it, and retain only
the ¢_ family of solutions. [This family is mildly singular at

cosh(a).

P)(cosha) ~ (3.19)

3
a = 0 because of the presence of sinh%(a)ijm, [
2 1
But the latter mode is square integrable.]

Finally, defining (for y=—32,—1 +3) the mode
functions

()= el m e (5D sinbi (@) P |
2 L

cosh(a)], (3.20)

we have been able to write the only regular solution of
the susy constraints near the a3 symmetry wall as a sum of
the type

W) 1ov,=3 = C3 Z N, (@, )0 (B) . i)

-5 _1.43
p=—1—3+3

(3.21)

Here, i is a degeneracy index, which labels, for each value
of u various states associated with the same value of the
order u of the corresponding Legendre mode A* ().

Parallely to the Ny = 2 analysis above, there is again a
direct link between the various mode states |u, i) and the
spinorial operator §3;. Namely, the states |u, i) span, for
each value of y (when the degeneracy index i varies), the
eigenspace of [3’%3]10,,%:3 with eigenvalue (2u)%. More
precisely, we have

8310w, —slis 1) = (2u)? i) for i =1,...g(n), (3.22)

where the various degeneracies (which sum, as needed, to
ten) are
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5 1 3
— =1 —— ] =5; — | = 4.
o(-3) =1 o(-3) =5 o(+3)
(3.23)
Let us briefly indicate the structure of the various eigen-

states, and how they are intimately linked to the basis
adapted to the considered wall a* = ay;

=) = o) ou) = | LIy~ ). (324
= Bimtos = L. L), | Lo). oL}, ) +1G),
(3.25)
3.
2 it = L) = b ). o). ) o)
(3.26)

where we used the notation (3.8), together with the following
shorthand for the trace state |G) = G ,,|BP?) = G, ; |a’a’) =
S(ILL) +[uv) +[vu)).

The possibility of expressing the solution of the susy
constraints near a symmetry wall ag as a combination of
modes of the type (3.20) [involving Legendre functions
P(cosh(a))] can be directly seen when considering the
second-order equation (Hamiltonian constraint) which
must be satisfied as a consequence of the first-order susy
constraints. Indeed, the near-wall form of the Hamiltonian
constraint reads (with #, = —i0/0p*, and |¥'(p)) =
F(B) ¥ (B)

2
182 —1d

Gioty + 4y + 2
( @b T KN 2 sinh?(ay)

)I‘P’(ﬂ» —0. (3.27)

Decomposing the solution of this near-symmetry-wall
second-order equation in eigenspinors of the squared spin
operator 52 .- one finds that the general solution pertaining

to an eigenvalue S° of S‘is is expressible in terms of the
Legendre modes (3.20) for

ﬂ:i@

5 (3.28)

As the eigenvalues S? (with multiplicities) of the squared
spin operators at level Ny = 3 are (for all symmetry walls)
((3)?]1- G)?[s. 3)*[4), we recover the fact that the Legendre
order y can take the values 2, 1, 3. However, such an
analysis based on the second-order equation alone cannot
determine which subset of indices x belong to a given
solution of the first-order susy constraints. Nor can they
determine the subset of indices belonging to a square-
integrable solution, by contrast to a nonsquare-integrable
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one. To determine that the one-parameter family of square-
integrable solutions of the susy constraints were associated
with the set y = {—2,—1,+3} of indices we had to go
through the more complicated analysis of the susy con-
straints sketched above.

Finally, we can extract from our analysis the scattering
data for the a,3 symmetry-wall reflection. The basic fact to
be used is the asymptotic decomposition of the Legendre
function P} given in Eq. (2.39) above. To determine the
global phase relating the incident far-wall amplitude Cy, 3
to the reflected one, it is enough (as in the N, = 2 case) to
consider the L | component of the wave amplitude 4,,.
[Indeed, we have checked that, for the @,; symmetry-wall
reflection, the Ny =3 coefficient L1, measuring the
sensitivity of A% Eq. (3.3), to the sign of 7}, vanishes].
We have exhibited in Eq. (3.11), the fact that i, is
proportional to G(a), and therefore (for the square-

3
integrable solution) to P cosh(a)]. This shows that

+4
—Ltir! [

2 L
the global phase factor is the one belonging to the value
u= —|—%. Using, the general result (2.51), we then get

iglobal — L . 3.29
In the WKB limit this yields
[e"‘sglobﬂl](‘ng = ¢, (3.30)

Moreover, the map between the incident spinor state and the
reflected one is obtained by the reflection operator

/32
210.N,=3

r[+ml]r[; —ir, -

o=

RAMNr=3 . (3.31)
Pl-im 0 [k + i =3/ S ]

which yields in the WKB limit
RINr=3WKE _ =18 5V Shoson, s (3.32)

Here, ‘/553101\/ 3 denotes an operator square root of
MV F=

3%31” _, which is not equal to its positive square root, but
V=3
which is defined as

(3.33)

by which we mean the following square root version of
Eq. (3.22)
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\/ 5%310,1\/1::3 |M’ l> = 2ﬂ|//l, l> fOr

5 1 3
du=4-2,—= 42 = 1,...9(u).
U { 5 2,+2} and i=1,...9(u)

(3.34)

B. Np =3 reflection on the symmetry wall
an(B)=p*-p'

Concerning the reflection on the second symmetry wall
of our canonical chamber, namely a;,(f) = > — ', the
needed computations are very similar to the ones above,
with, however, some significant differences. Though one
would have expected that a simple cyclic permutation
would suffice to translate the results of the a,; wall into
results for the a;, wall, there are some subtleties in
intermediate results, linked to the fact that the explicit
form of the susy constraints is not manifestly cyclically
symmetric. However, the end results are correctly obtained
from a permutation (231) — (123).

We have already introduced above the basis adapted to
the ay,(f) = f* — p' symmetry wall, namely Egs. (2.56),
(2.57). In terms of the frame components of the state (3.7),
there are some simplifications because we found that the
algebraic constraints on the state imply the vanishing not
only (as before) of the antisymmetric components of &, ,
but also the vanishing of the scalar f. This leaves us with
only six propagating components: h< ab) Again the adapted-
frame decomposition of these components is directly linked
with eigenstates of the relevant squared spin operator,
namely [3%2}10,1\&:3- The good (square-integrable) modes
are again of the form (3.20) with the corresponding u-
decomposition (3.21) of the solution. However, there is a
difference in the link between each Legendre P mode and
eigenspinors of [S‘%Z]mwﬁy with eigenvalues (2u)?, as in
Eq. (3.22) above. We have now, when considering a full
basis of the 10-dimensional space, even if some coefficient
modes vanish’

5
h==3) = |11), (335)
1.
b= Dicr.s = I L), | L, [0 L), | Lo), (336)
3.
[+ 3 Dt = ) Jo0), o). [ow). (3.37)

Let us only exhibit here, for illustration, the form of the
11 mode:

The vanishing of such or such component depends on the
choice of basis. What is important is that we were able to describe
the exact solution of the susy constraints within the ten-dimen-
sional (half) N = 3 state space.
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_5
hJ_J_ X sinh%(a)P

i, [cosh(a)]. (3.38)
2 i
Contrary to the Nz = 2 case, A ¥l is sensitive to the sign
of | (i.e., the projected coefficient LT, does not vanish).
However, the other projections L, of L%, do vanish, so
that the far-wall parallel-parallel components of h,, are
insensitive to the sign of 7/, . Finally, the global phase factor
for the N = 3 reflection on the a;, symmetry wall is given

by the behavior of the 4 = 3 mode, i.e.

L(—4—in' ) (ir))

B ey g (3.39)
with WKB limit:
[eiéglobalmflf - (3.40)
The corresponding reflection operator reads
[[+ix, T {% — i) =3 S1%2101\/ ,:3]
RION:=3 _ L (341)

rlid |3+ in!, 45,

(where \/3’%2101\/ s is again defined as being 2j) which
MV =2
yields in the WKB limit

_ ol [
RANe=3WKE _ (=i5673V Sianonys (3.42)

C. Reflection at level N =3 on the
gravitational wall a;;(f) =2p"

When considering the reflection on the gravitational wall
a1 () =2pB" of a Ny =23 solution we use the same
adapted basis as in our corresponding Ny = 2 analysis,
namely (2.64). Instead of the Legendre-like mode functions
(3.20), we will have Whittaker-like mode functions,
U, (B ), as defined in Eq. (2.67). The only difference
is that the squared mass value x? labeling these modes must
now be taken to be uy, _y = +3 (instead of p3, _, = —3).
Actually, the value of y? only enters indirectly in the
expression of U, (f3;j) via a modified link between the
shifted parallel momenta x},, 7, and 7/, . In the present case,

this explicit link reads: #/, = \/m, 7, — 1.

In the case of symmetry walls, we were decomposing
the state |¥)y9y,_3 into eigenstates of the squared spin

operator 3%310“:3 (labeled by p with (2u)? = S? measuring
the eigenvalues of 3%31&“:3), as in Eq. (3.21). Here, we
shall decompose |'¥);9 v, 3 into eigenstates of the operator
J1; (with eigenvalues denoted j), according to
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[Pion,—3 = C3 Y Ni(al, 2 )Us(B; j)1j i).  (3.43)
j=—2.02

At level 3, the eigenvalues j (with their degeneracies
labeled above by i) of [J11]y,y,—3 are (+2[5,0]g, =2|,).
More importantly, the eigenspinors corresponding to these
eigenvalues are directly linked with objects naturally
constructed within our present adapted basis. Namely,
we have [using the notation (3.8), now applied to our
new adapted basis]

= 20)im1p = lul), [0 L), (3.44)
= 0.0) = L), o), fuw). o), Iy, (3.45)
|j = _2, i>l:1,2 = |_L, u>, L, U>. (3.46)

Let us only cite the form of our final result, namely the
expression of all the components #,;(f) (modulo an
overall factor that we omit) of the main N = 3 polariza-
tion tensor h,, along our adapted basis. [The scalar

polarization f happens to vanish, as well as h,, — h,,.]
h, = —in:f//l%(ﬂ, +2),
By = —%Z/@(ﬁ, 12).
i = 2 U(P.=2),
o = 7 (A2,
=3 A0
= %%(ﬁ, 0).
e I
%(hm) + hy,,) = %Ll%(ﬁ, 0). (3.47)

Using the asymptotic behaviour of the Whittaker modes
[see Eq. (2.76)], we deduce the reflection laws on the
gravitational wall 28! = 0. We checked that (because, for
the present case, L1, = 0) the global phase is read off the
h, | expression (involving j = 0) and reads

_rhimar)
I3+ i, |T'[-i27, |

- cglobal
0y

As before it is energy-dependent, and has no limit
as 7/, = +oo.
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The reflection operator against the «r;; gravitational wall
(acting in Hilbert space and transforming the incident state
into the reflected one) is given by the following operatorial
expression

1+7 . .
10N=3 _ F[%— in') |Ti27,]

Ray, 5 . (3.49)
I 4 i J[~i2,
In the large momentum (WKB) limit, this yields
R;(I)I,NF:3 _ eiéo(ﬂl)e—ige—i%j“’ (3'50)

where (7, ) = 27, In(47’ /e). These are formally the
same expressions as at level N = 2, but, here, J,, denotes
the endomorphism of the 10-dimensional N = 3 subspace
in which we are working.

Let us note that the solution (3.47) contains more excited
components than the previous symmetry-wall Np =3
solutions. In particular, the antisymmetric components
h, —h,, and h, —h,;, do not vanish, while they
vanished before. However, using the asymptotic behavior,
Eq. (2.76), of the relevant functions Uy(f3, +2), one finds

that their leading-order asymptotic approximations (as
B! = +o0) are exactly proportional to each other:

, 1
U™, +2) = —— (3.51)
2 T

U (5 -2).
utv 2

Inserting this asymptotic relation in Eqgs. (3.47) one
finds that the antisymmetric components %, —h,, and
h,, — h,, vanish far from the gravitational wall (in keep-
ing with the far-wall analysis of Ref. [16]).

IV. HIDDEN KAC-MOODY STRUCTURE OF THE
SPINOR REFLECTION OPERATORS

Let us consider the WKB limit of the reflection operators
Rea’ that map the incident spinor states |¥)" to the
reflected ones |W)°". These spinor reflection operators
depend both on the considered reflection wall form a(f)
and on the representation space, say Vieps in which lives the
considered incident and reflected quantum states. More
precisely, we derived above two different triplets of such
reflection operators: (i) one triplet associated with the
reflection (on the three potential walls of our canonical
billiard chamber) of the propagating quantum susy states at
level N = 2, which live in a 6-dimensional representation;
and (ii) a second triplet associated with the reflection (on
the same three bounding walls) of the propagating quantum
susy states at level Ny = 3, which live in a 10-dimensional
representation. In the WKB limit [and after factorization of
the classical, energy-dependent part of the gravitational-
wall reflection, 8(7,) = 27/, In(4x’, /e)], we found the
following operatorial expressions for these two triplets of
reflection operators:
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6.N,=2,WKB _ix
Ra "™ —e2e

218536 =2,
a3 2 r

RON=2WKB _

+iz5
o e~ 26 S 12165 =2

RONr=2 i i

IIJ 6,Np=2
ar =e e 2N )

(4.1)
where we recall that |3‘23|6$NF:2 and [§ 12l6n,—0 Were
defined as the positive square roots of the corresponding
squared spin operators 3'%3, 3‘%2, which are both endomor-
phisms of the 6-dimensional subspace H(; ;) of the Np = 2
level. The “gravitational” operator J11 is also an endomor-
phism of Hy; ;). (See, e.g., the second table in Appendix B
of [16].)

The corresponding results for the reflection operators in
the 10-dimensional subspace of the Ny =3 level where
live the propagating quantum states read:

10.N =3, WKB iz 52 _
R = e e BIONp=3

a3
N
e B2 S1210.NF:3

10.Np=3

10,N=3,WKB
Ralz g =

RION=3

P —lJ“
an = ¢~ e

(4.2)

Here, there is a crucial difference in the way the square
roots of the squared-spin operators are defined. We recall
that both squared-spin operators have eigenvalues

(2u)* ={()* (3)*.(3)*}. The square root operators
\/Sibw NI','; are defined as having the eigenvalues 2u =

2 2} on the corresponding eigenspaces of

Sabm ~,—3- This sign pattern is such that the corresponding,
successive values of the Legendre order p, namely
-2 -1 4} differ by 1 (so as to correspond to the regular
solutlon of the first-order susy constraints).

Let us emphasize that the results above for the reflection
operators have resulted from a purely dynamical computa-
tion within supergravity. However, a remarkable fact is that
the end results of these supergravity calculations can be
expressed in terms of mathematical objects having a (hyper-
bolic) Kac-Moody meaning. More precisely, we are going to
show that the two triplets of spinorial reflection operators
satisfy some relations that are related to a spin-extension of
the Weyl group of the rank-3 hyperbolic Kac-Moody algebra
AEj5. The notion of spin-extended Weyl group was intro-
duced, within the use of specific representations of the
maximally compact subalgebra K[AE;] of AE; (and
K[Ey] C Ejp), in Ref. [11]. More precisely, Ref. [11]
studied the one-wall reflection laws of the classical,
Grassmann-valued gravitino field y, in the case where,
near each potential wall (with bosonic potential o e=2%(4)),
the coupling of the gravitino is also Toda-like and =),
so that the law of evolution of i near each separate wall reads

Oy ~ ie™ P, J (4.3)

where I1, is a conserved momentum.
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Under these assumptions, Ref. [11] found that the trans-
formation linking the incident value of the Grassmann-
valued y to its reflected value was given by a classical,
fermionic reflection operator of the form

classical __ ,iZe,J,
Ra = e 2« a’

(4.4)

where &, = = denotes the sign of the momentum II,,.
Here, J, is a matrix acting on the representation space
defined by a classical homogeneous gravitino. In the case of
Ref. [11], this was (when considering 4-dimensional super-
gravity) a 12-dimensional space in which live the twelve
components of a Majorana (spatial) gravitino ', with
i =1, 2, 3 (spatial index) and A =1, 2, 3, 4 (Majorana
spinor index). This 12-dimensional representation is (essen-
tially) equivalent to the direct sum of the two (complex-
conjugated) 6-dimensional complex representations that
live atlevels Ny = 1 and Ny = 5 within our 64-dimensional
quantized-gravitino Hilbert space. (In view of the hidden,
but crucial, importance of the existence of such finite-
dimensional representations, we briefly discuss in
Appendix B the structure of some of the low-dimensional
representations of K[AEj;].)

Motivated by these physical findings, a mathematical
definition of spin-extended Weyl groups (for general Kac-
Moody algebras) was then implemented (as part of the
definition of spin-covers of maximal compact Kac-Moody
subgroups of the K[AE3] type) and studied in Ref. [28].

Reference [11] showed that the reflection operators, say
ré = Rg‘f‘“ical, describing the Grassmanian scattering on
the dominant potential walls (labeled by the index
i =1,...,rank) of the cosmological supergravity billiards
(both in dimension D = 11 and in D = 4) satisfied some
spinorial generalization of the usual Coxeter relations’
satisfied by the corresponding Weyl-group generators.
(We recall that a basic finding of cosmological billiards
[8] is that the gravity-defined billiard chamber coincides
with the Weyl chamber of some corresponding Kac-Moody
algebra.) The (Grassman-supergravity-based) spin-extended
Weyl group was then defined as the infinite, discrete matrix
group generated by the r¢’s. [Here, the index i labels the
nodes of the Dynkin diagram, corresponding to the simple
roots of a Kac-Moody algebra, and to the dominant walls of
the supergravity dynamics.] The generalized Coxeter rela-
tions satisfied by the Grassmanian reflection operators r¢
can be written as’

°In the notation of Egs. (4.5), (4.6) below, the usual Coxeter
relations defining the Weyl group, i.e. the group generated by
geometrical reflections in the simple-root hyperplanes in Cartan
space are: r,? = 1 and the braid relations (4.6).

Here, following standard mathematical lore [29], we rewrite
the relations written in Ref. [11] in a form that only involves the
multiplicative identity, rather than the “minus identity operator”
used there when dealing with concrete, matrix forms of the rlG’s
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(4.5)

r.r.ri. DR 4N &7 R

Tl with  m;; factors on each side.

(4.6)

Here, i, and j, with i # j (which includes both i < j and
i > J), are labels for the nodes of the Dynkin diagram of the
considered Kac-Moody group. The positive integers m;;
entering the “braid relations” (4.6) are defined from the
corresponding values of the nondiagonal elements of the
Cartan matrix a;; (which are supposed to be negative

integers, while a;; = 2). Namely (see [29])

mi; = {2,3,4,6,0} if

={0,1,2,3,> 4} (respectively). (4.7)

a; ja ji
In addition to the generalized Coxeter relations, (4.5), (4.6),
Ref. [11] had found that the squared Grassman reflection
operators (%)% had simple properties. Namely, they gen-
erated a finite-dimensional, normal subgroup of the corre-
sponding (Grassman-based) spin-extended Weyl group.
According to the mathematical definition of Ref. [28],
the spin-extended Weyl group of a Kac-Moody algebra
with Dynkin diagram IT is a discrete subgroup of a spin
cover of the maximally compact Kac-Moody subgroup
K|IT] that is generated by elements of order eight (involving
the polar angle ). This mathematically-so-defined spin-
extended Weyl group can also be characterized by gen-
erators and relations. Namely, its (abstract) generators r;
satisfy not only the generalized Coxeter relations above
(4.5), (4.6), but also the following ones:

(4.8)

where, as above i # j, and where the positive integers n;;
are defined from the corresponding values of the non-
diagonal elements of the Cartan matrix a;; via

n;;

;= 0 (respectively = 1) if a;; is even(respectively odd).

(4.9)

The additional (non-Coxeter-like) relations (4.8) are the
same as those that enter the Tits-Kac-Peterson [29] exten-
sion of the Weyl group (generated by elements of order
four: ## = 1). Their origin is not clear to us, and we shall
see below that the quantum-motivated reflection operators
that have appeared in our dynamical study above, namely
(4.1) and (4.1), satisfy the generalized Coxeter relations
(4.5), (4.6), but satisfy a phase-modified form of the (non-
Coxeter-like) relations (4.8).

The Kac-Moody algebra that (in view of previous works)
we expect to be relevant to our present dynamical study is
AEj5, and its Dynkin diagram is
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J:1 5.12 S;s (4 1 0>

Here, we use the labeling: (1,2,3) = (Jyy, S12,S523). The
two arrows and the double line between nodes 1 and 2
mean that a;, = a,; = —2, while the single line between
nodes 2 and 3 mean that a,; = az, = —1. Finally,
a;3 = az; = 0. As a consequence, the relevant values of
the integers n;; and m;; to be used in Egs. (4.5), (4.6), and
(4.8), are

nyp = ny =0; myp, = my; = 0;

nyy = nzxp = 1; my3 = m3p = 3;

nyiz = N3y :O, m3 = nms; =2. (411)
The three relations r? =1, Eq. (4.5), are satisfied for each
one of our triplets of reflection operators (4.1), (4.2). [This
is clear without calculation because the eigenvalues of all
our reflection operators are e’Xi for some integer k.] By
explicit (matrix) calculations, we have verified that the AE;
braid relations (4.6), namely
FaFaly = I3Faks3; FiT3 = 3T (4.12)

(note that m, = m,y =0 so that there are no braid
relations between the nodes J;; and S;,) are also satisfied
by our two triplets of reflection operators (4.1), (4.2).

Concerning the non-Coxeterlike relations (4.8), let us
first emphasize that we view them as expressing constraints
on the sub-group generated by the squared operators r7.
As in Ref. [11], we looked directly at the values taken
(within the two matrix representations that we are consid-
ering) by the squares of our two triplets of generators (4.1),
(4.2). We found that they have extremely simple values;
namely they only differ from the identity matrix by some
simple phase factors, namely

(RENe=2WKBYY _ _pg — gingg

23

(Rg_llz\ll.—=2,WKB)2 — —Id6 — eiﬂld6,

(Rg»]ll\’F:Z,WKB)2 _ e—igld@ (4_13)
and

(Rlll(Z);NF:&WKB)Z — o5 Idyy,

(R;(I)Z,NF:S.WKB)Z . Idye.

(R;(I)I,NF:&WKB)Z = —Idyy = e"ldyg. (4.14)

In both cases the subgroup generated by the squared
reflection operators is central (i.e. commutes with every-
thing else) and isomorphic to the multiplicative group of
order four generated by e’.
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Finally, in view of the simple results (4.13), (4.14), itis a
simple matter to see whether the non-Coxeterlike relations
(4.8) are satisfied or not. One can easily see that, with the
precise definitions (4.1), (4.1), they are not satisfied as
written. However, they are satisfied modulo the inclusion of
additional phase factors in the relations (4.8). The latter
phase factors can be easily reabsorbed in suitable redefi-
nitions of the basic reflection operators. For instance, if we
had defined, at level N = 2 (with an arbitrary integer n in
the third line)

6,N-=2,WKB,
Ra23 F new

RG,NF:Z.WKB.new

+iz|8, _
—=e 3 23|6,NF72,

+ir§ _
=e 2‘ 12|6.N1:727

a2
Rg,]]]vF:Z.new _ em%e—ig]“““:z, (4.15)
and, at level Np = 3,
RIGNe=3WKB _ 38 /5 St
R;(I)Z.NF:lWKB — 3 ei%\/g—fmw,:s,
RIONE=3 i pmighy N (4.16)

these two new triplets of operators would satisfy all the
relations (4.5), (4.6), and (4.8). In that case, the corre-
sponding squared operators are simply equal to unity (for
an appropriate choice of n).

Let us also mention in passing that if we define, within
the full sixty-four-dimensional spinorial space which gath-
ers all the fermionic levels (from Np =0 to Np = 6) the
quantum analogs of the Grassmann-motivated operators
defined in Ref. [11], namely

64 _ ,—if8%
Razz = e %%,

64
Rg‘]‘z —¢ ’2512,

R = e~#M, (4.17)
the latter reflection operators satisfy all the relations (4.5),
(4.6), and (4.8).

V. CONCLUSIONS

We solved the susy constraints (1.4) of the supersym-
metric Bianchi IX model in the one-wall approximation,
i.e., taking into account one potential wall at a time. This
allowed us to derive the quantum laws of reflection of
the wave function of the universe |¥(f)) during its chaotic
evolution near a big crunch singularity, i.e. in the domain
of large (positive) values of the three squashing parameters
p', p?, B (considered in the symmetry chamber
B! < p? < B?). Our analysis could limit itself to two
subspaces of the total 64-dimensional fermionic state space
because we had shown in previous work that propagating
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states only exist in subspaces of the fermion levels Ny = 2,
Nrp =3 and Np =4. In addition, given the symmetry
between the N = 2 and the Ny = 4 levels, and the self-
symmetry of the Ny = 3 level, and in view of the special
structure of the propagating states, it was enough to work
(separately) in a 6-dimensional subspace of the Np =2
level, and in a 10-dimensional half of the N, = 3 level.
Our main results are contained in Egs. (2.52), (2.80),
(3.31), (3.41), (3.49), and are summarized (in the small-
wavelength limit, which allows one to highlight their
structure) in the reflection operators (4.1), (4.2). We
remarkably found that the latter, purely dynamically-
defined, reflection operators satisfy generalized Coxeter
relations which define a type of spinorial extension of the
Weyl group of the rank-3 hyperbolic Kac-Moody algebra
AE5. More precisely, we found that our dynamical reflec-
tion operators satisfy the generalized Coxeter relations (4.5)
and (4.6) associated with the Dynkin diagram (4.10) of
AEj5, and selected in Ref. [11] (in a slightly different form)
as characteristic of a spin-extension of the Weyl group. We
also found that the squares of our dynamical reflection
operators commute with all the reflection operators. In
addition, some phase-modified versions of the reflection
operators, see Eqgs. (4.15), (4.16) satisfy the relations (4.8)
that are part of the defining relations of the mathematically-
defined spin-extended Weyl group of Ref. [28]. The fact
that our dynamically-defined spinorial reflection operators
satisfy relations that appear as being partly more general
than those of Ref. [28] [though only modulo some extra
phase factors, Egs. (4.15), (4.16)] might suggest the need to
define more general spin-covers than those mathematically
constructed in Ref. [28]. Anyway, independently of such an
eventual generalization, let us repeat that our findings
provide a new evidence for the existence of hidden Kac-
Moody structures in supergravity. In particular, our results
have gone beyond previous related evidence for Kac-Moody
structures in two directions: (i) we quantized the gravitino
degrees of freedom instead of treating y, as a classical,
Grassmann-valued object, and (ii) in our quantum treatment
the symmetry walls necessarily involved operators quartic in
fermions (through the squared spin operators 3’%2, S %3), while
the previous (Grassmann) treatment of Ref. [11] had
assumed a linear coupling to the quadratic spin operators.
Let us also note that the link between our present dynamical
reflection operators, Eqgs. (4.15), (4.16), and representations
of K[AEj3] is more indirect than what was suggested by the
Grassmann-based work of Ref. [11]. In particular, the
6-dimensional subspace in which live the N = 2 reflection
operators is strictly smaller than the full 15-dimensional
Ny = 2 space within which live the operators J;, S 125 3’23
that carry a representation of K[AE3]. Moreover, the
operators that appear in exponentiated form in
Egs. (4.15), (4.16), do not define a representation of K[AEj3].
In view of our results, we can associate with the
evolution of the supergravity state of the universe |¥(/))
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(considered at each fermion level) a word in the group
generated by the three reflection operators Egs. (4.15),
(4.16), i.e., a product of the form ---r; r;  ---ryr;. The
matrix group generated by such products is infinite.
However, we must recall that our study was assuming a
type of intermediate asymptotic behavior with a sparse
sequence of wall collisions, separated by large enough
distances in f space to be able to treat each collision of the
wave packet as a separated one-wall reflection. Such an
approximation is not expected to maintain itself for an
infinite number of collisions. Indeed, on the one hand, at
level Ny =3 the (shifted) momentum =z is timelike
(G* m,m}, = — 1) so that, after a finite number of reflections,
one expects the trajectory of the wave packet to end up in a
direction which does not meet anymore a potential wall. On
the other hand, atlevel N = 2 the (shifted) momentum 7/, is
spacelike (G“® =+ %) so that, after a finite number of
reflections, one expects 7, to tip over, i.e., to migrate from
the upper half [where z’! + /> 4+ z”* > 0, corresponding to
decreasing spatial volume V5 = abc = ¢~/ +7")] of its
(one-sheeted) hyperboloidal mass-shell, to its lower half
(corresponding to increasing spatial volumes). Such a
cosmological bounce (further discussed in Ref. [16]) is
then expected to generate a finite number of reflections
during the reexpansion regime, before driving the wave
function in the (nonbilliard-like) Friedman-type expansion
regime. We leave to future work a discussion of the global
evolution of the quantum state of such a universe, which is
classically expected to bounce back and forth, indefinitely,
between large volumes and small volumes (see Fig. 3 in
Ref. [16], and discussion in Sec. XX there).
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Note added in proof—The parametrization of the gener-
ators Eqs. (B8) by means of the parameter w (running on
the projective real line) is two-to-one. Indeed, the trans-
formation w' = (w + 4)/(2w — 1) leaves invariant the only
w— dependent “squared cosine”

a’Fla,, )2
CE’L[avwalz] = EL< w 12a>

(aW, : aw)(aIZ : alZ)

’

between the three roots, which intrinsically characterize the
configuration of the three generators Eqgs. (B8). It is thereby
enough to let w vary over the interval —1 <w < 2. The
characteristic quantity CEL[a,,,a),] can alternatively be
written as the following trace b(w) = £ Tr[J; (53, — 533)].
Along the Euclidean branch, b(w) runs over the interval
[0.3], while, along the Lorentzian branch, b(w) runs

over the two intervals [}, +oo[ (when ¢t

is spacelike,
ie. =1 <w <) and ] — c0,0[ (when ad" is timelike, i.e.

%<WS2).

APPENDIX A: ASYMPTOTIC PLANE-WAVE
SOLUTIONS

We display hereafter the explicit values of the numerical
constants entering the linear (L];,qﬂ';() and constant (m
contributions entering the amplitudes

Pq)

K, « ﬂ'lpﬂ'; + Ll;,qﬂ';( +m,, (A1)

of the Ny =2 and Ny = 3 asymptotic plane-wave solu-
tions to which we referred in Eqgs. (2.3), (3.3). For each wall
form a*, with adapted basis a® = {a*, a", a"}, the values
of the projected components LaLi; that vanish determine the

global reflection phase factor (see text).
(i) Level Np =2:

3y +mh+ay 3(nh 4+ ) L(xh 4 37y) | 13 9 3
LA =—i| 3(z) + ) 2t +ny YA+ |, Mpg = =7 9 5 1 (A2)
Ml +3ay)  L(xh+ ) A 311
(i) Level Np = 3:
-} + 7y + 7 —%ﬂ/2+71'/3 7y — ) 5 2 1
1
LE =il —i7+ 7 -t + 1} —57h . mpg =+ 2.2 0 (A3)
—3 (7 =) ~57 — 5 Lo -l
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The above expressions correspond to the canonical billiard
chamber ! < % < . See Ref. [16] for a discussion of the
other chambers.

APPENDIX B: ON FINITE-DIMENSIONAL
REPRESENTATIONS OF K[AE;)

The finite-dimensional representations of the “maxi-
mally compact” subalgebra K[AE;| that naturally enter
our supergravity study constitute special ones. We have
investigated more general finite-dimensional representa-
tions of K[AE3], and briefly report here some of our
findings.

The algebra K[AE;] is defined as the subalgebra of the
hyperbolic Kac-Moody AE; algebra [13,14] that is fixed
by the Chevalley involution @. We recall that the latter is
defined by its action on the Kac-Moody generators
(ei, fishi): w(e;) = —fi, o(f;) = —e; and w(h;) = —h;;
so that, for any Kac-Moody algebra A, its maximally
compact subalgebra K[A] is generated by the differences
x;=e; — f;. In the case of AE;, with Dynkin diagram
(4.10), this yields the three generators x;, x,, x3, which are
respectively equivalent (modulo a factor i) to the three
generators J 11> Slz, and S23

Any three generators Jiis Slz, 523 satisfying the follow-
ing five relations [30]

ad§23§12 =8, adéZS’B =85, (B1)
adi ]y =4adg J,1.  ad] S, =4ady S, (B2)
ad]11§23 =0, (B3)

define a representation of K[AEs]. As in the text, we use here
Hermitian-type generators, corresponding to —ix;, —ix,,
—ix3 rather than anti-Hermitian-type ones x; = ¢; — f;, as
generally used in mathematical works.

We are looking for finite-dimensional representations of
the three generators Jiis S 12 523 (i.e., three matrices, say
Ji1> S12, S»3), with emphasis on fmdmg low-dimensional
representations. (For a related study (oriented, however,
towards finding high-dimension representations) in the case
of K[E ] see Ref. [31].) Conditions (B1) show that S, and
S»3 may be interpreted as usual su(2) generators. Note that
if, given S, and S,3, a matrix J;; satisfies relations (B2),
(B3), so does the matrix —J;;. Moreover, the complex
conjugate of any solution triplet of matrices J;;, S12, Sa3
will also be a solution. In addition, if Jy;, Sj2, Sy; is a
n-dimensional solution, the triplet J;; + kld,,, S|, S»; is
also a solution for an arbitrary value of k.

One can first look for representations that are irreducible
with respect to su(2), i.e., with S}, and S, given, modulo
conjugation, by the standard (2j + 1)-dimensional, spin-j
matrices, say (with m, m’ varying by steps of 1 between —j
and +))
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(S,
j 1 . .

(ngfi)>m,m’ = 5 <\/(.] - m) (.] +m+ 1)5m—1,m’

VG +m)(j—m+ 1)5m+1,m/).

= MOy

(B4)

The lowest-dimensional case would be the 2-dimensional
spin-3 su(2) representation. However, we found that, in this
case, the only possible solutions of Eqs. (B2), (B3) for J;
are Ji; « Id,. In the present study, we consider such
solutions as being “trivial”.®

The only su(2)-irreducible [cf. (B4)] representations with
nontrivial] 11 we found (upto j = 13/2) correspondto j =1
and j = 3, 1.e., to 3 and 4 dimensional representation spaces.
We conjecture that these are the only such ones.

The lowest-dimensional nontrivial representation of
K[AE;] is 3-dimensional. Its generators are given by
(B4) (for j = 1), together with

k0 1
JE =20 k+1 0], (BS)
1 0 &

whose eigenvalues are +(k+ 1,k+ 1,k—1). Here, &,
which corresponds to the shift k /d; mentioned above, is
arbitrary. One can choose k = —% if one wishes to normal-

ize the trace of J ﬁ[l) to zero.

There is a similar 4-dimensional representation with
generators given by (B4) (for j = %), together with (modulo
a kld shift)

V3
L0 -8 0
0o -1 o -
e R -5
-7 0 -3 0
0 -F 0

whose eigenvalues are +(1,1,—1,—1).

Other kinds of representations exist, in which the spin
generators are not irreducible. Actually, this is the case for
the first-found finite-dimensional representation of K[AE3],
namely the 6-dimensional representation defined by the
gravitino operators in 3 + 1-dimensional spacetime [11].
More precisely, Ref. [11] dealt with a real 12-dimensional

SWe note, however, that the (real) 4-dimensional Dirac-spinor-
type representation of K[AE;] discussed in Eqgs. (4.14), (4.17) of
Ref. [11] is equal to a direct sum of two such (complex-
conjugated) 2-dimensional representations with “trivial” J;;’s,
and that the tensor product of the “trivial” 2-dimensional
representation, and of the nontrivial 3-dimensional one discussed
next, leads to a nontrivial 6-dimensional representation (see
below).
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representation, based on the transformations of a Majorana
gravitino. However, it can easily be decomposed into two
complex-conjugated 6-dimensional representations, each
one of which is equivalent (modulo a suitable kldj shift of
J11) to the complex, 6-dimensional representation of
K[AE3] appearing at the N = 1 level of our total quantum,
64-dimensional space. [The 6-dimensional N = 1 repre-
sentation we are talking about is the representation spanned

by the six states [;i|0>_.] In the latter representation, the
spin operators are the direct sum of irreducible representa-
tions with spins % and % [i.e. with eigenvalues of S;, and S;
equal to +3, -3, (+1),. (—1),]-

Starting from 6-dimensional spin generators given by
such a direct sum (j =1) @ (j =3), we looked for the
most general Jq; satisfying the additional relations (B2),
(B3). We found, in the absence of additional requirements,
multiparameter families of solutions. On the other hand, we
can require that a non-degenerate sesquilinear form H be
left invariant by all the generators, i.e.,

JH—-HJ, =0, (B7)
and similar equations with the spin generators. [The relative
minus sign in Eq. (B7) comes from the fact that, in our
conventions, the one-dimensional group generated by J; is
e%n/u ] The invariance of H under the spin generators
restricts it [in the basis of Egs. (B4)] to the form
H = pld, & qld,, where (in the nondegenerate case) only
the sign of the ratio p/q matters. We then found that
(besides isolated solutions) there exists four different one-
parameter families of such 6-dimensional representations.
Parametrizing the elements of the 6-dimensional represen-
tation space as Ve(:tor—spinors9 1A, with A =1, 2 and
a = 1,2, 3, the generators S}, S»3, /1 (w) can be written in
the factorized way'” discussed in Eqgs. (3.11) and (4.16) of
Ref. [11], namely,

Here, spinors mean two-component su(2) spinors &4,

'%As in Ref. [11], the presence of vectorial projectors a“a;,/a?
in Egs. (B8) implies eigenvalues equal to +3 or —1 times those of
the spinor matrices %ai.
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1 a‘,a
(S12)56 = 3 (03)% <412—12b - 52)’
1

A - Ay

(01)4 <4M_ 5Z>’

(323 )Aa =
Bb Ar3 - 03

2
1 ata,
WE g = 5 b (45 - 5). (B

wo Uy

Here: 03 =0, = diag(1,—1) and 6, =0, are the usual
(real) Pauli matrices; 6y = Id,; a;,, and a,3, are the same
linear forms as in Eq. (1.7); their contravariant versions af,,
a5, are defined by raising the index either by means of G
or, equivalently, by means of §’; while the third, gravi-
tational-like linear form «,,,, is the following one-parameter
deformation of the wusual gravitational linear form:
a,(B) = a,,p* = 2" +w(f* + ). On the other hand,
the third Eq. (B8) involves, depending on the value E (for
Euclidean) or L (for Lorentzian) of the superscript, two
different contravariant versions of «,, namely, either
a’t = 5%a,,, or, a’l=G%a,,, where G is the
Lorentzian (contravariant) metric defined in Eq. (1.3).
The parameter w runs over the real line (except, in the
Lorentzian case, for the singular value w = % where
the denominator % - a,, = a’*a,,, = 2—4w vanishes). The
eigenvalues of J;"(w) depend neither on w nor on the
index E, L, and are equal to (+3),, (—1),. In addition to
the two one-parameter families of 6-dimensional represen-
tations displayed in Eqgs. (B8), one can also define two
other families obtained by changing the sign of J1;"(w).
When w = 0 the Lorentzian solution Eq. (B8) is equivalent
to the 6-dimensional representation inherited from
4-dimensional supergravity discussed above (and appear-
ing at N = 1). On the other hand, when taking w = 0 in
the Euclidean solution Egs. (B8), one gets (modulo a shift
kldg and a change in the sign of J;;) the 6-dimensional
representation obtained by taking the tensor product of the
“trivial” 2-dimensional representation discussed above
(with J|; « Id,) with the 3-dimensional representation
(B5) (say with k = —1J). Finally, the components (with
respect to the basis v49) of the invariant sesquilinear forms
H, Eq. (B7), of the representations (B8) are, respectively,
O4p0,, for the Euclidean case, and &,3G,, for the
Lorentzian case; G,, denoting the covariant form (i.e.
the matrix inverse) of the contravariant metric (1.3).
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