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In this work we present and analyze a new class of coordinate representations of de Sitter and anti–
de Sitter spacetimes for which the metrics are diagonal and (typically) static and axially symmetric.
Contrary to the well-known forms of these fundamental geometries, that usually correspond to a 1þ 3

foliation with the 3-space of a constant spatial curvature, the new metrics are adapted to a 2þ 2 foliation,
and are warped products of two 2-spaces of constant curvature. This new class of (anti–)de Sitter metrics
depends on the value of cosmological constant Λ and two discrete parameters þ1; 0;−1 related to the
curvature of the 2-spaces. The class admits 3 distinct subcases for Λ > 0 and 8 subcases for Λ < 0.
We systematically study all these possibilities. In particular, we explicitly present the corresponding
parametrizations of the (anti–)de Sitter hyperboloid, visualize the coordinate lines and surfaces
within the global conformal cylinder, investigate their mutual relations, present some closely related
forms of the metrics, and give transformations to standard de Sitter and anti–de Sitter metrics.
Using these results, we also provide a physical interpretation of B-metrics as exact gravitational fields of
a tachyon.

DOI: 10.1103/PhysRevD.95.124052

I. INTRODUCTION

Almost exactly 100 years ago in 1917 Willem de Sitter
published two seminal papers [1,2] in which he presented
his, now famous, exact solution of Einstein’s gravitational
field equations without matter but with a positive cosmo-
logical constant Λ. Together with the pioneering work from
the same year by Einstein himself [3], they mark the very
origin of relativistic cosmology.
Since then, the vacuum de Sitter universe withΛ > 0 and

its formal antipode with Λ < 0, later nicknamed the anti–
de Sitter universe, have become truly fundamental space-
times. They admit a cornucopia of applications, ranging
from purely mathematical studies, theoretical investigations
in classical general relativity, quantum field theory and
string theory in higher dimensions, to contemporary “infla-
tionary” and “dark matter” cosmologies, naturally model-
ing the observed accelerated expansion of the universe,
both in its distant past and future.
This remarkable number of applications in various

research branches clearly stems from the fact that the
(anti–)de Sitter spacetime is highly symmetric and simple,
yet it is nontrivial by being curved everywhere. In fact, it is
maximally symmetric and has a constant curvature, just as
the flat Minkowski space. Of course, this greatly simplifies
all analyses and studies.

One would be inclined to expect that, after a century of
thorough investigation of various aspects of these important
spacetimes, there is not much left to add or discover. Quite
surprisingly, still there are interesting new properties which
deserve some attention. To celebrate the centenary of
de Sitter space, we take the liberty of presenting here
yet another family of coordinate representations of de Sitter
and anti–de Sitter four-dimensional solutions, in which the
metric is diagonal and typically static and axially sym-
metric. It naturally arises in the context of B-metrics [4–6]
with a cosmological constant Λ, which belong to a wider
class of Plebański-Demiański nonexpanding spacetimes
[7,8]. As far as we know, this family has not yet been
considered and systematically described. We hope that it
could find useful applications in general relativity and high
energy physics theories.
In particular, in our work we will present and analyze the

family of metrics for de Sitter and anti–de Sitter spacetimes
which can be written in a unified form

ds2 ¼ p2

�
−Q dt2 þ dq2

Q

�
þ dp2

P
þ Pa2dϕ2; ð1Þ

with

QðqÞ ¼ ϵ0 − ϵ2q2; ð2Þ

PðpÞ ¼ ϵ2 −
Λ
3
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where a2 ¼ 3=jΛj and ϵ0; ϵ2 ¼ 1; 0;−1 are two indepen-
dent discrete parameters.
The metric has the geometry of a warped product of two

2-spaces of constant curvature, namely dS2;M2; AdS2
(according to the sign of ϵ2) spanned by t, q, and S2, E2,
H2 (according to the sign of Λ) spanned by p;ϕ. The warp
factor is p2. Also, there are two obvious symmetries corre-
sponding to theKillingvectors∂t and∂ϕ. Themetric is clearly
static whenQ > 0. It is also axially symmetric when the axis
given byP ¼ 0 is admitted (forΛ > 0, ϵ2 ¼ 1 and forΛ < 0,
ϵ2 ¼ −1), in which case this axis is regular for ϕ ∈ ½0; 2πÞ.
The metric (1)–(3) is a special subcase of the Plebański-

Demiański nonexpanding (and thus Kundt) type D solu-
tions, seemetric (16.27) of [6]. It is obtained by setting γ ¼ 0
and e ¼ 0 ¼ g (so that m ¼ 0 ¼ k) with the identification

Q≡ ~Q¼ ϵ0− ϵ2q2; P≡ P
p2

¼ 2n
p
þ ϵ2−

Λ
3
p2: ð4Þ

This gives vacuum B-metrics, as classified by Ehlers and
Kundt [4], generalized here to any value of the cosmological
constant Λ. When n ¼ 0, the curvature singularity at p ¼ 0
disappears and the metric reduces to the conformally flat
(anti–)de Sitter space with (3). Therefore, the family of
de Sitter and anti–de Sittermetrics (1)–(3) can beviewed as a
natural background for the B-metrics with Λ, and will thus
play a key role in understanding their geometrical and
physical properties. This is our main motivation.
The structure of the present work is simple. In Sec. II we

recall basic properties of (anti–)de Sitter spacetimes, intro-
ducing the notation. In Sec. III we identify all distinct
subclasses of the general metric (1)–(3). These are studied
in detail in subsequent Sec. IV for the de Sitter case Λ > 0,
and for the anti–de Sitter caseΛ < 0 in Sec. V. An interesting
physical application is given in Sec. VI. There are also four
appendixes in which we present a unified form of the new
parametrizations, their mutual relations, further metric forms,
and transformations to standard (anti–)de Sitter metrics.

II. THE DE SITTER AND ANTI–DE
SITTER SPACETIMES

Minkowski, de Sitter and anti–de Sitter spacetimes are the
most fundamental and simplest exact solutions of Einstein’s
field equations. They are maximally symmetric, have con-
stant curvature, and are the only vacuum solutions with a
vanishingWeyl tensor—they are conformally flat and satisfy
the field equations Rαβ ¼ Λgαβ, where Λ is a cosmological
constant, so that in four spacetime dimensions the curvature
is R ¼ 4Λ. Minkowski, de Sitter, and anti–de Sitter space-
times are thus Einstein spaces with a vanishing, positive, and
negative cosmological constant Λ, respectively.
Specific properties of these classic spacetimes have

been investigated and employed in various contexts for a
century. They were described in many reviews, such as by
Schrödinger [9], Penrose [10], Weinberg [11], Møller [12],

Hawking and Ellis [13], Birell and Davies [14], Bičák [15],
Bičák and Krtouš [16], Grøn and Hervik [17], or Griffiths
and Podolský [6]. Let us recall here only those expressions
and properties that will be important for our analysis.

A. The de Sitter spacetime

Since the original works by de Sitter [1,2] and Lanczos
[18] it is known that the de Sitter manifold can be
conveniently visualized as the hyperboloid

−Z2
0 þ Z2

1 þ Z2
2 þ Z2

3 þ Z2
4 ¼ a2; where a ¼

ffiffiffiffiffiffiffiffiffi
3=Λ

p
;

ð5Þ

embedded in a flat five-dimensional Minkowski space

ds2 ¼ −dZ2
0 þ dZ2

1 þ dZ2
2 þ dZ2

3 þ dZ2
4: ð6Þ

This geometrical representation of de Sitter spacetime is
related to its symmetry structure characterized by the
ten-parameter group SO(1,4). The entire hyperboloid (5)
is covered by coordinates t ∈ ð−∞;þ∞Þ, χ ∈ ½0; π�,
θ ∈ ½0; π�, ϕ ∈ ½0; 2πÞ such that

Z0 ¼ a sinh
t
a
;

Z1 ¼ a cosh
t
a
cos χ;

Z2 ¼ a cosh
t
a
sin χ cos θ;

Z3 ¼ a cosh
t
a
sin χ sin θ cosϕ;

Z4 ¼ a cosh
t
a
sin χ sin θ sinϕ; ð7Þ

in which the de Sitter metric takes the Friedmann-Lemaître-
Robertson-Walker (FLRW) form

ds2 ¼ −dt2 þ a2cosh2
t
a
ðdχ2 þ sin2χðdθ2 þ sin2θ dϕ2ÞÞ:

ð8Þ
The spatial sections at a fixed synchronous time t are
3-spheres S3 of constant positive curvature that have a
radius of a cosh t

a. These contract to a minimum size a at
t ¼ 0, and then reexpand. The de Sitter spacetime thus has
a natural topology R1 × S3. This most natural parametriza-
tion of the hyperboloid is illustrated in the left part of Fig. 1.
Global causal structure of the de Sitter spacetime can be

analyzed by introducing a conformal time η and the
conformal factor Ω by

Ω ¼ sin η ¼ sech
t
a
: ð9Þ

The metric (8) then becomes
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ds2 ¼ a2

Ω2
ð−dη2 þ dχ2 þ sin2χðdθ2 þ sin2θ dϕ2ÞÞ; ð10Þ

corresponding to the parametrization

Z0 ¼ a cot η;

Z1 ¼
a

sin η
cos χ;

Z2 ¼
a

sin η
sin χ cos θ;

Z3 ¼
a

sin η
sin χ sin θ cosϕ;

Z4 ¼
a

sin η
sin χ sin θ sinϕ: ð11Þ

The de Sitter spacetime is thus conformal to a part of the
Einstein static universe. Its boundary given by Ω ¼ 0
is located at η ¼ 0 and η ¼ π, which correspond to the
past and future conformal infinities I− and Iþ, respectively,
as illustrated in the right part of Fig. 1. These infinities have a
spacelike character. For more details see, e.g., [6,13,17].

B. The anti–de Sitter spacetime

Analogously, the anti–de Sitter manifold can be viewed
as the hyperboloid

−Z2
0 þ Z2

1 þ Z2
2 þ Z2

3 − Z2
4 ¼ −a2; where a ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
−3=Λ

p
;

ð12Þ
embedded in a flat five-dimensional space

ds2 ¼ −dZ2
0 þ dZ2

1 þ dZ2
2 þ dZ2

3 − dZ2
4; ð13Þ

which has two temporal dimensions, Z0 and Z4. This
representation of anti–de Sitter space reflects its symmetry

structure characterized by the ten-parameter group of
isometries SO(2,3).
The most natural static coordinates ðT; r; θ;ϕÞ covering

the entire hyperboloid are1

Z0 ¼ a cosh r cos Ta ;

Z1 ¼ a sinh r cos θ;

Z2 ¼ a sinh r sin θ cosϕ;

Z3 ¼ a sinh r sin θ sinϕ;

Z4 ¼ a cosh r sin T
a ; ð14Þ

see the left part of Fig. 2, in which the anti–de Sitter metric
reads

ds2 ¼ −cosh2r dT2 þ a2ðdr2 þ sinh2rðdθ2 þ sin2θ dϕ2ÞÞ:
ð15Þ

Any spatial section T ¼ const: is a 3-space of constant
negative curvature spanned by r ∈ ½0;∞Þ, θ ∈ ½0; π�,
ϕ∈½0;2πÞ. The singularities at r ¼ 0 and θ ¼ 0; π are only
coordinate singularities.
The two temporal dimensions Z0 and Z4 in the

five-dimensional flat space are parametrized using (14)
by a single time coordinate T that is periodic: values of T
that differ by a multiple of 2πa represent the same points
on the hyperboloid. Thus, the anti–de Sitter spacetime,
defined in this way, has the topology S1 × R3, and it
contains closed timelike worldlines. This periodicity of
T is not evident in the four-dimensional metric (15), and it
is possible to take T ∈ ð−∞;þ∞Þ. Such a range of

FIG. 1. Left: The de Sitter spacetime as a hyperboloid embedded in a flat five-dimensional spacetime with the global coordinates
ðt; χ; θ;ϕÞ, drawn for Z3 ¼ 0 ¼ Z4 (i.e., θ ¼ 0; π). With the full range of θ, ϕ reintroduced, each point on this hyperboloid represents a
two-dimensional hemisphere. Right: The global structure of de Sitter spacetime (for θ ¼ π

2
). It is conformal to the region η ∈ ð0; πÞ of the

Einstein static universe, represented as an embedded solid cylinder whose radius and length are both equal to π. The centre χ ¼ 0 is the
North pole of the 3-sphere S3, whereas the outer boundary χ ¼ π is its South pole. The conformal infinities I− and Iþ are spacelike.
The shaded region is the Penrose diagram of the de Sitter space for a fixed value of ϕ ∈ ½0; 2πÞ.

1Notice the swap Z0 ↔ Z4 with respect to the parametrization
(5.3) employed in [6].
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coordinates corresponds to an infinite number of turns
around the hyperboloid. It is usual to unwrap the circle S1

and extend it to the whole R1 instead, without reference to
the parametrization (14). One thus obtains a universal
covering space of the anti–de Sitter universe with top-
ology R4 without closed timelike curves.
To represent global causal structure of the anti–de Sitter

spacetime, a conformal spatial coordinate χ and the
conformal factor Ω may be introduced as

tan χ ¼ sinh r; Ω ¼ cos χ: ð16Þ
Writing η≡ T=a, the metric (15) then takes the form

ds2 ¼ a2

Ω2
ð−dη2 þ dχ2 þ sin2χðdθ2 þ sin2θ dϕ2ÞÞ; ð17Þ

corresponding to the parametrization

Z0 ¼ a
cos η
cos χ

;

Z1 ¼ a tan χ cos θ;

Z2 ¼ a tan χ sin θ cosϕ;

Z3 ¼ a tan χ sin θ sinϕ;

Z4 ¼ a
sin η
cos χ

: ð18Þ

The whole (universal) anti–de Sitter spacetime is thus
conformal to the region of χ ∈ ½0; π

2
Þ of the Einstein static

universe, see the right part of Fig. 2. The anti–de Sitter

conformal infinity I, given by Ω ¼ 0, is located at the
boundary χ ¼ π

2
(corresponding to r ¼ ∞). In contrast to

the de Sitter space, the conformal infinity I in the anti–
de Sitter spacetime forms a timelike surface χ ¼ π

2
.

III. SUBCASES OF THE NEW (ANTI–)DE SITTER
METRIC FOR DISTINCT VALUES OF Λ, ϵ2, ϵ0
First, we are going to summarize the different possible

forms of the metric (1) with (2), (3) for the (anti–)de Sitter
space, depending on the cosmological constant Λ>0 or
Λ<0, and the two discrete parameters ϵ2¼þ1;0;−1 and
ϵ0¼þ1;0;−1.
To keep the correct signature of the metric, the metric

function PðpÞ must be positive, P > 0 (otherwise there
would be two additional temporal coordinates p and ϕ).
This puts a constraint on the parameter ϵ2 and the range
of p. On the other hand, the function QðqÞ can be both
positive and negative, depending on ϵ0, ϵ2, and the range
of q. For Q > 0, the coordinate t is temporal and q is
spatial, while for Q < 0, q is temporal and t is spatial. The
boundary QðqÞ ¼ 0 localizes the Killing horizon related to
the Killing vector field ∂t. In the case of de Sitter universe,
this coincides with the cosmological horizon separating the
static and dynamic regions.
The coordinate singularity at PðpÞ ¼ 0, where the norm

of the Killing vector field ∂ϕ vanishes, localizes the axis of
symmetry. This occurs either when Λ > 0, ϵ2 ¼ 1 or Λ < 0,
ϵ2 ¼ −1. In both of these cases, such an axis is given by
p ¼ �a, and it is regular for the range of ϕ ∈ ½0; 2πÞ.

FIG. 2. Left: The anti–de Sitter spacetime as a hyperboloid embedded in a flat five-dimensional spacetime in the parametrization by
global static coordinates ðT; r; θ;ϕÞ. The surface drawn is that for Z2 ¼ 0 ¼ Z3 (that is θ ¼ 0; π). With θ and ϕ reintroduced, each point
represents a two-dimensional hemisphere. Right: The global conformal structure of anti–de Sitter spacetime (with θ ¼ π

2
). It is conformal

to the region χ ∈ ½0; π
2
Þ of the Einstein static universe represented here (by dashed lines) as a solid cylinder of radius π and infinite length.

The boundary χ ¼ π
2
is the anti–de Sitter conformal infinity I, which has a timelike character and topology R1 × S2. The Penrose

diagram, corresponding to the two-dimensional shaded section, is obtained by fixing the coordinate ϕ.
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The list of all possible subcases of the general metric (1)–
(3), with the admitted ranges of p and q, are summarized in
Table I for Λ > 0, and in Table II for Λ < 0.
We conclude that for Λ > 0 there are three distinct

subcases (namely ϵ2 ¼ 1 with any ϵ0), while for Λ < 0 we
must discuss eight subcases (namely all combinations of ϵ2,
ϵ0, except ϵ2 ¼ 0 ¼ ϵ0). These will now be analyzed in the
following Sec. IV and Sec. V, respectively.

IV. NEW PARAMETRIZATIONS OF THE
DE SITTER SPACETIME

A. Subcase Λ > 0, ϵ2 = 1, ϵ0 = 1

In this case, the metric (1)–(3) of the de Sitter universe
has the form

ds2 ¼ p2

�
−ð1 − q2Þdt2 þ dq2

1 − q2

�

þ a2dp2

a2 − p2
þ ða2 − p2Þdϕ2; ð19Þ

where jpj<a≡ ffiffiffiffiffiffiffiffiffi
3=Λ

p
, q∈Rnf�1g, t∈R, ϕ∈½0;2πÞ, with

jpj¼a representing the axis of symmetry. Here Q ¼ 0 is
the horizon: for Q>0⇔jqj<1 the coordinate q is spatial
and t is temporal, and vice versa for Q < 0 ⇔ jqj > 1.
These two cases must be discussed separately:

(i) For jqj < 1, the coordinates of the metric (19) parametrize the de Sitter hyperboloid (5) as

Z0 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
sinh t;

Z1 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
cosh t;

Z2 ¼ jpjq;
Z3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − p2

p
cosϕ;

Z4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − p2

p
sinϕ;

9>>>>>>>>=
>>>>>>>>;

⇔

8>>>>>>>><
>>>>>>>>:

tanh t ¼ Z0

Z1
;

tanϕ ¼ Z4

Z3
;

p ¼ signðZ1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0 þ Z2
1 þ Z2

2

p
¼ signðZ1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − Z2

3 − Z2
4

p
;

q ¼ Z2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0
þZ2

1
þZ2

2

p :

ð20Þ

Actually, the parametrization (20) represents two maps covering the de Sitter manifold: the first one for p > 0 covers
the part Z1 > 0, while the other for p < 0 covers Z1 < 0. Moreover, q > 0 corresponds to Z2 > 0, while q < 0
corresponds to Z2 < 0.

(ii) For jqj > 1, the parametrization is the same as (20), except that now

Z0 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

p
cosh t;

Z1 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

p
sinh t;

9=
; ⇔

8<
:

tanh t ¼ Z1

Z0
;

p ¼ signðZ0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0 þ Z2
1 þ Z2

2

p
:

ð21Þ

Again, these are two maps: p > 0 covers the part Z0 > 0, while p < 0 covers Z0 < 0.
The specific character of these coordinates covering the de Sitter hyperboloid (5) is illustrated for two different sections

in Fig. 3.
Global conformal representation: To understand the global character of the coordinates ðt; q; p;ϕÞ of (19), it is best to plot

them in the conformal representation of de Sitter spacetime, see the cylinder shown in the right part of Fig. 1.
This is achieved by comparing the five-dimensional parametrization (20), (21) of the de Sitter hyperboloid with the

standard conformal parametrization (11) corresponding to the metric (10). The explicit relations are

TABLE II. Summary of all possible subcases for Λ < 0 and
different values of ϵ2, ϵ0. Their geometry is p2dS2 ×H2 for
ϵ2 ¼ 1, p2M2 ×H2 for ϵ2 ¼ 0, and p2AdS2 ×H2 for ϵ2 ¼ −1.

ϵ2 ϵ0 ∃ P range of p Q range of q

1 1 ✓ 1þ p2=a2 R 1 − q2 Rnf�1g
1 0 ✓ 1þ p2=a2 ½0;∞Þ −q2 Rnf0g
1 −1 ✓ 1þ p2=a2 ½0;∞Þ −1 − q2 R
0 1 ✓ p2=a2 R 1 R
0 0 ×
0 −1 ✓ p2=a2 R −1 R
−1 1 ✓ −1þ p2=a2 ½a;∞Þ 1þ q2 R
−1 0 ✓ −1þ p2=a2 ½a;∞Þ q2 Rnf0g
−1 −1 ✓ −1þ p2=a2 Rnð−a; aÞ −1þ q2 Rnf�1g

TABLE I. Summary of all possible subcases for Λ > 0 and
different values of ϵ2, ϵ0. The symbol ✓ indicates admitted
solutions (their geometry is p2dS2 × S2), while those with × are
forbidden.

ϵ2 ϵ0 ∃ P range of p Q range of q

1 1 ✓ 1 − p2=a2 ð−a; aÞ 1 − q2 Rnf�1g
1 0 ✓ 1 − p2=a2 ½0; aÞ −q2 Rnf0g
1 −1 ✓ 1 − p2=a2 ½0; aÞ −1 − q2 R
0 0;�1 ×
−1 0;�1 ×
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a cot η ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

q
sinh t for jqj < 1;

a cot η ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

q
cosh t for jqj > 1;

cot χ ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
cosh tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 − p2ð1 − q2Þ
p for jqj < 1;

cot χ ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

p
sinh tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 − p2ð1 − q2Þ
p for jqj > 1;

cot θ ¼ jpjqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − p2

p ; ð22Þ

or, inversely,

tanh t ¼ cos η
cos χ

for jqj < 1;

coth t ¼ cos η
cos χ

for jqj > 1;

q ¼ sin χ cos θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2η − sin2χsin2θ

p ;

p2

a2
¼ 1 −

sin2χsin2θ
sin2η

: ð23Þ

Using (22) we can now visualize the main surfaces of
the p ¼ const: and q ¼ const: in the conformal de Sitter
cylinder, see Fig. 4–7. It is usual that the coordinate θ is
suppressed and the full cylinder is drawn with the angular

FIG. 3. Left: Section Z2 ¼ const: > 0 for ϕ ¼ const: (namely ϕ ¼ π
2
corresponding to Z3 ¼ 0). The region covered by all of the

coordinates is shaded. Sections through the surfaces of jpj ¼ const: and q ¼ const: are hyperbolae, whereas t ¼ const: are radial straight
lines since tanh t ¼ Z0=Z1 and coth ~t ¼ Z0=Z1 (where ~t is the relabeled coordinate t in the chart jqj > 1). Right: Section Z0 ¼
const: > 0 (indicated by the horizontal line on the left part of this Figure). The curves jpj ¼ const: are circles, which are also sections
through the de Sitter hyperboloid for changing Z4. The curves q ¼ const: (dashed lines) are hyperbolas for jqj < 1, straight lines for
jqj ¼ 1, and ellipses for jqj > 1, respectively.

FIG. 4. The surfaces of p ¼ const: for p ¼ 0 (left), a generic p (middle), and jpj ¼ a (right) in the global conformal representation of
de Sitter spacetime (fixing ϕ). For p ¼ 0, there are two surfaces touching each other at a single point χ ¼ π

2
; η ¼ π

2
; θ ¼ π

2
. As jpj

increases, the throat of the surface jpj ¼ const:widens. The outer boundary surface jpj ¼ a (which is the axis of symmetry) corresponds
to a coordinate singularity sin θ ¼ 0 in the metric (10), i.e., the North and South poles θ ¼ 0; π of the de Sitter space, respectively.
The dotted lines separate the regions p > 0 and p < 0.
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FIG. 5. The surfaces of q ¼ const: for various values of q in the global conformal representation of the de Sitter spacetime (fixing ϕ).
For jqj < 1, the surface of q ¼ const: is split into an inner and an outer part which are connected at the special single point
χ ¼ π

2
; η ¼ π

2
; θ ¼ π

2
. As q increases, the gap between the inner and outer surface narrows. For jqj ¼ 1, there are two intersecting

rotational cones that represent cosmological horizons. For jqj > 1, the surface of q ¼ const: splits into the upper and lower part, which
are again connected at the same point χ ¼ π

2
; η ¼ π

2
; θ ¼ π

2
(as clearly seen also in Figure 7). For q ¼ �∞, the surface coincides with the

surface p ¼ 0, cf. Fig. 4.

FIG. 6. A view from top (left) and a general view (right) on the
typical surfaceofq ¼ const: for0 < jqj < 1 in theglobal conformal
coordinates of the de Sitter universe. The “full” cylindrical surface
drawn here was obtained by “gluing” two half cylinders together,
namely one for the pole ϕ ¼ 0 (the left half) and the other for the
pole ϕ ¼ π (the right half). The outer dashed lines indicate the
boundaries of the global de Sitter cylinder (Fig. 1). The dotted line
separates the region of q> 0⇔ cosθ> 0 from q< 0⇔ cosθ< 0.

FIG. 7. A general view (left) and a side view (right)
on the surface of q ¼ const: for a generic jqj > 1. Its upper
and lower parts are connected at two points—the vertices of
the cones.
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coordinate ϕ ∈ ½0; 2πÞ, see Fig. 1. However, in (23) the
new coordinates p, q depend on θ, while they are
independent of ϕ. Therefore, in the subsequent figures
we will suppress ϕ instead of θ, so we will plot half
cylinders with the angular coordinate θ ∈ ½0; π�. Indeed, the
global conformal metric (10) is the same both for θ ¼ π

2
and

for ϕ ¼ const: if we relabel ϕ ↔ θ, only the domain of
these coordinates differ.

B. Subcase Λ > 0, ϵ2 = 1, ϵ0 = 0

In this case, the de Sitter metric (1)–(3) has the form

ds2 ¼ p2

�
−
dq2

q2
þ q2dt2

�
þ a2dp2

a2 − p2
þ ða2 − p2Þdϕ2;

ð24Þ

where p ∈ ½0; aÞ, q ∈ Rnf0g, t ∈ R, ϕ ∈ ½0; 2πÞ, with
p ¼ a representing the axis of symmetry. Clearly, t is
now a spatial coordinate, whereas q is temporal. These
coordinates cover the de Sitter hyperboloid (5) by

Z0 ¼ 1
2
pqð1þ t2 − q−2Þ;

Z1 ¼ 1
2
pqð1 − t2 þ q−2Þ;

Z2 ¼ pqt;

Z3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − p2

p
cosϕ;

Z4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − p2

p
sinϕ;

9>>>>>>>=
>>>>>>>;

⇔

8>>>>>>><
>>>>>>>:

t ¼ Z2

Z0þZ1
;

tanϕ ¼ Z4

Z3
;

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0 þ Z2
1 þ Z2

2

p
;

q ¼ Z0þZ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0
þZ2

1
þZ2

2

p :

ð25Þ

They are illustrated for specific sections in Fig. 8.
Global conformal representation is obtained using the

transformation

cot η ¼ 1
2a pqð1þ t2 − q−2Þ;

cot χ ¼ 1
2

pqð1−t2þq−2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þp2ðq2t2−1Þ

p ;

cot θ ¼ pqtffiffiffiffiffiffiffiffiffiffi
a2−p2

p ;

9>>>>=
>>>>;

⇔

8>>>><
>>>>:

t ¼ sin χ cos θ
cos χþcos η ;

p2

a2 ¼ 1 − sin2χsin2θ
sin2η ;

q ¼ cos χþcos ηffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2η−sin2χsin2θ

p ;

ð26Þ

relating (24) to the global de Sitter metric (10)—compare
(25) to (11). This enables us to understand the global
character of the coordinates of the metric (24), because in
both cases of ϵ0¼1 and ϵ0¼0, the surfaces of p¼const:>0
are given by the same relations [compare (23) and (26)]
and their form is the same as in Fig. 4. However, the
surfaces of q ¼ const: are now different—they are shown
in Fig. 9.

C. Subcase Λ > 0, ϵ2 = 1, ϵ0 = − 1
The metric (1)–(3) for this third (and last) de Sitter

subcase reads

ds2 ¼ p2

�
−

dq2

1þ q2
þ ð1þ q2Þdt2

�

þ a2dp2

a2 − p2
þ ða2 − p2Þdϕ2; ð27Þ

where p ∈ ½0; aÞ, q ∈ R, t ∈ ½0; 2πÞ, ϕ ∈ ½0; 2πÞ. Since
−Q ¼ 1þ q2 ≠ 0, there is no Killing horizon related
to the vector field ∂t in this metric. In fact, t is every-
where a spatial angular coordinate, while q is temporal.
These coordinates cover the (part of) de Sitter hyperboloid
(5) as

FIG. 8. Visualization of the coordinates in section Z2 ¼ const: > 0 with Z3 ¼ 0 (left), and section Z0 ¼ const: > 0 (right), marked by
the horizontal line on the left part of this figure. The lines jtqj ¼ 1 represent the horizon.
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Z0 ¼ pq;

Z1 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

p
cos t;

Z2 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

p
sin t;

Z3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − p2

p
cosϕ;

Z4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − p2

p
sinϕ;

9>>>>>>>=
>>>>>>>;

⇔

8>>>>>>><
>>>>>>>:

tan t ¼ Z2

Z1
;

tanϕ ¼ Z4

Z3
;

p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0 þ Z2
1 þ Z2

2

p
;

q ¼ Z0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0
þZ2

1
þZ2

2

p :

ð28Þ

This parametrization is visualized in different sections of
the de Sitter hyperboloid in Fig. 10.

Global conformal representation is obtained by combin-
ing (28) with (11):

cot η ¼ pq
a ;

cot χ ¼ p
ffiffiffiffiffiffiffiffi
1þq2

p
cos tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2ð1þq2Þsin2t−p2þa2
p ;

cot θ ¼ p
ffiffiffiffiffiffiffiffi
1þq2

p
sin tffiffiffiffiffiffiffiffiffiffi

a2−p2
p ;

9>>>>>=
>>>>>;

⇔

8>>><
>>>:

tan t ¼ tan χ cos θ;
p2

a2 ¼ 1 − sin2χsin2θ
sin2η ;

q ¼ cos ηffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2η−sin2χsin2θ

p :

ð29Þ
The specific character of the coordinates of metric (27) can
thus be visualized in terms of the global de Sitter metric (10).

FIG. 9. Top: The surfaces of q ¼ const: drawn in the global conformal representation of the de Sitter universe (ϕ ¼ const:). For q ¼ 0
there is only one conical surface, whereas for jqj > 0we observe two surfaces (the lower one for q > 0 and the upper one for q < 0) that
are always connected at the single point χ ¼ π

2
; η ¼ π

2
; θ ¼ π

2
“in the middle” of the conformal (half)cylinder. In the limit q ¼ �∞, the

surfaces are the same as in the previous case shown in Fig. 5. Moreover, they coincide with the surface of p ¼ 0. Bottom: A side view on
these surfaces of q ¼ const: for various values of q. These pictures are “sections” obtained by plotting θ ∈ ½π

2
; π� only.

FIG. 10. The coordinates in section Z2 ¼ const: > 0 with Z3 ¼ 0 (left), where all the lines of p ¼ const: and q ¼ const: are
hyperbolas, and section Z0 ¼ const: > 0 (right) is marked by the horizontal line on the left part of this figure, where the lines of
p ¼ const: and q ¼ const: are concentric circles. Straight lines of Z1 ¼ �Z0 indicate the cosmological horizon.
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Again, the surfaces of p ¼ const: > 0 are the same as in
Fig. 4 because the relations (23) and (29) are identical.
The different surfaces of q ¼ const: are shown in Fig. 11.

V. NEW PARAMETRIZATIONS OF THE
ANTI–DE SITTER SPACETIME

A. Subcase Λ < 0, ϵ2 = 1, ϵ0 = 1

The metric (1)–(3) of the anti–de Sitter universe for this
choice of ϵ2, ϵ0 takes the form

ds2 ¼ p2

�
−ð1 − q2Þdt2 þ dq2

1 − q2

�

þ a2dp2

a2 þ p2
þ ða2 þ p2Þdζ2; ð30Þ

where a ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
−3=Λ

p
and p; t; ζ ∈ R, q ∈ Rnf�1g. Since ϕ

employed in (1) now does not play the role of an angular

coordinate, we have relabeled it as ζ. The condition ofQ ¼
1 − q2 ¼ 0 identifies the Killing horizon associated with
the vector field ∂t: for jqj < 1, the coordinate q is spatial
and t is temporal, while for jqj > 1 the coordinate q
is temporal and t is spatial. However, contrary to the
analogous de Sitter case discussed in Sec. IVA, there is no
cosmological horizon in the anti–de Sitter universe since
there exists another Killing vector field that is timelike
everywhere (see, e.g., [6]). The distinct cases jqj < 1 and
jqj > 1 are:

(i) For jqj < 1, the coordinates of (30) parametrize the
anti–de Sitter hyperboloid (12) as

Z0 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
sinh t;

Z1 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
cosh t;

Z2 ¼ jpjq;
Z3 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ p2

p
sinh ζ;

Z4 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ p2

p
cosh ζ;

9>>>>>>>>=
>>>>>>>>;

⇔

8>>>>>>>>><
>>>>>>>>>:

tanh t ¼ Z0

Z1
;

tanh ζ ¼ Z3

Z4
;

p ¼ signðZ1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0 þ Z2
1 þ Z2

2

p
¼ signðZ1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
4 − Z2

3 − a2
p

;

q ¼ Z2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0
þZ2

1
þZ2

2

p :

ð31Þ

FIG. 11. Top: The surfaces of q ¼ const: plotted in the global conformal representation of the de Sitter universe (setting ϕ ¼ const:).
For q ¼ 0, this is a single flat plane of η ¼ π

2
in the middle of the (half)cylinder, whereas for jqj > 0 we observe two curved surfaces (the

lower one for q > 0 and the upper one for q < 0). In the limit of q ¼ �∞, the surfaces are the same as in both previous cases shown in
Figs. 5 and 9. Bottom: A side view on these surfaces of q ¼ const: for a generic value of jqj and for jqj ¼ ∞, clearly indicating that the
two cones remain connected at the single point χ ¼ π

2
; η ¼ π

2
; θ ¼ π

2
, and are mutual mirror images.
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This parametrization gives two maps covering the anti–
de Sitter manifold, namely the coordinate map of
Z4 ≥ a for the “þ” sign, and Z4 ≤ a for the “−” sign
(and again two maps for p > 0 and p < 0). Moreover,

q > 0 corresponds to Z2 > 0, while q < 0 corresponds to
Z2 < 0.
(ii) For jqj > 1, the parametrization is the same as (31),

except that now

Z0 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

p
cosh t;

Z1 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

p
sinh t;

�
⇔

(
tanh t ¼ Z1

Z0
;

p ¼ signðZ0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0 þ Z2
1 þ Z2

2

p
:

ð32Þ

Again, these are two maps: p > 0 covers the part of Z0 > 0,
while p < 0 covers Z0 < 0.
We immediately observe that the coordinates of t, p, q

depend on the coordinates of Z0, Z1, Z2 in exactly the same
way as in the analogous case of the de Sitter spacetime,
cf. (31) with (20), and (32) with (21). Therefore, sections
through the anti–de Sitter spacetime in the subspace of Z0,
Z1, Z2 are the same as the corresponding sections through
the de Sitter spacetime, except that now the hyperbolas of
p ¼ const: are not bounded by p ¼ a. The character of

these coordinates covering the anti–de Sitter hyperboloid
(12) is illustrated for two such sections in Fig. 12.
Global conformal representation: To visualize the

global character of these coordinates ðt; q; p; ζÞ of (30),
we will plot them in the standard conformal representation
of anti–de Sitter spacetime, see the right part of Fig. 2. This
is achieved by comparing the five-dimensional parametri-
zation (31), (32) with the standard conformal parametriza-
tion (18) corresponding to the metric (17). We thus obtain
the following explicit relations

cot η ¼ � p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
sinh tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ a2
p

cosh ζ
for jqj < 1; cot η ¼ � p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

p
cosh tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ a2
p

cosh ζ
for jqj > 1;

a tan χ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2ðcosh2t − q2sinh2tÞ þ ðp2 þ a2Þsinh2ζ

q
for jqj < 1;

a tan χ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2ðq2cosh2t − sinh2tÞ þ ðp2 þ a2Þsinh2ζ

q
for jqj > 1;

cot θ ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
cosh tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2q2 þ ðp2 þ a2Þsinh2ζ
p for jqj < 1; cot θ ¼ p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

p
sinh tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2q2 þ ðp2 þ a2Þsinh2ζ
p for jqj > 1;

cotϕ ¼ � jpjqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ a2

p
sinh ζ

; ð33Þ

where the signs “�” again correspond to two coordinate maps Z4 > 0 and Z4 < 0, respectively.

FIG. 12. Left: Section Z2 ¼ const: > 0 for ζ ¼ const: (namely ζ ¼ 0 ⇔ Z3 ¼ 0). The region covered by all the coordinates is shaded.
Sections through the surfaces jpj ¼ const: and q ¼ const: are hyperbolae, whereas t ¼ const: and ~t ¼ const: are radial straight lines. Right:
SectionZ0 ¼ const: > 0. The curves jpj ¼ const: are circles,while jqj ¼ const: < 1 are hyperbolae and jqj ¼ const: > 1 are ellipses.These
lines are also sections through the anti–de Sitter hyperboloid forZ4 changing. They resemble those in Fig. 3 for the analogous de Sitter case.
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FIG. 13. The surfaces of p ¼ const: for various values of p in the conformal coordinates of η ∈ ½−π; π�, χ ∈ ½0; π
2
Þ, θ ∈ ½0; π� for ϕ ¼ 0

(top row), ϕ ¼ π
4
(middle row) and ϕ ¼ π

2
(bottom row), respectively. The surfaces of jpj ¼ ∞ form the outer cylindrical boundary of

χ ¼ π
2
, which is a null conformal infinity I of the anti–de Sitter universe. The dotted lines separate p > 0 from p < 0. The coordinate p

does not cover the whole anti–de Sitter spacetime.
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The inverse relations to (33) are

tanh t ¼ cos η
sin χ cos θ

for jqj < 1; coth t ¼ cos η
sin χ cos θ

for jqj > 1;

p ¼ a signðcos θÞ
cos χ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2χð1 − sin2θ sin2ϕÞ − cos2η

q
for jqj < 1;

p ¼ a signðcos ηÞ
cos χ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2χð1 − sin2θ sin2ϕÞ − cos2η

q
for jqj > 1;

q ¼ sin χ sin θ cosϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2χð1 − sin2θ sin2ϕÞ − cos2η

p ; tanh ζ ¼ sin χ sin θ sinϕ
sin η

: ð34Þ

We use the relations (33) to draw the surfaces p ¼ const:
(Fig. 13), q ¼ const: (Fig. 14), t ¼ const: (left part of
Fig. 15), and ζ ¼ const: (right part of Fig. 15), respectively.
In order to draw these global conformal pictures, it was
necessary to suppress one coordinate. Because p, q and ζ
now explicitly depend on ϕ, we cannot simply suppress it
(unlike in the previous cases of de Sitter universe). It can be
seen from (34) that for larger ϕ there is a greater constraint
on the ranges of p and q. Therefore, the coordinates p and
q cover a smaller portion of the section. As an important
illustration we draw the section ϕ ¼ 0 (and also ϕ ¼ π

4
and π

2

in Fig. 13). For ϕ shifted by π we would obtain the same
pictures (possibly with �).

B. Subcase Λ < 0, ϵ2 = 1, ϵ0 = 0

In this case, the anti–de Sitter metric (1)–(3) with ϕ ¼ ζ
reads

ds2 ¼ p2

�
−
dq2

q2
þ q2dt2

�
þ a2dp2

a2 þ p2
þ ða2 þ p2Þdζ2;

ð35Þ
where p ∈ ½0;∞Þ, q ∈ Rnf0g, t; ζ ∈ R. Clearly, t is a
spatial coordinate, whereas q is temporal. Such coordinates
cover the anti–de Sitter hyperboloid (12) as

Z0 ¼ 1
2
pqð1þ t2 − q−2Þ;

Z1 ¼ 1
2
pqð1 − t2 þ q−2Þ;

Z2 ¼ pqt;

Z3 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ p2

p
sinh ζ;

Z4 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ p2

p
cosh ζ;

9>>>>>>>>=
>>>>>>>>;

⇔

8>>>>>>><
>>>>>>>:

t ¼ Z2

Z0þZ1
;

tanh ζ ¼ Z3

Z4
;

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0 þ Z2
1 þ Z2

2

p
;

q ¼ Z0þZ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0
þZ2

1
þZ2

2

p ;

ð36Þ

where the “þ” sign corresponds to the coordinate chart
Z4 > 0, while the “−” sign corresponds to Z4 < 0. These
coordinates are visualized in Fig. 16.
Global conformal representation of the anti–de Sitter

metric (35) is given by the transformation [obtained by
comparing (36) with (18)]

FIG. 14. The surfaces of q ¼ const: for five distinct values of q,
plotted in the global conformal coordinates η ∈ ½−π; π�,
χ ∈ ½0; π

2
Þ, θ ∈ ½0; π� for ϕ ¼ 0. The surface q ¼ 0 corresponds

to θ ¼ 0; π, the surface jqj ¼ 1 (representing the Killing horizon
∂t) resembles p ¼ 0 for ϕ ¼ π

2
, while the surface q ¼ �∞

resembles p ¼ 0 for ϕ ¼ 0 (see Fig. 13). In the bottom right
picture, all these five surfaces are plotted together, indicating the
foliation of the global anti–de Sitter cylinder. The coordinate q
does not cover the whole anti–de Sitter spacetime, namely, it does
not cover the regions inside the null half cones of q ¼ ∞.
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FIG. 15. Left: A front view and a general view on the surfaces t ¼ const: for various t in the global conformal coordinates
of anti–de Sitter universe for η ∈ ½−π; π�, χ ∈ ½0; π

2
Þ, θ ∈ ½0; π�, ϕ ¼ const: For jqj > 1, the coordinate t has been relabeled

to ~t. The surfaces t ¼ 0 correspond to η ¼ � π
2
while the surfaces ~t ¼ 0 correspond to θ ¼ π

2
. Right: A side view and a

general view on the surfaces ζ ¼ const: for various ζ, drawn in the conformal coordinates for ϕ ¼ π
2
. The surface ζ ¼ 0

corresponds to θ ¼ 0; π. Moreover, ϕ ¼ 0 implies ζ ¼ 0. The coordinate ζ also does not cover the whole anti–de Sitter
spacetime.

FIG. 16. Left: Section Z2 ¼ const. > 0 for ζ ¼ 0. The coordinate lines in this section look the same as in the left part
of Fig. 8 for Λ > 0 since the parameterizations (36) and (25) coincide. Therefore, the section Z0 ¼ const. > 0 also
looks the same as in the right part of Fig. 8. Right: The section through the anti–de Sitter spacetime spanned
by the two temporal coordinates Z0 and Z4 of (12), (13). The circle indicates a section through the anti–de Sitter
hyperboloid (for a growing Z1, the radius of the circle grows, and the lines of p ¼ 0 move further away from the Z4 axis).
Here the lines of p ¼ const: coincide with the lines of q ¼ const: and t ¼ const: The lines of ζ ¼ const: only cover
the region jZ4j > jZ3j.
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cotη¼� pqð1þ t2−q−2Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þa2

p
coshζ

;

a tanχ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2q2

�
1
4
ð1− t2þq−2Þ2þ t2

�
þðp2þa2Þsinh2ζ

r
;

tanθ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2q2t2þðp2þa2Þsinh2ζ

p
pqð1− t2þq−2Þ ;

cotϕ¼� pqtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þa2

p
sinhζ

; ð37Þ

where the signs “�” correspond to the coordinate charts
Z4 > 0 and Z4 < 0, respectively. An inverse transformation
then reads

t ¼ sin χ sin θ cosϕ
sin χ cos θ þ cos η

;

p ¼ a
cos χ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2χð1 − sin2θsin2ϕÞ − cos2η

q
;

q ¼ cos ηþ sin χ cos θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2χð1 − sin2θsin2ϕÞ − cos2η

p ;

tanh ζ ¼ sin χ sin θ sinϕ
sin η

: ð38Þ

The surfaces of p ¼ const: and ζ ¼ const: are given
by the same relations in both cases of ϵ0 ¼ 1 and ϵ0 ¼ 0
[compare (34) and (38)] so that their form is the same as
in Figs. 13 and 15. The surfaces of q ¼ const: are now
different—they are shown in Fig. 17 for ϕ¼0 and ϕ¼ π

2
.

C. Subcase Λ < 0, ϵ2 = 1, ϵ0 = − 1
The anti–de Sitter metric (1)–(3) with ϕ ¼ ζ now takes

the form

ds2 ¼ p2

�
−

dq2

1þ q2
þ ð1þ q2Þdt2

�

þ a2dp2

a2 þ p2
þ ða2 þ p2Þdζ2; ð39Þ

where p ∈ ½0;∞Þ, t ∈ ½0; 2πÞ, q; ζ ∈ R. Again, t is a
spatial angular coordinate, whereas q is temporal.
These coordinates cover the anti–de Sitter hyperboloid
(12) as

Z0 ¼ pq;

Z1 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þq2

p
cos t;

Z2 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þq2

p
sin t;

Z3 ¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þp2

p
sinhζ;

Z4 ¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þp2

p
coshζ;

9>>>>>>>=
>>>>>>>;

⇔

8>>>>>>><
>>>>>>>:

tan t¼ Z2

Z1
;

tanhζ¼ Z3

Z4
;

p¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0þZ2
1þZ2

2

p
;

q¼ Z0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z2

0
þZ2

1
þZ2

2

p :

ð40Þ

This is visualized in different sections through the anti–
de Sitter hyperboloid in Fig. 18.
Global conformal representation of the anti–de Sitter

metric (39) is obtained by comparing (40) with (18):

cot η ¼ � pqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ a2

p
cosh ζ

;

tan χ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

a2
ðcosh2ζ þ q2Þ þ sinh2ζ

s
;

tan θ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2ð1þ q2Þsin2tþ ðp2 þ a2Þsinh2ζ

p
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

p
cos t

;

cotϕ ¼ � p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

p
sin tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ a2
p

sinh ζ
; ð41Þ

FIG. 17. A front view and a general view on the surfaces of q ¼ const: for various q in the global conformal coordinates for ϕ ¼ 0 (left
two pictures) and for ϕ ¼ π

2
(right two pictures). The coordinate q does not cover the regions of anti–de Sitter spacetime inside the half

cones q ¼ �∞. For ϕ ¼ π
2
, even a smaller part of the spacetime is covered.

YET ANOTHER FAMILY OF DIAGONAL METRICS FOR DE … PHYSICAL REVIEW D 95, 124052 (2017)

124052-15



where the signs “�” correspond to the coordinate
charts Z4 > 0 and Z4 < 0, respectively. An inverse trans-
formation is

tan t ¼ tan θ cosϕ;

p ¼ a
cos χ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2χð1 − sin2θ sin2ϕÞ − cos2η

q
;

q ¼ cos ηffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2χð1 − sin2θ sin2ϕÞ − cos2η

p ;

tanh ζ ¼ sin χ sin θ sinϕ
sin η

: ð42Þ

The surfaces of p ¼ const: and ζ ¼ const: are given by
the same relations in all of the three cases of ϵ0 ¼
1; 0;−1, so that their form is the same as in Fig. 13
and Fig. 15. However, the surfaces of q ¼ const:
are now different, as shown in Fig. 19 for ϕ ¼ 0 and
ϕ ¼ π

2
.

D. Subcase Λ < 0, ϵ2 = 0, ϵ0 = 1

In this case Q ¼ 1, and the corresponding anti–de Sitter
metric (1)–(3) with ϕ ¼ ζ is

FIG. 18. Left: Section Z2 ¼ const: > 0 for ζ ¼ 0. The coordinate lines in this section are the same as in the left part of Fig. 10 for
Λ > 0 due to the similarity of the parameterizations (40) and (28). The section Z0 ¼ const: > 0 also looks the same as in the
right part of Fig. 10. Right: The section spanned by Z0 and Z4 through the anti–de Sitter spacetime resembles the analogous section in
the right part of Fig. 16.

FIG. 19. A front view and a general view on the surfaces of q ¼ const: in the global conformal coordinates for ϕ ¼ 0 (left two
pictures) and for ϕ ¼ π

2
(right two pictures). As in the previous case of Fig. 17, the coordinate q does not cover the regions inside the half

cones of q ¼ �∞.

JIŘÍ PODOLSKÝ and ONDŘEJ HRUŠKA PHYSICAL REVIEW D 95, 124052 (2017)

124052-16



ds2 ¼ p2ð−dt2 þ dq2Þ þ a2

p2
dp2 þ p2dζ2; ð43Þ

in which p; q; t; ζ ∈ R. With a simple transformation

p ¼ a2

x
; t ¼ η0

a
; q ¼ y

a
; ζ ¼ z

a
; ð44Þ

where η0; x; y; z ∈ R, we immediately obtain the metric

ds2 ¼ a2

x2
ð−dη20 þ dx2 þ dy2 þ dz2Þ: ð45Þ

This is exactly the well-known conformally flat Poincaré
form, see e.g., the metric (5.14) in [6]. These coordinates
on the anti–de Sitter hyperboloid are visualized on
Fig. 5.5 therein, as well as the explicit parametrization
Eq. (5.13). Combining this with relations (44) we
obtain

Z0 ¼ 1
2
pð1þ s

a2Þ;
Z1 ¼ 1

2
pð1 − s

a2Þ;
Z2 ¼ pq;

Z3 ¼ pζ;

Z4 ¼ pt;

9>>>>>>=
>>>>>>;

⇔

8>>>>><
>>>>>:

t ¼ Z4

Z0þZ1
;

ζ ¼ Z3

Z0þZ1
;

p ¼ Z0 þ Z1;

q ¼ Z2

Z0þZ1
;

ð46Þ

where

s
a2

¼ −t2 þ q2 þ ζ2 þ a2

p2
: ð47Þ

The metric (45) of anti–de Sitter spacetime has been
thoroughly described and employed in literature, for
example in the works on AdS=CFT correspondence. Of
course, via the simple relations (44), all of this can be
equivalently reexpressed in terms of the alternative metric
form (43) presented here.
The coordinate surfaces of constant p and t within the

conformal cylinder representing the global structure of
anti–de Sitter spacetime (shown in the right part of
Fig. 2) are plotted in Fig. 20. Recall that the conformal
infinity I is the outer boundary of χ ¼ π

2
. It is well

known that this corresponds to x ¼ 0 (see e.g., Fig. 5.6 in
[6]), which is here equivalent to p ¼ ∞ in the new
coordinates of (43). In fact, it seems more natural to
represent the conformal infinity I by the infinite value of
the coordinate p rather than the zero value of the usual
coordinate x.
The corresponding two-dimensional Penrose conformal

diagram of anti–de Sitter spacetime (the vertical shaded
plane in the right part of Fig. 2), with the coordinate lines of
p and t, is plotted in the bottom right part of Fig. 20.

E. Subcase Λ < 0, ϵ2 = 0, ϵ0 = − 1
In such a case Q ¼ −1, and the metric is thus

ds2 ¼ p2ð−dq2 þ dt2Þ þ a2

p2
dp2 þ p2dζ2: ð48Þ

This is clearly the same form as the previous metric (43) if
we swap the coordinates t ↔ q.

F. Subcase Λ < 0, ϵ2 = 0, ϵ0 = 0

For this choice Q ¼ 0, so that the metric (1)–(3)
degenerates. This case is thus forbidden.

G. Subcase Λ < 0, ϵ2 = − 1, ϵ0 = 1
Finally, wewill discuss three subcases of the anti–de Sitter

metric (1)–(3) for Λ<0 with ϵ2¼−1 and ϵ0¼1;0;−1

FIG. 20. The coordinate surfaces of p ¼ const: (top row) and
t ¼ const: (bottom row on the left) for various values of p and t
plotted in the global conformal cylinder of anti–de Sitter universe.
In particular, for section q, ζ ¼ 0 we clearly obtain the standard
two-dimensional Penrose conformal diagram (bottom row on
the right).
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(which are not possible for Λ ≥ 0). For ϵ0 ¼ 1 the metric
reads

ds2 ¼ p2

�
−ð1þ q2Þdt2 þ dq2

1þ q2

�

þ a2dp2

p2 − a2
þ ðp2 − a2Þdϕ2; ð49Þ

where a ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
−3=Λ

p
and p ∈ ½a;∞Þ, q ∈ R, t;ϕ ∈ ½0; 2πÞ,

with p ¼ a representing the axis of symmetry. This arises as
the parametrization

Z0 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

p
cos t;

Z1 ¼ pq;

Z2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − a2

p
cosϕ;

Z3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − a2

p
sinϕ;

Z4 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

p
sin t;

9>>>>>>>>=
>>>>>>>>;

⇔

8>>>>>>>>><
>>>>>>>>>:

tan t ¼ Z4

Z0

;

tanϕ ¼ Z3

Z2

;

p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
0 − Z2

1 þ Z2
4

p
;

q ¼ Z1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
0 − Z2

1 þ Z2
4

p ;

ð50Þ

of the anti–de Sitter hyperboloid (12) in the flat space (13).
Let us recall that Z0 and Z4 are two temporal coordinates
expressed here by the natural single temporal coordinate
t ∈ ½0; 2πÞ. The covering space is obtained by allowing
t ∈ R in (49).
It is interesting to notice that after the formal relabeling

of Z0 ↔ Z1 and Z2 → Z3 → Z4 → Z2 we obtain basically
the same expressions as (28) for the de Sitter subcase
Λ > 0, ϵ2 ¼ 1, ϵ0 ¼ −1. Therefore, the sections through

the anti–de Sitter hyperboloid closely resemble those
shown in Fig. 10, after the relabeling of the axes Za and
reconsidering different ranges of the coordinates. In par-
ticular, in Fig. 21 we plot the sections Z4 ¼ 0 and
Z1 ¼ const: > 0, respectively. It can be seen that (unlike
in the cases ϵ2 ¼ 1) for ϵ2 ¼ −1 the coordinates cover the
whole anti–de Sitter universe, which is also true for the
related subcases of ϵ0 ¼ 0 and ϵ0 ¼ −1.
Global conformal representation is obtained by combin-

ing (50) with (18):

η¼ t;

cosχ¼ a

p
ffiffiffiffiffiffiffiffiffiffiffiffi
1þq2

p ;

cosθ¼ pqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2ð1þq2Þ−a2

p ;

9>>>>>=
>>>>>;

⇔

8>>><
>>>:

t¼ η;

p¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2χsin2θ

p
;

q¼ sinχ cosθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− sin2χcos2θ

p :

ð51Þ

Specific character of the coordinates in metric (49) can
thus be visualized within the anti–de Sitter global con-
formal cylinder. In Fig. 22 we plot both the surfaces of
p ¼ const: and the surfaces of q ¼ const: It can be seen
that they foliate the entire anti–de Sitter spacetime in a very
natural way. Moreover, the conformal infinity I, given by
χ ¼ π

2
, is now completely represented by the boundary

of p ¼ ∞.

H. Subcase Λ < 0, ϵ2 = − 1, ϵ0 = 0
In this case, the anti–de Sitter metric takes the

form

FIG. 21. Left: Section Z4 ¼ 0, in which the coordinate lines of p ¼ const: are hyperbolas Z2
0 − Z2

1 ¼ p2, while q ¼ const: are
radial lines Z0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q−2

p
Z1. Right: Section Z1 ¼ const: > 0 indicated by the vertical dashed line in the left part of this figure. The

lines of p ¼ const: are circles through the anti–de Sitter hyperboloid. Their radius grows as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ Z2

1

p
, and similarly the radius of

the dashed circles q ¼ const: grows as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q−2

p
Z1. An inclination of the dotted straight lines of t ¼ const: are the same for all

values of Z1.
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ds2 ¼ p2

�
−q2dt2 þ dq2

q2

�
þ a2dp2

p2 − a2
þ ðp2 − a2Þdϕ2;

ð52Þ

where p∈ ½a;∞Þ, q∈Rnf0g, t∈R, ϕ∈ ½0;2πÞ. Again,
p¼a represents the axis of symmetry, t is a temporal
coordinate, whereas q is spatial. These coordinates are
given by

Z0 ¼ 1
2
pqð1 − t2 þ q−2Þ;

Z1 ¼ 1
2
pqð1þ t2 − q−2Þ;

Z2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − a2

p
cosϕ;

Z3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − a2

p
sinϕ;

Z4 ¼ pqt;

9>>>>>>>=
>>>>>>>;

⇔

8>>>>>>>>><
>>>>>>>>>:

t ¼ Z4

Z0 þ Z1

;

tanϕ ¼ Z3

Z2

;

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
0 − Z2

1 þ Z2
4

p
;

q ¼ Z0 þ Z1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
0 − Z2

1 þ Z2
4

p :

ð53Þ

Global conformal representation is now

cot η ¼ 1
2t ð1 − t2 þ q−2Þ;

a tan χ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
p2q2ð1þ t2 − q−2Þ2 þ p2 − a2

q
;

cot θ ¼ pqð1þ t2 − q−2Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − a2

p ;

9>>>>>=
>>>>>;

⇔

8>>>>><
>>>>>:

t ¼ sin η
cos ηþ sin χ cos θ

;

p ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2χsin2θ

p
;

q ¼ cos ηþ sin χ cos θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sin2χcos2θ

p :

ð54Þ

In view of (51), the surfaces of p ¼ const: are the same as in Fig. 22, but the surfaces of q ¼ const: have a different shape
shown in Fig. 23.

FIG. 22. Aview from top (left) and a general view (right) on the
surfaces of p ¼ const: and q ¼ const: in terms of the standard
global coordinates of η ∈ ½0; π

2
�, χ ∈ ½0; π

2
Þ, θ ∈ ½0; π� covering the

complete anti–de Sitter spacetime for ϕ ¼ const: The initial
surface of p¼a corresponds to coordinate singularities of
θ¼0;π, while the surface of p ¼ ∞ corresponds to χ ¼ π

2
, which

is the conformal infinity I. In fact, the surfaces of p¼const: are
the same for all of the subcases of ϵ2¼−1, that is for
ϵ0 ¼ 1; 0;−1. The surface of q ¼ 0 corresponds to θ¼π

2
, while

q¼�∞ are the lines of χ¼π
2
, θ¼0;π on I . The coordinates p, q

thus very naturally foliate the whole anti–de Sitter universe.

FIG. 23. A front view (left), aview from left (middle), andaview fromright (right) on surfacesofq ¼ const: for variousvaluesofq in theglobal
anti–deSitter coordinates (η ∈ ½−π; π�,χ ∈ ½0; π

2
Þ,θ ∈ ½0; π�,ϕ ¼ const:).The surfacesofq ¼ �∞ degenerate to the linesχ ¼ π

2
,θ ¼ 0; π onI .
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I. Subcase Λ < 0, ϵ2 = − 1, ϵ0 = − 1
The anti–de Sitter metric (1)–(3) in this final case reads

ds2¼p2

�
−ðq2−1Þdt2þ dq2

q2−1

�
þ a2dp2

p2−a2
þðp2−a2Þdϕ2; ð55Þ

where p ∈ ð−∞;−a�∪½a;∞Þ, q ∈ Rnf�1g, t ∈ R, ϕ ∈ ½0; 2πÞ, with p ¼ �a representing the axis of symmetry. For
jqj > 1, the coordinate t is temporal and q is spatial, whereas for jqj < 1, the coordinate t is spatial and q is temporal. These
two cases thus need to be discussed separately:

(i) For jqj > 1, the coordinates of the metric (55) parametrize the anti–de Sitter hyperboloid (12)

Z0 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

p
sinh t;

Z1 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

p
cosh t;

Z2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − a2

p
cosϕ;

Z3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − a2

p
sinϕ;

Z4 ¼ jpjq;

9>>>>>>>>=
>>>>>>>>;

⇔

8>>>>>>>>><
>>>>>>>>>:

tanh t ¼ Z0

Z1
;

tanϕ ¼ Z3

Z2
;

p ¼ signðZ1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
0 − Z2

1 þ Z2
4

p
¼ signðZ1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ Z2

2 þ Z2
3

p
;

q ¼ Z4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
0
−Z2

1
þZ2

4

p :

ð56Þ

The parametrization (56) represents two maps covering the anti–de Sitter manifold: the first one for
p > 0 covers the part Z1 > 0, while the other for p<0 covers Z1 < 0. Moreover, q > 0 corresponds to
Z4 > 0, while q < 0 corresponds to Z4 < 0.

(ii) For jqj < 1, the parametrization is the same as (56), except that now

Z0 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
cosh t;

Z1 ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
sinh t;

)
⇔

(
tanh t ¼ Z1

Z0
;

p ¼ signðZ0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
0 − Z2

1 þ Z2
4

p
:

ð57Þ

Again, these are two maps: p > 0 covers the part Z0 > 0, while p < 0 covers Z0 < 0.

Global conformal representation is obtained by compar-
ing (56), (57) with (18):

cot η ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q−2

q
sinh t for jqj > 1;

cot η ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q−2 − 1

q
cosh t for jqj < 1;

tan χ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

a2
ðq2cosh2t − sinh2tÞ − 1

s
for jqj > 1;

tan χ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

a2
ðcosh2t − q2sinh2tÞ − 1

s
for jqj < 1;

cot θ ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

p
cosh tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 − a2
p for jqj > 1;

cot θ ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
sinh tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 − a2
p for jqj < 1; ð58Þ

or, inversely,

tanh t ¼ cos η
sin χ cos θ

for jqj > 1;

coth t ¼ cos η
sin χ cos θ

for jqj < 1;

p ¼ a signðcos θÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2χsin2θ

q
for jqj > 1;

p ¼ a signðcos ηÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2χsin2θ

q
for jqj < 1;

q ¼ sin ηffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sin2χcos2θ

p : ð59Þ

This can be used for plotting the coordinate surfaces of
the metric (55) in terms of the standard global con-
formal representation of the entire anti–de Sitter space-
time. The surfaces of p ¼ const: are the same as in the
case of ϵ0 ¼ 1 shown in Fig. 22, except that now there
are two complementary regions of p > 0 and p < 0—
see the conformal infinity I shown in the left part of
Fig. 24. The specific character of the surfaces of q ¼
const: is shown for two views in the right part
of Fig. 24.
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VI. PHYSICAL APPLICATION: THE EXACT
GRAVITATIONAL FIELD OF A TACHYON

MOVING IN THE (ANTI–)DE SITTER SPACETIME

To illustrate one of possible applications of the new
coordinate representation (1)–(3) of the (anti–)de Sitter
spacetime analyzed in this contribution, let us finally
outline a physical interpretation of the family of vacuum
B-metrics with any value of the cosmological constant Λ.
Although this family has been known for a long time [4–8],
it has not yet been systematically studied from the physical
point of view.
The B-metrics with Λ can be written in the form (1) with

the functions QðqÞ and PðpÞ given by (4), that is

ds2 ¼ p2

�
−ðϵ0 − ϵ2q2Þdt2 þ

dq2

ϵ0 − ϵ2q2

�

þ dp2

ϵ2 þ 2n
p − Λ

3
p2

þ
�
ϵ2 þ

2n
p

−
Λ
3
p2

�
a2dϕ2:

ð60Þ

Notice that QðqÞ is exactly the same as in (2), and PðpÞ
immediately reduces to (3) when n ¼ 0. Therefore, the
specific form (1)–(3) of the (anti–)de Sitter metric, which
we have studied in this work, can be understood as the
natural background for the B-metrics with Λ: It is obtained
in the weak-field limit as n → 0. In fact, the B-metrics are
of algebraic type D, with a curvature singularity located at

p ¼ 0. Setting n ¼ 0, this singularity disappears and (60)
becomes conformally flat vacuum solution with Λ, that is
the maximally symmetric (anti–)de Sitter spacetime with
PðpÞ given by (3). Various subcases of the (anti–)de Sitter
metrics (1)–(3)—in particular, the character of the coor-
dinates employed—are thus fundamental for an under-
standing of geometrical and physical properties of the
whole B-metrics family (60).
The B-metrics can be directly compared to the family of

A-metrics

ds2 ¼ r2
�
ðϵ0 − ϵ2q2Þdϕ2 þ dq2

ϵ0 − ϵ2q2

�

þ dr2

ϵ2 þ 2n
r − Λ

3
r2

−
�
ϵ2 þ

2n
r
−
Λ
3
r2
�
dt2: ð61Þ

It can be seen that (61) is obtained from (60) by formal
substitutions of the coordinates of p → r, t → iϕ, aϕ → it.
In particular, the complex unit “i” formally interchanges
the temporal and spatial character of the coordinates t
and ϕ. For three distinct signs of the Gaussian curvature
parameter ϵ2 of the spatial 2-surfaces on which r and t are
constant, there are three subclasses of the A-metrics,
namely AI for ϵ2 ¼ 1, AII for ϵ2 ¼ −1, and AIII for
ϵ2 ¼ 0. These include various (topological) black holes
which were studied in a number of works, see Chapter 9 in
[6] for a review and number of references. In particular, for
the AI subcase of ϵ2 ¼ 1 ¼ ϵ0 we can introduce an angular

FIG. 24. Left: A front view on the surfaces of jpj ¼ ∞ representing I in the global representation of the anti–de Sitter universe for
ϕ ¼ const: The dotted lines separate the region of p ¼ þ∞ from the regions p ¼ −∞. Other surfaces of p ¼ const: are separated in a
similar way into the regions of p > 0 and p < 0. Right: The surfaces of q ¼ const: for various values of q. The surfaces of q ¼ 0
correspond to the temporal horizontal sections sin η ¼ 0, while q ¼ �∞ degenerate to the lines χ ¼ π

2
, θ ¼ 0; π on I . The two pictures

on the right are a front view and a side view, respectively.
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coordinate θ by q ¼ cos θ and relabel the parameter n as
−m, obtaining thus the standard form of the famous
Schwarzschild–(anti–)de Sitter metric

ds2 ¼ r2ðdθ2 þ sin2θ dϕ2Þ

þ dr2

1 − 2m
r − Λ

3
r2

−
�
1 −

2m
r

−
Λ
3
r2
�
dt2: ð62Þ

It is also of type D, with a curvature singularity at r ¼ 0.
This unique spherically symmetric solution was discovered
by Kottler, Weyl, and Trefftz [19–21]. Of course, for Λ ¼ 0
it is just the first exact solution to Einstein’s field equations,
found by Karl Schwarzschild [22].
Analogously to A-metrics, there exist three distinct

subclasses of the B-metrics (60), denoted as BI for
ϵ2 ¼ 1, BII for ϵ2 ¼ −1, and BIII for ϵ2 ¼ 0. However,
ϵ2 now determines the Gaussian curvature of the
Lorentzian 2-surfaces on which p and ϕ are constant.
Applying the results of the present paper, we are now

suggesting a physical interpretation of the BI-metric
defined by ϵ2 ¼ 1, which is the direct counterpart of the
Schwarzschild–(anti–)de Sitter metric (62) representing a
static (black hole) matter source. For the convenient choice
of ϵ0 ¼ −1, a simple transformation of q ¼ sinh τ, t ¼ χ
puts such metric (60) into the form

ds2 ¼ p2ð−dτ2 þ cosh2τ dχ2Þ

þ dp2

1þ 2n
p − Λ

3
p2

þ
�
1þ 2n

p
−
Λ
3
p2

�
a2dϕ2: ð63Þ

In fact, we are extending the idea presented in 1974 in an
interesting work [23] by J. R. Gott. In the case Λ ¼ 0, he
argued that the BI-metric represents an exact gravitational
field of a tachyonic source moving with a superluminal
velocity of v > c≡ 1 along the spatial axis of symmetry.
We now claim that the metric (63) generalizes this physical
situation to a tachyonic-type singular source moving along
the spatial axis of ∂ϕ at p ¼ 0 in the de Sitter universe with
Λ > 0 (and similarly in the anti–de Sitter universe when
Λ < 0). This is the counterpart to the static source moving
along the temporal axis of ∂t at r ¼ 0 in the Schwarzschild–
(anti–)de Sitter AI-metric (62). Indeed, in the weak-field
limit n → 0we immediately observe that theBI-metric (63)
for p ¼ 0 reduces to ds2 ¼ a2dϕ2, yielding a positive
norm of ∂ϕ [contrary to the analogous limit m → 0 of
the AI-metric (62), which for r ¼ 0 yields ds2 ¼ −dt2, and
the norm of ∂t is thus negative].
Moreover, in the limit n → 0 we observe that the metric

(63), which is equivalent to (60) with ϵ2 ¼ 1 and ϵ0 ¼ −1,
reduces to the metric form (27) of the de Sitter spacetime
studied in Subsection IV C. In that part of this work we have
analyzed and visualized the character of the coordinates, and

the corresponding foliation of the background spacetime,
see Fig. 10 and Figs. 4 and 11.
In particular, we immediately obtain from the specific

parametrization (28) of the de Sitter hyperboloid (5) in (6)
by these coordinates that the source at p ¼ 0 is, in fact,
located at

Z0 ¼ 0; Z1 ¼ 0 ¼ Z2;

Z3 ¼ a cosϕ; Z4 ¼ a sinϕ: ð64Þ

In other words, the trajectory of the source is given by

Z2
3 þ Z2

4 ¼ a2; ð65Þ

with Z0 ¼ Z1 ¼ Z2 ¼ 0. This fully confirms that the
trajectory of the source of the BI-metric is indeed spacelike,
and thus “tachyonic.” In fact, it is exactly the closed spatial
loop around the “neck” of the de Sitter hyperboloid at Z0,
see the left part of Fig. 25. Geometrically, it is one of the
main circles of the spatial 3-sphere. Notice also that in the
global conformal representation (29) this geodesic corre-
sponds to a special curve given by η ¼ π

2
, χ ¼ π

2
, θ ¼ π

2
, with

the angular coordinate taking the range ϕ ∈ ½0; 2πÞ, i.e., it
is a closed circle around “the middle” of the conformal
four-dimensional representation of the whole universe.
Since this source of the field (63) moves with a super-

luminal velocity, it generates gravitational Cherenkov
shock cone. Its location is obtained by substituting (65)
into (5), i.e.,

FIG. 25. Left: The special tachyon trajectory in the de Sitter
spacetime (trivial coordinates Z1, Z2 are suppressed). The
tachyon moves with an infinite velocity around the “neck” of
the de Sitter hyperboloid located at Z0. Right: The trajectory of
the tachyon moving with a finite superluminal velocity, shown
in the boosted frame Z0

0; Z
0
3; Z

0
4. This picture can be understood in

two ways: For Z0
4 > 0, the tachyon moves up the de Sitter

hyperboloid, while on its opposite side Z0
4 < 0, it returns back in

time to the initial point, thus making a closed loop in time Z0
0. An

alternative interpretation of the same picture is that the tachyon
moves from the initial (lowest) point to the final (upmost) point
on both sides of the hyperboloid. This is possible since in the
Lorentzian geometry (as opposed to the Riemannian one), the
geodesics between two events are not unique.
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Z2
1 þ Z2

2 ¼ Z2
0: ð66Þ

In fact, there are two Cherenkov cones: the first given byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
1 þ Z2

2

p
¼ Z0 (rear one) is expanding, while the second

given by
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
1 þ Z2

2

p
¼ −Z0 (front one) is contracting. The

tachyonic source is located at their common vertex.
The background de Sitter spacetime is divided by these
Cherenkov cones into three distinct regions, namely
region 1 given by Z0>

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
1þZ2

2

p
, region 2 given by Z0<−ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z2
1þZ2

2

p
, and region 3 defined by Z2

0 < Z2
1 þ Z2

2. As
in the case Λ ¼ 0 studied by Gott in [23], a detailed
analysis shows that for n ≠ 0, the curved region 3 outside
the Cherenkov cones is covered by the BI-metric (63),
while each of the regions 1 and 2 is covered by the
AII-metric (61).
The source of the gravitational field (63) moves along

(64) with an infinite velocity of v ¼ ∞. Its Cherenkov cone
(66) at Z0 ¼ 0 thus degenerates to the single circular axis
along which the tachyon moves. To obtain a nondegenerate
Cherenkov cone, it is necessary to “slow down” the tachyon
to a finite velocity v such that v > 1. This is achieved by
performing an appropriate Lorentz boost in the representa-
tion of the de Sitter spacetime as the hyperboloid (5)
embedded in the five-dimensional Minkowski space (6),
for example in the Z3-direction,

Z0
0 ¼ vðv2 − 1Þ−1

2 Z0 þ ðv2 − 1Þ−1
2 Z3;

Z0
3 ¼ ðv2 − 1Þ−1

2 Z0 þ vðv2 − 1Þ−1
2 Z3;

Z0
1 ¼ Z1; Z0

2 ¼ Z2; Z0
4 ¼ Z4: ð67Þ

With respect to the new frame, the tachyonic source (64)
localized along Z0 ¼ 0 now moves along Z0

3=Z
0
0 ¼ v. This

is illustrated in the right part of Fig. 25. The corresponding
Cherenkov cone (66) then takes the form

Z0
1
2 þ Z0

2
2 ¼ 1

v2 − 1
ðZ0

3 − vZ0
0Þ2; ð68Þ

with its source (vertex) given by Z0
3 ¼ vZ0

0, i.e., moving
with the velocity v along the axis Z0

3. Both parts of this
Cherenkov shock (the expanding part of the cone and the
contracting one) are visualized in Fig. 26 for four typical
values of the fixed global time Z0

0 ¼ const:, together with
the spatial representation of the de Sitter spacetime as a
sphere. As explained in Subsection II A, the spatial
geometry of the de Sitter spacetime is a 3-sphere S3 that
contracts to a minimal size a at Z0

0 ¼ 0 and then reexpands.
At a given time Z0

0, the position of both the Cherenkov
shocks are two intersections of the cone with this sphere. In
the full de Sitter space S3, the Cherenkov shocks are two
2-spheres (one of which is expanding while the other is

FIG. 26. Visualization of the Cherenkov shock waves caused by the tachyon moving in the de Sitter spacetime (represented as a sphere
in this section Z0

1; Z
0
2; Z

0
3), for four different times Z0

0 ¼ const: (with a fixed Z0
4 < a). The tachyon is at the joint vertex of the two parts of

the Cherenkov cone. The intersections of these cones with the sphere gives the actual position of the two Cherenkov shocks in the
de Sitter universe (the rear one on the left is expanding, while the front one on the right is contracting). Top left: At this special time Z0

0

the tachyon is in the North Pole of the space, creating the expanding shock wave, while there is already the contracting shock on the
southern hemisphere. Top right: At Z0

0 ¼ 0 the closed de Sitter universe has a minimal radius a, both shock waves are of the same size,
and are located symmetrically with respect to the equator. Bottom left: A complementary situation to the top left part—the tachyon is in
the South Pole, and the contracting shock has just shrinked to zero. Bottom right: Later, after the contracting shock has crossed the South
Pole, its starts to expand. There are thus two expanding shock waves in the de Sitter universe, both approaching the equator.
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contracting) but since in Fig. 26 we have suppressed
one angular coordinate, the de Sitter space is represented
just by a 2-sphere while the Cherenkov shocks are
circles.

VII. SUMMARY AND CONCLUSIONS

In our contribution we have presented three interesting
forms (1)–(3) of the de Sitter spacetime and eight forms
of the anti–de Sitter spacetime in four dimensions,
according to the values of two discrete parameters of
ϵ0; ϵ2 ¼ 1; 0;−1, see Tables I and II. As far as we know,
these have not yet been explicitly identified, described,
and analyzed in (otherwise vast) literature on these
fundamental solutions to Einstein’s field equations with
a cosmological constant Λ.
Such new forms of maximally symmetric vacuum

spacetimes with Λ naturally arise in the context of B-
metrics with a cosmological constant, when they are
expressed in a unified Plebański-Demiański form of the
Kundt type D solutions. Quite surprisingly, all of the metric
forms (1)–(3) of the (anti–)de Sitter spacetime are very
simple: they are diagonal, represent a warped product of
two 2-dimensional geometries of constant curvature, and
many of them explicitly exhibit stationarity and axial
symmetry. The coordinates of (1) are naturally adapted
to a 2þ 2 foliation of the spacetime, in contrast to the
coordinates of standard well-known forms, which corre-
spond to a 1þ 3 foliation with the 3-space of a constant
spatial curvature.
In each subcase, determined by ϵ0; ϵ2 ¼ 1; 0;−1, we

found the corresponding parametrizations of the de Sitter
or anti–de Sitter hyperboloid, and then we plotted the
coordinate lines and surfaces in the global conformal
cylinder. This clearly demonstrated specific character of
the new coordinates. In the appendixes we also present
mutual relations between various subcases, some other
related forms of the metrics, and also transformations to
standard coordinates of the de Sitter and anti–de Sitter
spacetimes.
Our initial motivation was to investigate geometrical

and physical properties of the B-metrics with a cosmo-
logical constant, which can be understood as type D
extensions of the conformally flat (anti–)de Sitter metric
(1). In Sec. VI we outlined such a study. Using the results
given in the main part of this paper, we demonstrated that

the family of B-metrics can be physically interpreted as
representing exact gravitational field of a tachyon moving
in the de Sitter or anti–de Sitter spacetime. A detailed
analysis will be performed in our future work, as we think
that the new coordinate representations of the de Sitter
and anti–de Sitter spacetime presented in the current
contribution can be interesting by themselves. We hope
that they could also be employed for various other
investigations of these fundamental spacetimes discov-
ered 100 years ago.
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APPENDIX A: UNIFIED FORM OF ALL
PARAMETRIZATIONS

All new parametrizations of the de Sitter or anti–de Sitter
hyperboloid, presented and studied in previous Sec. IV and
Sec. V, can be written in a unified way as:

Za ¼ p
ffiffiffiffiffiffiffi
jQj

p
ð1þ SÞT1;

Zb ¼ p
ffiffiffiffiffiffiffi
jQj

p
ð1 − SÞT2;

Zc ¼ jpjqt1−jϵ0j;
Zd ¼ a

ffiffiffiffi
P

p
Y1;

Ze ¼ a
ffiffiffiffi
P

p
Y2; ðA1Þ

where Q ¼ ϵ0 − ϵ2q2, P ¼ ϵ2 − Λ
3
p2, as in (2), (3). The

indices a, b, c, d, e and also the functions S; T1; T2; Y1; Y2

for various ϵ2 and ϵ0 are listed in Tables III and IV for
Λ > 0 or Λ < 0, respectively. The last column refers to the
corresponding equation in the main text.
The coordinates ðp; q; t;ϕÞ only cover the part Z3; Z4 ∈

ð−a; aÞ of de Sitter spacetime, while they cover the whole
anti–de Sitter spacetime [except in the cases ϵ2 ¼ 1 for
which Z4 ∈ Rnð−a; aÞ].

TABLE III. Specific functions used in the unified parametrization (A1) for Λ > 0.

ϵ2 ϵ0 T1 T2 S Y1 Y2 a b c d e Eq.

1 1 sinh t cosh t 0 cosϕ sinϕ 0 1 2 3 4 (20)
1 1 cosh t sinh t 0 cosϕ sinϕ 0 1 2 3 4 (21)
1 0 1

2
signq 1

2
signq t2 − q−2 cosϕ sinϕ 0 1 2 3 4 (25)

1 −1 sin t cos t 0 cosϕ sinϕ 2 1 0 3 4 (28)
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APPENDIX B: MUTUAL RELATIONS

Case Λ > 0: The de Sitter metric (19) for ϵ2 ¼ 1, ϵ0 ¼ 1

(in which the coordinates p, q, t are relabeled to ~p, ~q, ~t) can
be explicitly transformed to the metric (24) for ϵ2¼1, ϵ0¼0
by applying

j ~pj ¼ p; ~q ¼ qt; exp ~t ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jt2 − q−2j

p : ðB1Þ

Similarly, the metric (19) for jqj<1 can be explicitly
transformed to themetric (27) for ϵ2¼1, ϵ0¼−1 by applying

j ~pj ¼ p; ~q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

q
sin t; coth ~t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

p
q

cos t:

ðB2Þ
These relations are easily obtained by comparing (20) to
(25), and (20) to (28), respectively.
CaseΛ < 0: Interestingly, the same transformations (B1)

and (B2) relate the anti–de Sitter metric (30) for ϵ2 ¼ 1,
ϵ0 ¼ 1 (with the coordinates relabeled as ~p, ~q, ~t) to (35) for
ϵ2 ¼ 1, ϵ0 ¼ 0 and (39) for ϵ2 ¼ 1, ϵ0 ¼ −1, respectively.
Comparing the parameterizations (36) and (46) we find a

transformation between the anti–de Sitter metric (35) for
ϵ2 ¼ 1, ϵ0 ¼ 0 and the form (43) for ϵ2 ¼ 0, ϵ0 ¼ 1

(relabeled to ~p, ~q, ~t, ~ζ):

~p ¼ pq; ~q ¼ t; ~t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ p2

p
pq

cosh ζ;

~ζ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ p2

p
pq

sinh ζ: ðB3Þ

Also, the anti–de Sitter metric (49) for ϵ2 ¼ −1, ϵ0 ¼ 1

(relabeled to ~p, ~q, ~t) is transformed to the metric (52) for
ϵ2 ¼ −1, ϵ0 ¼ 0 by

~p ¼ p; ~q ¼ 1

2
qð1þ t2 − q−2Þ; tan ~t ¼ 2t

1 − t2 þ q−2
;

ðB4Þ
while (49) for ϵ2 ¼ −1, ϵ0 ¼ 1 is transformed to the metric
(55) for ϵ2 ¼ −1, ϵ0 ¼ −1 by

~p ¼ jpj; ~q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

q
sinh t;

tan ~t ¼ q signpffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
cosh t

for jqj < 1;

~p ¼ jpj; ~q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

q
cosh t;

tan ~t ¼ q signpffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

p
sinh t

for jqj > 1: ðB5Þ

APPENDIX C: FURTHER RELATED METRIC
FORMS OF THE DE SITTER AND
ANTI–DE SITTER SPACETIMES

The new metrics analyzed in this work can also be
expressed in closely related forms. In these, both (warped)
parts representing the constant-curvature 2-spaces are more
clearly seen because they are all put into the “canonical”
forms using trigonometric and/or hyperbolic functions. In
this appendix we describe all such related metrics. For each
subcase, we present the transformation, the resulting
metric, and the corresponding parametrization of the
five-dimensional hyperboloid:

A. The de Sitter spacetime (Λ > 0)

Subcase ϵ2 ¼ 1, ϵ0 ¼ 1:

p ¼ a cosϑ; q ¼ sinψ ; t ¼ T
a ; for jqj < 1;

p ¼ a cosϑ; jqj ¼ cosh T
a ; t ¼ ψ ; for jqj > 1;

ðC1Þ
transforms (19) to

ds2 ¼ cos2ϑð−cos2ψdT2 þ a2dψ2Þ þ a2ðdϑ2 þ sin2ϑdϕ2Þ;
ds2 ¼ cos2ϑ

�
−dT2 þ a2sinh2 T

a dψ2
�

þ a2ðdϑ2 þ sin2ϑdϕ2Þ; ðC2Þ

respectively, corresponding to the parametrizations

TABLE IV. Specific functions used in the unified parametrizations (A1) for Λ < 0. Here s ¼ a2ð−t2 þ q2 þ ζ2 þ a2=p2Þ. For ϵ2 ¼ 1
we also consider the second chart with −Y1 and −Y2 in order to obtain Ze < 0. For ϵ2 ¼ 0 we also consider −Z2, −Z3 and −Z4.

ϵ2 ϵ0 T1 T2 S Y1 Y2 a b c d e Eq.

1 1 sinh t cosh t 0 sinh ζ cosh ζ 0 1 2 3 4 (31)
1 1 cosh t sinh t 0 sinh ζ cosh ζ 0 1 2 3 4 (32)
1 0 1

2
signq 1

2
signq t2 − q−2 sinh ζ cosh ζ 0 1 2 3 4 (36)

1 −1 sin t cos t 0 sinh ζ cosh ζ 2 1 0 3 4 (40)
0 1 1

2
1
2

s=a2 ζ t 0 1 2 3 4 (46)
−1 1 cos t sin t 0 sinϕ cosϕ 0 4 1 3 2 (50)
−1 0 1

2
signq 1

2
signq q−2 − t2 sinϕ cosϕ 0 1 4 3 2 (53)

−1 −1 sinh t cosh t 0 sinϕ cosϕ 0 1 4 3 2 (56)
−1 −1 cosh t sinh t 0 sinϕ cosϕ 0 1 4 3 2 (57)
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Z0 ¼ a cosϑ cosψ sinh T
a;

Z1 ¼ a cosϑ cosψ cosh T
a;

Z2 ¼ aj cosϑj sinψ ;
Z3 ¼ a sinϑ cosϕ;

Z4 ¼ a sinϑ sinϕ;

9>>>>>>>=
>>>>>>>;

for jqj < 1;

Z0 ¼ a cosϑ sinh T
a coshψ ;

Z1 ¼ a cosϑ sinh T
a sinhψ ;

Z2 ¼ �aj cos ϑj cosh T
a

Z3 ¼ a sinϑ cosϕ;

Z4 ¼ a sinϑ sinϕ;

9>>>>>>>=
>>>>>>>;

for jqj > 1: ðC3Þ

Subcase ϵ2 ¼ 1, ϵ0 ¼ 0:

p ¼ a cosϑ; jqj ¼ exp T
a ; t ¼ ψ ; ðC4Þ

transforms (24) to

ds2 ¼ cos2ϑ
�
−dT2 þ a2exp2 T

a dψ
2
�

þ a2ðdϑ2 þ sin2ϑ dϕ2Þ; ðC5Þ

corresponding to

Z0 ¼ � 1
2a cosϑ exp

T
a ða2 þ sÞ;

Z1 ¼ � 1
2a cosϑ exp

T
a ða2 − sÞ;

Z2 ¼ �aψ cosϑ exp T
a ;

Z3 ¼ a sin ϑ cosϕ;

Z4 ¼ a sin ϑ sinϕ; s ¼ a2ðψ2 − exp−2ðT=aÞÞ: ðC6Þ

Subcase ϵ2 ¼ 1, ϵ0 ¼ −1:

p ¼ a cosϑ; q ¼ sinh T
a ; t ¼ ψ ; ðC7Þ

transforms (27) to

ds2 ¼ cos2ϑ
�
−dT2 þ a2cosh2 T

a dψ
2
�

þ a2ðdϑ2 þ sin2ϑ dϕ2Þ; ðC8Þ

corresponding to

Z0 ¼ a cosϑ sinh T
a ;

Z1 ¼ a cosϑ cosh T
a cosψ ;

Z2 ¼ a cosϑ cosh T
a sinψ ;

Z3 ¼ a sinϑ cosϕ;

Z4 ¼ a sinϑ sinϕ: ðC9Þ

B. The anti–de Sitter spacetime (Λ < 0)

Subcase ϵ2 ¼ 1, ϵ0 ¼ 1:

p¼asinhϑ; q¼ sinψ ; t¼ T
a ; for jqj<1;

p¼asinhϑ; jqj¼ coshT
a ; t¼ψ ; for jqj>1; ðC10Þ

transforms (30) to

ds2 ¼ sinh2ϑð−cos2ψdT2 þ a2dψ2Þ
þ a2ðdϑ2 þ cosh2ϑ dζ2Þ;

ds2 ¼ sinh2ϑ
�
−dT2 þ a2sinh2 T

a dψ
2
�

þ a2ðdϑ2 þ cosh2ϑ dζ2Þ; ðC11Þ

respectively, corresponding to the parametrizations

Z0 ¼ a sinhϑ cosψ sinh T
a;

Z1 ¼ a sinhϑ cosψ cosh T
a;

Z2 ¼ a sinh jϑj sinψ ;
Z3 ¼ �a coshϑ sinh ζ;

Z4 ¼ �a coshϑ cosh ζ;

9>>>>>>>=
>>>>>>>;

for jqj < 1;

Z0 ¼ a sinhϑ sinh T
a coshψ ;

Z1 ¼ a sinhϑ sinh T
a sinhψ ;

Z2 ¼ �a sinh jϑj cosh T
a

Z3 ¼ �a coshϑ sinh ζ;

Z4 ¼ �a coshϑ cosh ζ;

9>>>>>>>=
>>>>>>>;

for jqj > 1: ðC12Þ

Subcase ϵ2 ¼ 1, ϵ0 ¼ 0:

p ¼ a sinhϑ; jqj ¼ exp T
a ; t ¼ ψ ; ðC13Þ

transforms (35) to

ds2 ¼ sinh2ϑ
�
−dT2 þ a2exp2 T

a dψ
2
�

þ a2ðdϑ2 þ cosh2ϑ dζ2Þ; ðC14Þ

corresponding to
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Z0 ¼ � 1
2a sinhϑ exp

T
a ða2 þ sÞ;

Z1 ¼ � 1
2a sinhϑ exp

T
a ða2 − sÞ;

Z2 ¼ �aψ sinhϑ exp
�
T
a

�
;

Z3 ¼ �a coshϑ sinh ζ;

Z4 ¼ �a coshϑ cosh ζ; s ¼ a2ðψ2 − exp−2ðT=aÞÞ:
ðC15Þ

Subcase ϵ2 ¼ 1, ϵ0 ¼ −1:

p ¼ a sinhϑ; q ¼ sinh T
a ; t ¼ ψ ; ðC16Þ

transforms (39) to

ds2 ¼ sinh2ϑ

�
−dT2 þ a2cosh2 T

a dψ
2

�
þ a2ðdϑ2 þ cosh2ϑ dζ2Þ; ðC17Þ

corresponding to

Z0 ¼ a sinhϑ sinh T
a ;

Z1 ¼ a sinhϑ cosh T
a cosψ ;

Z2 ¼ a sinhϑ cosh T
a sinψ ;

Z3 ¼ �a coshϑ sinh ζ;

Z4 ¼ �a coshϑ cosh ζ: ðC18Þ

Subcase ϵ2 ¼ 0, ϵ0 ¼ �1:
The transformation (44) puts (43) into (45), and similarly

for (48).
Subcase ϵ2 ¼ −1, ϵ0 ¼ 1:

p ¼ a coshϑ; q ¼ sinhψ ; t ¼ T
a ; ðC19Þ

transforms (49) to

ds2 ¼ cosh2ϑð−cosh2ψdT2 þ a2dψ2Þ
þ a2ðdϑ2 þ sinh2ϑ dϕ2Þ; ðC20Þ

corresponding to

Z0 ¼ a coshϑ coshψ cos Ta ;

Z1 ¼ a coshϑ sinhψ ;

Z2 ¼ a sinhϑ cosϕ;

Z3 ¼ a sinhϑ sinϕ;

Z4 ¼ a coshϑ coshψ sin T
a : ðC21Þ

Subcase ϵ2 ¼ −1, ϵ0 ¼ 0:

p ¼ a coshϑ; jqj ¼ expψ ; t ¼ T
a ; ðC22Þ

transforms (52) to

ds2 ¼ cosh2ϑð−exp2ψdT2 þ a2dψ2Þ
þ a2ðdϑ2 þ sinh2ϑ dϕ2Þ; ðC23Þ

corresponding to

Z0 ¼ � 1
2a coshϑ expψða2 þ sÞ;

Z1 ¼ � 1
2a coshϑ expψða2 − sÞ;

Z2 ¼ a sinhϑ cosϕ;

Z3 ¼ a sinhϑ sinϕ;

Z4 ¼ �T coshϑ expψ ; s ¼ a2exp−2ψ − T2: ðC24Þ

Subcase ϵ2 ¼ −1, ϵ0 ¼ −1:

jpj ¼ a coshϑ; q ¼ sin T
a ; t ¼ ψ ; for jqj < 1;

jpj ¼ a coshϑ; jqj ¼ coshψ ;

t ¼ T
a ; for jqj > 1; ðC25Þ

transforms (55) to

ds2 ¼ cosh2ϑ
�
−dT2 þ a2cos2 T

a dψ
2
�

þ a2ðdϑ2 þ sinh2ϑ dϕ2Þ;
ds2 ¼ cosh2ϑð−sinh2ψdT2 þ a2dψ2Þ

þ a2ðdϑ2 þ sinh2ϑ dϕ2Þ; ðC26Þ

respectively, corresponding to the parametrizations

Z0 ¼ �a coshϑ cos Ta coshψ ;

Z1 ¼ �a coshϑ cos Ta sinhψ ;

Z2 ¼ a sinhϑ cosϕ;

Z3 ¼ a sinhϑ sinϕ;

Z4 ¼ a coshϑ sin T
a ;

9>>>>>>>=
>>>>>>>;

for jqj < 1;

Z0 ¼ �a coshϑ sinhψ sinh T
a ;

Z1 ¼ �a coshϑ sinhψ cosh T
a ;

Z2 ¼ a sinhϑ cosϕ

Z3 ¼ a sinhϑ sinϕ;

Z4 ¼ �a coshϑ coshψ ;

9>>>>>>>=
>>>>>>>;

for jqj > 1: ðC27Þ
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APPENDIX D: TRANSFORMATIONS
TO STANDARD METRIC FORMS OF

(ANTI–)DE SITTER SPACETIME

A. The de Sitter spacetime (Λ > 0)

Subcase ϵ2 ¼ 1, ϵ0 ¼ 1: By applying transformation

jpj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − R2sin2θ

p
; q ¼ R cos θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 − R2sin2θ
p ; t ¼ T

a
;

ðD1Þ

the metric (19) is put into standard spherical form of the
de Sitter spacetime (see (4.9) in [6])

ds2 ¼ −
�
1 −

R2

a2

�
dT2 þ

�
1 −

R2

a2

�−1
dR2

þ R2ðdθ2 þ sin2θ dϕ2Þ: ðD2Þ

Subcase ϵ2 ¼ 1, ϵ0 ¼ 0: With

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − ρ2exp2ðτ=aÞ

q
;

jqj ¼ affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2exp2ð−τ=aÞ − ρ2

p ; t ¼ x
a
; ðD3Þ

the metric (24) is put into the well-known exponentially
expanding flat FLRW form of the de Sitter spacetime (see
(4.14) in [6]) with y ¼ ρ cosϕ, z ¼ ρ sinϕ:

ds2 ¼ −dτ2 þ exp2
τ

a
ðdx2 þ dρ2 þ ρ2dϕ2Þ: ðD4Þ

Subcase ϵ2 ¼ 1, ϵ0 ¼ −1: With

p ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sinh2ðτ=aÞsinh2θ

q
;

q ¼ sinhðτ=aÞ cosh θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sinh2ðτ=aÞsinh2θ

p ; t ¼ ψ ; ðD5Þ

the de Sitter metric (27) transforms into the Bianchi III form
(see (4.21) in [6]):

ds2 ¼ −dτ2 þ a2cosh2
τ

a
dψ2

þ a2sinh2
τ

a
ðdθ2 þ sinh2θ dϕ2Þ: ðD6Þ

Interestingly, inverse transformations to (D1), (D3), (D5)
have very similar structure, namely

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

R2

a2

s
¼ jpj

a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

q
; tan θ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − p2

p
jpjq ;

exp
τ

a
¼ p

a
jqj; ρ

a
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − p2

p
pjqj ;

cosh
τ

a
¼ p

a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

q
; tanh θ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − p2

p
pq

: ðD7Þ

B. The anti–de Sitter spacetime (Λ < 0)

Subcase ϵ2 ¼ 1, ϵ0 ¼ 1: Using

jpj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ2exp2ðx=aÞ − a2

q
;

q ¼ yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ2 − a2exp2ð−x=aÞ

p ;

tanh t ¼ −
ðτ2 − y2 − a2Þexp2ðx=aÞ − a2

ðτ2 − y2 þ a2Þexp2ðx=aÞ − a2
; ðD8Þ

the metric (30) for jqj < 1 is transformed into

ds2 ¼ dx2 þ exp2
x
a
ð−dτ2 þ τ2dζ2 þ dy2Þ; ðD9Þ

which is simply related via η0 ¼ τ cosh ζ, z ¼ τ sinh ζ
to standard form of the anti–de Sitter spacetime (see
(5.16) in [6])

ds2 ¼ dx2 þ exp2
x
a
ð−dη20 þ dy2 þ dz2Þ: ðD10Þ

Subcase ϵ2 ¼ 1, ϵ0 ¼ 0: Similarly, with

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ2exp2ðx=aÞ − a2

q
;

jqj ¼ affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ2 − a2exp2ð−x=aÞ

p ; t ¼ y
a
; ðD11Þ

the metric (35) is transformed into the metric (D9).
Subcase ϵ2 ¼ 1, ϵ0 ¼ −1: By

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ2exp2ðx=aÞ − a2

q
;

q ¼ �ðτ2 − y2 − a2Þ − a2exp2ð−x=aÞ
2a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ2 − a2exp2ð−x=aÞ

p ;

tan t ¼ 2ay exp2ðx=aÞ
ðτ2 − y2 þ a2Þexp2ðx=aÞ − a2

; ðD12Þ

the metric (39) is also put into (D9).
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Subcase ϵ2 ¼ −1, ϵ0 ¼ 1: With

p ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sinh2r sin2θ

p
;

q ¼ tanh r cos θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − tanh2r cos2θ

p ; t ¼ T
a
; ðD13Þ

the metric (49) transforms into the anti–de Sitter metric
(15) in the global static coordinates (see (5.4) in [6])

ds2 ¼ −cosh2r dT2 þ a2ðdr2 þ sinh2rðdθ2 þ sin2θ dϕ2ÞÞ:
ðD14Þ

Subcase ϵ2 ¼ −1, ϵ0 ¼ 0: By applying

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ ρ2exp2ðx=aÞ

q
;

jqj ¼ affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2exp2ð−x=aÞ þ ρ2

p ; t ¼ η0
a
; ðD15Þ

the metric (52) is put into the axially symmetric form

ds2 ¼ dx2 þ exp2
x
a
ð−η20 þ dρ2 þ ρ2dϕ2Þ: ðD16Þ

which is related via y ¼ ρ cosϕ, z ¼ ρ sinϕ to the standard
form (D10).
Subcase ϵ2 ¼ −1, ϵ0 ¼ −1: With

jpj ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sinh2r sin2θ

p
;

q ¼ cosh r sinðT=aÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sinh2r sin2θ

p ; tanh t ¼ coth r cosðT=aÞ
cos θ

;

ðD17Þ

for jqj > 1, (55) is transformed into the anti–de Sitter
metric (15) in the global static coordinates (for jqj < 1, the
function tanh t is replaced by coth t).
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