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NUT-like and near-horizon limits of Kerr-NUT-(A)dS spacetimes
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We study a class of limits of the higher-dimensional Kerr-NUT-(A)dS spacetimes where particular roots
of metric functions degenerate. Namely, we obtain the Taub-NUT-(A)dS and the extreme near-horizon
geometries as two examples of our limiting procedure. The symmetries of the resulting spacetimes are
enhanced which is manifested by the presence of supplementary Killing vectors and decomposition of

Killing tensors into Killing vectors.
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I. INTRODUCTION

Two very important vacuum solutions of the four-
dimensional Einstein equations were found in the same
year 1963, the Kerr spacetime [1] and the Taub-NUT
(Newman-Unti-Tamburino) spacetime [2]. The nonsta-
tionary part (the Taub region) was known even earlier
[3]. They both are one-parametric generalizations of the
Schwarzschild solution, but only the Kerr solution has a
clear physical interpretation.

The Kerr spacetime describes the gravitational field of
a rotating black hole with a spherical horizon topology.
It is well understood and agrees with many physical
observations. On the contrary, the Taub-NUT spacetime
has many undesirable features and pathologies such as the
existence of closed timelike curves, the semi-infinite
topological singularity on the axis, no (global) asymptotic
flatness, and others. For this reason it is often presented as
“a counterexample to almost anything” [4].

Despite many attempts (see e.g. [S]) the Taub-NUT
spacetime has not been satisfactory interpreted yet. The
NUT parameter is often referred to as the magnetic mass or
the gravitomagnetic monopole moment, due to the simi-
larities with the theory of the magnetic monopoles [6]. For
instance, all geodesics of the stationary part (the NUT
region) lie on spatial cones as the classical orbits of charged
particles under the action of a charged magnetic monopole.
In this analogy, the semi-infinite singularity on the axis of
the Taub-NUT solution resembles the Dirac’s string [7], i.e.
the object which connects monopoles with opposite polar-
ity. However, contrary to the semiaxis in the Taub-NUT
solution, which affects the spacetime, the Dirac’s string has
no effect at all. The semi-infinite singularity can thus be
considered as a thin massless (semi-infinite) spining rod
injecting angular momentum into the spacetime [8].

These solutions were generalized by inclusion of a
cosmological constant as well as a charge, and presented
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as a single solution admitting separability of charged
Hamilton-Jacobi and Klein-Gordon equations [9] in
1968. This exceptional property was found later to be
associated with the existence of a rank-two Killing tensor.
The most general family of four-dimensional type D
spacetimes with an aligned non-null electromagnetic field
and a cosmological constant is now known as the
Plebianski-Demianski class [10], which contains seven
arbitrary parameters. Although the parameters are often
interpreted as mass, rotation, NUT, electric/magnetic
charge parameters, and a cosmological constant, they
acquire their traditional physical meaning in special
subcases only. In particular, there is still an ambiguity
in what the parameters responsible for rotations and NUT-
like pathologies are. Nevertheless, Griffiths and Podolsky
were able to introduce a new coordinate system and a set
of parameters that are natural for identifying many special
subcases [11,12] such as the Kerr-(A)dS, the Taub-NUT-
(A)dS, the C-metric, etc.

Apart from the spacetimes available as a particular
subcases, some spacetimes can be obtained by taking
limits such as the near-horizon limit. The near-horizon
geometry of the extreme Kerr black hole [13] is in many
aspects similar to the AdS, x S, geometry arising in the
near-horizon limit of the extreme Reissner-Nordstrom
black hole. For example, by taking the limit of Kerr
solution the symmetry of spacetime is enhanced to
SL(2,R) x U(1), which is accompanied by the emergence
of two new Killing vectors. These results were generalized
to the presence of an arbitrary cosmological constant, and it
was shown that the Killing tensor in the near-horizon
geometry is reducible and can be expressed in terms of the
Casimir operators formed by four Killing vectors [14—17].
Recently it was noted that such a Killing tensor can be
constructed even in near-horizon limits of spacetimes that
do not admit separability of the charged Klein-Gordon
equation [18].

Higher-dimensional solutions of the Einstein equations
became popular in connection with the string theory and
AdS/CFT correspondence, however, they are important also
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just from the mathematical point of view. The search for the
higher-dimensional black hole solutions began also in 1963,
when Tangherlini introduced the generalization of the spheri-
cally symmetric solution. The spacetime describing a gen-
erally rotating black hole was discovered by Myers and Perry
[19] in 1986. The solution was further generalized by
inclusion of a cosmological constant [20-22]. In 2006,
Chen, Lii, and Pope introduced coordinates which made
the inclusion of NUT parameters very natural [23,24]. Such
geometries are known now as the Kerr-NUT-(A)dS space-
times. Even though they were found by a rather complicated
way (through the Kerr-Schild form), they are direct general-
izations of the Carter’s separable metric [25]. Unlike in four
dimensions, neither charged nor accelerated solution have
been found yet, so the Kerr-NUT-(A)dS still remain the most
general higher-dimensional black hole solutions with a
spherical horizon topology. In 2004, Mann and Stelea found
the higher-dimensional Taub-NUT-(A)dS solution [26,27]
from the ansatz constructed as radial extensions of U(1)
fibrations over 2-spheres.

The Kerr-NUT-(A)dS spacetimes have many exceptional
properties that are related to a high degree of symmetry
encoded in the existence of a tower of Killing vectors and
Killing tensors, which can be constructed from a closed
conformal Killing-Yano tensor [28-30]. In particular, the
geodesic motion is completely integrable [31,32], the
Hamilton-Jacobi, Dirac, and Klein-Gordon equations are
separable [33-36]. Several limits of the Kerr-NUT-(A)dS
spacetimes were studied including the near-horizon limits
[37-39] and the limits leading to warped spaces [40],
however, all possible subcases have not been identified yet.

The purpose of this paper s to investigate a particular class
of limits, which lead, for example, to the Taub-NUT-(A)dS
spacetime and the extreme near-horizon geometry. The
paper is organized as follows: In Sec. II we briefly summa-
rize some properties of the general higher-dimensional Kerr-
NUT-(A)dS spacetimes. Also, we investigate a choice of
parameters and ranges of coordinates which could describe a
black hole and introduce a useful tangent-point parametri-
zation of a polynomial which appears in the Kerr-NUT-(A)
dS metric. Section III is devoted to the limiting procedure
itself. We present an appropriate scaling of coordinates
which leads to a finite metric. Moreover, we discuss the
symmetry enhancement associated with the presence of
additional Killing vectors. In Sec. IV, we provide particular
examples of our limiting procedure when applied to the
Euclidean sector. This results in NUT-like limits such as the
Taub-NUT-(A)dS spacetime. Applications to the Lorentzian
sector are examined in Sec. V. It gives rise to the extreme
near-horizon limit. Finally, we study a limit when all
directions degenerate in Sec. VI. We conclude with a brief
summary in Sec. VII. An overview of the notation and useful
identities are listed in Appendix A. The connection forms of
the Kerr-NUT-(A)dS spacetime and the limiting metric are
given in Appendix B.
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II. KERR-NUT-(A)DS SPACETIMES

A. Metric

The Kerr-NUT-(A)dS spacetimes in 2N dimensions' are
given by the metric

g=>_ [X—:dxﬁ +7'; (ZA,, dy/k> . (2.1)
7 k
Here, greek and latin indices take values

u,v,...=1,...,N,

kd,...=0,....N—1. (2.2)
We do not use Finstein summation convention for these
indices, but we write just [ ], or >, if products and sums
run over these default ranges of indices.

In order for the metric to satisfy the Einstein equations,
the functions X, must have the form

2
X, = AJ(x;) = 2b,x,, (2.3)

where J(x?) is an even polynomial of degree 2N in x,
which can be parametrized using its roots

J(2) = [J(a? - ).

u

(2.4)

The functions U, and A,(,k) are explicit polynomial expres-

sions in coordinates x,,,

k
A,(,> = Z X2 ..XD = H(xf - x2).

VY seensl v
V<. <Ug v#EU

(2.5)

All these and related quantities, together with several
identities they satisfy, are collected in Appendix A.
Metric (2.1) contains N parameters a, and N parameters
b,. Thanks to a scaling symmetry of the metric, one of the
parameters a,, can be fixed to a chosen value. For example,
a common Lorentzian gauge is (2.27). The parameter A is
related through the Einstein equations to the cosmological
constant as
A= (2N -1)(N-1)A. (2.6)
Geometry (2.1) can represent various spaces with regard
to different ranges of coordinates. Moreover, some coor-

dinates and parameters can be considered complex pro-
vided that the metric remains real. As will be discussed in

'We restrict ourselves to even dimensions for simplicity. The
odd-dimensional case could by analyzed in a similar manner,
only additional terms related to the odd dimension would be
present.
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the next subsection, in the Lorentzian regime (with Wick
rotated quantities), and for a particular choice of ranges of
coordinates, this metric represents a black hole rotating in
N — 1 independent planes of rotations, with NUT param-
eters, and the cosmological constant. An interpretation of a
general case is, however, more complicated and not
sufficiently clarified.

The coordinates y;, are Killing coordinates in angular
directions of the corresponding rotational symmetries,
which are described by N Killing vectors

o

(2.7)
Spatial coordinates x, are restricted between adjacent zeros
of X, which correspond to fixed points of these rotational
symmetries (in the Lorentzian case they are related to
horizons of the temporal Killing vector). In particular, zeros
of X defining the range of x; represent (at least part of) the
north and south semiaxes of the corresponding rotational
symmetry. Moreover, the intervals of coordinates x,, should
be mutually distinct to avoid singularities due to zeros of
functions U,,.

It is useful to define the orthonormal frame of one-forms,

et = &_%dx
= U, "

and the corresponding dual vector frame [cf. (A10)],

AT
B Uu,) ox,

. X\
& = <U_ﬂ> S Al (2.8)
H k

X \-L —x2 VK-l g
6, = (”) ZL— (2.9)
U” X U,u alllk
The metric is then simply given by
(2.10)

g= Z(e”e” + érér).
u

Apart from the explicit symmetries [, the metric (2.1)
also possesses hidden symmetries encoded by N rank-two
Killing tensors

k R
kg = ZA,(, )(e,,eﬂ +é,6,).
"

(2.11)

Moreover, all the symmetries /() and k(;) can be generated

from the principal closed conformal Killing-Yano tensor
[30]
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h= er A&, (2.12)

Since a linear combination of Killing vectors forms
again a Killing vector, it is not clear which Killing
coordinates should be regarded as periodic. Typically,
these are not y, but it is possible to identify different
coordinates associated with vectors that vanish at zeros
of X, resembling the rotational symmetry in four dimen-
sions. We will not discuss this in more detail, but the first
step is to introduce Killing coordinates ¢, related to
coordinates y; through a linear transformation labeled by

some fixed values X,

(=B ! ()
Vi = Zoiqﬁw = ZAu wi. (2.13)
v sz 1
The associated Killing vectors are thus®
. (_ii)N—k—l o
g ; U, 69{’/4

The circle - above U, and A,(,k) indicates that U , and fi,(,k)

are constructed using X, instead of x,,. Equivalence of both
relations in (2.13) follows from the identities analogous to
(A10) and (A11). In these coordinates the metric (2.1)
takes the form

oz

g= Z[ 7”(2 A d¢yﬂ, (2.15)

and the orthonormal frame of one-forms (2.8) and vectors
(2.9) read

X\ . X\ =, (%)
eﬂ:(@) dx,, e":<7ﬂ> Z - (2.16)
and
X, 8 . (X)) D
_(AYy 9 _(2n 2.1
€ <Uﬂ> ax, <Uﬂ> Z U, ¢, (2.17)

respectively. The polynomial J, (and Jol,) is defined by
(A3). The duality can be verified by employing relations
analogous to (A12) (with )‘Eﬂ instead of a,).

2 . . ° .
In our discussion, X, are arbitrary parameters. However, the

metric is regular with the periodic coordinates ¢, only if )?ﬂ are
zeros of X s because then the Killing vectors 84,” can vanish at the

endpoints x, = X,.
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By analogy with Eq. (2.14), we also introduce new
rank-two Killing tensors

. (=g ! J, (%) .
9y = Z Mo k k) — Z o : (eueu + eueu)'
k Uﬂ v U,l

B. Black hole

The metric (2.1) describes various spaces for different
choices of parameters and ranges of coordinates, but a lot of
them are interesting just from the mathematical point of
view. In this subsection we try to highlight such choices
which seem to describe physically interesting spacetimes.
We begin with the requirements on the signature of the
metric.

The Lorentzian signature can be obtained by the Wick
rotation of one x coordinate, say xy, and by choosing the
corresponding parameter by to be imaginary,

Xy =ir, by = im. (2.19)
Thus, we assume r, m, as well as the remaining coordinates
x; and parameters b to be real. The parameters a, can still
be complex, however, the polynomial 7 must remain real.
We also rename the Killing variables

T=vwo.  Xi=VWiu- (2.20)
Here, the “barred” indices take values
a.v,...=1,...,.N,
ki, ..=0,..,N-1, (2.21)

with N =N — 1.
With these conventions, the metric (2.1) can be
rewritten as

A _ 2 J(=r)
_ _ d7 A(k+l)d _ d 2
A (e ( +2 “) ’
(r2+xl%)Uﬂd 2 X;

Z X; o+ x2)U;

i i i
o - 2

x (d’]’ + Z(A,g 24l >)d;(,;> ] , (2.22)

k

The barred quantities are defined by the same relations as
the ordinary ones, just involving only coordinates x;. We
also introduced new symbols for the metric functions,
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A=-Xy=-2T(=r*) = 2mr,

(2.23)

The metric (2.22) has the Lorentzian signature, provided
that the parameters a;, 4, and b are set so that the condition

X
—>0
Uz

(2.24)

is satisfied for all values of x;. It can be achieved by
restricting x; to intervals between adjacent roots ¥ x; of the
polynomials X7,
- +
Xﬁ < xﬁ < xl—“ (225)
in such a way that the intervals for different x; do not

overlap and we thus avoid the zeros of the functions Uj.
Without loss of generality, we assume that

X1 <X < ... <X (2.26)

Moreover, we choose the gauge condition

ay =—- (2.27)

ﬂ ’
which guarantees that the metric has well-defined limit
A — 0, because 1J|,_o = —J.

We are particularly interested in a few important exam-
ples of such a choice. First, let us consider that all
parameters a; are real (and positive),

0<a <ay<...<ayg, (2.28)
and b vanish. Then the polynomials X'; = —4J (xﬁ) have
a common set of roots +a;, see Fig. 1. In order to satisfy

(2.25) and (2.26), we choose the endpoints ixp of the
coordinates X5 as follows:

- — +

X1 = —ay, X1 = dy,

X, = ay, Xy = a,,

_ 2.29
X3 = dp, +X3 = as, ( )

As aresult, the coordinates x; are restricted by the intervals
—a) <x;<da; <xy<a,<---<xg<ag. (2.30)

Furthermore, we assume that the cosmological constant is
sufficiently small. In particular we require that

124044-4
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+
| A
;1—(14 —as  [—az —ay
e v \

FIG. 1. Graph of the polynomial 17 (x?) for real (positive)
parameters a;, vanishing parameters b;, and 4 < 0. Roots of this
polynomial determine the ranges of coordinates, see (2.30).

1
|/1\<—2_.

N

(2.31)

This condition implies that the roots £1/ /=2, of the
polynomial A7 (x?) for 1 < O are far from the other roots
and cannot influence the signature, because they are outside
of the ranges of coordinates x;. On the other hand, for
A > 0, the condition (2.31) guarantees that the shape of the
function 1.7 (x?) is not modified near the origin due to the
imaginary roots 4i/+/A. In particular, it has a minimum at
x = 0, since

(AT ()" |,y = 24N <Za12 - ,1) >0,  (2.32)

n Y

For 1 =0, real or imaginary roots corresponding to a3,
disappear.

Under the described assumptions, the metric reduces
to the well-understood Myers-Perry solution with an
arbitrary cosmological constant, also known as the
higher-dimensional Kerr-(A)dS spacetime. This solution
describes a black hole which arbitrarily rotates in N
different planes, a; are rotational parameters and m is its
mass. Coordinate r stands for a radial-type coordinate and
Xz are the latitudinal directions. Coordinates 7" and y
correspond to timelike and spatial Killing coordinates.

Now we turn to the case of nonzero parameters bj. These
parameters are often called NUTs (or NUT charges),
because they bring the NUT-like behavior in our spacetime.
However, as we will discuss later, their meaning varies in
several subcases.

There are many options how to choose intervals of the
coordinates to preserve the Lorentzian signature when
b; # 0. Our intention is not to describe all such possible
choices, but rather select the ones which seem reasonable
and give interesting spacetimes for the particular limiting

values of parameters ag and bﬁ. Here, the roots of the
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FIG. 2. Graph of the polynomial AJ(x?) for the Kerr-like
choice of parameters and ranges of coordinates. Intersections of
the polynomial and the lines 2b;x passing through the origin
determine the ranges of coordinates, see (2.25), (2.38).

polynomials A’; are not just +a; anymore. They do not
even coincide for different indices i, since the polynomials
differ by the linear term which is proportional to the
parameter by, see (2.23). Although it is impossible to find
analytic expressions for the roots of polynomials X; in this
case, we can learn at least something about them from the
pictures of the intersections of the polynomial 1.7 (x*) and
the lines passing through the origin, 2b;x, see Fig. 2.

So far we have assumed that all a;; are real, cf. (2.28), but
we can extend our discussion to the case where one of the
parameters a;, say a;, becomes imaginary (and small),

while the others remain real (and positive)

aIZile,
_ (2.33)
O<a <a<a;<---<ag.

As with the previous case, this situation can also be
analyzed graphically, see Fig. 3.

FIG. 3. Graph of the polynomial A7 (x?) for the NUT-like
choice of parameters and ranges of coordinates. Intersections of
the polynomial and the lines 2b;x passing through the origin
determine the ranges of coordinates, see (2.25), (2.40).
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We see from the Fig. 2 and Fig. 3 that the polynomial
AJ (x?) with (2.28) and with (2.33) differs qualitatively
only near the origin. Far from the origin, there are just
alternating “hills” and “valleys” (positive parts with
maxima and negative parts with minima). Thus, we see
that in order to avoid overlaps and get Lorentzian signature
[see (2.25) and (2.26)] we can assume that parameters b,
except the first one, have alternating signs,

0<by<by, by<by<0,

0<by < 134, 135 < bs <0, (2.34)

The lines 2b;x then cut the polynomial .7 (x?) through
the corresponding hills and valleys. These intersections
correspond to roots of X';. We can select such intersections
from among all the roots and choose them to be our
endpoints “x;,

T <Hh<Tx<a << Txy <Xy <txy<ay.

(2.35)

We defined constants l;ﬁ to be critical values of parameters
b; for which the roots *x; merge into a single double root
fcﬁ, i.e., they satisfy

X8l 5, =0 X&), 5 =0.  (236)
Graphically, it means that £; label tangent points at which
the lines 215ﬁx touch the polynomial 47 (x?), see Fig. 2
and Fig. 3.

In order to specify the range of the coordinate x;, we
have to distinguish the two situations. For q; real (Fig. 2),
we choose the parameter b, so that it satisfies

0<by<by (2.37)

and we suppose that the endpoints of the coordinate x; are
given by the relation

—a; < x;<0<a; <tx <7x,. (2.38)
For a; imaginary (Fig. 3), we assume
0<b, <b, <b, (2.39)
and
0<7x <% <Tx < x. (2.40)

We call these two alternative choices of parameters and
ranges of coordinates the Kerr-like and NUT-like choices,

PHYSICAL REVIEW D 95, 124044 (2017)

respectively, for reasons which will be explained bellow.
The main difference between them is that the former admits
the limit of vanishing parameters b; — 0 while the latter
does not, because the parameter b, is bounded from below
by the critical value b.

Four dimensions are quite special, since there is just
one coordinate x and one parameter . We drop the index
1 here, x = x;, b = by, etc. Unlike the higher-dimensional
case, the parameter b is unbounded from above if 1 > 0, but
for 1 < 0 it must not exceed a value of a slope of a tangent

line to the hill related to the root 1/v/—A. Consequently,
the endpoint Tx is also less than the corresponding
tangent point.

Returning to the arbitrary number of dimensions, it
should be stressed that the choice (2.40) is not always
possible. The reason is that the polynomial AJ(x?)
admits tangent lines with tangent points between 0 an
a, (i.e. the lines 2131x, 2132x with tangent points x;, X,)
only for some particular values of parameters a; and A.
This means that if we, for example, increase the
parameter a; and keep the other parameters fixed, the
lines 21;1x, 2132x, and all lines in-between, approach each
other until they finally cease to exist, see Fig. 3. Without
these lines the ranges of coordinates x;, x, are not well
defined.

As will be discussed in the next subsection [see (2.57)
below], the problem of existence of tangent points X, X,
leads to the condition

AT(R2)-282T'(%2) =0, p=1.2, (241)
which, unfortunately, cannot be solved explicitly in a
general number of dimensions. In four dimensions,
J(x*) = (a*> +x*)(1/2+ x*) and the condition (2.41)
reads
3+ (1 + 2222 - a = 0. (2.42)
Solving this equation, we can find that the tangent point X
exists iff

A>0 or A<0, a< (2.43)

Therefore, under this assumption, the coordinate x has
well-defined endpoints *x. In six dimensions and for
vanishing cosmological constant, 17 = (a3 +x?)(a3 —x?)
and the condition (2.41) gives again biquadratic equation,

3%+ (al —a3)k2 +atad =0, p=12. (244)
Similarly, it says that the tangent points X, X, exist (and lie
between 0 and a,) iff

124044-6
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a; < \/7-4V3a,.

In higher dimensions (or/and with nonzero cosmological
constant), the condition (2.4 1) for tangent points X, X,, leads
to higher degree polynomial equations and finding the
explicit conditions of their existence is more difficult.
Instead of trying to find X;, X, in these cases, we simply
assume that such solutions exist and determine the ranges of
coordinates.

With such choices of parameters and ranges of coor-
dinates, we believe that the metric (2.22) still represents a
geometry of a rotating black hole with NUT charges and the
cosmological constant. However, an exact relation of the
parameters to physical quantities is still not completely
clarified. In particular, it is not obvious which parameters
describe rotations and which are actually responsible for
effects caused by NUT charges. Nevertheless, it seems
reasonable to distinguish the two regimes of the rotating
black hole with NUT charges. In particular, the spacetime
with real parameters a;, and small parameters by,

(2.45)

bal S 1, (2.46)
represents a Kerr-like (rotating) black hole with small NUT
charges. On the other hand, the choice with one imaginary

arameter a;, and parameters b; near the critical values b,
1 Iz

(2.47)

corresponds to the NUT-like black hole with small rota-
tional parameters.

The former spacetime was discussed in [40], where the
authors studied the warped metrics of two (off-shell) Kerr-
NUT-(A)dS metrics which arise when the limits a; — O,
xp — 0 are taken in several directions v. It was shown that
such spacetimes have just one parameter less then the
original Kerr-NUT-(A)dS metric, but the meaning of such
parameters changes significantly. For example, if we take
the limit in N directions, the resulting metric is static,
though it still contains parametrized twists in the angular
part of the metric (components with mixed angular direc-
tions). Thanks to the warped structure, the limiting pro-
cedure can be applied successively to untwist the angular
directions. We end up with a metric containing N param-
eters, where one contributes to the conicity and the others
can be interpreted as deformations. Since these spacetimes
were found under the assumption of small parameters b,
(2.46), it is not surprising that no solution with distinctive
NUT-like behavior described by some NUT parameters is
obtained by such a procedure.

On the contrary, the spacetime with general parameters by,
is not necessarily restricted just to the warped structure.
In the next sections, we focus exactly on this case. Namely,
we study the limits b, — 13,;, *x, — £, that are taken in
several directions v. Graphically speaking, it says that the
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corresponding lines 2b;x are approaching the tangents 25;x
of the polynomial 1.7 (x?). Such limits result in spacetimes
which exhibit significant NUT-like behavior, for instance,
the higher-dimensional generalization of the Taub-NUT-(A)
dS spacetime.

The Wick rotated coordinate x, corresponds to the radial
coordinate r, see (2.19). Unlike the x; coordinates, the
coordinate r does not have to be restricted between roots of
the metric function, because the metric remains Lorentzian
when we cross the root of the function A, cf. (2.22), (2.23).
However, the coordinate r changes its character. It is spatial
(09, is spacelike) iff A > 0 and temporal (9, is timelike) iff
A < 0. The surfaces A = 0 thus correspond to horizons,
which separate the stationary and nonstationary regions
of the spacetime. Here, we study the assumptions under
which the spacetime admits a black hole horizon, namely
the conditions on the parameters which exclude the naked
singularities and other nonphysical cases for r > 0.
Nevertheless, we also discuss the analytic extension of
such solutions to r < 0 as it is usual in four dimensions.

First, consider the Kerr-like choice of parameters and
ranges of coordinates. The graph of the metric function A
for this situation is depicted in Fig. 4. In order to get a true
black hole solution with all horizons, we choose the mass m
so that it satisfies

0<m<m, 10,
0<m<m<m?, 1>0, (2.48)
then the horizons are ordered as follows:
O0<r<i<tr, 1 <0,
1

‘r(’l)<—i<0<‘r<f<+r<f(’1)<+r(’1)<—,

VA VA

A>0.

FIG. 4. Graph of the polynomial —AJ(—r?) for Kerr-like
choice and an appropriate mass parameter m, cf. (2.48). Inter-
sections of the polynomial and the line 2mr passing through the
origin represent the horizons *r, %, see (2.49).
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Here, ~r, *r, and £ are inner, outer, and two cosmo-
logical horizons (above and below r = 0) respectively. The
cosmological horizons as well as the other related quan-
tities exist only in the case of positive cosmological
constant. Value 7 is a critical mass for which the horizons
~r, Tr merge into a single extreme horizon 7. A similar
situation also occurs with the horizons *r, *r(® for the
critical mass /%, which gives rise to an extreme horizon
74, Tangent points # and ## correspond to the double
roots of the polynomial A for m = i and m = m,

A(f)|m:ﬁ1 = Ov
AFD) | = 0,

A7)
NG

m=mni
74

07

= (2.50)

m=m

The second line of Eq. (2.49) is not always met for the
same reason as it was for (2.40). Again, the key property is
the existence of the tangent lines 27ir, 2@ r, The equation
for the tangent point 7 of the Wick rotated coordinate r can
be written as [see (2.57) below]

AT (=) + 20T (=) = 0,
AT (=FA2) 4 24702 77 (= p@)2) = 0. (2.51)

In four dimensions, the solution of Eq. (2.51) can be found
analytically, it exists iff

7 — 43

A0
< or ]

A>0, a< (2.52)

For NUT-like choice, the polynomial lies below zero
near the origin, because it has two additional roots +a,, see
Fig. 5. Therefore, we can assume that m is restricted by the
relations

FIG. 5. Graph of the polynomial —AJ(—r?) for NUT-like
choice and an appropriate mass parameter m, cf. (2.53). Inter-
sections of the polynomial and the line 2mr passing through the
origin represent the horizons *r, r¥, see (2.54).
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10,

0<m<m?, 1> 0.

0<m,

(2.53)
Then, the horizons are ordered differently,

—a, < r<0<a; <*r, A1<0,

1 - -
T < — <Gy < r<0<a; <tr<t® <t <« —

Vi v
2>0. (2.54)

We see that the horizon ~r is shifted to the negative
values and the tangent line 27i1r disappeared. Altogether,
we found that the properties of the radial coordinate (the
positions of the horizons, etc.) are qualitatively similar to
the four-dimensional case.

C. Tangent-point parametrization

In the following it will be convenient to choose a
different parametrization of the polynomial 7 (x?). First
we discuss this reparametrization for a general metric (2.1)
and later we specify it for the Lorentzian cases studied in
the previous subsection.

Let us assume that for a particular value b, = l;” the

polynomial X, has a double root x, = %,

Xﬂ(‘fﬂ)b} =

"

=0 X&), =0.

(] H u

(2.55)

If X, and ISﬂ are real, then the double root £, graphically
represents a tangent point where the tangent line 25ﬂx
touches the polynomial A7(x*) and we call £, tangent
points. We generalize this notion also to imaginary
points %, with imaginary critical values l;ﬂ, since such
quantities correspond to Wick rotated tangent points and
critical values of the polynomial in the Wick rotated
coordinate r.

Clearly, the tangent points are quantities determined by
the polynomial 47, i.e., by the roots a,, see (2.4). This
relation can be reversed. A collection of N tangent points
%,,u=1,...,N, can be used to parametrize the polynomial
J. Moreover, since the polynomial J(x?) is an even
function of x, we can restrict ourselves to the parameters
%, > 0. We call this the tangent-point parametrization.

The condition (2.55) implies that the critical values Bﬂ of
the parameters b, are

AT (R2)
b, = £, 2.56
s 2%, ( )

and tangent points £, must satisfy
AT (£2) = 22827 (%2) = 0 (2.57)
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for all y. Thus, the polynomial 7 (x?) — 2x*>J'(x?) of the
degree N in x> has the roots X2, v=1,...,N. The
coefficient of the highest order in x* is —(2N — 1), so
the polynomial can be written as

J (%) =2x2 T (x%) =

—(2N = 1)J(x?). (2.58)

Here, J (x?) (and, similarly, other “hatted” quantities A,(,k),
U 4> €tc.) are defined in terms of parameters %, in the same

way as J(x?) (and Al(tk>, U,, etc., respectively) in terms of

coordinates x,, cf. (A1) [and (A4), (A7), etc., respectively].

Comparing coefficients of powers of x> [see. (Al)]
we find

(2N =2k = 1)A® = 2N = DAV, (2.59)

for k=0,...,N. These equations constitute implicit

relations between the original parameters a, and the new

parameters fcﬂ. Indeed, A®) are built from a, and A® from
x,, cf. (A2).
Equation (2.59) can also be alternatively rewritten as an

integral relation between functions 7 and J R

T
j(xz):(ZN—l)x/J(yyz)dy.

(2.60)

So far we have assumed that the polynomial 4,7 has N
different tangent points. Here, we investigate this
assumption in more detail. As it is difficult to solve the
equations for tangent points of the polynomial 1.7 (x?) in
general, we proceed to the discussion of the Kerr-like and
NUT-like choices from the previous subsection. Results are
qualitatively summarized in Table I.

Polynomial 1.7 (x*) admits a full set of tangent points in
all cases (N points for 1# 0 and N points for 1 = 0),
however, some tangent points are not real but imaginary
(Fig. 2 and Fig. 3). These imaginary tangent points
correspond to the Wick rotated real tangent points of the
polynomial —A7 (—7?) (Fig. 4 and Fig. 5). In particular, the
tangent point X, is real only for the NUT-like choice, but it
becomes imaginary X; = i for the Kerr-like choice, where
it corresponds to the Wick rotated real tangent point 7 of the
polynomial —AJ (—r?).

TABLE 1. Tangent points £, of the polynomial A7 (x?).
Imaginary tangent points are Wick rotated real tangent points

of the polynomial —A7 (—r?).

Kerr-like NUT-like
A>0 if, %y, ..., R, iFP )el,@,.. Ry, if¥
A<0 if,)?z,...,)?N,)?N XI,XZ XN,XN
A=0 l.f,)’C\z,...,),C\N )C],Xz,... xN
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The situation also varies for different values of the
cosmological constant. If 1 < 0, the polynomial A7 (x?)
has an additional real tangent point, denoted by %y, but for
A > 0 it becomes imaginary &y = i#¥) and translates to the
real tangent point #) of the polynomial —A.7(—72).

Altogether, we have enough parameters to parametrize
the polynomial J by means of the tangent points, but the
gauge condition (2.27) says that these new parameters are

not all independent. Since a% is a root of 7, it implies that

0= J(—) ZA AN+

Employing (2.59) and (AS8), we can rewrite this con-
dition as

N
2N -1
0= Z2N 2k—1

N

2N -1 A(k) a2 Ak=1)y,—

_ A N+k'
Z2N a1 Ay AN A

(2.61)

AWK) j=N+k

(2.62)

Solving this equation with respect to %, and realizing

that AI(\],‘) =0 for k =—1 and k = N, we can express Xy
in terms of the other tangent points X,

AkA
£2 12/6 LK 2N=2k—1 2k 1

xN -
AN A9
Dk N2
where our conventions imply AW = AA%(). The expression
in (2.63) is divergent for A — 0 due to the fact that neither
real nor imaginary tangent point Xy exists for 4 = 0.

, (2.63)

III. LIMITING PROCEDURE

Our main goal is to investigate a situation when some
of the metric functions X, have double roots. However, a
well-defined metric cannot be achieved without an appro-
priate rescaling of coordinates x,. The reason is that x,
typically runs between two adjacent roots of X, and we are
interested in the limit when these two roots coincide. It
turns out that it is not enough to rescale just x, coordinates.
We need to adjust the angular coordinates as well. In the
following section we discuss both: scaling of x, and a
proper transformation of Killing coordinates.

As it was discussed in Sec. II B, the Wick rotated
coordinate x, corresponds to the radius r. This coordinate
makes sense both above and bellow horizons, so it does not
have to be restricted between roots of the metric function
unlike the coordinates x;. Therefore, the double-root
limiting procedure where the Wick rotated coordinate
degenerates slightly differs from the Euclidean case. For
simplicity, we restrict ourselves to the Euclidean case in this

u
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section. We will discuss the necessary changes for degen-
eration of the Wick rotated coordinate separately in Sec. V.

A. Scaling of coordinates x,

Let us introduce a limiting procedure in which N of the
coordinates x, are squeezed to the double root of the
corresponding metric functions X,. We indicate these

coordinates using “breved” indices and complementary

we denote N =N — N coordinates, for which we do not
take the limit, by “inverse-breved” indices:

i, 0, ... = {...degenerate directions...},

A0, ... = {...regular directions...}. (3.1)

The ranges of degenerated coordinates x; are restricted
between adjacent roots ~x; and "x; of the corresponding

polynomial X,
(3.2)

It is straightforward to scale x; by distances between the
roots, introducing rescaled coordinates &; € (—1,1),

M Xy —
_ H
Xﬁ— +

“x;
2 2 S

(3.3)

The limit in which both roots approach the real tangent
points, ixﬁ — X, corresponds to the parameters by
approaching its critical values, b; — I;ﬁ. We can introduce
a small parameter ¢ < 1 governing expansions of ixﬁ and
bj; near their limiting values in such a way that the distances
between the roots is of the first order in € > 0,

Fxp = Txy; = 20xe. (3.4)
The coefficients ox; > 0 control how fast the roots ixﬁ are

approaching each other. We will fix them later.

The limiting procedure & — 0 thus corresponds to
zooming in on a region around the tangent points %, in
which new coordinates &; are introduced. This zooming is
accompanied by adjusting parameters b; so that they
approach their critical values b}, and the roots ixﬁ approach
X, see Fig. 6.

Func'tions Xl b5, €N be expanded near £; using Taylor
expansion,

Xilp,—p, = —(2N = A0, (x5 = £:)* + O((xz = 4)°).
(3.5)

where we used (2.55) to eliminate the first two terms in the
expansion. The factor U ;i entered through the identity

PHYSICAL REVIEW D 95, 124044 (2017)

AT (z2) oY & X
’ Q\? q‘p\/
Vv
/ \ éﬁ
—1 0 1

Tji

<

FIG. 6. Approximation procedure of the polynomial X is
illustrated in terms of the lines passing through the origin and
approaching the tangent line on the left. This is accompanied by
zooming in on the region close to the tangent point £;, where a new
coordinate &; is introduced. The resulting polynomial X is
approximated by a quadratic function in coordinate &; on the right.

T (82) +287"(83) =-2N-1)U;.  (3.6)
which can be obtained by differentiation of (2.58) and
evaluation at ;. Employing (3.5), we can express the
metric functions as

X; = =2(by — by)x, — (2N = D)AU;(x; — %;)?
+ O((x; — £2)*). (3.7)

Substituting general & expansions of ixﬁ and b; into
condition (3.2) with X; given by (3.7), one finds that, in the
first order in &, roots +xﬂ and ~x; have the same distance
from the tangent point %,

ix,; = Aﬁ + 6)(:,;5 + 0(82),

(3.8)

which implies that relation (3.3) for rescaled coordinate &;
reads’

Xy = )?,; + 5xﬁ§/78 + 0(52). (39)
Also, we find that the parameters b; differ from their
critical values only in the second order in &,

, o
i

b (3.10)

i

In order to get the limiting metric, we need expansions of
the metric functions X;. Substituting expansions (3.9) and
(3.10) into X;; given by (3.7), we obtain

X;= (2N -1)AUsx2(1 - ) + O(e3).  (3.11)

*The middle point (*x; + ~x;)/2 differs from £; in the second
order in g, but an exact form will not be needed.
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The metric function X} is thus approximated by a quadratic
function in new coordinate &; with roots &; = £1.
Moreover, Xj; is of the order €2 which allows us to

. . . U,
compensate behavior dx} ~ e*d&} in metric terms * dx}.
Ji

However, we need to eliminate this €2 behavior in metric
terms proportional to X;. To do so, it is necessary to rescale
also the Killing coordinates.

B. Scaling of Killing coordinates

It turns out that all Killing coordinates y; have to be
rescaled by 1/ to achieve a finite limit of the metric.
However, among the leading terms of these N coordi-

nates only N of them are independent. Remaining N
coordinates are related to the subleading order of coor-
dinates .

We start with the metric (2.15) written in the angular
coordinates ¢,, introduced in (2.13). The coordinates ¢,
can be associated with coordinates x, labeled by the same
index u. It allows us to distinguish two sets of these
coordinates: degenerate coordinates ¢; and regular coor-
dinates ¢.

Motivated by this distinction, we assume that constants
)‘Eﬁ from the definition (2.13) which are related to degen-
erate directions are close to X;. Thus they can be para-

metrized by rescaled constants !;” according to (3.9),

o A

i + ox;&;€,

/i i

gel-1,1.  (3.12)

Constants .{,?;, will be parameters of the limiting metric,
which may be related to the regularity of the metric at fixed
points. A similar parameter is used to adjust the regularity
on semiaxes in four dimensions. On the other hand,

parameters féﬂ corresponding to the regular directions
can be chosen arbitrarily. It turns out that the resulting
metric is independent of them.

Now we rescale angular coordinates ¢ corresponding
to degenerate directions x; by divergent factor 1/e.
Coefficients of the leading order define new finite coor-

dinates Pii»

2 1

Here, —J (fcﬁ) are properly chosen constant factors
which will simplify some expressions later. The inverse
breve -~ says that only regular directions are involved,
but no degenerate directions. Here, it means that the

o

. =) 2 . o
polynomial J(x*) contains only the constants i,

PHYSICAL REVIEW D 95, 124044 (2017)

(3.14)

Similarly, we will introduce another breved and inverse-
breved quantities that are constructed using the degenerate
and regular directions, respectively.

Thus, N coordinates ¢y, or equivalently ¢y control
divergent parts of the original Killing coordinates .
Indeed, substituting (3.13) into (2.13), we find

1 _ﬁg N—k—1
Yi=—7 7( ”Z
€ U U,;

o+ 0(),  (3.15)

cf. also (3.12) and (3.19) below. Remaining information is

encoded in N coordinates bz
However, to eliminate a dependence on arbitrary con-
stants )%ﬁ, it will be useful to combine these coordinates to

another set of N Killing coordinates w;. We employ a

transformation analogous to (2.13), involving, however,
only regular directions:

Here, the latin indices associated with regular directions
take values 12, f :0,1,...,]\7— 1, and similarly for
indices associated with degenerate directions, 12, 7, —

9

0,1,...N — 1. Coordinates P thus encode information
hidden in subleading order of the original Killing coor-
dinates .

Starting with the first equation in (3.16) and substituting
(2.13) for ¢, we can express . in terms of the original
coordinates v, (with no expansion involved) as

N .
N $(0)
W= E Ay (3.17)

(3.18)

which can be proven by calculating the (N —k — 1)th

derivative of J 2(x2) = J;(x?)J(x) with respect to (—x?)
at x = 0.

At the first sight it seems that the left-hand side of (3.17)
is finite and the right-hand side is of order 1/e. However,
it is possible to check that the leading orders of s, given
by (3.15), cancel in (3.17) and one has to take into account
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a contribution from the subleading order of w’s to
obtain .

We also see, that (3.17) employs only breved polyno-
mials j(l) which contain only constants X; corresponding to
the degenerate sector. Any dependence on )%ﬂ from the
regular sector has disappeared. Similarly, the relation
between y;, and @; is also independent of J?ﬁ in the leading

term, see (3.15).

C. Limit of metric

After describing transformation from x; to £; and from
Yy to (pﬁ,li/ﬂ, we can write down the leading terms of &

expansions of various metric functions and terms of the
metric. Substituting expansion (3.9) into definitions (A1),
(A3) and (A7) we obtain

(3.19)

Ti(#2) m J (2

DN e N
Ja(X5) = 285055 (&5 — &) Und (57 )€,

T(82) m J(R2)T,(8),

,4 (3.20)

where we denote the equality in leading order by =.
Using these formulas we can expand angular terms in the
metric for degenerate and regular directions:

() .
S AWy, = 302 ”U dg, ~ ——J( 2)dg;,
k

J(%2)
(k) _ A\y
Ek Aﬁ dy, = E —dg,

- 22@5}%(@: -&) Hﬁ (£7)dg;. (3.21)

It is important that terms associated with degenerate
directions are proportional to 1/e since it cancels &
behavior of metric functions Xj;.

Indeed, taking into account expansions (3.11) of X,
(3.19) and just derived expressions, the terms in the metric
corresponding to degenerate directions become

U; J(32) de
i~ L 1_2%, (3.22)
(2N = 1)AJ (%3) A

PHYSICAL REVIEW D 95, 124044 (2017)
Xy . 5
o (oA an )~ (on - nadeis)

x (1 - éﬁ)d(pﬁ. (3.23)
Now we can use freedom in specifying limiting param-
eters 6x;. The resulting metric simplifies if we choose

1
6xv :—:-
(2N - 1)|AJ(%5)

, (3.24)

With such a choice, the limiting metric reads

T(22 déﬁ 2
e = ol + (1 - a3
I
J2)0, :
Dy T
L X J:2)0;

where we used the fact that the sign of /IJ (% ) corresponds

to the sign of J (x”) for our choice (NUT-like or
Kerr-like).

We can observe that terms (1 — &)~'d&Z + (1 — &)dg}
describe homogeneous metrics on two-spheres. Since their
prefactors J ( ) depend only on regular coordinates x;, the
limiting metric looks almost as a multiply warped geometry
with the base metric given by the second sum in (3.25) and
the seed metrics given by two-spheres. The base metric has
a similar structure as the original Kerr-NUT-(A)dS metric,
however, it contains an additional nontrivial coupling to the
seed sectors (terms with d¢;) which spoils a simple warped
structure.

Alternatively, we can write the metric (3.25) in terms of
the orthonormal frame of one-forms [cf. (2.10), (2.16)],
which naturally remains finite in the limit. It takes the form

1—& \
el = <7ﬁ £ > “d
5,7 (32)

H i i
Ny 1 R 1
& = —— (o5l (R)I(1 - &) ) doy.
X; 7 ~(k)
é/‘—(c ”)( AMay .
J(x2)U, Z !

(3.26)
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where we denoted the sign of /1J (%) [or J (Az)] by o
It is easy to verify that the correspondlng dual frame of
vectors is

oo

( X; ) d
e, = |3 ,
14 ](X;) "ﬂ Ox-
5, = —ov(éxv J@)a - fﬁ)) ?

o . . i O

X <8q0~ + 28,60,(&; gﬁ)%:(—x%)’v ¢ 16%)

= () PR 327

but it can also be calculated directly from (2.17) by
employing the relations analogous to (3.19), (3.20) with

all x, and X, swapped.

D. Symmetry enhancement
Starting with the Killing vectors (2.14), we introduce
another set of Killing vectors in directions of coordinates
¢; and s e which are finite in the limit ¢ — O,

J(E3) d . HOR )
Fopy = — N ==, L. =Y A, Fpy =—.
(i) e W d9; (k) ; A () 31//12
(3.28)

Because the metric (3.25) is considerably simplified in the
degenerate directions, it is not surprising that the symmetry
of this spacetime has been enhanced. Indeed, it can be
verified with the use of the connection forms (B3) that
the spacetime possesses additional independent Killing
vectors,

sin ¢

) e, O SiNgi
P = 1 ‘fﬂCOS(pﬂ 3§ﬂ+\/17<5/4 dg;

o

+ 2%;0x;(1
H ﬂ( ayf\/]g

- Eﬁfﬁ)Z(_ﬁﬁ)N_ls_l

£
oS @

2 _ a0
i

— &8>~ i),

: o

N——

+ 28,00, (1 (3.29)
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which, together with the Killing vectors #0

and l(;é)]’

; [a linear

combinations of f(ﬁ)

(3.31)

for each /i, which is due to the fact that these vectors are

simply the Killing vectors for the two-sphere modified by a

few additional terms with 8;,  vectors. All the other Lie
k

brackets of the Killing vectors vanish. In total, we have a

complete set of 3N + N Killing vectors:

L0 L) o2 7
Py T Ty Ly

(3.32)

0 1
Iz Z
which describe the explicit symmetries of the spacetime.
Thus, we can conclude that the symmetry group of the
spacetime is enhanced from U(l) to SO(3) for each
degenerate direction.

Also, the rank-two Killing tensors (2.18) of hidden
symmetries corresponding to degenerate directions sim-
plify [see (3.19), (3.20), and (3.27)],

. 1 82 1 o
e

. o 1-&
9 )2] (3.33)

+ 2850058 — &) (%
k
Furthermore, they can be expressed as a linear combination
of the Killing vectors (3.32) with constant coefficients,

. o1 S0\ (#0)2_ (#2))2
44 = - [(’(m) +(’(ﬁ)) +(’(ﬁ>)
aﬁéxﬁ.l(xﬂ)

o \2
- 4’2;275)6% (Z<_£§)N_k_ll(12>> } ’

)NIQl

(3.34)

thus, unlike the Killing tensors of regular directions ‘;(ﬁ)’
they are not independent.

IV. NUT-LIKE LIMITS

We now turn to the particular examples of the limiting
metric (3.25) from the previous section. First, we consider
the NUT-like choice of parameters and ranges of coordi-
nates. The polynomial J can be parametrized by real
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tangent points %, i = 1, ...,N, and (for 1 # 0) either by
imaginary or real tangent point Xy, see Table I. This
additional tangent point, however, can be expressed in

terms of X, cf. (2.63).

PHYSICAL REVIEW D 95, 124044 (2017)

A. NUT-like limit in one direction

First, let us study the case where the limit is taken in one
direction, N = 1. Then the metric (3.25) reads”

- A _ <dr + Zi@”d po— () (¢ - §)d(p)2 + dr?
(% +2)J(=r) ; A
(2 + 2)J()] [ d& S (P42 -5
+ = (1—§2+<1_§)d¢>+z - a2
In
i ar+ Y AF - 2i0ag D2 i@ -bae) | @)
5 i P TS i ?) | :

(r* + xé)(ﬁz - x2)

where we dropped the index corresponding to the degen-
erate direction. Moreover, we renamed the Killing coor-
dinates,

T = l;/o, . (42)

and introduced the symbol 6= 1/6x, which can be
rewritten with the help of (2.63), (3.24) as

Ak (é(k)JDQZA;(k_I)
2k T

5= N - )@ + g2 (4.3)

Z 2K (j(k) +£21§(k_|))
k 2N-2k-3

We used the fact that 2(%? — 23,) is positive for the NUT-
like choice. The functions A, Xﬁ are given by (2.23),
with the polynomial 7 (x?) expressed by means of the
tangent-point parametrization (2.60) and %% replaced
by (2.63).

After all these substitutions, the metric (4.1) contains
the parameters X, fcﬁ, bﬁ, m, A, and an additional

parameter & € [—1,1] which can be set to an arbitrary
value. Thus, the limiting procedure eliminated only one
parameter from the original metric. In four dimensions,
the spacetime reduces to the Taub-NUT-(A)dS and the

choice 5 = =+1 gives the metric which is regular on one
of the semiaxes & = +1.

4 . . . .
A combination of accents inverse breve and bar on a quantity,

for instance A%, indicates that such a quantity is constructed out
of all x, except xy and x, which is a coordinate of the degenerate
direction.

B. Taub-NUT-(A)dS

Another important example is when the limit is taken
in all directions of the Euclidean sector, N = N — 1.
The metric takes the form

~

A 2%, 2 J(=r)
8= _.}_(—rz) <d7 - ;g(fﬁ - fﬁ)dq)ﬂ) + A dr?
PG (A L -2 4.4
+}Zz 5 <1_—§;24+( - &) €0,z), (4.4)

where we denoted the temporal coordinate {, by 7 and
introduced 6; = 1/6x;, which reads [cf. (2.63), (3.24)]

MA®
KIN=2k=T | 522

SRRl BECR)
k IN=2k=3

@,:(2}\/-1)(

Again, we employed A(£% — £3) > 0, which is a conse-
quence of the NUT-like choice. The function A is given by
(2.23), (2.60), where fc[z\, can be replaced by the expression
(2.63). Alternatively, it can be rewritten (after some
algebraic manipulation) as

r s
A = r/ (51 — (2N = 1)A(%3 + 32)) J—(st )ds —2mr.

(4.6)

The metric (4.4) corresponds to the higher-dimensional
analogy of the Taub-NUT-(A)dS metric. It agrees with the
geometry of “multiply nutty” spacetimes which was found in
[27]. The only difference is that the conditions for constants
oy from [27] are solved by the explicit expression (4.5).
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The metric contains the parameters Xx;, m, A, and the

constants éﬁ € [—1, 1], which can be set arbitrarily.
We can observe that by switching off the parameters x,
the metric takes the form

1
g = —fdr? +?dr2

r az o
i zﬁ:ZN -3 <1 —g (- iﬂ)dfp,,), (4.7)

with the metric function

2m

f=1-ir =

(4.8)

Although (4.7) has the same radial dependence in the
Lorentzian sector as the Schwarzschild-Tangherlini solu-
tion, it differs in the Euclidean sector. In the case of
Schwarzschild-Tangherlini, the Euclidean part is given
by the homogeneous metric on 2(N — 1)-sphere instead
of a sum of two-spheres, but they both reduce to the
Schwarzschild metric in four dimensions. Also, (4.7) for
m = 0 is not a maximally symmetric spacetime in higher
than four dimensions.

V. NEAR-HORIZON LIMITS

The double-root limiting procedure from Sec. III can be
generalized to the case where the degenerated direction is in
the Lorentzian sector. It means that the radial coordinate r is
squeezed to the real double root of the polynomial A, which
is either 7 or 7). The former exists only for the Kerr-like
choice and corresponds to the position where the inner and
outer horizons merge, while the latter represents the
coinciding outer and cosmological horizons, which is
present only if A > 0. We restrict ourselves to 7, which
is more physically interesting, however, we will discuss the
case 74 in connection with the completely degenerate case
in Sec. VI. For this reason, we focus on the Kerr-like
choice first.

A. Limiting procedure in Lorentzian sector

In order to study limits in Lorentzian sector, we have to
take into account a few very important distinctions that
occur here. As was discussed above, the radius r does not
have to be restricted between roots of the metric function.
Actually, one can set the value of mass to its critical value
m, which corresponds to the double root 7, without
scaling the coordinate r at all, obtaining thus the extreme
black hole.

However, it is also interesting to zoom to the neighbor-
hood of the extreme horizon and to study so-called a near-
horizon limit of the black hole solution [13]. Indeed, one
can rescale the radial coordinate in such a way that the
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FIG. 7. Three distinct approximation procedures of the poly-
nomial A are illustrated in terms of lines passing through the
origin on the left. The line approaching the tangent line has either
two intersections (two real roots), no intersection (two complex
conjugate roots), or is tangent from the very beginning (a double
root). This is accompanied by zooming in on the region close to
the tangent point 7, where a new coordinate p is introduced. The
resulting polynomial A is approximated by one of the three
quadratic functions in coordinate p on the right.

degenerating horizon remains in the zoomed region. Since
the range of r is unrestricted, there is a greater freedom to
squeeze the radial coordinate and introduce rescaled
coordinate near the extreme horizon.

We study three possible limits leading to the extreme
case which differ by a correlation between the coordinate
scaling and how we approach the critical value 7, see
Fig. 7. In so called extreme limit, one simply sets m = 1
and scales the radial coordinate independently [13]. In
subextreme limit, one approaches m — m in such a way
that A has two real roots near the critical value 7 [41]. Thus,
there are two horizons which coincide in the limit, and the
coordinate scaling is adjusted to these horizons. Finally, in
superextreme limit, one approaches m — i with no hori-
zons before the limit, see e.g. [42]. Thus, A does not have
real roots approaching 7. Instead, it has two complex
conjugated roots which coincide in real extreme limit
and the coordinate scaling is adjusted to them.

Another important difference arises due to the structure
of tangent points for the Kerr-like choice, see Table I.
In this case, the tangent point £; = i# of 7 (x?) is imaginary
and its imaginary part 7 represents the real tangent point of
J (=r?). Thus the limit r ~ 7 is just the Wick rotated limit
Xy = Xxp. It is, however, a limit of a different type than the
limits x, ~ %, which we studied in Sec. IIl. Fortunately,
this distinction requires only small modifications in our
formulas.

B. Extreme near-horizon limit
A common near-horizon limiting procedure usually
begins with the extreme case where mass is set to the
critical mass,

(5.1)

m =,
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and the horizons *r, ~r simply coincide *r = ~r = 7. Then
we zoom in on this extreme horizon by introducing the
rescaled coordinate p € R,

r =7+ rpe + O(?), (5.2)
where € < 1 is a small positive parameter and ér > 0 is a
factor which will be specified below. The polynomial A is
then approximated by a quadratic function in the order &7,

A = —(2N — DA (=)8r2p*e* + O(€%),  (5.3)

where £% is expressible in terms of other constants
via (2.63).

As before, the transformation of the coordinate r must be
accompanied by a proper transformation of the Killing
coordinate ¢,

(5.4)

with ¢ being a new temporal coordinate.
We do not assume any particular scaling of the parameter

Xy. We simply set

P =7,

(5.5)

where r denotes the Wick rotated parameter xy = ir.
Employing (5.3), the formulas analogous to (3.19),
(3.20), taking the limit ¢ — 0, and fixing

1
or = = , 5.6
—(2N - 1)/1J1(—f2) (56)
we obtain the metric
J( fz) )1 de (r2+x,2;) _ﬂ ,
— 5 (—p dr —I—? + Z Xﬁ dxﬁ

(5.7)

where we introduced the symbol 6 = 1/6r which can be
expressed as [cf. (5.6), (2.63)]

P )

_ T(_ k~ ON—2k—1 0
k 2N-2k-3

The coordinate ¢y can also be expressed in terms of the
coordinates (2.20) as ¢y = T + S A Tz
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The positiveness of dr (and §) follows from the Kerr-like
choice in which —A(7* + %)) is positive.

Functions &’; are given by (2.23), (2.60), where )?12\,
is replaced by the expression (2.63). The metric (5.7)
represents the near-horizon limit of the extreme Kerr-NUT-
(A)dS spacetimes. This result was derived earlier in [37],
where authors used a standard parametrization in terms
of a, instead of tangent points %,. We see that the terms
—p*dr* + p~2dp?* in degenerated sector describe the metric
of the two-dimensional anti—de Sitter spacetime.

The frame of one-forms and the dual frame of vectors
[cf. (2.16) and (2.17)] are

_1
o — (ﬁ> .
(7 +xﬂ)Uﬁ

J(—2 1
eN = (=7 )p2 dt, (5.9)
-5
and

. Z(—sz) o
e (P+x2)U; — P i’
J(=7) ,\2/0 2 it O
oy = —4Z PRN=k)-1_~_
N 5 7 6t+5";r o)
(5.10)
respectively.

C. Subextreme and superextreme limits

We can also start the limiting procedure with a general
subextreme mass m > i for which the polynomial A has
two real roots Tr and ~r corresponding to outer and inner
horizons respectively. Still, we describe a limit in which the
horizons approach the extreme radius *r, ~r — 7. We scale
the radial coordinate r by introducing a new rescaled
coordinate p, € R,

+r+_r++r—_r
r= .
) ) P+

(5.11)

Also, we introduce a small positive parameter € < 1 which
controls how fast the roots are approaching each other
[cf. (3.4)],

+ (5.12)

r—"r =20re.
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Along with the squeezing of the radial coordinate, we
assume that the mass decreases to its critical value m — .
As in (3.9) and (3.10), we can derive the expansions of r
and m 1n e,

r=7#+drp.e+ O(e?), (5.13)
. PO or? 5 3
mzm—(2N—1)ﬂ]l(—r)2As +0().  (5.14)
7

We find that A is approximated by a quadratic function

A = —(2N = DA, (=) (p% = 1)e* + O(&?),  (5.15)

which differs from the extreme case (5.3) only by the term
(p2. — 1) instead of p2.

Alternatively, we can start with the superextreme mass
m < m, without inner or outer horizons. However, we
assume that the roots *r and ~r are complex conjugate, but
they are still approaching the real extreme value 7. Since the
difference of two complex conjugate numbers is imaginary,
we appropriately modify the relations (5.12), (5.11),
introducing a rescaled coordinate p_ € R:

Tr—"r=2idre, (5.16)
- -
r= r; T r2 . (5.17)

The factor —i in (5.17) corresponds to the Wick rotation
around the point (*r+ ~r)/2 which projects the roots to
the real axis where we introduce the coordinate p_.

Following the steps before, we find that the coordinate
is expanded in the same way,

r=*F+drp_e+ O(e?) (5.18)

and the expansion of m differs in sign,

m=nm+ (2N — l)ﬂfl(—fz)(;—iez +0().  (5.19)
Finally, we obtain the approximation of the polynomial A,
A = —(2N = DA (=72)6r%(p2 4 1)e2 + O(&%),

(5.20)

which differs by the term (p2 + 1).
Applying the same procedure as before [dr is chosen
according to (5.6)], we end up with the metrics
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d/)2>
2 2 +

= - F Hdry +

4 5 (Pi ) + i:Fl

(5.21)

where we distinguished the two cases by adding the
subscripts & to some coordinates. The factor § is still
given by (5.8). In what follows, we show that both metrics
(5.21) and the original one (5.7) actually represent the same
spacetime, but in different coordinate systems. The three
systems of coordinates are similar to the ones which are
often used in four-dimensional Robinson-Bertotti space-
time, see e.g. [43].

Let us start by expressing the AdS, in Poincaré and two
other types of static coordinates

dp? dp?
8ads, = —prd? + — = —-(ph F adA + 2 =,
P piF1

(5.22)

where the transformations are given by the relations

. Py = —pL,

1 1 p 1
tf. =—— (P ——=—-1], =P -=+1).
. 2t< P’ > / 2< p2+>

(5.23)

These are the correct coordinate transformations of the
degenerate sector, however, they produce wrong terms in
the other parts of the full metric. Fortunately, they can be
compensated by an appropriate transformation of the
coordinates /g,

2
Wik =Wi— 5 #2(N=k)-1Re artanh pt,
B B 2 o (N—F 2pt

t = p — = PW-P-1Re artanh ——————.  (5.24
V_k Vi 57’ ¢ artan p2t2+p2+1 ( )

Thus, we confirmed that both limits lead to the extreme
near-horizon geometry (5.7). Transformations (5.23),
(5.24) are generalizations of their four-dimensional ana-
logues, which can be found, e.g., in [42].

The supplementary transformations (5.24) can be
derived as follows: We start with a general transformation
of the form (no changes of x; are needed)

6Alternatively, (5.24) can be written in terms of the logarithmic
function with the use of the identity: Re artanh x = Jlog|*4|.

x—1
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Vit = Wai(t.p. W) (5.25)
By expressing the metric (5.21) in the original coordinates
t, p, w1 [by means of (5.23), (5.25)], and comparing with
(5.7) (the nontrivial part is only the one inside the round
bracket in third line), we get the equations

FB g 25
;Aﬁ a6 ;2(—” )T+,
TR OWap 20 -
;Aﬂ 8[7 - E ﬂ( r )Rj:a
() Wik _ 2(0)
> A . =M (5.26)
i [
Here, we introduced the shorthands
P t
T+:/’2t2—1’ R+:,02t2—1’
P2 _ 1 (2 _ 1L
_ 5(r—%—1) . 5(—%+1)

G =L 12+1 G(P=h+12+1

(5.27)
Equations (5.26) can be inverted with the help of (A10) and

integrated out, so we obtain (5.24).
The inverse transformations to + coordinates are

=t o=l -t
2 _
2 ot
V== 5F Reartanhp_., (5.28)
and

2 .
\V/p-+ lsint_ N
t= ., p=p_++/p>+1lcost_,
p_+/pr+1lcost_

2 e sint
Z p2(N=k)-1Re artanh - )
5 Vp2+1+p_cost_

(5.29)

Wi=W_i+

D. Symmetry enhancement

Since the form of the metric (5.7) is simplified in the
degenerated Lorentzian sector, we can expect the enhanced
symmetry as with the Euclidean case in Sec. IIID. It is
actually a well-known fact that the near-horizon limit of the
Kerr-NUT-(A)dS spacetime has enhanced symmetry in
four dimensions as well as in higher dimensions [38,39].

From the extreme limiting procedure, we find the Killing
vectors associated with the coordinates ¢ and ¢,
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(5.30)

Similarly, the subextreme and superextreme limiting pro-
cedures lead to the coordinate systems with the temporal
coordinates 7, and f_. The corresponding Killing vectors
together with (5.30) form an independent set. Thus, we
define

fo-Lro 90 L, 0 o _ 0
O=Bar 'WTa 0 'O T e Sk = Ee
(5.31)

With the help of the inverse transformations (5.28) and
(5.29), the vectors ¢,y and #_, can also be expressed in
terms of the coordinates 7, p, , see (5.42) below.

Although these Killing vectors are independent, their
algebra has an unusual form,

[ty to)] = V2t 1,
1
L), b)) =—=t, 5.32
ot = 5t (532)
where we omitted the vectors § (> which Lie-commute with
all Killing vectors. Obviously, we can improve (5.32) by
choosing a different set of Killing vectors, in particular, a
different combination of vectors ).
A form of the Lie brackets is given by the structure
constants C,z€,

[ty tm)) = _ZCABCt(C)- (5.33)
C

Structure constants naturally define the Killing form

1
Kap = ) ZCACDCBDcy (5.34)
c.D

which can be regarded as a metric tensor on the Lie algebra.
Thus, the inverse Killing metric is given by the inverse
matrix K~'42 and it can be lifted to the spacetime manifold,

K'= ZK_IABt(A)t(B). (5.35)
A,B

The Killing metric with respect to the frame ¢, ), #_), ¢,
reads’

K = —t%+) —+ \/Et(_)\/t(o) — 272 (536)

(©)

"The symbol V denotes the symmetric product of two vectors.
For two vectors A and B, it is given by AVB = AB + BA.
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From this we see that the set of vectors is not chosen well
and it can be adjusted twofold; to the orthonormal frame or
to the null frame with respect to the Killing form.
Let us introduce the Killing vectors
tx)y =ty — \/Et(o), L = \/Et(_) — ). (5.37)
Then, the Killing-orthonormal frame corresponds to the
choice L)y tix)s o)s which gives the algebra

(5.38)

It can be easily seen that the corresponding Killing form is
diagonal in this frame,

-1__p2 _p
K = ) T

» (5.39)

Another common choice is the Killing-null frame Ly, L),
t(.), which leads to the algebra

[ty b)) =) (5.40)
With respect to this frame, the Killing form is
K!=- %"") —t(.)\/t(o). (541)

In (5.38) [or (5.40)] we recognize the algebra of
SL(2,R) ~ SO(1,2) group. In fact, these Killing vectors

FIG. 8.
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are actually the Killing vectors of the two-dimensional
anti-de Sitter spacetime with a few additional terms
involving 8y, directions. For example, the Killing-
orthonormal frame ti)s ) o in the Poincaré
coordinates reads

(5.42)

The projections of the Killing vectors to the AdS,
directions are shown in conformal diagrams in Fig. 8.

Altogether the explicit symmetries of the near-horizon
geometry are fully described by a set of 3+ N Killing
vectors, €.g.,

£y Lo By S(hys (5.43)

or alternatively

Ly ey Eo)s S(hy- (5.44)

This indicates that the symmetry is enhanced from
R x U(1)N to SL(2,R) x U(1)V.

Moreover, the rank-two Killing tensor (2.18) in the
degenerate direction is also simplified [see (3.19), (3.20),
and (5.10)]

Conformal diagrams of the AdS, spacetime with various static coordinate charts. Arrows denotes the Killing vectors ¢, ), ),

1) (), £(+) (from left to right) projected to the AdS, directions. Left and right vertical lines are the infinities of AdS,, while the diagonal
lines denote the Killing horizons of the corresponding AdS, Killing vectors. The diagram should continue in vertical directions, since

only the spatial (horizontal) directions are compactified.
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. s [,0¢2 (a 2 i aﬂ
qn) = 2~ 5P
" J—(_r)[ dp p*\or Z iy

(5.45)

It can be easily verified that such a tensor can be actually
written as a combination of the Killing vectors (5.43),

4 2 2 2 2 22(N—k)—1 2
qw) = Fo) {tm RS R (52’ M5 ) |-
—F k
(5.46)
or in terms of the Killing vectors (5.44) as
— 5 t2 t t 2 "Z(N—E -1 — 2
qw) = —J"-( ) ) “loVie ~ 5%} S® ) |-
-7
(5.47)

which agrees with the result obtained in [39]. The part
of the Killing tensor which does not contain the direc-
tions s resembles the form of the Killing metric,
cf. (5.39), (5.41).

VI. COMPLETE DEGENERATION

Finally, we would like to discuss the limit when all
directions degenerate, N = N. The complete degeneration
is possible only in the NUT-like choice for 4 > 0, because
only then all coordinates xi, ..., Xy, r possess the corre-
sponding real tangent points X1, ..., Xy, 74 see Table 1, so
we can expand these coordinates around such double roots.

As with the NUT-like limits, we introduce a rescaled
coordinate .fﬂ,

x4+ Txg txg—Txg
Xz = ”2 LS ”2 Les, (6.1)
and parametrize the convergence of the roots *x;, ~x;, by
the positive parameter ¢ < 1,
Tag — Txp = 20xz¢, (6.2)

where dx; > 0. Asin (3.9) and (3.10), the expansions of x,
b; read

Sx 2
b; = b — (2N - 1)/1 Aﬂ 2+ 0(), (6.4)
"2%;

which leads to the approximations of the polynomials X’;
[cf. 3.1D)],
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Xz =—(2N - 1DAUBxE(1 - E)e2 + O().  (6.5)

The radial coordinate can be expanded by any of three
procedures described in Sec. V, but, for simplicity, we use
the procedure which starts with the extreme case, see
Sec. V B. This time, however, we begin with a different
critical value,

m = m¥ (6.6)
which corresponds to the extreme horizon ##) and intro-
duce the rescaled coordinate p in the vicinity of 7%,

= W 4 8rpe + O(£2), (6.7)

where 6r > 0. The polynomial A is then approximated as

A = —(2N = DAy (=FD2)6r2p%e? + O(&3). (6.8)
In order to obtain a finite metric, the transformation (6.7)
must be supplemented with an appropriate transformation

of the Killing coordinates,

1 1

¢;7:(P,z;, ¢N:t;-

(6.9)

We simply set X, = &,, but other scaling of these param-
eters would lead to the same resulting metric. Taking the
limit ¢ — 0 and fixing

1
ox; = or = 5 5= (2N -1)4, (6.10)
we obtain the resulting metric
1[_dp? prde 2
g_(s[— dr +Z< s+ (1-&)dg? ) |.
(6.11)

It is a direct product spacetime of two-dimensional de Sitter
spacetime and homogeneous metrics on two-spheres, i.e. a
generalization of a four-dimensional Nariai spacetime.
Also, it is not surprising that the rescaled radial coordinate
p plays a role of time, since in the extreme spacetime of
coinciding outer horizon *r and cosmological horizon
+r(), the coordinate r is timelike.

VII. CONCLUSIONS

In this paper, several limits of the Kerr-NUT-(A)dS
spacetimes were investigated.

Although the Kerr-NUT-(A)dS spacetimes have been
widely studied in the last decade, their full interpretation is
not yet achieved. There is still missing understanding of the
geometry in the presence of NUT parameters. In Sec. I we
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have given a rather extensive discussion of the parameter
choices leading to physically interesting subcases of the
Kerr-NUT-(A)dS geometry. We have identified the “Kerr-
like” and “NUT-like” choices which generalize analogical
dichotomy of Kerr and Taub-NUT solution in four dimen-
sions. We hope that this discussion makes at least a small
step in further understanding the Kerr-NUT-(A)dS metric.

However, the main goal of the paper was investigating
nontrivial limits of the Kerr-NUT-(A)dS solution, namely
the limits of the double roots of the metric functions X,.
Such limits generalize two interesting cases known from
the four dimensions: the Taub-NUT limit and the near-
horizon limit of the extreme Kerr black hole. For the
purpose of the limiting procedure we have reparametrized
the solution using so-called tangent-point parametrization.
In this language it was possible to control the limiting
process when two roots of the metric function coincide at
the critical value. The limiting procedure had to be
accompanied by a proper rescaling of coordinates which
effectively zooms in on the neighborhood of the critical
points of the metric functions.

We have presented limits along arbitrary number of
planes of rotations, which give rather complicated geom-
etries. Next, we have discussed particular cases, recovering,
for example, the “multiply nutty” spacetimes of [27].

When the “double-root” limit is taken for the metric
function governing the position of the horizons, it leads to
the near-horizon limit [13]. In our discussion we have
identified three different ways how one can zoom in on the
near-horizon region. It naturally leads to the near-horizon
geometry written in different coordinates, each of them
adjusted to a different static Killing vector.

We have identified enhanced symmetry of the limiting
spacetimes and showed that the hidden symmetries of the
original spacetime encoded by Killing tensors become
reducible to a richer structure of the explicit symmetries
given by Killing vectors.

Finally, we have also studied the double-root limit taken
in all coordinates x, and obtained a rather trivial direct
product spacetime generalizing four-dimensional Nariai
spacetime.
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APPENDIX A: FUNCTIONS J, A, U

Throughout the paper we use many polynomial func-
tions, such as J(x?), AW, U ,» and their generalizations.
Although these are just polynomial functions, it turns out
that they satisfy important identities which appear in almost
any calculations regarding the Kerr-NUT-(A)dS space-
times. We use here the notation which was established
mainly in [23,40] and is widely used in many related
papers. All definitions come in two variants, as polyno-
mials of variables x, and a,. The most important functions
are functions J, which give rise to both A and U. Their
simplest variants are defined by

N
J(@) =]](az - a®) =D AW(- . (A1)
" k=0
where the coefficients are
=Y 2., A=Y a2 .a. (A2)
P P
We can generalize (A1) by omitting an index g,
Jﬂ(xz):Hx - x? ZA ZYN=k=1,
viu
jﬂ(az):Ha —-a? Z.A A (A3)
b#ﬂ
which generate the functions
k k
A,S) = Z X2 .2, .A,(,) = Z a..al. (A4)
..... bll/k

Similarly, we could also define the functions J,,(x?),

T (%), A,(ZZ A,w by skipping the indices u, v. Besides
this we set

A0 =AY =AY = =1,
A0 = AP = A = =1, (A5)
and
Jﬂ(x2)|N:1 = Jﬂy(x2)|N:2 =..=1,
Tu@)yey = Tul@)lyo = ... = 1. (A6)

We also assume that the functions J and A are zero if the
indices p, v overflow. Finally, the special case of (A3) are
the functions
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U,=J,(x2) = H(xg —-x2), APPENDIX B: CONNECTION FORMS
viu (A7) From the first structure equations,
U, = jﬂ<aﬁ) = H(al% - alzt)'
v de® + Zw“b nel =0, @, +w,, =0, (Bl)
b
These functions satisfy the following identities:
and by employing (A14) and (A13), we can obtain the
AW = A 24D (A8)  connection forms [44]
A = A,S’? + x,%A,S’Z‘”, (A9) 1 ) X,\!
®,,=(1-5 — | e e,
om0 () e oo (z2) ]
/
ZA e, (A10) 1 XN\ (X
w”—”:(l_é"”)xz—xﬁ X, a e’ +x, F,, e,
z N k—1 ( ) % )C X 1
A @) ()
v v 2 2
s a ny x; \U
J(a2) T (x2) X,
ANV ST 1-6 e, B2
S At (A12) +(1=80) 5 A (B2)
A/(tl,{u = 22x,, 5 (A;(,k) - A,Ek)), (A13) where the underscored indices of the connection forms
Xy = X correspond to é’s while the ordinary ones correspond to e’s.
5 ) By taking the limit that is described in Sec. III, we find
U,, = 5””2 . Y U+ (1-8,)— M ~U,.  (Al4) the connection forms of the limiting metric (3.25) with
o X v Xy respect to the orthonormal frame (3.26). The nonvanishing
connection forms are
1T X, \2, X; \, X X; \,
W= 5 %0l 2 — | e +x;( 3 — | e’ Oy =553 - e’
BT L N J(xﬁ i Yo TN N (x) U
Wpp = 21 2 -xﬁ 2 >%"ﬁ+xﬁ<A : >%eﬁ} Wpp = zAﬁ ) <A = %év’
= STHRLTNE)U; J(xﬁ) i = N TNRNGU;
X, [/ X, \i. X, \:i.. £ X, \:,
mﬁﬁzzﬂz comeerll Al > A E W=\ 5 )¢"
S S TR LG, J(x%l) i T T NI,
X, 3 Xn X- i X X. }
wﬁﬁ = _<<c - >2> é\ﬂ+z - H - (o zﬂn )2é/” wﬁé == H - (c 2”,, )Zéu’
toNwo/ e FEmH N0, SRR AV
T( 42 2\ \ 240 B X5 %Aﬁ ~
wﬁgzgﬁ(axv J@)0 —gﬁ)) D et Creed N L (B3)
5 » N (x)U;
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