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The renormalization that relates a coupling “a

associated with a distinct renormalization group beta

function in a given theory is considered. Dimensional regularization and mass independent renormalization

schemes are used in this discussion. It is shown how the renormalization a* = a + x,a

2 is related to a

change in the mass scale u that is induced by renormalization. It is argued that the infrared fixed point is to

be a determined in a renormalization scheme in which the series expansion for a physical quantity R

terminates.
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I. INTRODUCTION

The elimination of divergences arising in the computa-
tion of radiative effects in quantum field theory results in
the introduction of an unphysical mass scale parameter p.
The explicit dependence on yu must be offset by implicit
dependence on u through the parameters (couplings,
masses, and field strengths) characterizing the theory,
resulting in the renormalization group (RG) equations
[1-3]. If dimensional regularization [4-6] is used in
conjunction with mass independent renormalization
[7,8], it is possible to make additional finite renormaliza-
tions that lead to further RG equations.

We will examine the effect of finite renormalizations in
the QCD calculation of the process eTe™ — hadrons with
cross section R,+,-. The strong fine structure constant is
a = ar and all quarks are taken to be massless. A variety of
renormalization schemes (RS) will be considered; minimal
subtraction (MS) [8], a scheme due to 't Hooft in which the
RG function f associated with a has no contribution
beyond the second order [9—-11], and a scheme in which
no radiative corrections beyond the second order contribute
to the expansion of R,+.- in powers of a [12,13]. The latter
two schemes only involve RS invariant quantities. In each
of these schemes, a = 0 is an ultraviolet fixed (UV) point;
that is, as the center of mass energy scale Q increases, the
couplant a goes to zero (“asymptotic freedom”) [8,14—17].
We will consider the possibility of there also being an
infrared (IR) fixed point, in which a goes to some finite
value as Q decreases to zero. The scheme in which the
expansion of R,+,- in powers of a is finite is argued to be
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the only RS to be of relevance, as in this scheme, the
behavior of the infinite series in powers of a that occur in
other schemes is not a problem.

II. FINITE RENORMALIZATION

The cross section R,+,- can be expressed as a power
series in the couplant a

R\ = 3@%2)(1 ), (1)

where the n loop contribution to R in perturbation theory is
given by the term of order a"*! in the expansion

(e8] n ; " /,{
R:zzTn,ma L (TO,(): 1,L:bln§>. (2)

n=0 m=0

The explicit dependence of R on y through L is canceled by
its implicit dependence through a(In%) where

M@:—baz(l+ca+C2a2+"')Eﬂ(a)' (3)
du

The solution to Eq. (3) is taken to be [18]

ln(%> _ Amﬁ)ﬂﬂéﬁﬁ /0 - bx2<fi _ @)

The general relation between the bare couplant ag
appearing in the initial QCD Lagrangian and the renor-
malized couplant a when using a mass independent
renormalization scheme with dimensional regularization
is [8]

© 2017 American Physical Society


https://doi.org/10.1103/PhysRevD.95.116013
https://doi.org/10.1103/PhysRevD.95.116013
https://doi.org/10.1103/PhysRevD.95.116013
https://doi.org/10.1103/PhysRevD.95.116013

F. A. CHISHTIE and D. G. C. MCKEON

A@) | Axa)

ag = u=¢ [Ao(a) + + - } (5)

where ¢ = —4 + n, with n being the number of dimensions.
Since ap is independent of p,

A A
'+—22+~--].
€

(6)

dClB . 2 2 e
MW_O_ (ﬂaﬂ‘f'ﬂ(a) aa)ﬂ |:A0+

Eq. (6) is satisfied at orders €, €® provided that
1 Ay A
=—A ——FA] —
= %(1 %1)+%€

@ aG) @ o
Terms of order ¢ (n = 1,2...) in Eq. (6) fix A,, As... in
terms of Ay and A;.
The function A, in Eq. (5) is not fixed; the MS RS
corresponds to selecting Ay(a) = a. Using a to denote the
MS fine structure constant, then by Eq. (6),

p(a) = (Ay(a) - aA' (@) + ae (8)

is the MS p-function. We now can expand a general
function A, as

Ag(a) = a+ xa> + x3a® + -+ 9)
the identification
a = Aq(a) (10)
constitutes a finite renormalization of a.

In general, if we have two different couplings @ and a*
such that they are related by the renormalization

a* =a+y,a*+ y;a* + -+ =p(a), (11)
then from the relation

da* dada*

_ da dp(a)
du a du da

da

Il = p(a’) =
or by Egs. (3), (11)

—b*a” (1 + c*a* + cia” +---)
= —ba*(1 + ca+ cra®+---)
X (1 +2y,a + 3y3a® + - - +), (13)

we see that [19]
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b =b (14a)

¢t =c (14b)
GG=cr—cy+y3—y; (14c)

¢y = c3=3cy; +2(ca = 2¢3)y2 +2y4 = 2y,y3 (14d)

¢ =cq—2y.52 = y3 + c(yg — y3 — 6y23)
+ 3y3¢0 — 4y3¢h — 6y3¢; + 2y203 — Sysch + 3ys
(14e)

etc.

Consequently, b and ¢ are RS invariants while ¢,, c3...
are RS dependent. The RG function £ is thus not unique; in
addition to the one associated with MS in Eq. (8), there is
the ’t Hooft scheme in which ¢, =0 (n > 2) so that
consists of two terms

pla) = —ba*(1 + ca), (15)

or the particular f-function associated with N = 1 super-
symmetric gauge theory [20,21]

B —ba?

Cl-ca’

p(a) (16)

In principle, the result of Eq. (16) could be altered upon
making a finite renormalization of a. It was noted in
ref. [18] that a RS can be characterized by the RS
dependent coefficients c,, c3... in Eq. (3). From Eq. (13)
it would appear that these coefficients could be identified
with y3, y4... appearing in p(a) in Eq. (11); in ref. [18] it
was suggested that y, should be associated with the scale
parameter p. (In ref. [19], this coefficient is taken to be
arbitrary and not related to y; the dependence of a on y, is
analyzed as if y, were a free parameter independent on u.)
Identifying y, with u is reasonable, as by Egs. (3), (12)

da da*

M: *(a*>’ (17)

and so by Eq. (4),

a(inf) dlx a* (i) dx ﬂ>
= = _—m(L). (8
AR “Q* (18)

However, if 4 = u* this extra arbitrariness disappears, and
v, should vanish.

To see this connection between p and y, more explicitly,
let us consider

da _ 4 (a)

i (i >2); (19)
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from

8%a

Houde, Yocou

it follows that [18]
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2
a _, (20)

42 it _ 2 _ 3 2 (L2 3
x a [1+(( l—|'-2)6‘)a+((l 3i+2)c? + (—i +3z)cz>a2

pla) = =b(a) [“asmn

(i+1)i

L (S 432 4 4)es + (268 =68 4 d)eey + (<1 + 32 =20 5 T
(i +2)(i+ )i

(RS dependency in theories with renormalized masses is
considered in Refs. [22,23].) If now a and ¢* at the same
value of y are expanded as

at = a+ k(e c;)a + A3(c c)ad + -, (22)

then the equation

da* =~ (0 0 5
dc, =0= <6_C,~+ﬂi%)(a+/12a +-) (23)

with the boundary condition 4,,(c;, ¢;) = 0 can be used to
show that [12,13]

1 1
a=a+(c5—cy)d’ +§(C§ —c3)at + [g(cﬁz %))
3 c 1
T L P [ R] R

(24)

Egs. (11), (14) are consistent with Eq. (24) only if y, = 0.
If now from Eq. (14b) we see that

y3=¢s—cr+ ey +y; (25a)
so that from Egs. (14d), (25a) we obtain
1
Ya=5 [¢5 = c3 + (6¢; —4cr)ys + Scys 4 2y3); (25b)

Egs. (14e), (25a), (25b) now lead to

Vs = %{(Ci —¢4) + y2(5¢5 = 2¢3)
+ (4¢5 =3¢y + 6y;5¢)(ch — ¢a + cyy + y3)
+ (¢35 =y + cyy +3)% + 6y35¢5 + 3¢ + (2y, — ©)
X %(% —¢3) + (3¢5 = 2¢3) +%CY% + y%] }
(25¢)
etc.

(21)

We now take a* to have the same f function as a, but
evaluated with mass scale p* rather than u. If now we
expand a* in terms of a [12,13,24] so that

a* =a+ (6y0)a* + (651€ + 03262)a + - --

u
£ =bln— 26
( ﬂ*) (26)
then as
da* 0 0
" =0= <ﬂ8—ﬂ+ﬁ(a)%>
X [a+ (op€)a*+ (63,0 +o3t?)a* +---]  (27)

we find that
5
a*=a+ (£)a* + (ct + *)a® + <c2f + Ecﬂ + f3) a*
320\ 13 4| 5
+ |30 + 302—1-50 4 —l—?cf + 7% a
7 35
+ |:C4Lﬂ+§<03 +C2C>f2+ (6C2+ZC2>2/03

77
+ch4+f5]116+~~ (28)

This is identical to what is obtained from Eqs. (11), (25) in
the limit ¢} = ¢; provided

n=>=r (29)

This is consistent with Eq. (18) and with the observation in
ref. [18] that y, is to be identified with the mass scale
parameter . It is also posible to use Eqgs. (24), [25] together
to expand a*(u*, ¢f) in powers of a(u, ¢;); the result is the
same as Eq. (11) with Egs. (25), (29).

We now make the expansion

Al(a) = j'2(712 + /_136_13 + 24514 + .- (30)

where A (@) is associated with the MS RS. We find from
Eq. (8) that in this scheme
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b=1,, (31a)
¢ =243/, (31b)
ey = (n+ Dlyya/ 2. (31c)

If under a finite renormalization given by Eq. (9) we end up
with a coupling @ and a RG function (a) given by Eq. (7),
then the expansions of Egs. (3), (9) show that if

Al(a) :/?,2Q2+/13a3 + -, (32)
then
Jy=b (33a)
1
/13 = Eb(c + 4XZ) (33b)
b L, T
Ay = 3 Txs3 + 2x; + 7% + (33c¢)
b 22 4 5
ﬂ5 = Z (IOX4 ‘|‘§X2X3 - gx% + gCX%
10
+ 6CX3 + ?X3C2 + C3) (33(1)
etc.

Upon identifying y; with x;, Eq. (25) can be used to
convert Egs. (33c), (33d) to

7 7
/14 = b (g 52 —+ EXzC + 3X% - 2C2> (348.)
b|112
15 = Z |:T E‘zXz - 24X2C2 + 4OCX% + 16X;
+ 6C2.X2 + 6C(E’2 - C2) + 553 - 4C3:| (34b)
etc.

Together, Egs. (9), (14), (31), (33) can be used to show
that

/12612 +/,{3Cl3 +/14Cl4 + o= /_126_12 +/_,{3C_l3 +;14zl4 + -
(35a)

so that

Ay(a) = A,(a). (35b)
We thus see that with 3(a) and (@) being given by Egs. (7)
and (8) respectively, Eqgs. (10) and (14) are consistent.

We now can examine the presence of an IR fixed point in
light of finite renormalizations.
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III. INFRARED FIXED POINTS

Equation (12) implies that if #(a) = 0, then f*(a*) =0
as well, if a* = p(a). In addition, from Eq. (12) it also
follows that

dp(a*) _ (d’p(a) dp(a) dp(a)\ /dp(a)
da’ :< d POt )/ aa * 30

and so if f(a) = 0, then [26,27]

df*(a”) _ df(a)
da*  da (37)

These arguments rely on p(a) being a well defined function
when f(a) = 0; for ill behaved functions p(a), it may turn
out that f*(a*) is nonzero or that Eq. (37) is not satis-
fied [25,28].

In Refs. [12,13] the problem of RS dependence was
considered in the context of the cross section R+, of
Eq. (1). It was shown that by applying the RG equation

(g0 +la) 31 ) R =0 (38)

it is possible to sum the logarithm in Eq. (2) so that the
explicit dependence of R on y (through L) and its implicit
dependence [through a(u)] cancel, leaving us with

R=Y T, (m%) (T,=T.0).  (39)

n=0

where Q is center of mass energy and A is a scale parameter
introduced in Eq. (4).

The behavior of the sum in Eq. (39) can be affected by
three things. There is first the behavior of a(In£) as Q itself
evolves. Second, the behavior of T, as n becomes large,
and third, the convergence behavior of the infinite sum
itself. However, R is invariant under the finite renormal-
ization of Eq. (11); we will now examine how R is affected
by two particular renormalization schemes. We will then
consider their implications for the IR fixed point. Of course,
this IR fixed point cannot incorporate nonperturbative
effects in QCD; our discussion is entirely in the context
of the perturbative expansion of Eq. (2). Nonperturbative
effects in the low energy regime would necessarily involve
the emergence of low energy Goldstone Bosons (pions).

Changes in RS lead to compensating changes in 7', and a
so that

d 0 0 &
— () — . n+1
dc R=0= <6c,» + Bi(a) aa) ;:0 T,a"'.  (40)

This leads [12,13] to a set of nested equations for 7', whose
solutions are
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TO =Ty = 1, (413_)

Tl =171, (41b)

T2 = —C + 7, (410)

T'; = —2C2’Z'1 —=C3 + T3 (41d)

1 1 4
T, = __c4—2 <—§c+2ﬁ> +—C% =301+ 14

3 2 3
(41e)
1 3 11
Ts = [§ cc% +§C2c3 +?C%ﬁ —40213]
1]1 2
- 5 |:6 C2C3 - §C3CTI + 3C372:|
1 1 1 1
—g[—iﬁc‘f‘icﬂl} —105'1‘75 (41f)

etc.

In Eq. (41), the 7,, are constants of integration and hence
are RS invariants. They can be determined by evaluating
the 7', and b, c, ¢, in one particular RS (such as MS) upon
explicitly computing the relevant Feynman diagrams.

Two particular RS are of special interest. In the first
scheme, the ¢; are selected so that 7, = O(n > 2). From
Eq. (41) this means that

=1 (42a)
c3 =2(=2cr1 +173) =2(-27171, + 73)  (42b)
3 1 )
cy = —503 <—§c + 211> +4c5 —9c,p1, 4 314
= c(t3 — 21175) + 12731y — 6773 — 523 + 314 (42¢)

etc.
In the second scheme, due to ’t Hooft, we set ¢, =
0(n > 2) [9-11], so that

T,=r1,. (43)

In the first instance, the series in Eq. (39) collapses down to
two terms

Q
R(l) = am + rla%l) <IHX s (44&)

while in the second case we have the infinite series

00 . Q
R(Z) = ZTnaQJSI (IHK) .

n=0

(44b)
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In the first case, a(;) “runs” according to Eq. (4) with the ¢;
of Eq. (3) being given by Eq. (42). In the second case, a ;)
runs according to the 't Hooft p-function of Eq. (14). In
Eq. (44a), there is no possible problem associated with
there being a divergent series for R(;) or of having
diverging behavior for the coefficients of a(y); one need
only discuss how a<l)(ln% behaves as Q varies. On the
other hand, in the infinite series for ap), the behavior of
ap(In %) is completely known as upon integrating Eq. (4),
we obtain the Lambert W function [29-32]. With f)(a(y))
given by Eq. (14), it is evident that a(;) has an UV fixed
point at az) = 0 (if 5 > 0) and an IR fixed point at a ;) =
‘71 (if ¢ <0). As one [14-17] and two [33,34] loop
calculations show that for an SU(N) gauge theory with
Nf flavors of quarks,

 33-2N,
==,
153 - 19N,

‘T 2B33-2N,) (450)

b (45a)

which means that in order to have asymptotic freedom
(b <0) and a positive IR fixed point (¢ < 0), we must have

8 <N, <16. (46)

However, even if N satisfies the restrictions of Eq. (46),
the series of Eq. (44b) could be badly behaved, or
alternatively, if Eq. (46) is not satisfied, this series could
be well behaved. We are thus led to consider the finite sum
of Eq. (44a).

The equality

Ry =R (47)

is consistent with Eq. (24). However, since R, involves an
infinite series whose convergence is not known, the IR
behavior of a(y) is not necessarily a reflection on the IR
behavior of a(;) since R(;) only involves a finite series in
which convergence is no longer an issue. We contend that
in analyzing the IR behavior of R, -, it is the behavior of
a) that is of relevance. We will now consider the IR
behavior of a(;) up to a four loop order, and thereby find out
how R(;) behaves as 0 — 0.

Explicit calculation shows that with N, =3 active
flavors of quarks [13],

7, = 1.6401 (48a)
7, = —5.812885185 (48b)
73 = —81.73499303 (48c¢)

etc.
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These values follow from the four-loop calculations of
T, and B(a) done in the MS scheme [35,36]. With these
values of 71, 7,, 73, it follows from Eq. (42) that in the RS
associated with a(y),

¢y = —5.812885185 (49a)
c3 = —125.3351844092 (49b)
etc.
Since with Ny =3 [8,14-17]
b=9/4 (50a)
and [33,34]
c=16/9, (50b)

we see that the function f;)(a(;)) is given by

- 125.335184409261?1) +--). (51)
We now consider only the four-loop ((’)(af1 ))) contri-

bution to f;) in Eq. (51). The function

f(x) =1+ 1.77778x — 5.812885185x>
— 125.3351844092x° (52)

has only one positive zero, and that is found by Newton’s
Method to be at

x =~ .20743211594. (53)
Consequently, f;) has an IR fixed point at

if we use only up to the four-loop contributions to f ). (In
MS, j(a) has been computed to five-loop order [37], but to
get f1y(ay) to this order we would also require R,+,- to

five-loop order; this is as yet unknown.) From Egs. (1),
(44a), and (54), it follows that

Rever / <3qu> = 1+ (:20743) + (1.6401)(.20743)>
~1.278. (55)

This is the limit of R,+,- as QO — 0 when we use R(;) in
Eq. (44a) and keep contributions only up to the four-loop
order. This is consistent with R,+,- as presented
in Ref. [13].

Both ¢, and c3, when using f;), are negative [see
Eq. (49)], and so it is not unreasonable to anticipate that c,4
is also negative. In Fig. 1, we have plotted the possible
values of ¢4 versus zero of fy) to the five-loop order (using

PHYSICAL REVIEW D 95, 116013 (2017)

0.34

0.14

T T 1
-1000 -500 0 500

c
4

-2000 -1500

FIG. 1. Infrared Fixed Points (IRFPs) of the scheme-1 f;)-
function at five loop order versus cy.

Eqgs. (49), (50) for b, ¢, ¢5, c3) when there are three active
flavors of quarks. We see that for —2000 < ¢, < 300, § ;)
to the five-loop order has zeros lying between .1 and .3,
which is quite reasonable. We note that by Eq. (41f), 75 and
Ts both vary linearly with cy.

If we use Eq. (24) to relate a(;) to a(y), we see from
Eq. (42) that

Cl(z) = a(l) - TZaz(;l) + (271’[2 - T3)a?]> —+ e (56)

Using Eq. (48), we find that the value of a,) corresponding
to aqy = 20743 is

agy = .37533. 57
@)

This clearly is not an IR fixed point for the function
B2)(a()); with By given by Eq. (15), the only value of a )
for which f,) vanishes is given by a(;) = —%, which for
Ny =3 is, by Eq. (50b), negative—an unacceptable value.
However, by Eq. (47), we see that as Q — 0,
1+ R() — 1.278, then 1 + R(;) must also approach this
value even though a(; approaches a value given by
Eq. (57), which is not an IR fixed point of f,).
Actually, a() approaches this value only if we keep the
three terms of Eq. (24) given in Eq. (56); if we were to
simply consider integrating Eq. (2) to find a()(In %)
exactly, it is evident that as Q — 0, agpy —> © if b>0,
¢ > 0. This indicates that the full series of Eq. (56) diverges
as Q0 — 0 (when a(;) approaches an exact IR fixed point
and a(y) diverges).

We also note that with N, = 3, the § function in the MS
scheme at the four- and five-loop order has no positive
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roots, indicating that in the MS scheme, there is no IR fixed
point, at least to this order in perturbation theory. This is
discussed in Ref. [38].

An interesting third RS is one in which ¢, is allowed to
vary while ¢;(i > 2) vanishes. By Eq. (41), in this scheme
R is given by

Ry =ag)+1 aé) +(=cy+ Tz)a%)

4
+(=2¢,1, +13)a?3) + (§

C% —3C2T2+T4> 0?3) —+ ey

while
ﬂ3(a(3)) = —baé)(l + cagy + 023%3))-

It appears to be possible to have a value of ¢, and an
acceptable value of a3), such that f3) = 0 and at order a?3),
R(3) = 1.278; we find that ¢, = —13.106 and a3) = .3523.

We conclude that the perturbative expression for 1+ R,
appearing in Eq. (44b) is an infinite series whose behavior as
Q — 0 is such that it approaches a fixed value even though
ap(In %) is not an IR fixed point in this limit. This fixed
value for 1+ Ry) is trivial to compute using Eq. (44a),
provided we can find an IR fixed point for ;). Upon only
employing the first four terms of the expansion of Eq. (51)
for f3y), this IR fixed point is given by Eq. (54).

IV. DISCUSSION

We have examined various aspects of RS dependency in
perturbative QCD. First of all, we have considered within
the context of mass independent renormalization schemes
|

o () = a(2) + e

+ s +5 e

PHYSICAL REVIEW D 95, 116013 (2017)

how the parameters y; appearing in the finite renormaliza-
tion of Eq. (11) are related to the parameters y and c; of
Eq. (3); we led to Egs. (25) (for y,,, n > 2) and Eq. (29) (for
v,). Treating y, as an independent parameter, as in
Ref. [19], should involve the mass scale parameter u.
Second, the behavior of QCD predictions for physical
processes in the IR limit are considered. After using RG
summation to eliminate y dependence, the RS scheme in
which perturbative calculations give rise to just a finite
number of contributions in powers of the coupling is taken
to be the scheme that can be used to consider this IR limit.
This is because in this scheme, one is not confronted with
an infinite series in powers of the coupling whose behavior
is unknown. (Indeed, it has been argued that this series
contains “renormalons” [9] and is at best asymptotic.) The
IR behavior when using this finite series is controlled by the
IR behavior of a(; in Eq. (51) (for Ny = 3) if we only use
results up to the four-loop order.

We note that since the values of z; are determined by
Eq. (41) when T; and ¢; are computed in a particular
renormalization scheme, it follows that the z; must be
computed separately for distinct processes. Thus, by
Eq. (42), the IR fixed point for ;) is not the same in
different processes.

We also would like to outline how the ‘“Principle of
Maximum Conformality” [38—40] (PMC), or its improve-
ment [41], is related to the renormalization group summa-
tion employed in this paper. Let us consider the sum of
Eq. (39) when using the RS of Eq. (43), so that R is given
by Eq. (44b). It is now possible to expand a(z)(ln%) in
terms of a(In %), where a is the couplant in some other RS
by using Eq. (24)

In %) + % (=c3)a* <ln %)

. <_c4>] & (m%) . (58)

Now in turn, a(In €) can be expanded in terms of a(In*) using Eq. (28) when ay (In €) appears in Eq. (44b). This results in

(with a,, = a(Inf) and 7, = bln%)

5
R(2) :T0|:al -I—fla%-i-(cfl —i—f%)a?—i— <C21€1+§Cbﬂ%+f?>a?—|—:|

5 2
+1 {aZ + £ha3 + (cty + £3)a3 + (c2f2 + chg + f§> a3+ ]

5 3
+ 15 {03 + £3a3 + (¢35 + £3)a3 + (c2f3 + chg + zfg)ag* + - ] + - (59)

Upon grouping terms in Eq. (59) in ascending powers of a, we obtain
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Ry =70y + [(zo?1)at + 71a3] + {[zo(c1 + ¢1)ai + 71(265)a3) + 1003}

5
+ { |:T0<C2f1 +§Cf% +f?>a? +Tl(lzﬂ% +2(C2£2 —|—f%))a3 +12(3L”3)a§] +T3aj} + e (60)

It is now possible to select uy, uy, p3... so that Eq. (60)
reduces to

Roy=> waitl; (61)
n=0

this entails solving

Tolzpl =0 (623)
to(c1 +£1)ai +11(263)a3 =0 (62b)
5
TO<C2 +7 +§cf% —Hff)a‘l‘
+1(€3 +2(caty + £3))a5 + 1,(3¢63)a3 =0 (62c¢)

etc.
From Eq. (62a), we see that y; = Q; solving for p», y5...
etc. becomes progressively more difficult. The resulting

I
expression for Ry in Eq. (61) is now expressed in terms of
scheme independent quantities 7,,, and all dependence on u
has disappeared; p,u,... contain all of the explicit
dependence on ¢, c3.... As a result, Eq. (61) is equivalent
to what is obtained using the approach to PMC used
in Ref. [39].

We wish to note that the low energy behavior of a(Q) has
also been examined using light cone holography [40]. Our
considerations have been limited to examining RS ambi-
guities that arise in using a conventional perturbative
evaluation of physical quantities in QCD.

In the future we hope to extend these considerations
of perturbative expansions in quantum field theory to
processes involving nontrivial masses and/or multiple
couplings [23].
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