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We provide comprehensive investigations for the mass spectrum of exotic open-flavor charmed/bottom
sqq̄c̄, qqq̄c̄, sqq̄b̄, qqq̄b̄ tetraquark states with various spin-parity assignments JP ¼ 0þ; 1þ; 2þ and 0−, 1−

in the framework of QCD sum rules. In the diquark configuration, we construct the diquark-antidiquark
interpolating tetraquark currents using the color-antisymmetric scalar and axial-vector diquark fields. The
stable mass sum rules are established in reasonable parameter working ranges, which are used to give
reliable mass predictions for these tetraquark states. We obtain the mass spectra for the open-flavor
charmed/bottom sqq̄ c̄, qqq̄ c̄, sqq̄ b̄, qqq̄ b̄ tetraquark states with various spin-parity quantum numbers. In

addition, we suggest searching for exotic doubly-charged tetraquarks, such as ½sd�½ū c̄� → Dð�Þ−
s π− in future

experiments at facilities such as BESIII, BelleII, PANDA, LHCb, and CMS, etc.
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I. INTRODUCTION

During the past 14 years, there are many unexpected
hadrons observed experimentally, such as the XYZ
states [1] and hidden-charm pentaquarks [2], etc. These
resonances cannot be interpreted as conventional quark-
antiquark mesons or three-quark baryons in the conven-
tional quark model [3]. They are exotic hadron candidates,
whose significant experimental and theoretical progress
have been reviewed in Refs. [4–7].
Very recently, the D0 Collaboration reported the evi-

dence for the narrow structure Xð5568Þ in the B0
sπ

�
invariant mass spectrum with 5.1σ significance [8]. Its
mass and decay width were measured to be mXð5568Þ ¼
5567.8� 2.9ðstatÞþ0.9−1.9ðsystÞ MeV and ΓXð5568Þ ¼ 21.9�
6.4ðstatÞþ5.0−2.5ðsystÞ MeV, and its spin-parity quantum num-
ber was determined to be either JP ¼ 0þ or 1þ. Later, the
LHCb and CMS collaborations also performed their analy-
ses of the pp collision data at energies

ffiffiffi
s

p ¼ 7 TeV and
8 TeV to search for theXð5568Þ state [9,10], but they did not
find any unexpected structure in the B0

sπ
� invariant mass

distribution. However, the D0 Collaboration themselves

confirmed the Xð5568Þ meson in the B0
sπ

� invariant mass
distribution with another channel B0

s → Dsμν at the same
mass and at the expected width and rate [11].
Reported in the B0

sπ
� final states, the Xð5568Þ meson, if

it exists, could be a bottom-strange sud̄ b̄ (or sdū b̄)
tetraquark state with valence quarks of four different
flavors. To date, the Xð5568Þ resonance has trigged many
theoretical studies, including the diquark-antidiquark tet-
raquark state [12–30], hadron molecule [31–38], nonreso-
nant schemes [39], hybridized tetraquark model [40], and
so on. One can find the detailed introduction for these
theoretical studies in the recent review paper [41].
In the charm sector, the two narrow charm-strange

mesons D�
s0ð2317Þ and Ds1ð2460Þ were observed in

2003 in the Dþ
s π

0 and D�þ
s π0 invariant mass distributions

by the BABAR [42] and CLEO [43] collaborations, respec-
tively. Their observed masses are ð2317.7� 0.6Þ MeV and
ð2459.5� 0.6Þ MeV, respectively, which are much lower
than the Godfrey-Isgur (GI) model predictions [44]. These
states quickly attracted many theoretical studies involving
various exotic assignments [45,46], which can also be
found in the review paper Ref. [41] and its related
references. Among these configurations, the four-quark
assignment cqs̄ q̄ is particularly interesting.
Inspired by the experimental information and theoretical

studies of the Xð5568Þ, D�
s0ð2317Þ and Ds1ð2460Þ mesons,

we shall provide comprehensive studies for the open-flavor
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charmed/bottom sqq̄ Q̄ and qqq̄ Q̄ tetraquark states in
this paper. If the existence of the Xð5568Þ is confirmed,
many other charmed/bottom tetraquarks may also exist
[17,22,24]. Hence, in this paper we shall investigate
tetraquark systems with various spin-parity quantum num-
bers JP ¼ 0þ; 1þ; 2þ and 0−; 1− in the framework of QCD
sum rules.
This paper is organized as follows. In Sec. II, we

construct the open-flavor charmed/bottom tetraquark inter-
polating currents and introduce the QCD sum rule formal-
ism. The two-point correlation functions and the spectral
densities are calculated for various channels. In Sec. III, we
establish stable tetraquark mass sum rules and make
reliable predictions for the mass spectra of these tetraquark
states. The last section is a brief summary.

II. FORMALISM OF TETRAQUARK SUM RULES

In this section, we will briefly introduce the method of
QCD sum rules [47–49] for the tetraquark systems. To
begin, we construct the diquark-antidiquark tetraquark
operators with one heavy quark and three light quark
fields. In the diquark configurations, all models agree that
only the color antisymmetric scalar qTaCγ5qb and axial-
vector qTaCγμqb diquark fields are favored to maintain low
color electrostatic field energy [50]. To explore the lowest-
lying tetraquarks, we use only these two favored S-wave
diquarks to compose the color antisymmetric ½3̄c�q1q2 ⊗
½3c�q̄3 Q̄ tetraquark currents following Refs. [51–54]

J1¼qT1aCγ5q2bðq̄3aγ5CQ̄T
b − q̄3bγ5CQ̄T

aÞ; JP¼0þ;

J2¼qT1aCγμq2bðq̄3aγμCQ̄T
b − q̄3bγμCQ̄T

aÞ; JP¼0þ;

J3μ¼qT1aCγ5q2bðq̄3aγμCQ̄T
b − q̄3bγμCQ̄T

aÞ; JP¼0−;1þ;

J4μ¼qT1aCγμq2bðq̄3aγ5CQ̄T
b − q̄3bγ5CQ̄T

aÞ; JP¼0−;1þ;

J5μν¼qT1aCγμq2bðq̄3aγνCQ̄T
b − q̄3bγνCQ̄T

aÞ; JP¼0þ;1−;

2þðSÞ;1−;1þðAÞ;0þðTÞ; ð1Þ

in whichQ is a heavy quark (c or b) and q1, q2, q3 are light
quarks (u, d, s). For the tensor current J5μν, we list its JP

assignments for the traceless symmetric part (S), the
antisymmetric part (A) and the trace (T). All these
interpolating currents can couple to the tetraquark states
that carry the same spin-parity quantum numbers. In this
paper, we shall investigate the charm-strange ½sq�½q̄ c̄�,
nonstrange charmed ½qq�½q̄ c̄�, bottom-strange ½sq�½q̄ b̄�,
and nonstrange bottom ½qq�½q̄ b̄� tetraquark systems by
using the interpolating currents in Eq. (1), where q is an up
or down quark.
We shall study the following two-point correlation

functions using the scalar, vector, and tensor currents

Πðq2Þ ¼ i
Z

d4xeiq·xh0jT½JðxÞJ†ð0Þ�j0i; ð2Þ

Πμνðq2Þ ¼ i
Z

d4xeiq·xh0jT½JμðxÞJ†νð0Þ�j0i; ð3Þ

Πμν;ρσðq2Þ ¼ i
Z

d4xeiq·xh0jT½JμνðxÞJ†ρσð0Þ�j0i: ð4Þ

In general, the two-point functions Πμνðq2Þ in Eq. (3) and
Πμν;ρσðq2Þ in Eq. (4) contain several different invariant
functions referring to pure spin-0, spin-1, or spin-2 hadron
states. These invariant functions have distinct tensor struc-
tures in Πμνðq2Þ and Πμν;ρσðq2Þ. For the vector current, it is
easy to write the corresponding two-point function as

Πμνðq2Þ ¼ ημνΠVðq2Þ þ
qμqν
q2

ΠSðq2Þ; ð5Þ

where ημν ¼ qμqν=q2 − gμν is a projector for the pure spin-
1 invariant functionΠVðq2Þwhile qμqν=q2 is a projector for
spin-0 invariant function ΠSðq2Þ. To pick out different
invariant functions in Πμν;ρσðq2Þ for the tensor current J5μν,
we introduce some projectors following Ref. [55]

P0T ¼ 1

16
gμνgρσ; for JP ¼ 0þ;T

P0S ¼ TμνTρσ; for JP ¼ 0þ; S

P0TS ¼
1

4
ðTμνgρσ þ TρσgμνÞ; for JP ¼ 0þ;TS

PN
1A ¼ T−

μν;ρσ; for JP ¼ 1−;A

PN
1S ¼ Tþ

μν;ρσ; for JP ¼ 1−; S

PN
1AS ¼ 2

�
qμqρ
q2

ηνσ −
qνqσ
q2

ημρ

�
; for JP ¼ 1−;AS

PP
1A ¼ ημρηνσ − ημσηνρ; for JP ¼ 1þ;A

PN
2S ¼

�
ημρηνσ þ ημσηνρ −

2

3
ημνηρσ

�
; for JP ¼ 2þ; S

ð6Þ
where

Tμν ¼
qμqν
q2

−
1

4
gμν;

T�
μν;ρσ ¼

�
qμqρ
q2

ηνσ � ðμ ↔ νÞ
�
� ðρ ↔ σÞ: ð7Þ

One notes that in Eq. (6) there are three different projectors
for the scalar (JP ¼ 0þ) channel, P0T , P0S, and P0TS, which
can be used to pick out different invariant functions induced
by the trace part, traceless symmetric part and the cross
term respectively from the current J5μν. However, all these
three invariant functions couple to the JP ¼ 0þ channel
with different coupling constants. We will discuss all of
them in this paper. A similar situation happens for the
vector (JP ¼ 1−) channel in Eq. (6).
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As usual, the dispersion relation is used to describe the
two-point correlation function at the hadronic level

Πðq2Þ¼ðq2ÞN
π

Z
∞

s<

ImΠðsÞ
sNðs−q2− iϵÞdsþ

XN−1

n¼0

bnðq2Þn; ð8Þ

in which the unknown subtraction constants bn in the
second term can be removed by taking the Borel transform
of Πðq2Þ. The imaginary part of the two-point function is
usually defined as the spectral function, which can be
evaluated at the hadronic level by inserting intermediate
hadron states

ρðsÞ≡ ImΠðsÞ
π

¼
X
n

δðs −m2
nÞh0jJμjnihnjJ†μj0i ð9Þ

¼ f2Xδðs −m2
XÞ þ continuum; ð10Þ

where the single narrow pole plus continuum parametriza-
tion is adopted in the last step. The inserted intermediate
states n carry the same quantum numbers as the interpolat-
ing current JμðxÞ. The quantity mX denotes the mass of the
lowest lying resonance and fX is the coupling constant. For
the scalar and vector currents, the leptonic coupling
constants are defined as

h0jJjXi ¼ fS; ð11Þ
h0jJμjXi ¼ fVϵμ þ fSqμ; ð12Þ

in which ϵμ is the polarization vector. For the tensor current,
the coupling constants are defined as

h0jJμνjXi
¼ f0Tgμν þ f0Sqμqν ðJP ¼ 0þÞ
þ f−1Sðϵμqν þ ϵνqμÞ þ f−1Aðϵμqν − ϵνqμÞ ðJP ¼ 1−Þ
þ fþ1Aϵ

μνρσϵρqσ ðJP ¼ 1þÞ
þ f2Sϵμν ðJP ¼ 2þÞ; ð13Þ

where ϵμν is the polarization tensor and ϵμνρσ is the
completely antisymmetric tensor.
At the quark-gluonic level, the correlation function can

be computed by using perturbative QCD augmented with
nonperturbative quark and gluon condensates. Comparing
the two-point correlation functions at both the hadronic and
quark-gluonic levels, one can establish QCD sum rules for
hadron parameters like hadron masses, magnetic moments
and coupling constants. The technique of Borel trans-
formation is usually adopted to remove the unknown
constants in Eq. (8) and suppress the continuum contribu-
tions to correlation functions, which results in the Borel
sum rules

Lkðs0;M2
BÞ¼f2Xm

2k
X e−m

2
X=M

2
B ¼

Z
s0

M2
Q

dse−s=M
2
BρðsÞsk; ð14Þ

in which the lower integral limit M2
Q ¼ ðmQ þmq1 þ

mq2 þmq3Þ2 denotes a physical threshold for the
q1q2q̄3Q̄ system. The mass of the lowest-lying hadron
state is thus obtained as

mXðs0;M2
BÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1ðs0;M2

BÞ
L0ðs0;M2

BÞ

s
; ð15Þ

where MB is the Borel parameter and s0 is the continuum
threshold above which the contributions from the con-
tinuum and higher excited states can be approximated well
by the QCD spectral function ρðsÞ.
In this paper, we calculate the correlation functions and

spectral densities by considering the perturbative term,
quark condensates, gluon condensate, quark-gluon mixed
condensates, four-quark condensates and the dimension
eight condensates at leading order in αs. In our evaluation,
the strange quark propagator was considered in momentum
space. For all interpolating currents in Eq. (1), we collect
the expressions of the spectral densities in the Appendix.
We use the projectors defined in Eq. (6) to pick out the
different invariant functions for the vector and tensor
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FIG. 1. Variation of the hadron mass mX with respect to s0 and M2
B for sqq̄ c̄ system with JP ¼ 0þ using the interpolating current

J2ðxÞ.
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currents. As shown in Eq. (1), the tensor current J5μν can
couple to two different scalar channels (JP ¼ 0þ) as well as
two different vector channels (JP ¼ 1−). We evaluate the
invariant functions and spectral densities for all these
channels and list them in the Appendix. In addition, one
can also find the projectors P0TS (for JP ¼ 0þ TS) and PN

1AS
(for JP ¼ 1− AS) in Eq. (6), which can be used to pick out
the cross-term invariant functions for the scalar and vector
channels respectively. However, we find that the perturba-
tive terms for these two invariant functions are proportional
to the light quark mass mq, which can be neglected in the
chiral limit. Such invariant functions cannot provide
reliable predictions for hadron properties and thus we will
not use them to perform QCD sum rule analyses in
this paper.

III. QCD SUM RULE ANALYSIS

In this section, we use the two-point correlation func-
tions obtained above to perform QCD sum rule analyses for
the charmed/bottom sud̄ Q̄ and udd̄ Q̄ tetraquark systems,
in which the following parameter values for the quark
masses and QCD condensates are adopted [1,48,56,57]

mu ¼ md ¼ 0;

msð2 GeVÞ ¼ ð96þ8
−4Þ MeV;

mcðmcÞ ¼ m̄c ¼ ð1.27� 0.03Þ GeV;
mbðmbÞ ¼ m̄b ¼ ð4.18þ0.04

−0.03Þ GeV;
hq̄qi ¼ −ð0.24� 0.01Þ3 GeV3;

hs̄si ¼ ð0.8� 0.1Þhq̄qi;
hq̄gsσ ·Gqi ¼ −M2

0hq̄qi;
hs̄gsσ ·Gsi ¼ −M2

0hs̄si;
M2

0 ¼ ð0.8� 0.2Þ GeV2;

hg2sGGi ¼ ð0.48� 0.14Þ GeV4; ð16Þ

where we use the “running masses” for the heavy quarks in
the M̄S scheme. We use the chiral limit in our analysis in
which the up and down quark masses mu ¼ md ¼ mq ¼ 0.
As shown in Eq. (15), the extracted hadron mass is a

function of the Borel parameter MB and the continuum
threshold s0. To obtain a reliable mass sum rule analysis,
one should choose suitable working ranges for these two
free parameters. We determine the lower bound on the
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FIG. 2. Variation of the hadron mass mX with respect to s0 and M2
B for sqq̄ c̄ system with JP ¼ 0þ (S) using the interpolating current

J5μνðxÞ.
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Borel parameter by requiring the perturbative term con-
tribution be larger than three times of the dominant non-
perturbative terms. The study of the pole contribution can
yield the upper bound on MB. For the continuum threshold
s0, we will choose a reasonable value to minimize the
dependance of the extracted hadron mass with respect to
MB. In the following, we will use the sqq̄c̄ systems as
examples to discuss the detail of the numerical analyses for
all channels, which can be classified into three types:
(A) This type can provide stable mass sum rules and give

reliable mass predictions. We use the interpolating
current J2ðxÞ with JP ¼ 0þ as an example to
perform the numerical analysis. As shown in the
left panel of Fig. 1, we show the variation ofmX with
respect to the continuum threshold s0 for different
value of the Borel mass M2

B. We find that there are
some minimum points around which mX is stable at
s0 ¼ 7.0 GeV2. For larger continuum threshold after
these points, the hadron mass will increase gradually
with s0 and the curves with different values of M2

B

intersect at s0 ¼ 10.0 GeV2. Thus we can determine
the optimal working range for the continuum thresh-
old with a reasonable 10% uncertainty to be 9.0 ≤
s0 ≤ 11.0 GeV2 (shaded region in the left panel of
Fig. 1), in which the MB dependance of mX will be
very weak. Accordingly, we can also obtain the
Borel window as 4.7 ≤ M2

B ≤ 5.0 GeV2 by studying
the operator product expansion (OPE) convergence
and pole contribution. We show the Borel curves in
the right panel of Fig. 1 for the hadron massmX. One
notes that the sum rules are very stable in the Borel
window and the extracted hadron mass increases
with respect to s0. Using the central value
s0 ¼ 10.0 GeV2, we can extract the hadron mass
for the JP ¼ 0þ sqq̄c̄ tetraquark state

2.6 2.7 2.8 2.9 3.0 3.1 3.2
2.4

2.7

3.0

3.3

3.6

3.9

MB
2 GeV2

m
X

G
eV

s0 15.0 GeV2

s0 13.5 GeV2

s0 12.0 GeV2

FIG. 4. Mass prediction for the sqq̄ c̄ system with JP ¼ 1−ðAÞ.

TABLE I. Mass spectrum for the charm-strange sqq̄ c̄ tetra-
quark states.

JPC Currents s0ðGeV2Þ
Borel window

ðGeV2Þ mXcsðGeVÞ Type

0þ J1 7.5� 0.5 3.3–3.6 2.55� 0.10 A
J2 10.0� 0.5 4.7–5.0 2.91� 0.14 A

J5μνðTÞ 10.0� 0.5 2.2–3.1 2.88� 0.15 A
J5μνðSÞ 12.0� 0.5 3.9–4.2 2.53� 0.13 B

1þ J3μ 7.5� 0.5 5–3.8 2.55� 0.12 A
J4μ 9.5� 0.5 3.2–3.9 2.81� 0.13 A

J5μνðAÞ 9.5� 0.5 3.5–3.8 2.83� 0.13 A

2þ J5μνðSÞ 10.0� 0.5 3.4–4.0 2.91� 0.13 A

0− J3μ 7.5� 0.5 4.0–4.3 2.31� 0.09 A
J4μ 12.0� 0.5 3.2–4.1 3.30� 0.16 A

1− J5μνðAÞ 13.5� 1.0 2.6–3.4 3.35� 0.16 C
J5μνðSÞ 15.5� 1.0 3.2–3.9 3.55� 0.18 C

TABLE II. Mass spectrum for the nonstrange charmed qqq̄ c̄
tetraquark states.

JPC Currents s0ðGeV2Þ
Borel window

ðGeV2Þ mXcqðGeVÞ Type

0þ J1 9.5� 0.5 3.1–4.0 2.82� 0.12 A
J2 10.0� 0.5 4.4–5.0 2.91� 0.13 A

J5μνðTÞ 10.5� 0.5 2.1–2.6 2.93� 0.13 A
J5μνðSÞ 8.5� 0.5 2.4–3.3 2.23� 0.12 B

1þ J3μ 9.5� 0.5 3.3–3.9 2.83� 0.12 A
J4μ 10.0� 0.5 3.0–4.2 2.88� 0.12 A

J5μνðAÞ 9.5� 0.5 3.3–3.9 2.82� 0.12 A

2þ J5μνðSÞ 10.0� 0.5 3.2–4.1 2.90� 0.15 A

0− J3μ 6.5� 0.5 4.1–4.4 2.21� 0.06 A
J4μ 13.0� 0.5 3.4–4.0 3.29� 0.15 C

1− J5μνðAÞ 13.5� 1.0 2.7–3.3 3.29� 0.16 C
J5μνðSÞ 15.5� 1.0 3.3–4.0 3.52� 0.17 C

TABLE III. Mass spectrum for the bottom-strange sqq̄ b̄
tetraquark states.

JPC Currents s0ðGeV2Þ
Borel window

ðGeV2Þ mXbsðGeVÞ Type

0þ J1 34.0� 2.0 6.0–6.3 5.59� 0.18 A
J2 37.0� 2.0 8.4–8.7 5.83� 0.21 A

J5μνðTÞ 41.0� 2.0 4.3–5.3 6.02� 0.21 A
J5μνðSÞ 61.0� 2.0 6.1–7.3 7.32� 0.21 A

1þ J3μ 34.0� 2.0 6.3–6.6 5.59� 0.19 A
J4μ 38.0� 2.0 6.0–7.3 5.86� 0.20 A

J5μνðAÞ 38.0� 2.0 6.3–7.4 5.88� 0.18 A

2þ J5μνðSÞ 40.0� 2.0 6.2–8.0 6.01� 0.22 A

0− J3μ 38.0� 2.0 6.6–6.9 5.62� 0.24 A
J4μ 43.0� 2.0 5.5–6.7 6.32� 0.18 A

1− J5μνðAÞ 43.0� 2.0 4.4–5.0 6.19� 0.25 C
J5μνðSÞ 44.0� 2.0 4.8–5.5 6.22� 0.27 C
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mXcs
0þ ;2

¼ ð2.91� 0.11� 0.07� 0.04� 0.01Þ GeV;
ð17Þ

in which the errors come from the uncertainties in the
threshold values s0, M2

0, various QCD condensates
and the charm quark mass, respectively.

(B) In this type we consider the traceless symmetric part
of the interpolating current J5μνðxÞ in the scalar
channel with JP ¼ 0þ (S). In the left panel of Fig. 2,
we show the variation of the mX with respect to the
continuum threshold s0 in the Borel window
3.9 ≤ M2

B ≤ 4.2 GeV2. We find that the behaviour
of these s0-dependance curves is very different from
those in type A as shown in Fig. 1. Instead of
minimum points for type A, the s0-dependance
curves in type B have maximum points and then
the extracted hadron mass decreases gradually with
respect to s0. However, we are still able to find the
optimal values for the continuum threshold 11.5 ≤
s0 ≤ 12.5 GeV2 to minimize the dependance of mX

on the Borel mass M2
B. In this working range, we

plot the stable Borel curves in the right panel of
Fig. 2 in the above Borel window, from which the
extracted hadron mass decreases with respect to s0.
We finally obtain

mXcs
0þ ;S

¼ ð2.52� 0.10� 0.11� 0.06� 0.05Þ GeV;
ð18Þ

in which the errors come from the uncertainties in the
threshold values s0, M2

0, various QCD condensates
and the charm quark mass, respectively.

TABLE IV. Mass spectrum for the nonstrange bottom qqq̄ b̄
tetraquark states.

JPC Currents s0ðGeV2Þ
Borel window

ðGeV2Þ mXbqðGeVÞ Type

0þ J1 38.0� 2.0 5.8–7.4 5.86� 0.20 A
J2 37.0� 2.0 8.0–8.3 5.83� 0.20 A

J5μνðTÞ 41.0� 2.0 4.3–5.3 6.02� 0.21 A
J5μνðSÞ 52.0� 2.0 5.1–5.6 6.74� 0.24 C

1þ J3μ 38.0� 2.0 6.1–7.4 5.87� 0.21 A
J4μ 40.0� 2.0 5.8–6.7 5.98� 0.21 A

J5μνðAÞ 38.0� 2.0 6.1–7.4 5.86� 0.21 A

2þ J5μνðSÞ 40.0� 2.0 6.0–6.7 5.99� 0.21 A

0− J3μ 37.0� 2.0 6.8–7.1 5.51� 0.25 A
J4μ 44.0� 2.0 5.6–6.0 6.23� 0.24 C

1− J5μνðAÞ 40.0� 2.0 4.1–4.7 5.88� 0.27 C
J5μνðSÞ 41.0� 2.0 4.5–5.0 5.94� 0.27 C

TABLE V. Possible S-wave decay modes for the open-flavor charmed/bottom tetraquark states where “−” denotes that the predicted
tetraquark masses are below all allowed S-wave two-body hadronic decay thresholds.

IðJPÞ sqq̄ b̄ sqq̄ c̄ IðJPÞ qqq̄ b̄ qqq̄ c̄

0ð0þÞ B0
sη=η0, B�

sω=ϕ, B�K�ð892Þ, Dsη=η0, 1
2
ð0þÞ Bη=η0, B�ω=ϕ, Dπ=η=η0,

Bs1ð5830Þ0h1ð1170Þ=f1ð1285Þ, D�
sω, Bπ, B�ρ D�ω=ρ

B1ð5721Þ0K1ð1270Þ, BK DK

1ð0þÞ B0
sπ, BK, B�

sρ, B�K�ð892Þ, Dsπ, 3
2
ð0þÞ Bπ, B�ρ Dπ,

Bs1ð5830Þ0b1ð1235Þ=a1ð1260Þ, D�
sρ, D�ρ

B1ð5721Þ0K1ð1270Þ DK

0ð1þÞ − − 1
2
ð1þÞ B�π, Bω D�π, Dω=ρ

1ð1þÞ B�
sπ D�

sπ
3
2
ð1þÞ B�π, Bρ D�π, Dρ

0ð2þÞ − D�
sω

1
2
ð2þÞ − D�ð2007Þ0ω=ρ

1ð2þÞ − D�
sρ

3
2
ð2þÞ − D�ð2007Þ0ρ

0ð0−Þ B0
sσ Dsσ=f0ð980Þ 1

2
ð0−Þ Bσ Dσ=a0=f0, D�

0ð2400Þπ
1ð0−Þ − Dsa0ð980Þ, D�

s0ð2317Þπ 3
2
ð0−Þ − Da0ð980Þ, D�

0ð2400Þπ
0ð1−Þ − Dsh1ð1170Þ=f1ð1285Þ, 1

2
ð1−Þ B1ð5721Þ0π Dh1=f1=a1=b1, D�

0ω=ρ,

D�
sσ=f0ð980Þ, D�

s0ð2317Þω, D�σ=f0=a0, D�h1=b1,

Ds1ð2536Þω, D�
sh1ð1170Þ D1ð2420Þ0ω=ρ=π

1ð1−Þ Bs1ð5830Þ0π Dsb1ð1235Þ=a1ð1260Þ, 3
2
ð1−Þ B1ð5721Þ0π D�a0, Da1=b1, D�

0ρ,

Ds1ð2460Þπ, D�
s0ð2317Þρ, D�

0ð2400Þπ=ρ,
D�

sa0ð980Þ, Ds1ð2536Þρ D�ð2007Þ0b1
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(C) In the third type we study the traceless antisym-
metric part of the interpolating current J5μνðxÞ in the
vector channel with JP ¼ 1− (A). We first study the
variation of the hadron mass with s0 in its Borel
window 2.6 ≤ M2

B ≤ 3.2 GeV2. As shown in the left
panel of Fig. 3, the behavior is totally different from
those in types A and B. The extracted hadron mass
mX increases monotonically with s0 without any
minimum or maximum point and the curves with
different value of M2

B do not intersect anywhere. It
seems that the mass sum rules are unstable in this
situation. To explore the further behavior of s0-
dependance, we define the following hadron mass

m̄Xðs0Þ ¼
XN
i¼1

mXðs0;M2
B;iÞ

N
; ð19Þ

in which theM2
B;iði ¼ 1; 2;…; NÞ represent N definite

values for the Borel parameter M2
B in the Borel

window 2.6 ≤ M2
B ≤ 3.2 GeV2. The m̄Xðs0Þ is defined

as an averaged hadron mass for some definite value
M2

B. Using this average hadron mass, we can define
the following quantity

χ2ðs0Þ ¼
XN
i¼1

�
mXðs0;M2

B;iÞ
m̄Xðs0Þ

− 1

�
2

: ð20Þ

According to the above definition, the optimal choice
for the continuum threshold s0 in the QCD sum rule

analysis can be obtained by minimizing the quantity
χ2ðs0Þ, which is only the function of s0. We show this
relation in the right panel of Fig. 3, from which there is
a minimum point around s0 ¼ 13.5 GeV2. It is clearly
that theM2

B-dependance for the extracted hadron mass
is the weakest at this point. We can thus determine the
working range for the continuum threshold to be
12.0 ≤ s0 ≤ 15.0 GeV2 in our analysis, as shown in
the left panel of Fig. 3. In this area, we show mX as a
function of the Borel parameter M2

B in Fig. 4 and
predict the hadron mass at the central values
s0 ¼ 13.5 GeV2, M2

B ¼ 2.9 GeV2 to be

mXcs
1− ;A

¼ ð3.35� 0.14� 0.07� 0.04� 0.01Þ GeV;
ð21Þ

in which the errors come from the uncertainties in the
threshold values s0, M2

0, various QCD condensates
and the charm quark mass, respectively.

For all interpolating currents in Eq. (1), we perform
similar numerical analyses and collect the extracted hadron
masses for the sqq̄ c̄ tetraquark states in Table I, together
with the Borel windows and the working ranges for s0. We
show the three types introduced above in the last column.
The error sources for the hadron masses include the
uncertainties of the heavy quark masses, the QCD con-
densates, M2

0, and the uncertainty of the continuum thresh-
old s0. As shown in Eqs. (17), (18), and (21), the uncertainty

TABLE VI. Possible P-wave decay modes for the open-flavor charmed/bottom tetraquark states.

IðJPÞ sqq̄ b̄ sqq̄ c̄ IðJPÞ qqq̄ b̄ qqq̄ c̄

0ð0þÞ B0
sh1=f1, B�

sσ=f0, BK1ð1270Þ, D�
sσ

1
2
ð0þÞ Bh1=f1=b1=a1, D1ð2420Þπ, D�σ,

Bs1ð5830Þ0ω=ϕ, B�
sh1=f1, B�σ=f0=h1=b1=a1,

B1ð5721Þ0K�ð892Þ, B�K1=K�
0 B1ð5721Þ0π=ρ=ω=ϕ

1ð0þÞ Bs1ð5830Þ0π=ρ, B�
sa0, BK1, Ds1ð2460Þπ 3

2
ð0þÞ Bb1=a1, D1ð2420Þπ,

B0
sb1=a1, B�

sa0=b1=a1, B�a0=b1=a1,

B1ð5721Þ0K�ð892Þ, B�K1=K�
0 B1ð5721Þ0π=ρ

0ð1þÞ B0
s=B�

sσ Ds=D�
sσ

1
2
ð1þÞ B=B�σ, B1ð5721Þ0π D1ð2420Þπ, D=D�σ

1ð1þÞ Bs1ð5830Þ0π Ds1ð2460Þπ 3
2
ð1þÞ B1ð5721Þ0π D1ð2420Þπ

0ð2þÞ B�
sσ D�

sσ
1
2
ð2þÞ B�σ, B1ð5721Þ0π D1ð2420Þπ, D�σ

1ð2þÞ Bs1ð5830Þ0π Ds1ð2460Þπ 3
2
ð2þÞ B1ð5721Þ0π D1ð2420Þπ

0ð0−Þ B0
sω, B�

sη=η0=ω, Dsω, D�
sη=η0ω, Ds1σ, 1

2
ð0−Þ B�π=η=η0, Dρ=ω=ϕ, D�π=η=η0,

B�K, B=B�K� D�K, D=D�K� Bρ=ω, B�ρ=ω D�ρ=ω=ϕ, D1ð2420Þσ
1ð0−Þ B0

sρ, B�
sπ=ρ, B�K, B=B�K� Dsρ, D�

sπ=ρ, D�K, D=D�K� 3
2
ð0−Þ B�π=ρ; Bρ D=D�ρ, D�π

0ð1−Þ B0
sω; BK, Dsη=η0=ω, D�

sω=η=η0, Ds1σ,
1
2
ð1−Þ B=B�π Dπ=η=η0=ρ=ω=ϕ,

D=D�K, D=D�K� D�π=η=η0=ρ=ω=ϕ

1ð1−Þ B�
sπ, B0

sρ=π; BK Dsπ=ρ, D�
sπ=ρ, 3

2
ð1−Þ B=B�π Dπ=ρ, D�π=ρ

D=D�K, D=D�K�
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in s0 is the dominant error source of the hadron mass while
that of M2

0 parametrizing the mixed condensate is also
important. However, we list only the total errors in Table I
with error analyses to summarize the results. In Table I, we
find that the extracted masses for the scalar sqq̄c̄ charmed
tetraquarks with JP ¼ 0þ to be almost degenerate around
2.54 GeV from the currents J1ðxÞ and J5μνðxÞðSÞ, while
2.90 GeV from the currents J2ðxÞ and J5μνðxÞðTÞ. These
values for the scalar charmed tetraquarks are higher than the
mass of the charm-strange D�

s0ð2317Þ meson. In addition,
we obtain the hadron mass mXcs

¼ ð2.55� 0.12Þ GeV for
the axial-vector sqq̄c̄ tetraquark using the current J3μðxÞ
with JP ¼ 1þ. This result is not far from the mass of the
narrow charm-strange Ds1ð2460Þ meson within the error.
Replacing the strange quark in sqq̄c̄ systems to be a

down quark, we can study the nonstrange charmed tetra-
quark systems qqq̄c̄ in similar way as the above analyses.
The OPE series are a bit different by changing the
condensates hs̄si, hs̄Gsi into hq̄qi, hq̄Gqi respectively
and neglecting the mq proportional terms in the chiral
limit. The numerical results for these systems are then
obtained and collected in Table II. Similarly, we can easily
study the strange and nonstrange bottom tetraquark systems
sqq̄b̄ and qqq̄b̄ in the heavy quark symmetry. After
performing the QCD sum rule analyses, we collect the
numerical results for the sqq̄b̄ and qqq̄b̄ systems in
Tables III and IV, respectively. In Table III, the masses
for the bottom-strange sqq̄b̄ tetraquarks extracted from the
interpolating currents J1ðxÞ and J3μðxÞ were previously
obtained in Ref. [12], which were used to explain the newly
reported Xð5568Þ structure.
Except for the scalar and axial-vector states, we also

investigate the other channels with JP ¼ 0−; 1−; 2þ and
collect the results in Tables I–IV.

IV. DECAY PROPERTIES OF THE OPEN-FLAVOR
CHARMED/BOTTOM TETRAQUARKS

Using the mass spectra obtained above, we can study the
possible decay patterns of the sqq̄c̄, qqq̄c̄, sqq̄b̄, qqq̄b̄
tetraquark states in various channels. These open-flavor
charmed/bottom tetraquarks will decay easily through the
fall-apart mechanism so long as the kinematics allows. We
study both the S-wave and P-wave two-body hadronic
decays by considering the conservation of the angular
momentum, parity and isospin in Tables V and VI.
In Table V, we list the possible S-wave two-body

hadronic decay modes for the sqq̄c̄, qqq̄c̄, sqq̄b̄, qqq̄b̄
tetraquark states with various quantum numbers. We
consider isospin-0=1 for sqq̄c̄, sqq̄b̄ states and isospin-
1
2
= 3
2
for qqq̄c̄, qqq̄b̄ states, respectively. In the chiral limit,

these tetraquarks in the same isospin multiplet are predicted
to be degenerate since we do not differentiate between the
up and down quarks. For the charmed/bottom-strange sqq̄c̄

and sqq̄b̄ states, their decay patterns are very different for
the isospin-scalar and isospin-vector channels except some
one D=B meson plus one K meson decay modes. Such
decays are allowed by the isospin symmetry for both
channels. However, the situation is different for the non-
strange qqq̄c̄ and qqq̄b̄ tetraquarks. In Table V, one notes
that all possible decay modes for the isospin-3

2
states are

allowed for the corresponding isospin-1
2
ones.

As shown in Table V, there is no allowed S-wave decay
modes for the tensor sqq̄b̄ states. This is because the
predicted hadron mass for these tetraquarks in Table III is
lower than any possible S-wave two-body hadronic decay
threshold. There also exist some other tetraquark states
below the S-wave decay thresholds, which are denoted by
“−” in Table V. However, it is shown that the P-wave
decays are allowed for these states, as shown in Table VI.
This means that the P-wave decay modes are dominant for
these tetraquark states and thus they are much narrower
than other states. These tetraquark states will be prime
candidates for observation.

V. CONCLUSIONS AND DISCUSSION

In this paper, we have studied the open-flavor charmed/
bottom sqq̄c̄, qqq̄c̄, sqq̄b̄, qqq̄b̄ tetraquark states with the
spin-parity quantum numbers JP ¼ 0þ; 1þ; 2þ and 0−; 1−.
In the diquark configurations, we use only the color-
antisymmetric scalar and axial-vector diquarks to compose
the color-antisymmetric ½3̄c�diquark ⊗ ½3c�antidiquark tetra-
quark interpolating currents. Finally, we obtain five tetra-
quark currents in Eq. (1) with various spin-parity quantum
numbers.
After performing the numerical analyses, we obtained

the hadron masses for the open-flavor charmed/bottom
sqq̄c̄, qqq̄c̄, sqq̄b̄, qqq̄b̄ tetraquark states. For the charm-
strange sqq̄ c̄ systems, we extract the hadron mass mXcs

¼
ð2.55� 0.12Þ GeV using the interpolating current J3μðxÞ
with JP ¼ 1þ, which is not far from the mass of the
Ds1ð2460Þ meson within the error. In the scalar channel,
however, the results for the sqq̄c̄ systems disfavor the
tetraquark explanation of the charm-strange D�

s0ð2317Þ
meson.
Our results indicate that many other charmed/bottom

tetraquarks may exist, and we have evaluated their masses.

The tetraquarks ½su�½d̄ c̄�, ½su�½ū c̄�þ½sd�½d̄ c̄�ffiffi
2

p , and ½sd�½ū c̄� can
form an isotriplet. Since we do not differentiate the up and
down quarks in the OPE series, these tetraquark states in
the same isospin multiplet have the same extracted hadron
masses in our analyses. In other words, the mass spectra in
Tables I–IV contain all open-flavor charmed/bottom tetra-
quarks. Among these states, the exotic doubly-charged

tetraquarks, such as ½sd�½ū c̄� → Dð�Þ−
s π−, is especially

interesting, and have not been observed so far. Our results
for their mass spectra can be useful for their searches in

CHEN, CHEN, LIU, STEELE, and ZHU PHYSICAL REVIEW D 95, 114005 (2017)

114005-8



future experiments at facilities such as BESIII, BelleII,
PANDA, LHCb, CMS, etc.
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APPENDIX: SPECTRAL DENSITIES

In this appendix, we collect the spectral densities for all
interpolating currents defined in Eq. (1). To calculate these
spectral densities, we use the momentum space propagators
for the heavy quarks (bottom and charm) and strange quark
while coordinate space propagators for the light quarks

iSabQ ¼ iδab

p̂ −mQ
þ i
4
gs
λnab
2

Gn
μν
σμνðp̂þmQÞ þ ðp̂þmQÞσμν

ðp2 −m2
QÞ2

þ iδab

12
hg2sGGimQ

p2 þmQp̂

ðp2 −m2
QÞ4

;

iSabq ¼ iδab

2π2x4
x̂þ i

32π2
λnab
2

gsGn
μν

1

x2
ðσμνx̂þ x̂σμνÞ − δab

12
hq̄qi þ δabx2

192
hgsq̄σ · Gqi −mqδ

ab

4π2x2
þ iδabmqhq̄qi

48
x̂; ðA1Þ

where x̂ ¼ γμxμ, p̂ ¼ γμpμ. The nonperturbative terms correlated to hs̄si and hs̄gsσ ·Gsi are also calculated by considering
the various strange quark condensates. We will use the projectors defined in Eq. (6) to pick out the different invariant
functions and also the spectral densities for the vector and tensor currents. Up to dimension eight, the spectral density can be
written as

ρðsÞ ¼ ρpertðsÞ þ ρhq̄qiðsÞ þ ρhGGiðsÞ þ ρhq̄GqiðsÞ þ ρhq̄qi2ðsÞ þ ρhq̄qihq̄Gqi: ðA2Þ

(i) For the current J1ðxÞ with JP ¼ 0þ

ρpert1 ðsÞ ¼ 1

512π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðαm2

s þ βm2
Q − αβsÞ3ðαm2

s þ βm2
Q − 3αβsÞ

α3β3
;

ρhq̄qi1 ðsÞ ¼ −
hq̄qi
16π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
mQ

α
þms

β

� ð1 − α − βÞðαm2
s þ βm2

Q − αβsÞðαm2
s þ βm2

Q − 2αβsÞ
αβ

;

ρhs̄si1 ðsÞ ¼ mshs̄siðs −m2
QÞðs2 − 5m2

Qs − 2m4
QÞ

384π4s
−
m4

Qmshs̄si log½m2
Q=s�

64π4
;

ρhGGi1 ðsÞ ¼ hg2sGGi
1024π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

��
m2

Q

α3
þm2

s

β3

� ð1 − α − βÞ2ð2αm2
s þ 2βm2

Q − 3αβsÞ
3

þ
�
1

α
þ 1

β

� ð1 − α − βÞðαm2
s þ βm2

Q − αβsÞðαm2
s þ βm2

Q − 2αβsÞ
αβ

�
;

ρhq̄Gqi1 ðsÞ ¼ hq̄gsσ · Gqi
64π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

��
mQ

α
þms

β

�

−
�
mQ

α2
þms

β2

�
ð1 − α − βÞ

�
ð2αm2

s þ 2βm2
Q − 3αβsÞ;

ρhq̄qi
2

1 ðsÞ ¼ mQmshq̄qi2
12π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

m2
Q −m2

s

s

�
2

−
4m2

s

s

s
þ hq̄qihs̄siðs −m2

QÞðs −mQms −m2
QÞ

24π2s
;

ρhq̄qihq̄Gqi1 ðsÞ ¼ hs̄sihq̄gsσ ·Gqi þ hq̄qihs̄gsσ ·Gsi
48π2

þmQmshq̄qihq̄gsσ · Gqi
48π2

Z
1

0

dα

�
2m2

s

α2
δ0ðs − ~m2

QÞ −
1

αð1 − αÞ δðs − ~m2
QÞ
�
: ðA3Þ
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in which

αmax¼
1

2

"
1þm2

Q−m2
s

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1þm2

Q−m2
s

s

�2

−
4m2

Q

s

s #
; αmin¼

1

2

"
1þm2

Q−m2
s

s
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1þm2

Q−m2
s

s

�2

−
4m2

Q

s

s #
;

βmax¼
m2

sα

sα−m2
Q
; βmin¼1−α; ~m2

Q¼m2
Qαþm2

sð1−αÞ
αð1−αÞ : ðA4Þ

(ii) For the current J2ðxÞ with JP ¼ 0þ

ρpert2 ðsÞ ¼ 4ρpert1 ðsÞ; ρhq̄qi2 ðsÞ ¼ 8ρhq̄qi1 ðsÞ; ρhs̄si2 ðsÞ ¼ 4ρhs̄si1 ðsÞ;

ρhGGi2 ðsÞ ¼ hg2sGGi
256π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

��
m2

Q

α3
þm2

s

β3

� ð1 − α − βÞ2ð2αm2
s þ 2βm2

Q − 3αβsÞ
3

−
�
1

α
þ 1

β

� ð1 − α − βÞðαm2
s þ βm2

Q − αβsÞðαm2
s þ βm2

Q − 2αβsÞ
αβ

�
;

ρhq̄Gqi2 ðsÞ ¼ hq̄gsσ ·Gqi
8π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
mQ

α
þms

β

�
ð2αm2

s þ 2βm2
Q − 3αβsÞ;

ρhq̄qi
2

2 ðsÞ ¼ 4mQmshq̄qi2
3π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

m2
Q −m2

s

s

�2

−
4m2

s

s

s
þ hq̄qihs̄siðs −m2

QÞðs −mQms −m2
QÞ

3π2s
;

ρhq̄qihq̄Gqi2 ðsÞ ¼ hs̄sihq̄gsσ · Gqi þ hq̄qihs̄gsσ · Gsi
6π2

þ 2mQm3
shq̄qihq̄gsσ ·Gqi

3π2

Z
1

0

dα
1

α2
δ0ðs − ~m2

QÞ: ðA5Þ

(iii) For the trace of current J5μνðxÞ with JP ¼ 0þðTÞ

ρpert3 ðsÞ ¼ 1

4
ρpert1 ðsÞ; ρhq̄qi3 ðsÞ ¼ 1

8
ρhq̄qi1 ðsÞ; ρhs̄si3 ðsÞ ¼ 1

4
ρhs̄si1 ðsÞ;

ρhGGi3 ðsÞ ¼ hg2sGGi
4096π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�ð1 − βÞðαm2
s þ βm2

Q − αβsÞðαm2
s þ βm2

Q − 2αβsÞ
4α2β

þm2
Qð1 − α − βÞ2ð2αm2

s þ 2βm2
Q − 3αβsÞ

3α3

�
;

ρhq̄Gqi3 ðsÞ ¼ hq̄gsσ · Gqi
2048π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβð2αm2
s þ 2βm2

Q − 3αβsÞ
�
3

�
mQ

α
þms

β

�
þ ðmQ −msÞð1 − α − βÞ

αβ

�
;

ρhq̄qi
2

3 ðsÞ ¼ mQmshq̄qi2
48π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

m2
Q −m2

s

s

�2

−
4m2

s

s

s
þ hq̄qihs̄siðs −m2

QÞðs −mQms −m2
QÞ

192π2s
;

ρhq̄qihq̄Gqi3 ðsÞ ¼ hs̄sihq̄gsσ ·Gqi
384π2

þ hq̄qihs̄gsσ ·Gsi
768π2

þm2
Qhq̄qihs̄gsσ ·Gsi

1536π2s

þmQmshq̄qihq̄gsσ · Gqi
768π2

Z
1

0

dα

�
8m2

s

α2
δ0ðs − ~m2

QÞ −
1

αð1 − αÞ δðs − ~m2
QÞ
�
: ðA6Þ
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(iv) For the traceless symmetric part of the current J5μνðxÞ with JP ¼ 0þðSÞ

ρpert4 ðsÞ ¼ 1

128π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβð1 − α − βÞ2ðαm2
s þ βm2

Q − αβsÞ2
�ð1 − α − βÞðαm2

s þ βm2
Q − 5αβsÞ2

8α3β3

−
ð1 − α − βÞðαm2

s þ βm2
Q − αβsÞ2s

α2β2
−
ðαm2

s þ βm2
Q − αβsÞðαm2

s þ βm2
Q − 27αβsÞ

16α3β3

�
;

ρhq̄qi4 ðsÞ ¼ −
3hq̄qi
128π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
mQ

α
þms

β

� ð1 − α − βÞðαm2
s þ βm2

Q − αβsÞðαm2
s þ βm2

QÞ
αβ

;

ρhs̄si4 ðsÞ ¼ mshs̄siðs −m2
QÞð9s4 − 45m2

Qs
3 − 29m4

Qs
2 þ 7m6

Qs − 2m8
QÞ

1536π4s3
−
5m4

Qmshs̄si log½m2
Q=s�

128π4
;

ρhGGi4 ðsÞ ¼ hg2sGGi
1024π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
−
ð1 − α − βÞðαm2

s þ βm2
Q − αβsÞð17αm2

s þ 17βm2
Q − 46αβsÞ

48α2β

þm2
Qð1 − α − βÞ2ð2αm2

s þ 2βm2
Q − 3αβsÞ

4α3
−
m2

Qð1 − α − βÞ3ðαm2
s þ βm2

Q − 3αβsÞ
3α3

þ ð1 − α − βÞ2½9ðαm2
s þ βm2

Q − αβsÞ2 − 78αβsðαm2
s þ βm2

Q − αβsÞ þ 28α2β2s2�
48α2β

�
;

ρhq̄Gqi4 ðsÞ ¼ hq̄gsσ · Gqi
2048π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
msð70αm2

s þ 70βm2
Q − 27αβsÞ

3β

−
mQð1 − α − 14βÞð2αm2

s þ 2βm2
Q − αβsÞ

αβ
þmsð1 − α − βÞð2αm2

s þ 2βm2
Q − αβsÞ

αβ

�
;

ρhq̄qi
2

4 ðsÞ ¼ mQmshq̄qi2
16π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

m2
Q −m2

s

s

�2

−
4m2

s

s

s

þ hq̄qihs̄siðs −m2
QÞðs2 − 3mQmss − 5m2

Qsþ 6m3
Qms þ 4m4

QÞ
192π2s2

;

ρhq̄qihq̄Gqi4 ðsÞ ¼ ð14s2 − 3m2
Qs − 24m4

QÞhq̄qihs̄gsσ · Gsi
1536π2s2

þ ðs2 − 2m4
QÞhs̄sihq̄gsσ · Gqi
128π2s2

þmQmshq̄qihq̄gsσ · Gqi
768π2

Z
1

0

dα

�
24m2

s

α2
δ0ðs − ~m2

QÞ þ
1

αð1 − αÞ δðs − ~m2
QÞ
�
: ðA7Þ

(v) For the current J3μðxÞ with JP ¼ 1þ

ρpert5 ðsÞ ¼ 1

1024π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðαm2

s þ βm2
Q − αβsÞ3ðαm2

s þ βm2
Q − 5αβsÞ

α3β3
;

ρhq̄qi5 ðsÞ ¼ −
hq̄qi
16π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
mQð1 − α − βÞðαm2

s þ βm2
Q − αβsÞðαm2

s þ βm2
Q − 2αβsÞ

α2β

þmsð1 − α − βÞðαm2
s þ βm2

Q − αβsÞðαm2
s þ βm2

Q − 3αβsÞ
2αβ2

�
;

ρhs̄si5 ðsÞ ¼ mshs̄siðs −m2
QÞð3s3 − 13m2

Qs
2 −m4

Qs −m6
QÞ

1536π4s2
−
m4

Qmshs̄si log½m2
Q=s�

128π4
;

ρhGGi5 ðsÞ ¼ hg2sGGi
3072π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

��
m2

Q

α3
þm2

s

β3

�
ð1 − α − βÞ2ðαm2

s þ βm2
Q − 2αβsÞ

þ ð1 − α − βÞðαm2
s þ βm2

Q − αβsÞ
2αβ

�
3ðαm2

s þ βm2
Q − 3αβsÞ

β
−
ð3αm2

s þ 3βm2
Q − 5αβsÞ

α

��
;
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ρhq̄Gqi5 ðsÞ ¼ hq̄gsσ · Gqi
64π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
mQð2αm2

s þ 2βm2
Q − 3αβsÞ

α

−
msð1 − α − 2βÞðαm2

s þ βm2
Q − 2αβsÞ

β2

�
;

ρhq̄qi
2

5 ðsÞ ¼ mQmshq̄qi2
12π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

m2
Q −m2

s

s

�2

−
4m2

s

s

s
þ hq̄qihs̄siðs −m2

QÞð2s2 − 3mQmss −m2
Qs −m4

QÞ
72π2s2

;

ρhq̄qihq̄Gqi5 ðsÞ ¼ ðs2 þm4
QÞðhs̄sihq̄gsσ · Gqi þ hq̄qihs̄gsσ · GsiÞ

96π2s2

þmQmshq̄qihq̄gsσ · Gqi
48π2

Z
1

0

dα

�
2m2

s

α2
δ0ðs − ~m2

QÞ −
1

α
δðs − ~m2

QÞ
�
: ðA8Þ

(vi) For the current J4μðxÞ with JP ¼ 1þ

ρpert6 ðsÞ ¼ 3ρpert5 ðsÞ; ρhs̄si6 ðsÞ ¼ 3ρhs̄si5 ðsÞ;

ρhq̄qi6 ðsÞ ¼ −
3hq̄qi
16π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
mQð1 − α − βÞðαm2

s þ βm2
Q − αβsÞðαm2

s þ βm2
Q − 3αβsÞ

2α2β

þmsð1 − α − βÞðαm2
s þ βm2

Q − αβsÞðαm2
s þ βm2

Q − 2αβsÞ
αβ2

�
;

ρhGGi6 ðsÞ ¼ −
hg2sGGi
1024π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

��
m2

Q

α3
þm2

s

β3

� ð1 − α − βÞ2ðαm2
s þ βm2

QÞ
3

þ ð1 − α − βÞðαm2
s þ βm2

Q − αβsÞ
2αβ

�
3αm2

s þ 3βm2
Q − 5αβs

β
−
3αm2

s þ 3βm2
Q − 9αβs

α

��
;

ρhq̄Gqi6 ðsÞ ¼ −
3hq̄gsσ ·Gqi

64π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
mQð1 − 2α − βÞðαm2

s þ βm2
Q − 2αβsÞ

α2

þmsð2αm2
s þ 2βm2

Q − 3αβsÞ
β

�
;

ρhq̄qi
2

6 ðsÞ ¼ mQmshq̄qi2
4π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

m2
Q −m2

s

s

�2

−
4m2

s

s

s
þ hq̄qihs̄siðs −m2

QÞð2s2 −mQmss − 2m2
Qs −m3

QmsÞ
16π2s2

;

ρhq̄qihq̄Gqi6 ðsÞ ¼ hs̄sihq̄gsσ ·Gqi þ hq̄qihs̄gsσ ·Gsi
16π2

þmQmshq̄qihq̄gsσ · Gqi
16π2

Z
1

0

dα
�
2m2

s

α2
δ0ðs − ~m2

QÞ −
1

α
δðs − ~m2

QÞ
�
: ðA9Þ

(vii) For the traceless antisymmetric part of the current J5μνðxÞ with JP ¼ 1þðAÞ

ρpert7 ðsÞ ¼ −
3

128π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðαm2

s þ βm2
Q − αβsÞ3s

α2β2
;

ρhq̄qi7 ðsÞ ¼ −
3hq̄qi
16π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
mQ

α
þms

β

� ð1 − α − βÞðαm2
s þ βm2

Q − αβsÞðαm2
s þ βm2

Q − 3αβsÞ
αβ

;

ρhs̄si7 ðsÞ ¼ mshs̄siðs −m2
QÞ4

128π4s2
;
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ρhGGi7 ðsÞ ¼ hg2sGGi
512π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
−
ð1 − α − βÞðαm2

s þ βm2
Q − αβsÞð3αm2

s þ 3βm2
Q − 5αβsÞ

4α2β

þ ðαm2
s þ βm2

Q − αβsÞðαm2
s þ βm2

Q − 3αβsÞ
4αβ

−
m2

Qð1 − α − βÞ2βs
α2

�
; ðA10Þ

ρhq̄Gqi7 ðsÞ ¼ hq̄gsσ ·Gqi
128π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
11ðαm2

s þ βm2
Q − 2αβsÞ

�
mQ

α
þms

β

�

þ ðmQ −msÞð1 − α − βÞðαm2
s þ βm2

Q − 2αβsÞ
αβ

�
;

ρhq̄qi
2

7 ðsÞ ¼ mQmshq̄qi2
2π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

m2
Q −m2

s

s

�2

−
4m2

s

s

s

−
hq̄qihs̄siðs −m2

QÞð4s2 − 3mQmss − 2m2
Qs − 3m3

Qms − 2m4
QÞ

24π2s2
;

ρhq̄qihq̄Gqi7 ðsÞ ¼ ð5s2 þ 6m4
QÞhq̄qihs̄gsσ ·Gsi
96π2s2

þ ðs2 þm4
QÞhs̄sihq̄gsσ ·Gqi
16π2s2

þmQmshq̄qihq̄gsσ ·Gqi
96π2

Z
1

0

dα

�
24m2

s

α2
δ0ðs − ~m2

QÞ −
1

αð1 − αÞ δðs − ~m2
QÞ
�
: ðA11Þ

(viii) For the traceless antisymmetric part of the current J5μνðxÞ with JP ¼ 1−ðAÞ

ρpert8 ðsÞ ¼ ρpert7 ðsÞ; ρhs̄si8 ðsÞ ¼ ρhs̄si7 ðsÞ;

ρhq̄qi8 ðsÞ ¼ 3hq̄qi
16π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
mQ

α
þms

β

� ð1 − α − βÞðαm2
s þ βm2

Q − αβsÞ2
αβ

;

ρhGGi8 ðsÞ ¼ hg2sGGi
512π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�ð1 − α − βÞðαm2
s þ βm2

Q − αβsÞð3αm2
s þ 3βm2

Q − 7αβsÞ
4α2β

−
ðαm2

s þ βm2
Q − αβsÞ2

4αβ
−
m2

Qð1 − α − βÞ2βs
α2

�
; ðA12Þ

ρhq̄Gqi8 ðsÞ ¼ −
hq̄gsσ · Gqi

128π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
11ðαm2

s þ βm2
Q − 2αβsÞ

�
mQ

α
þms

β

�

þ ðmQ −msÞð1 − α − βÞðαm2
s þ βm2

Q − αβsÞ
αβ

�
;

ρhq̄qi
2

8 ðsÞ ¼ −
mQmshq̄qi2

2π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

m2
Q −m2

s

s

�2

−
4m2

s

s

s
−
hq̄qihs̄siðs −m2

QÞ2ð2s − 3mQms − 2m2
QÞ

24π2s2
;

ρhq̄qihq̄Gqi8 ðsÞ ¼ −
ðs −m2

QÞð5sþ 6m2
QÞhq̄qihs̄gsσ · Gsi

96π2s2
−
ðs2 −m4

QÞhs̄sihq̄gsσ ·Gqi
16π2s2

−
mQmshq̄qihq̄gsσ ·Gqi

96π2

Z
1

0

dα

�
24m2

s

α2
δ0ðs − ~m2

QÞ −
1

αð1 − αÞ δðs − ~m2
QÞ
�
: ðA13Þ
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(ix) For the traceless symmetric part of the current J5μνðxÞ with JP ¼ 1−ðSÞ

ρpert9 ðsÞ ¼ −
1

64π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðαm2

s þ βm2
Q − αβsÞ2ðαm2

s þ βm2
Q − 3αβsÞ

α2β2

×

�
ð1 − α − βÞsþ ðαm2

s þ βm2
Q − αβsÞ

4αβ

�
;

ρhq̄qi9 ðsÞ ¼ ρhq̄qi8 ðsÞ; ρhq̄qi
2

9 ðsÞ ¼ ρhq̄qi
2

8 ðsÞ;

ρhs̄si9 ðsÞ ¼ m2
Qmshs̄siðs −m2

QÞð3s −m2
QÞðs2 þm2

Qsþm4
QÞ

192π4s3
þm4

Qmshs̄si log½m2
Q=s�

32π4
;

ρhGGi9 ðsÞ ¼ hg2sGGi
256π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�ð1 − α − βÞðαm2
s þ βm2

Q − αβsÞð5αm2
s þ 5βm2

Q − 9αβsÞ
8α2β

−
m2

Qð1 − α − βÞ2βs
2α2

−
m2

Qð1 − α − βÞ3ðαm2
s þ βm2

Q − 3αβsÞ
3α3

þ ðαm2
s þ βm2

Q − αβsÞ2
8αβ

−
ð1 − α − βÞ2ðαm2

s þ βm2
Q − αβsÞðαm2

s þ βm2
Q − 5αβsÞ

4α2β

�
;

ρhq̄Gqi9 ðsÞ ¼ −
hq̄gsσ ·Gqi

128π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
13ðαm2

s þ βm2
Q − 2αβsÞ

�
mQ

α
þms

β

�

−
ðmQ −msÞð1 − α − βÞðαm2

s þ βm2
Q − αβsÞ

αβ

�
;

ρhq̄qihq̄Gqi9 ðsÞ ¼ −
ðs −m2

QÞð7sþ 6m2
QÞhq̄qihs̄gsσ · Gsi

96π2s2
−
ðs2 −m4

QÞhs̄sihq̄gsσ ·Gqi
16π2s2

−
mQmshq̄qihq̄gsσ · Gqi

96π2

Z
1

0

dα

�
24m2

s

α2
δ0ðs − ~m2

QÞ þ
1

αð1 − αÞ δðs − ~m2
QÞ
�
: ðA14Þ

(x) For the traceless symmetric part of the current J5μνðxÞ with JP ¼ 2þðSÞ

ρpert10 ðsÞ ¼ 1

96π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðαm2

s þ βm2
Q − αβsÞ2

α2β2

×

�ð1 − α − βÞðαm2
s þ βm2

Q − 5αβsÞ2
8αβ

þ ðαm2
s þ βm2

Q − αβsÞð2αm2
s þ 2βm2

Q − 9αβsÞ
4αβ

− ð1 − α − βÞðαm2
s þ βm2

Q − αβsÞs
�
;

ρhq̄qi10 ðsÞ ¼ 5

3
ρhq̄qi7 ðsÞ; ρhq̄qi

2

9 ðsÞ ¼ ρhq̄qi
2

8 ðsÞ;

ρhs̄si10 ðsÞ ¼ mshs̄siðs −m2
QÞð9s4 − 36m2

Qs
3 −m4

Qs
2 −m6

Qs −m8
QÞ

576π4s3
−
5m4

Qmshs̄si log½m2
Q=s�

96π4
;

ρhGGi10 ðsÞ ¼ hg2sGGi
768π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
−
ð1 − α − βÞðαm2

s þ βm2
Q − αβsÞð17αm2

s þ 17βm2
Q − 47αβsÞ

8α2β

þm2
Qð1 − α − βÞ2ð4αm2

s þ 4βm2
Q − 9αβsÞ

2α3
−
m2

Qð1 − α − βÞ3ðαm2
s þ βm2

Q − 3αβsÞ
3α3

−
5ðαm2

s þ βm2
Q − αβsÞðαm2

s þ βm2
Q − 3αβsÞ

8αβ
þ ð1 − α − βÞ2ðαm2

s þ βm2
Q − αβsÞs

α

−
ð1 − α − βÞ2ðαm2

s þ βm2
Q − αβsÞ2

4α2β

�
;
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ρhq̄Gqi10 ðsÞ ¼ 5hq̄gsσ · Gqi
384π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
13ðαm2

s þ βm2
Q − 2αβsÞ

�
mQ

α
þms

β

�

−
ðmQ −msÞð1 − α − βÞðαm2

s þ βm2
Q − 2αβsÞ

αβ

�
;

ρhq̄qihq̄Gqi10 ðsÞ ¼ 5ð7s2 þ 6m4
QÞhq̄qihs̄gsσ ·Gsi
288π2s2

þ 5ðs2 þm4
QÞhs̄sihq̄gsσ ·Gqi
48π2s2

þ 5mQmshq̄qihq̄gsσ · Gqi
288π2

Z
1

0

dα

�
24m2

s

α2
δ0ðs − ~m2

QÞ þ
1

αð1 − αÞ δðs − ~m2
QÞ
�
: ðA15Þ

(xi) For the current J3μðxÞ with JP ¼ 0−

ρpert11 ðsÞ ¼ −
1

1024π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðαm2

s þ βm2
Q − αβsÞ3ðαm2

s þ βm2
Q þ 3αβsÞ

α3β3
;

ρhq̄qi11 ðsÞ ¼ hq̄qi
16π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
mQð1 − α − βÞðαm2

s þ βm2
Q − αβsÞðαm2

s þ βm2
Q − 2αβsÞ

α2β

þmsð1 − α − βÞðαm2
s þ βm2

Q − αβsÞðαm2
s þ βm2

Q þ αβsÞ
2αβ2

�
;

ρhs̄si11 ðsÞ ¼ mshs̄siðs −m2
QÞðs3 þm2

Qs
2 þ 13m4

Qs − 3m6
QÞ

1536π4s2
þm4

Qmshs̄si log½m2
Q=s�

128π4
;

ρhGGi11 ðsÞ ¼ −
hg2sGGi
1024π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�ð1 − α − βÞ2ðαm2
s þ βm2

QÞ
3

�
m2

Q

α3
þm2

s

β3

�

−
ð1 − α − βÞðαm2

s þ βm2
Q − αβsÞ

2αβ

�
αm2

s þ βm2
Q − 3αβs

α
−
αm2

s þ βm2
Q þ αβs

β

��
;

ρhq̄Gqi11 ðsÞ ¼ hq̄gsσ · Gqi
64π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
msð1 − α − 2βÞðαm2

s þ βm2
QÞ

β2

−
mQð2αm2

s þ 2βm2
Q − 3αβsÞ

α

�
;

ρhq̄qi
2

11 ðsÞ ¼ −
mQmshq̄qi2

12π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

m2
Q −m2

s

s

�2

−
4m2

s

s

s
þmQhq̄qihs̄siðs −m2

QÞðmssþmQs −m3
QÞ

24π2s2
;

ρhq̄qihq̄Gqi11 ðsÞ ¼ −
ðs2 − 3m4

QÞðhs̄sihq̄gsσ · Gqi þ hq̄qihs̄gsσ ·GsiÞ
96π2s2

−
mQmshq̄qihq̄gsσ ·Gqi

48π2

Z
1

0

dα

�
2m2

s

α2
δ0ðs − ~m2

QÞ −
1

α
δðs − ~m2

QÞ
�
: ðA16Þ

(xii) For the current J4μðxÞ with JP ¼ 0−

ρpert12 ðsÞ ¼ ρpert11 ðsÞ; ρhs̄si12 ðsÞ ¼ ρhs̄si11 ðsÞ;

ρhq̄qi12 ðsÞ ¼ hq̄qi
16π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
mQð1 − α − βÞðαm2

s þ βm2
Q − αβsÞðαm2

s þ βm2
Q þ αβsÞ

2α2β

þmsð1 − α − βÞðαm2
s þ βm2

Q − αβsÞðαm2
s þ βm2

Q − 2αβsÞ
αβ2

�
;
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ρhGGi12 ðsÞ ¼ −
hg2sGGi
1024π6

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�ð1 − α − βÞ2ðαm2
s þ βm2

QÞ
3

�
m2

Q

α3
þm2

s

β3

�

−
ð1 − α − βÞðαm2

s þ βm2
Q − αβsÞ

2αβ

�
αm2

s þ βm2
Q − 3αβs

β
−
αm2

s þ βm2
Q þ αβs

α

��
;

ρhq̄Gqi12 ðsÞ ¼ hq̄gsσ · Gqi
64π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ

�
mQð1 − 2α − βÞðαm2

s þ βm2
QÞ

α2

−
msð2αm2

s þ 2βm2
Q − 3αβsÞ

β

�
;

ρhq̄qi
2

12 ðsÞ ¼ −
mQmshq̄qi2

12π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

m2
Q −m2

s

s

�2

−
4m2

s

s

s
−
hq̄qihs̄siðs −m2

QÞð2s2 −mQmss − 2m2
Qsþ 3m3

QmsÞ
48π2s2

;

ρhq̄qihq̄Gqi12 ðsÞ ¼ −
hs̄sihq̄gsσ ·Gqi þ hq̄qihs̄gsσ ·Gsi

48π2

−
mQmshq̄qihq̄gsσ · Gqi

48π2

Z
1

0

dα

�
2m2

s

α2
δ0ðs − ~m2

QÞ −
1

α
δðs − ~m2

QÞ
�
: ðA17Þ
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