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In the Standard Model (SM) we calculate the decay rate of the neutron radiative = decay to order
O(a?/7* ~ 107°), where a is the fine-structure constant, and radiative corrections to order O(a/x ~ 1073).
The obtained results together with the recent analysis of the neutron radiative f~ decay to next-to-leading
order in the large proton-mass expansion, performed by Ivanov et al. [Phys. Rev. D 95, 033007 (2017)],
describe recent experimental data by the RDK II Collaboration [Bales et al., Phys. Rev. Lett. 116, 242501
(2016)] within 1.5 standard deviations. We argue a substantial influence of strong low-energy interactions
of hadrons coupled to photons on the properties of the amplitude of the neutron radiative f~ decay under

gauge transformations of real and virtual photons.
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I. INTRODUCTION

During a long period the radiative = decay of a free
neutron n = p+e~ + 7, +y was used as an auxiliary
process in the analysis of the radiative corrections to the
neutron - decay for the cancellation of infrared divergences,
coming from the virtual photon exchanges [1-7]. Only
starting from 1996 has it been accepted as a physical process
because of the work by Gaponov and Khafizov [8], who
made the first calculation of the energy spectrum and the
decay rate. Then, the neutron radiative - decay was
reinvestigated in [9] and [10,11]. The first experimental
data BRj, =3.13(35) x 107 and BR, = 3.09(32) x 1073,
measured by Nico et al. [12] and Cooper et al. [13], for the
photon-energy region 15 keV < w < 340 keV, were in
agreement within one standard deviation with the theoretical
values BRj, = 2.87 x 107 [10] and BRj, = 2.85 x 1073,
calculated by Gardner [12] using the theoretical decay rate,
published in [9]. Recently new precise experimental values
of the branching ratios of the radiative =~ decay of a free
neutron have been reported by the RDK II Collaboration
Bales et al. [14]: BR;™® =3.35(16)x 10~ and BR™ =
5.82(66)x 1073, measured for the photon-energy regions
14 keV < w <782 keV and 0.4 keV <w < 14 keV, respec-
tively. Recently [15] the rate of the neutron radiative #~ decay
has been recalculated in the Standard Model (SM) and in the
tree approximation to next-to-leading order in the large
proton mass expansion by taking into account the
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contributions of the weak magnetism and proton recoil.
As has been found the new theoretical values of the branching
ratios BRj, =3.04x 107 and BR, =5.08 x 1073, calculated
for experimental photon-energy regions 14 keV < w <
782 keV and 0.4keV <w<14keV, respectively, agree

with new experimental values BR;;XP ) = 3.35(16) x 1073

and BR™” = 5.82(66) x 10~ only within 2 and 1.2 stan-

dard deviations. As has been shown in [15] the relative
contributions of the weak magnetism and proton recoil to
the branching ratios of the neutron radiative = decay are of
about 0.7%. Of course, these contributions are small com-
pared to the error bars of the experimental values but they are
by a factor 4 larger than the contribution of the weak
magnetism and proton recoil 0.16% to the rate of the neutron
p~ decay [10]. As has been pointed out in [15] the con-
tributions to the rate of the neutron radiative f~ decay,
calculated in the SM and in the tree approximation to
next-to-leading order in the large baryon mass expansion
including the contributions of baryon resonances (see, for
example, Bernard et al. [9]), cannot in principle exceed 1.5%.
So one may expect some tangible contributions only beyond
the tree approximation, taking into account, for example, one-
virtual-photon exchanges to leading order in the large proton
mass expansion, i.e., the radiative corrections of order
O(a/x). We would like to remind the reader that radiative
corrections of order O(a/ ) change the rate of the neutron -
decay by about 3.75% [10,15]. Because of an enhancement of
the contributions of order 1/M, where 2M = m,, + m,, is an
averaged nucleon mass [10,15], to the rate of the neutron
radiative - decay, one may also expect an enhancement of
the relative contributions of the radiative corrections of
order O(a/n).

For the first time the radiative corrections of order
O(a/x) for the analysis of T-odd momentum correlations

© 2017 American Physical Society
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in the neutron radiative #~ decay to order O(a?/n?) have
been calculated by Gardner and He [16,17]. In this paper
we give a complete analysis of the radiative corrections to
order O(a/x) to the rate of the neutron radiative 5~ decay,
caused by pure quantum electrodynamics (QED), where
photons couple to the pointlike proton and electron with a
contribution of strong low-energy interactions defined by
the axial coupling constant A only.

A complete set of Feynman diagrams, describing the
amplitude of the neutron radiative f~ decay in the tree and
one-loop approximation, are shown in Figs. 1-5. In Figs. 14
the states of real and virtual photons with 4-momenta
k and ¢, respectively, are described by the polarization vector
e} (k) with // = 1, 2 and a Green function D ,4(q) = (1,5 —
(1 =8)q.95/9%)/(q* +i0) [10], where the polarization
vector obeys the constraint &} (k) - k = 0 with k* = 0 and
£ is a gauge parameter. The Feynman diagrams in Fig. 5
describe a neutron radiative = decay with two real photons
in the final state. Integrating over degrees of freedom of one
of the photons one obtains the contribution of order
O(a?/n?) to the rate of the neutron radiative #~ decay with
one real photon in the final state. The contributions of strong
low-energy hadronic interactions in the Feynman diagrams
Figs. 1-5 (see also Fig. [6]) are denoted by shaded regions.

The contributions of pure QED are given by the Feynman
diagrams in Figs. 1(a), 1(b), 2, and 5, where real and virtual
photons couple to the pointlike proton and electron and
strong low-energy hadronic and electromagnetic interactions
are factorized. The contribution of strong low-energy
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interactions is described by the axial coupling constant A
only. In the diagram Fig. 1(c) a real photon is emitted by a
hadronic block. In spite of a possible dependence of the
contribution of this diagram on electron and photon energies
it has been neglected in the first calculations of the neutron
radiative ~ decay by Gaponov and Khafizov [8] and in the
subsequent calculations by Bernard et al. [9] and Ivanov et al.
[10,15]. In this paper we also accept such an approximation.
We neglect the contributions of all Feynman diagrams, where
even if one photon (real or virtual) is emitted or absorbed by a
hadronic block. In Sec. IV we propose a justification of the
neglect of the contribution of the diagram in Fig. 1(c).
However, an analysis of contributions of strong low-energy
hadronic interactions in the diagrams in Figs. 3 and 4
demands a special consideration and goes beyond the scope
of this paper.

It is well known that the amplitude of the neutron
radiative = decay should be gauge invariant. This means
that when making a gauge transformation of a real photon
wave function, i.e., replacing the photon polarization vector
e;,(k) by & (k) = €, (k)+ ck, where ¢ is an arbitrary
constant, the contnbutlon proportional to ck should vanish
[18] (see also [19]). In Appendixes A and B of the
Supplemental Material [20] we investigate the properties
of Feynman diagrams in Figs. 1 and 2 with respect to a
gauge transformation ¢}, (k) — & (k) + ck. By means of a
direct calculation we show that in Fig. 1 the sum of the
diagrams Figs. 1(a) and 1(b) is gauge invariant. This
implies that the diagram Fig. 1(c) should be gauge invariant

(a) (b)

FIG. 1.
to order e.

The Feynman diagrams, defining the contribution to the amplitude of the neutron radiative #~ decay in the tree approximation

@”%" @?@%
@é@%@é

FIG. 2. The Feynman diagrams, defining the contribution to the amplitude of the neutron radiative f~ decay of order e, caused by

pure QCD.
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FIG. 3. The Feynman diagrams, defining the main contribution
to the amplitude of the neutron radiative - decay of order ¢>.
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by itself. In turn, in Fig. 2 the diagrams with photons
coupled to the proton [Figs. 2(a)-2(c)] and electron
[Figs. 2(d)-2(f)] are invariant under a gauge transformation
&, (k) = €, (k) + ck separately. We show that invariance of
the diagrams in Fig. 2 with respect to a gauge trans-
formation &, (k) — & (k) + ck leads to Ward identities,
which impose well-known constraints on the renormaliza-
tion parameters [ 18] and certain constraints on the structure
functions (see Appendix B of the Supplemental Material
[20]). It is important to emphasize that to leading order in
the large proton mass expansion the contribution of the
diagram in Fig. 1(a) is proportional to the time component
of the photon polarization vector 9 (k), which vanishes in
the physical gauge &} (k) = (0, E';,(Ig)), where the polari-
zation vector £, (k) obeys the constraint k - £ (k) =0[21]
(see also [10,15,22]). As has been shown in [8-10,15] the

contribution of the diagrams in Fig. 1, taken to leading
order in the large proton mass expansion with a real photon

-

in the physical gauge &} (k) = (0, &, (k)), describes well

°
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FIG.5. TheFeynman diagrams, defining the main contribution of
order O(a?/z?) to the rate of the neutron radiative = decay n—
p-+e +v,+y+y with one detected and one undetected photon.

the main part of the branching ratio of the neutron radiative

p~ decay (see Table I).

As regards the diagrams in Fig. 2, to leading order in the
large proton mass expansion the contribution of the dia-
grams Figs. 2(a)-2(c) becomes proportional to 82,* (k) and
vanishes in the physical gauge &} (k) = (0, E';(l;)) As a
result, only the diagrams Figs. 2(d)-2(f) give a contribution
to the amplitude of the neutron radiative ~ decay, calculated
to leading order in the large proton mass expansion with a

-

real photon in the physical gauge &}, (k) = (0, &} (k)) (see
Appendix B of the Supplemental Material [20]).

According to Sirlin [5], the contributions of the Feynman
diagrams with one-loop corrections, which are shown in
Figs. 2—4, should be also invariant under a gauge trans-
formation of a virtual photon, which reduces to a redefinition
of a longitudinal part of a photon Green function
Doplg) = Dapl) + €(¢2)4,y. where ¢(q?) is an arbitrary
function of ¢* [5]. In Appendix B of the Supplemental
Material [20] we show that the contributions of the diagrams
in Fig. 2 are invariant also under a gauge transforma-
tion Dy(q) = Dap(q) + ¢(4°)qa4p-

Unlike the Feynman diagrams in Fig. 2 the properties

and calculation of the set of Feynman diagrams in

FIG. 4. The Feynman diagrams, responsible for restoration of the gauge invariance of the Feynman diagrams Figs. 3(c) and 3(d).
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Branching ratios of the neutron radiative ~ decay for three photon-energy regions, calculated for the lifetime of the neutron

7, = 879.6(1.1) s [10]. The branching ratio BRgig'l) takes into account the contributions of the weak magnetism and proton recoil,
calculated in [15] to next-to-leading order in the large proton mass expansion.

 (keV) BRy, (experiment) BR;;};ig'l) BR;;I;ig'z) BRgig'3> BR/(;];ig'S) BRy, (theory)
15 <w <340 (3.09 £0.32) x 1073 [13] 2.89x 1073 0.95x 1077 0.65x 107* 0.52x 107 2.960 x 1073
14 <w <782 (3.35+0.05[sta] £0.15[sys) x 1073 [14] 3.04x 103 123x 107 0.68x 10~ 0.55x 10~ 3.114 x 10~
04<w<14 (582+023[staf £ 0.62[syst]) x 1073 [14] 5.08 x 103 0.03x 107 1.54x 107 323 x 10~ 5.266 x 10~

Figs. 3 and 4 are not so simple and transparent. In
Appendix C of the Supplemental Material [20] we show
that the contributions of the diagrams Figs. 3(a) and 3(b),
where strong low-energy and electromagnetic interactions
are factorized, vanish after renormalization of masses
and wave functions of the proton and electron. In turn,
the diagrams Figs. 3(c) and 3(d) cannot be treated sepa-
rately from the diagrams in Fig. 4, since by themselves they
are not invariant under gauge transformations &} (k) —
& (k) + ckand Dy5(q) = Dap(q) + ¢(q*)qaqp- Following
Sirlin [5] we assume that required gauge invariance can be
fulfilled only for a sum of the Feynman diagrams Figs. 3(c),
3(d), and 4, where strong low-energy hadronic and electro-
magnetic interactions are overlapped and photons (real and
virtual) are emitted or absorbed by a hadronic block.
Such an assertion is not proved but based on the
following observation. After a removal of the lines of a
real photon emission the diagrams Figs. 3(c) and 3(d)
reduce themselves to the diagram Fig. 6(a), which, as has
been shown by Sirlin [5], gives the main contribution of the
radiative corrections of order O(a/x) to the rate of the
neutron - decay. However, the diagram Fig. 6(a) by itself
is not invariant under a gauge transformation D,4(q) —
D,5(q) + ¢(q*)q,q5. As has been pointed out by Sirlin 5],
only a sum of the diagrams in Fig. 6 should be gauge
invariant. However, an exact calculation of the diagrams
Figs. 6(b) and 6(c) demands a certain model of strong low-
energy interactions of hadrons coupled to photons at low
energies. Nevertheless, Sirlin, using the current algebra
approach [5,23], has succeeded in showing that the con-
tributions of the diagrams Figs. 6(b) and 6(c) do not depend
on the electron energy E,. Such a remarkable property of
these diagrams has allowed Sirlin to decompose the
contribution of the diagram Fig. 6(a) into invariant and

noninvariant parts with respect to a gauge transformation
Ds5(q) = Dys(q) + c(¢*)q4qp in such a way that a gauge-
noninvariant part does not depend on the electron energy.
Then, a constant gauge-noninvariant part has been merely
absorbed by formal renormalization of the Fermi weak
coupling constant G and the axial coupling constant 4. We
would like to emphasize that, unfortunately, the diagrams
Figs. 3(c) and 3(d) do not possess such a remarkable
property. Nevertheless, it is obvious that different insertions
of real photon lines transform the diagrams in Fig. 6 into a
set of Feynman diagrams Figs. 3(c), 3(d), and 4 and should
not destroy gauge invariance of these diagrams with respect
to a gauge transformation D4(q) = D,(q) + c(qz)qaq/,.
As a result, the analytical analysis of the diagrams
Figs. 3(c), 3(d), and 4, which is performed in
Appendixes C and D of the Supplemental Material [20],
runs as follows. Firstly, we show that to leading order in the
large proton mass expansion the diagram Fig. 3(d), calcu-
lated with the contribution of strong low-energy hadronic
interactions given by the axial coupling constant 4 only,
vanishes in the physical gauge of a real photon

-

e5,(k) = (0.€/(k)). Secondly, we calculate the diagram
Fig. 3(c) to leading order in the large proton mass
expansion and in the physical gauge of a real photon.
After that we decompose the contribution of the diagram
Fig. 3(c) into invariant and noninvariant parts with respect
to a gauge transformation D ,4(q) = Das(q) + c(4*)qa4p-
Keeping only the part that is invariant under a gauge
transformation  Dys(q) = Dys(q) + ¢(q*)q.qp5.  and
removing from it a part independent of the electron E,
and photon w energy by renormalization of the Fermi weak
coupling and axial coupling constant, we obtain a con-
tribution, which can be accepted as a physical contribution
of the diagram Fig. 3(c) to the amplitude and rate of the

FIG. 6. The Feynman diagrams, defining the main contribution of the radiative corrections of order O(a/x), caused by one-virtual-

photon exchanges, to the neutron S~ decay (see Sirlin [5]).
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neutron radiative #~ decay to order O(a?/x?). What then is
the role of the Feynman diagrams in Fig. 4?7

As regards the diagrams in Fig. 4, since the contribution
of them cannot be calculated in a model-independent way,
we follow Sirlin [5] and assume that the diagrams in
Fig. 4 (i) cancel a gauge-noninvariant part of the diagram
Fig. 3(c), determined relative to a gauge transformation
D,s5(q) = Dus(q) + c(¢*)qaqp, and the rest (i) either
vanishes to leading order in the proton mass expansion

-

in the physical gauge of a real photon & (k) = (0,&;(k))
(see Appendix D of the Supplemental Material [20]) or
(iii) is a constant, which can be absorbed by renormaliza-
tion of the Fermi coupling constant G and the axial
coupling constant A. This agrees also well with an
assumption that different insertions of real photons’ lines
into the diagrams in Fig. 6 do not corrupt the properties of
the Feynman diagrams in Figs. 3(c), 3(d), and 4 under a
gauge transformation of a photon Green function
Dos(q) = Dys(q) + ¢(q*)q4.q5 even if to leading order
in the large proton mass expansion. In Appendix D of the
Supplemental Material [20] we analyze the contributions of
the diagrams Figs. 4(f) and 4(g), where strong low-energy
interactions are given by the axial coupling constant 4 only.
We show that to leading order in the large proton mass
expansion the contributions of these diagrams vanish.
Hence, an important contribution, which may cancel a
gauge-noninvariant part of the diagram Fig. 3(c), is able to
come only from the diagrams, where a real or virtual
photon couple to a hadronic block.

The diagram in Fig. 5 defines one of a set of Feynman
diagrams of the neutron radiative f~ decay with emission of
two real photons. Such a process with one undetected
photon can imitate a contribution of order O(a?/z?) to the
rate of the neutron radiative f~ decay. All diagrams of the
neutron radiative - decay with emission of one or two
photons by the proton, calculated to leading order in the
large proton mass expansion, do not contribute to the rate of
the neutron radiative #~ decay in the physical gauge of real
photons. Then, the contributions of the diagrams with
emission of photons from the hadronic blocks are neglected
(see a discussion in Sec. IV). Thus, in the accepted
approximation the main contribution to the rate of the
neutron radiative - decay is defined by the Feynman
diagrams in Fig. 5 with the account for the contributions,
caused by symmetry of the final state with respect to
symmetry properties of the two photons in the final state of
the decay. For the analytical calculation of the diagram in
Fig. 5 the contribution of strong low-energy interactions is
defined by the axial coupling only. The analytical calcu-
lation of the diagrams in Fig. 5 is given in Appendix E of
the Supplemental Material [20].

The paper is organized as follows. In Sec. II we give a
short description of the renormalization procedure of
effective low-energy electroweak interactions for the neu-
tron radiative B~ decay. In Sec. III we adduce the

PHYSICAL REVIEW D 95, 113006 (2017)

contributions of the Feynman diagrams in Figs. 1-5 to
the rate of the neutron radiative f~ decay. The numerical
values of the branching ratio of the neutron radiative -
decay for the three regions of photon energies
(1) 15 keV <w <350 keV, (ii)) 14 keV < w <782 keV
and (iii) 0.4 keV < @ < 14 keV are given in Table 1. In
Sec. IV we discuss the obtained results. In the
Supplemental Material [20] we give detailed analytical
calculations and analysis of the contributions of Feynman
diagrams in Figs. 1-5 to the amplitude and rate of the
neutron radiative - decay.

Of course, we have to confess that the main problem of our
analysis of the radiative corrections to order O(a/x), defin-
ing corrections to order O(a?/z?) to the rate of the neutron
radiative - decay, concerns the contributions of diagrams
with real or virtual photons coupled to a hadronic block. A
justification of our assumption concerning the properties of
these diagrams within a certain model of strong low-energy
interactions of hadrons coupled to photons should be
important for a confirmation of the approximation accepted
in this paper and the results obtained therein. We would like
to accentuate that unlike a passive role of strong low-energy
hadronic interactions in the radiative corrections of order
O(a/x) to the rate of the neutron - decay, strong low-
energy interactions of hadrons coupled to real and virtual
photons in the diagrams in Fig. 4 should play a more
important role, going beyond a formal renormalization of
the Fermi weak coupling and axial coupling constant, but
give some contributions, which depend on the electron and
photon energies and momenta, and should cancel a gauge-
noninvariant part of the diagram Fig. 3(c). The observed
peculiarities of the Feynman diagrams Figs. 3 and 4 agree
well with an important role of strong low-energy hadronic
interactions in decay processes that have been already
pointed out by Weinberg [24]. Thus, the problem of strong
low-energy hadronic interactions in the neutron radiative 5~
decay to order O(a?/z*) demands a special analysis and we
are planning to perform such a model-dependent analysis of
the neutron radiative #~ decay to order O(a*/z*) in our
forthcoming publication.

II. RENORMALIZATION PROCEDURE OF
EFFECTIVE LOW-ENERGY ELECTROWEAK
INTERACTIONS FOR THE NEUTRON
RADIATIVE g~ DECAY

In the Standard Model of electroweak interactions the
neutron radiative - decay, defined in the one-loop approxi-
mation with one-virtual-photon exchanges, is described by
the following interactions,

Lin(x) = Ly (x) + Lem(x), (1)

where Ly(x) is the effective Lagrangian of low-energy
V — A interactions with a real axial coupling constant
1 =—=1.2750(9) [25] (see also [10,15]),

113006-5



A.N. IVANOV et al.

Gr

‘CW(x) = _7—Vud[ ( )}/u(l +l}/5)l//n()€)]

< [ ()7 (1 = 7 )y, (x)], (2)

where Gy = 1.1664 x 10~!! MeV~2 is the Fermi coupling
constant, and |V,|=0.97417(21) is the Cabibbo-
Kobayashi-Maskawa matrix element [26]. Then, y,(x),
w,(x), w.(x) and w,(x) are the field operators of the
proton, neutron, electron and antineutrino, respectively,
and y* and y° are the Dirac matrices [18]. Since we calculate
the radiative corrections of order O(a/z) to the neutron
radiative = decay to leading order in the large proton mass
expansion, in the effective Lagrangian Ly (x) we do not take
into account the contribution of the weak magnetism
proportional to 1/M, where 2M = m,, + m,, is an averaged
nucleon mass [15].

For the calculation of the radiative corrections to order
O(a/x) of the Lagrangian of the electromagnetic inter-
action L., (x) we take in the following form,

1
cmw>:—zﬂ2uv@Wuo—25wfx

+ Woe (x) (i 0,y — mo, )woe (x)
— (=e0)0. ()7 wo. ()AL (x)
+ Wop (x) (iy* 0, — mg, Jwop(x)
— (++e)Wop (X)W, ()AL (x), (3)

(x))?

where F ,(w( ) =0, AL ( ) — 8,,A,(,0) (x) is the electromag-
netic field strength tensor of the bare (unrenormalized)
electromagnetic field operator Af,o) (x): woe(x) and g, (x)
are bare operators of the electron and proton fields with
bare masses m, and my,, respectively; and —e, and +e
are bare electric charges of the electron and proton,
respectively. Then, &, is a bare gauge parameter. After
the calculation of the one-loop corrections of order O(a/7)
a transition to the renormalized field operators, masses and
electric charges is defined by the Lagrangian

Len) = =g Fu(0F(x) = 32 (0,4 ()

+ l/_/e (x) (iyﬂay —m, )l//e (x)

- (_e)l/_/e (X)]/ﬂllle (X)Au (X)

+ l/_/p ()C) (iy"(?ﬂ - mp)l//p ()C)

- (+e)l/_/p(x)7/ﬂl//p(x)Aﬂ(x) + 6‘Cem(x)a (4)
where A,(x), w.(x) and ¢,(x) are the renormalized
operators of the electromagnetic, electron and proton fields,
respectively; m, and m,, are the renormalized masses of the
electron and proton; e is the renormalized electric charge;

and ¢ is the renormalized gauge parameter. The Lagrangian
SL.m(x) contains a complete set of the counterterms [27],

PHYSICAL REVIEW D 95, 113006 (2017)

BLenl0)= =3 (Zs= D F ()PP (0) = 25 0,0’
+(ZY) = 1) (0) (i 0, — m, Yy, (x)
~(Z\ = 1) (=) (X)r "y (A, (x)
—%MMU()
+ (2 = 1), (5) (i7"0), = m ) (x)
— (2 = 1) (+)i, ()7 (x) A, ()
—émmu<> (5)

where Z;, Z( ), Z(le), Zép), ZY’), ém, and 6m, are the
counterterms. Here Z; is the renormalization constant of

the electromagnetic field operator A, Z(;) and de) are the
renormalization constants of the electron field operator y,
and the electron-electron-photon (e~e”y) vertex, respec-

tively; ng ) and Zg” ) are the renormalization constants of
the proton field operator y,, and the proton-proton-photon
(ppy) vertex, respectively. Then, (—e) and (+e¢), m, and
m,,, and 5m, and 5m, are the renormalized electric charges
and masses and the mass counterterms of the electron and
proton, respectively. Rescaling the field operators [27,28]

VZiA,(x) = AP (x),
Zwo (%) = poe (%),

VZ My, (x) = wop (x) (6)

and denoting m, + om, = my,, m, + om, = mg, and
Z:£ = &) we arrive at the Lagrangian

Lonl) == PO (3) =5(2,A0

F W0 (x) (i 0, — Mo, e (X)

~ (=) Z\(Z¥) 7 Z5 0o () wo. ()AL (x)

+ o, (x)(iy*0, — mg, )y, (x)

—(+e)Z"(Z) 7 Z5 0, () wo,p (1) AL (x).
(7)

(x))?

Because of the Ward identities Z( = g ¢ and Z( ) — ng )

[18,27,28], we may replace (—6)231/2 =
(+¢)Z;"/* = +e. This brings Eq. (7) to the form of
Eq. (3). We would like to emphasize that to order
O(a/n) the renormalization constant Z5 is equal to unity,
i.e., Z3 = 1. This is because of the absence of closed
fermion loops, giving contributions of order O(a?/z?) to
the amplitude of the neutron radiative f~ decay that goes

—eop  and
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beyond the accepted approximation O(a/x) for the ampli-  order 1/M, including corrections of the weak magnetism
tude and O(a?/z?) for the rate of the neutron radiative  and proton recoil.
B~ decay. Hence, to order O(a/z) the bare e, and

renormalized e electric char.ges are equal, i.e., e =e. III. RATE OF NEUTRON RADIATIVE 4~
Now we may proceed to the discussion of the contributions DECAY WITH ONE DETECTED PHOTON

of the radiative corrections of order O(a/x), where a = o )

¢?/4x = 1/137.036 is the fine-structure constant [26], to The rate of the neutron radlatlve./}_ decay with a photor},
the amplitude and rate of the neutron radiative = decay. ~ detected in the photon-energy region @piy < @ < oy, i

The detailed calculations and analysis of the Feynman  &iVen by S

diagrams in Figs. 2-5, defining a complete set of radiative (Figj) ]

corrections of order O(a/x), we give in the Supplemental 2y (@ma> @rmin) z_;/lf”y (@nax, nin). (8)
Material [20]. In Sec. III we adduce the analytical expres- Flgj =

sions for the contributions of the diagrams in Figs. 2-5 to ~ Where ;=" (@px, @nin) are the rates, caused by the
the rate of the neutron radiative = decay. The numerical contrlbutlons of the diagrams in Fig. j for j =1,2,...,5.
values are collected in Table 1. For completeness we take  They are calculated in the Supplemental Material [20]. To
into account the tree-level contribution, given by the leading order in the large proton mass expansion the
Feynman diagrams in Fig. 1 and calculated in [15] to  contribution of the diagrams in Fig. 1 is equal to [10]

|

i G2 V 2 Dmax d Ey—w
A;};Ig.l)(wmax’ a)mm) = ( + 3’12) - F| ”d| / w/ O dEe V Ez - ngeF(Ee,Z = 1)(E0 - Ee - w)z
wmm m

(o DB 9

where Ey = (mj — mf, + m2)/2m,, is the end-point energy of the electron energy spectrum of the neutron 3~ decay [10]; @

is a photon energy; f = k,/E, = \/E> — m2/E, is a velocity of the electron with a momentum k,; and F(E,, Z = 1) is the
relativistic Fermi function, describing the Coulomb proton-electron interaction in the final state of the decay. It is equal to

1\ 4Q2r,m, )% emlb
)“”mﬂ) ¢ F(l+7+i%)

2") T3+ 2) U-F)
where y = V1 —a? -1, r, is the electric radius of the proton and a = 1/137.036 is the fine-structure constant. In
numerical calculations we shall use r, = 0.841 fm [29]. The rate of the neutron radiative - decay, calculated to next-to-
leading order in the large proton mass expansion, taking into account the contributions of the weak magnetism and proton
recoil to order 1/M, where 2M = m,, + m p 18 the averaged nucleon mass, has been calculated in [15]. The result is

i Vu 2 wl"ndx d E -
758 (O W) = (14 38) % l ! / ‘”/ | dEE \/Ezj(Eo Ee - o)
T Dmin

x F(E,,Z = 1)p ,‘,‘;lgl (E, o). (11)

2

, (10)

F(E,.Z=1)= (1+

The function p}),l;ig'l)(Ee, w) is given by the integral [15]

(Fig.1) dQey w Ee_]; 'ﬁ)_' 3 1 12—2(K+1)ﬂ+1E0—E6—0)
E = 14+2——¢ ¢ k E, ——FE
Py (Ees) / 4z H * ME,-E, —a)+M Tt 370 + 14342 M

W\ k2 — (l?e )2 @1 32=11 (K2 +wk,-ip [k = (k, - i) @
x |1+ At — - -— p e
E.) (E,—k,-1ip)* E.E,—k,- ol 1+34M E, (E L=k, p)? E,—k, A

m? ® D /12+2(K+1)/1—11[k’g‘ + @+ 2wk, - 7y
AL

1+32 M E,

- -

B-(F 7 oo+ k} m-m{wu “’_H (12)

i
< 3
1+32M|E, E,—k,-7 L

113006-7



A.N. IVANOV et al.

where k = k), — K,

solid angle of the electron-photon momentum correlations l?e . ﬁ]; =k, cos0,,

= 3.70589 is the isovector anomalous magnetic moment of the nucleon [10,15], d€2,

PHYSICAL REVIEW D 95, 113006 (2017)

v is an infinitesimal

and ;= l?/ ® is a unit vector along the

photon 3-momentum [10,11,15]. The contribution of the diagrams in Fig. 2 is equal to (see Appendix B of the Supplemental

Material [20])

Fig2 a* G5 Md|2 Onex Eo—w
/I/SYg )(wmax’ a)min) - ( + 3/12) F o,

xF(Ee,Z:I)/df; {(

where F,, F5 and F4 are given in Eq. (B-71) of the Supplemental Material [20] as functions of k, - k = w(E, — Ige .

—E,—0)*\/E2 —m?
lge ,;) @
— R6F4+7_._}Re(2F2_F3_2F4) ) (13)
ke /; e_kf' l;

1) The

contribution of the diagrams in Figs. 3 and 4 we define as (see Appendix C of the Supplemental Material [20])

i VM 2 mmax(i Ey—o
A ) = (4 32) SO [0 [ (e 2 1) - =[R2
7[ ('"mm

dQ, > o k2 —(k, L
< Y{f1<Ee,ke,w,k>[<Ee+w> o RS | (LT OE
4x (Ee_ e nE)z Ee_ e T
>, kg_(Ee‘ﬁE)z o’ >
—w(E,—k, 1)) ———=—+*—42(E, + o) ———w*| ¢, (14)
(Ee_ke' ]:)2 E,—k, i

where the functions f, (E,, lge, , lg) and f,(E,, Ige, , E) are
given in Eq. (C-33) of the Supplemental Material [20].
They are defined by the contribution of the diagram
Fig. 3(c), since to leading order in the large proton mass
expansion and in the physical gauge of a real photon the
contribution of the diagram in Fig. 3(d) vanishes. Then, the

(Flg 3)(

rate /1 ®pmaxs @min) 18 defined by a part of the diagram

Fig. 3((:) which is invariant under a gauge transformation
D,5(q) = Dyp(q) + ¢(4*)q444p- A noninvariant part of the
diagram Fig. 3(c) is absorbed by the diagrams in Fig. 4. We
assume that the contribution of the diagrams in Fig. 4,
calculated to leading order in the large proton mass
expansion and in the physical gauge of a real photon,
contains only (i) an electron-photon-energy-dependent
part, canceling a part of the diagram Fig. 3(c) that is

Fic.5 a G2| |2 wm
/Iérlg )(wmaxa wmin) = (] + 3,{2 — F|) u3d
16 @Din m,

x F(E, Z—l/

2
+,0( )/(Ee ke’ CIOa" w, nk))

ery

dQ,,
/ ew

noninvariant under the gauge transformation D,(q) —
D,5(q) + ¢(¢*)q.qp. and (ii) a constant, which can be
absorbed by renormalization of the Fermi weak coupling
constant G and the axial coupling constant A similar to
Sirlin’s analysis of the radiative corrections to the rate of the
neutron - decay [5]. Of course, our assumption is much
stronger than Sirlin’s one. Nevertheless, we believe that it is
correct and it might be confirmed by a model-dependent
way within a model of strong interactions of hadrons
coupled to photons at low energies (see a discussion
in Sec. IV).

The contribution of the diagrams in Fig. 5 of the neutron
radiative = decay with two real photons and only one
detected photon is equal to (see Appendix E of the
Supplemental Material [20])

Y dEJE2 - ok, o(Ey— E,
m2 0 w = qp)*

- 2 -
ev kev w,np, 4o, ntf) + pey}/’<Eev ke’ w, np, 4o, ntf)

(15)

where ¢ is the energy of an undetected photon and rT == ¢/qo is a unit vector along its 3-momentum ¢. The functions

(1)

Peyy
(E-16) in the Supplemental Material [20]. =
The numerical values of the branching ratios BR/(jFlg'J)

= Tniﬂy(wmam wmin)Figj forj =

(E,. k,. . . qo. 115); piy)y (E,.k,. . 1}, qo. 17); and p( ) (Ee,ke,qo,n w, i) are given by Eqgs. (E-14), (E-15) and

1,2, ...,5 and their total contribution

are given in Table I for the three photon-energy regions (i) 15 keV < w <340 keV, (ii) 14 keV < w <782 keV and
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(iii) 0.4 keV < @ < 14 keV. The branching ratios BR{}"*”
are obtained relative to the neutron lifetime 7z, =
879.6(1.1) s, calculated in [10] and agreeing well with the
world-averaged value 7, = 880.2(1.0) s [26].

IV. CONCLUSION

We have proposed a precision analysis of the rate of the
neutron radiative = decay n - p + ¢~ + 1, + y to order
O(a?/n?), defined by the 1/M corrections, caused by the
weak magnetism and proton recoil [15], and radiative
corrections of order O(a/x) in the one-virtual-photon
approximation, and the contribution of the neutron
radiative f~ decay with two real photons n — p +
e~ + 7, +y+y. Integrating over degrees of freedom of
one of two photons one arrives at the contribution of order
O(a?/n?) to the rate of the neutron radiative - decay
n — p+ e~ + v, + 7. The contributions of the one-virtual-
photon exchanges we have classified by the Feynman
diagrams in Figs. 2, 3 and 4. In the diagrams in Fig. 2
the contributions of strong low-energy and electromagnetic
interactions are factorized, and both the real and virtual
photons couple to the pointlike proton and electron. The
contribution of strong low-energy interactions of hadrons is
given by the axial coupling constant A only. All divergen-
ces, caused by virtual photon exchanges, are absorbed by
renormalization of masses and wave functions of the proton
and electron, the proton-proton-photon (p py) and electron-
electron-photon (e~e~y) vertices. Therewith, the counter-
terms of renormalization of the wave functions and vertices
obey standard Ward identities [18,27,28]. The diagrams in
Fig. 2 are invariant under gauge transformations
€, (k) = €, (k) + ck of a real photon wave function and
D,5(q) = Dys(q) + ¢(4*)q,q5 of a photon Green func-
tion, respectively. The structure functions, defining the
renormalized contribution of the Feynman diagrams in
Fig. 2 to the amplitude of the neutron radiative f~ decay of
order O(a/x), obey Ward identities. The contribution of the
Feynman diagrams in Fig. 2 to the branching ratio is of
order 1077 (see Table I).

The dominant but most problematic contribution comes
from the Feynman diagrams in Figs. 3 and 4. For the
calculation of the contribution of these diagrams we follow
Sirlin’s assumption for the calculation of the radiative
corrections of order O(a/x) to the rate of the neutron
p~ decay [5]. This means that we assume that the
contribution of the diagrams in Fig. 4, which survives to
leading order in the large proton mass expansion in the
physical gauge of a real photon, contains (i) a part of the
diagram Fig. 3(c), which is not invariant under gauge
transformations of a real photon wave function &} (k) —
€, (k) + ck and of a photon Green function D,(q) —
D,5(q) + ¢(q*)q,4p. respectively, and (ii) a part indepen-
dent of the electron and photon energies, which can be
absorbed by renormalization of the Fermi weak coupling

PHYSICAL REVIEW D 95, 113006 (2017)

constant G and the axial coupling constant 4. This is, of
course, an extended interpretation of Sirlin’s assumption,
since in the neutron ~ decay the Feynman diagrams similar
to the diagrams in Fig. 4 [see Figs. 6(b) and 6(c)] have been
found independent of the electron energy, the contribution of
which has been absorbed by renormalization of the Fermi
weak and axial coupling constants. A confirmation of our
assumption, concerning the properties of the Feynman
diagrams in Figs. 3 and 4, might be supported by the fact
that all possible insertions of real photon external lines
transform the Feynman diagrams in Fig. 6 to the Feynman
diagrams Figs. 3(c), 3(d) and 4. It is obvious that all possible
insertions of real photon external lines should not change
the properties of the diagrams with respect to a gauge
transformation D5(q) — Dy + ¢(¢%)q,qs. Hence, all dia-
grams in Fig. 4 should play an auxiliary role for the diagram
Fig. 3(c) to leading order in the large proton mass expansion.
Thus, such an extended Sirlin’s assumption, applied to the
calculation of the Feynman diagrams in Figs. 3(c), 3(d) and 4,
we have realized as follows. Firstly, we have shown that in
Fig. 3 only the diagram Fig. 3(c) survives to leading order in
the large proton mass expansion in the physical gauge of a
real photon. Secondly, we have decomposed the contribution
of the diagram Fig. 3(c) into invariant and noninvariant parts
with respect to a gauge transformation of a photon Green
function D,45(q) = Dyp(q) + ¢(¢*)q,qp. Finally, we have
omitted a gauge-noninvariant part and the contributions,
independent of the electron and photon energies, we have
removed by renormalization of the Fermi weak coupling
constant G and the axial coupling constant 4, respectively.
The contribution of the diagrams in Figs. 3 and 4 to the
branching ratio of the neutron radiative f~—decay, obtained
in such a way, is of order 10~* (see Table I).

It is important to emphasize that the renormalized
contribution of the diagram Fig. 3(c), which we have
defined in terms of the functions f,(E,,k,, ®,k) and

f2(E,, Ee,w, l;) [see Eq. (C-33) of the Supplemental
Material [20]], does not depend on the infrared cutoff y,
which is introduced as a photon mass [5]. This is unlike the
contribution of the diagram Fig. 6(a) to the rate of the
neutron - decay, which has been found as a function of
the infrared cutoff u [5]. A u dependence of the radiative
corrections, caused by the diagram Fig. 6(a), has been
canceled only by the diagram Fig. 1(b) (see [5]).

We would like to accentuate that the contribution
of the diagrams in Fig. 5, describing a neutron radiative
p~ decay with two real photons in the final state, is also
infrared stable. Having integrated over the momentum and
energy of one of two photons we have obtained the
contribution of order O(a?/7?) to the rate of the neutron
radiative - decay with a photon, detected in the energy
region @y, < ® < @y The contribution of the neutron
radiative -~ decay with two real photons in the final
state, described by the diagrams in Fig. 5, is of order
107 (see Table I).
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Total contributions of the radiative corrections of order
O(a/z) to the rate of the neutron radiative - decay are
about 2.42%, 2.44% and 3.66% for three photon-energy
regions 15 keV < w <340 keV, 14 keV < w <782 keV
and 0.4 keV < w < 14 keV, respectively. They are com-
mensurable with the radiative correction 3.75% to the rate
of the neutron S~ decay [5,10]. However, they are not
enhanced with respect to the contribution of the radiative
corrections to the rate of the neutron =~ decay as we have
expected because of an enhancement of the corrections of
order 1/M, caused by the weak magnetism and proton
recoil [15]. The theoretical values of the branching ratios
(see Table I) do not contradict the experimental data within
the experimental error bars. Nevertheless, deviations of
about 4.21%, 7.05% and 9.52% of the mean values of the
experimental data from the theoretical values for three
photon-energy regions 15 keV < w < 340 keV, 14 keV <
w <782 keV and 0.4 keV < w < 14 keV, respectively,
might only imply that such a distinction cannot be covered
by the contributions of interactions beyond the Standard
Model. Therefore, apart from the experimental error bars
one may expect a better agreement between theory and
experiment only from the contributions of strong low—
energy interactions of hadrons beyond the axial coupling
constant 4. One may expect that they might be caused by
the contributions of diagrams in Fig. 4, where real and
virtual photons couple to a hadronic block.

Kn

Meig1c(n = pe~b,y)y = oM

x [ﬁe(lge,aem(l —75)”»<

1 -

~ < u
my —k, —k—i0

X

_ 1
14 27—

i) |1 = e (B 5) |

PHYSICAL REVIEW D 95, 113006 (2017)

In this connection we may confess that there are two
problems in our precision analysis of the rate of the neutron
radiative = decay to order O(a?/z?). They are (i) a
justification of a neglect of the diagrams with photons
coupled to hadronic blocks such as the diagram Fig. 1(c)
and so on and (ii) a justification of Sirlin’s assumption for
an extraction of a physical contribution from the Feynman
diagrams in Figs. 3 and 4. As we have mentioned above
both of these problems can be investigated only by a model-
dependent way within certain models of strong low-energy
interactions of hadrons coupled to photons.

However, it is very likely that the contribution of the
diagram Fig. 1(c) is really not important. One may show
this at the tree level using the following effective low-
energy electromagnetic interactions of the neutron and
proton [18]

K€ _ .
5£em(x) = mV/zz(x)quWn(x)Fﬂ (x>
Kpe _ )

+ 2w (Ko, (W), (16)

where k, = —1.91304 and «, = 1.79285 are anomalous

magnetic moments of the neutron and proton [26], respec-
tively, and o,, = (i/2)(y,7, —7.,y,) are Dirac matrices
[18]. The contribution of the diagram Fig. 1(c) to the
amplitude of the neutron radiative =~ decay is equal to

iaa kaSﬁ/*un Ign’an

o ke vl )]

fd 1 Kp _ - . « 5
ky,+= || += up(kp,ap)maﬂkaef, (1 +4p°)

(17)

One may see that the amplitude Eq. (17) is invariant under a gauge transformation £}, (k) — €}, (k) + ck. The contribution of the

diagram Fig. 1(c) to the branching ratio is given by

(Fig.10) _aGi|Vil

B By (wmaxv wmin) - 271_3 M

For the three photon-energy regions (see Table I) the

branching ratio is equal to B/g;ig' 199 20.97x 10710, Bg;ig'lc) =

125x 1070 and B§®'Y =4.90 x 1073, respectively.
This may testify that the diagram Fig. 1(c) can actually be
neglected. Such a neglect does not violate invariance
of the diagrams Figs. 1(a) and 1(b) with respect to a gauge
transformation &}, (k) — &}, (k) + ck. Our justification of a

(242 (k) +Ky)

@max EO_(”
x/ da)a)/ dE,\/E? —m2(Ey— E, — w)’F(E,.Z = 1).
Dmin m,

— Ak, —Ky,))

(18)

|
possible neglect of the contribution of the diagram
Fig. 1(c) confirms also a neglect of all diagrams with
emission of a real photon by a hadronic block in the radiative
neutron - decay with two real photons in the final state,
given by the diagram in Fig. 5.

Hence, the main contribution of strong low-energy
interactions we may expect only from the diagrams in
Figs. 3 and 4. As a first step on the way of the analysis of
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these diagrams we are planning to use the Standard Model
of electroweak interactions supplemented by the linear ¢
model of strong low-energy nucleon-pion interactions by
Gell-Mann and Levy [30] (see also [31]). It is well known
that a linear 0 model is a renormalizable one [32-34].
Renormalization of an extended version of a linear ¢ model
has been investigated in [35,36]. The observed peculiar
properties of strong low-energy hadronic interactions in the
neutron radiative 3~ decay to order of O(a?/n?) agree well
with the assertion, pointed out by Weinberg [24], about the
important role of strong low-energy hadronic interactions
in decay processes.

We would like to emphasize that analysis of the rate of
the neutron radiative - decay to order O(a?/z?) is a first
step toward the analysis of the neutron = decay to order
O(a?/n?). One of the most intriguing theoretical features
of this analysis, which we anticipate, is a cancellation
of the infrared dependences in the sum of the contribu-
tions of the diagrams with only virtual photon exchanges
and the diagrams of the neutron radiative #~ decay with one
and two photons in the final state. For the analytical
investigation of this problem the results, obtained in this
paper, are of great importance. The calculation of the
neutron - decay to order a’/z> ~ 107> together with the
contributions of order (a/z)(E,/M)~3x107% and
E2/M?* ~107® should give a new level of theoretical
precision for the experimental search of interactions
beyond the Standard Model [10].

PHYSICAL REVIEW D 95, 113006 (2017)

It is well known that in the limit m, — oo, where m,; is a
scalar o—meson mass, a linear s—model is equivalent to
current algebra [37,38]. This means that the results,
obtained in a linear oc—model and taken in the limit
m, — oo, should reproduce the results, obtained in current
algebra [37,38], i.e. in a model-independent approach. This
bridges between the results, which we are planning to
obtain for the contributions of strong low—energy inter-
actions to the radiative corrections of order O(a?/z?) for
the neutron radiative and neutron S~ decays, and the
results, obtained by Sirlin [5,23] for the contributions of
strong low—energy interactions to the radiative corrections
of order O(a/r) for the neutron - decay.
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