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The full resurgent trans-series is found exactly in near-supersymmetric CP1 quantum mechanics.
By expanding in powers of the supersymmetry-breaking deformation parameter, we obtain the first and
second expansion coefficients of the ground-state energy. They are an absolutely convergent series of
nonperturbative exponentials corresponding to multibions with perturbation series on those backgrounds.
We obtain all multibion exact solutions for a finite time interval in the complexified theory. We sum the
semiclassical multibion contributions that reproduce the exact result supporting the resurgence to all orders.
We also discuss the similar resurgence structure in CPN−1 (N > 2) models. This is the first result in
the quantum-mechanical model where the resurgent trans-series structure is verified to all orders in
nonperturbative multibion contributions.
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I. INTRODUCTION

The path integral has been extremely useful in many
areas of quantum physics through perturbative and non-
perturbative analysis. It is crucial to understand contribu-
tions from all of the complex saddle points based on the
thimble analysis in the path integral in order to give a
proper foundation of quantum theories. The resurgence
theory gives a stringent relation between a divergent
perturbation series and a nonperturbative exponential term,
which often allows for the reconstruction of one from the
other [1–5]. Resurgence was originally developed by
studying ordinary differential equations and provides a
trans-series, which contains infinitely many nonperturba-
tive exponentials and divergent perturbation series [6]. The
intimate relation between these infinitely many nonpertur-
bative contributions and perturbative ones is expected to
provide an unambiguous definition of quantum theories.
A mathematically rigorous foundation of the path integral
can now be envisaged [7–9]. Resurgence has been most
precisely studied recently in quantum mechanics (QM) to
systematically yield relations between nonperturbative and
perturbative contributions [10–29], two-dimensional quan-
tum field theories (QFTs) [30–41], four-dimensional QFTs
[42–48], supersymmetric (SUSY) gauge theories [49–53],
the matrix models, and topological string theory [54–62].
In the resurgent trans-series for theories with degenerate

vacua, one needs to take account of configurations called

“bions” consisting of an instanton and an anti-instanton
[2,10], which give imaginary ambiguities that cancel those
of non-Borel-summable perturbation series. Recently, sin-
gle-bion configurations were identified as saddle points in
the complexified path integral [21]. Exact solutions of the
holomorphic equations of motion (complex and real bion
solutions) were found in the complexified path integral of
double-well, sine-Gordon, and CP1 quantum-mechanical
models with fermionic degrees of freedom (incorporated as
the parameter ϵ) [21,25]. CP1 quantum mechanics is a
dimensional reduction of the two-dimensional CP1 sigma
model, which shows asymptotic freedom, dimensional
transmutation, and the existence of instantons akin to
four-dimensional QCD. Contributions from these solutions
were evaluated based on Lefschetz-thimble integrals and it
was shown that the combined contributions vanish for the
SUSY case ϵ ¼ 1, in conformity with the exact results of
SUSY [25]. On the other hand, for the non-SUSY case
ϵ ≠ 1, the result contains the imaginary ambiguity, which is
expected to be canceled by that arising from the Borel
resummation of perturbation series.
Trans-series generically contain high powers of non-

perturbative exponentials, which may correspond to multi-
ple bions. Non-SUSY models including CPN−1 quantum
mechanics have been worked out explicitly to several low
orders, but it has been difficult to explicitly reveal the full
trans-series to all powers of nonperturbative exponentials
and to ascertain their resurgence structure [2,19,20].
Localization in SUSY models helped to uncover the full
trans-series, but so far their resurgence structures have been
found to be trivial without imaginary ambiguities [49,53].
The purpose of this work is to present and verify the

complete resurgence structure of the trans-series in
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CP1 QM (and partly CPN−1 QM), focusing on the near-
SUSY regime ϵ ≈ 1 where we can obtain exact results
which exhibit resurgence structure to infinitely high powers
of nonperturbative exponentials. We will show that the
contributions from an infinite tower of multibion solutions
yield all of these nonperturbative exponentials. This is the
first result revealing the thimble structure of all of the
complex saddle points, which is useful not only to under-
stand the resurgence structure in quantum theories but also
to study complex path integrals, including the real-time
formalism and finite-density systems in condensed and
nuclear matter [63–68].

II. EXACT GROUND-STATE ENERGY

We first consider the (Lorentzian) CP1 quantum
mechanics described by the Lagrangian

g2L ¼ G½j∂tφj2 − jmφj2 þ iψ̄Dtψ � − ϵ
∂2μ

∂φ∂φ̄ ψψ̄ ; ð1Þ

where φ is the inhomogeneous coordinate, G ¼
∂φ∂φ̄ logð1þ jφj2Þ is the Fubini-Study metric, Dt ¼ ∂t þ
∂tφ∂φ logG is the pull-back of the covariant derivative, and
μ ¼ mjφj2=ð1þ jφj2Þ is the moment map associated with
the Uð1Þ symmetry φ → eiθφ. The parameter ϵ is the
boson-fermion coupling and the Lagrangian becomes
supersymmetric at ϵ ¼ 1. Since the fermion number F ¼
Gψψ̄ commutes with the Hamiltonian, the Hilbert space
can be decomposed into two subspaces with F ¼ 1 and
F ¼ 0. By projecting quantum states onto the subspace
which contains the ground state (F ¼ 1), we obtain the
bosonic Lagrangian

L ¼ j∂tφj2
ðg2ð1þ jφj2Þ2Þ − V; ð2Þ

with the potential

V ¼ 1

g2
m2jφj2

ð1þ jφj2Þ2 − ϵm
1 − jφj2
1þ jφj2 : ð3Þ

We note that θð≡ − 2 arctan jφjÞ ¼ 0; π are global and
metastable vacua, respectively.
For ϵ ¼ 1, the ground-state wave function Ψ0 preserving

SUSY is given as a zero-energy solution of the Schrödinger
equation

Hϵ¼1Ψ0 ¼
�
−g2ð1þ jφj2Þ2 ∂

∂φ
∂
∂φ̄þ Vϵ¼1

�
Ψ0 ¼ 0: ð4Þ

It is exactly solved as

Ψ0 ¼ hφj0i ¼ expð−μ=g2Þ: ð5Þ

For ϵ ≈ 1, the leading-order correction to the ground-
state wave function can be obtained by expanding the
Schrödinger equation with respect to small δϵ≡ ϵ − 1 as
hφjδΨi. Correspondingly, the ground-state energy E can
also be expanded:

E ¼ δϵEð1Þ þ δϵ2Eð2Þ þ � � � : ð6Þ

These expansion coefficients can be determined by the
standard Rayleigh-Schrödinger perturbation theory as

Eð1Þ ¼ h0jδHj0i
h0j0i ; ð7Þ

Eð2Þ ¼ −
hδΨjHϵ¼1jδΨi

h0j0i ;…; ð8Þ

with δH ¼ H −Hϵ¼1. We find that these coefficients EðiÞ
are real without imaginary ambiguities and can be
expanded in absolutely convergent power series with
respect to the nonperturbative exponential expð−2m=g2Þ,

EðiÞ ¼
X∞
p¼0

EðiÞ
p expð−2pm=g2Þ; ð9Þ

where the zeroth term EðiÞ
0 corresponds to the perturbative

contributions on the trivial vacuum (perturbative vacuum).
The coefficients of Eð1Þ [25] are

Eð1Þ
0 ¼ −mþ g2; Eð1Þ

p ¼ −2m; ðp ≥ 1Þ: ð10Þ

If the coefficients of Eð2Þ are expanded in powers of g2, they
give factorially divergent asymptotic series, which can be
Borel-resummed. Hence, we rewrite the coefficient in the
form of the Borel transform (see Appendix A for the details
of the calculations) as

Eð2Þ
0 ¼ g2 þ 2m

Z
∞

0

dt
e−t

t − 2m
g2�i0

; ð11Þ

Eð2Þ
p ¼ 2m

Z
∞

0

dte−t
�ðpþ 1Þ2
t − 2m

g2�i0

þ ðp − 1Þ2
tþ 2m

g2

�

þ 4mp2

�
γ þ log

2m
g2

� πi
2

�
; ðp ≥ 1Þ: ð12Þ

Note that the imaginary ambiguities associated to the Borel

resummation are manifest in the first term of Eð2Þ
p with

g2 � i0, which is compensated by the imaginary part�iπ=2

in the last term of Eð2Þ
pþ1, reproducing the original real Eð2Þ

precisely. In the present case, we only have poles in the Borel
plane, while cuts are expected for general cases. We also
note that in Ref. [27] the perturbation series on a zero-bion
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background including the level number information has been
shown to give all p-bion contributions.
We can now recognize the full resurgence structure to all

orders of the nonperturbative exponential: the imaginary
ambiguity of the non-Borel summable divergent perturbation
series on the p-bion background in the first term of Eð2Þ

p is
canceled by the imaginary ambiguity of the classical con-
tribution of the (pþ 1)-bion contribution in the last term of

Eð2Þ
pþ1. We note the absence of powers of g2 in the imaginary

ambiguity, which will allow us to recover non-Borel sum-
mable perturbation series on the p-bion background com-
pletely from the (pþ 1)-bion contribution through the
dispersion relation, without computing perturbative correc-
tions around themultibion background explicitly. Moreover,
ifwe observe thatEð2Þ=m is an even function ofm=g2, we can
also understand the presence of the Borel-summable part
[second term of the first line in Eq. (12)]. Thus, all of the
terms can now be reproduced through the resurgence relation
and the sign change of m=g2, if we can compute all of the
semiclassical p-bion contributions.

III. MULTIBION SOLUTIONS

Nonperturbative contributions to the ground-state energy
come from the saddle points of the path integral Z ¼R
DφD ~φe−SE ∼ e−βE (for large β), where we have com-

plexified the degrees of freedom by regarding φ≡ φC
R þ

iφC
I and ~φ≡ φC

R − iφC
I as independent holomorphic vari-

ables, and imposed the periodic boundary condition
φðτ þ βÞ ¼ φðτÞ and for ~φ. The Euclidean action

SE ¼
Z

β

0

dτ½∂τφ∂τ ~φ=ðg2ð1þ φ ~φÞ2Þ þ Vðφ ~φÞ� ð13Þ

has two conserved Noether charges associated with the
complexification of the Euclidean time translation τ →
τ þ a and the phase rotation ðφ; ~φÞ → ðeibφ; e−ib ~φÞ
(a; b ∈ C). Using the corresponding conservation laws,
we can obtain the following solution of the equation of
motion with a nontrivial contribution in a β → ∞ limit:

φ ¼ eiϕc
fðτ − τcÞ
sin2α

; ~φ ¼ e−iϕc
fðτ − τcÞ
sin2α

; ð14Þ

where ðτc;ϕcÞ are complex moduli parameters associated
with the symmetry and fðτÞ is the elliptic function

fðτÞ ¼ csðΩτ; kÞ≡ cnðΩτ; kÞ=snðΩτ; kÞ; ð15Þ

which satisfies the differential equation

ð∂τfÞ2 ¼ Ω2ðf2 þ 1Þðf2 þ 1 − k2Þ: ð16Þ

Solutions are characterized by two integers ðp; qÞ for the
period

β ¼ ð2pK þ 4iqK0Þ
Ω

; ð17Þ

where 2KðkÞ and 4iK0 (K0 ≡ Kð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2

p
Þ) are the periods

of the doubly periodic functions. The parameters ðα;Ω; kÞ
are given in terms of the period β, and their asymptotic
forms for large β (see Appendix B for the details of the
calculations) are given by

k ≈ 1 − 8e−
ωβ−2πiq

p ;

Ω ≈ ω

�
1þ 8

ω2 þm2

ω2 −m2
e−

ωβ−2πiq
p

�
;

cos α ≈
m
ω

�
1 −

8m2

ω2 −m2
e−

ωβ−2πiq
p

�
; ð18Þ

where ω ¼ m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ϵg2=m

p
and ðp; qÞ are arbitrary inte-

gers such that 0 ≤ q < p. The asymptotic value of the
action for the ðp; qÞ solution is given by

S ≈ pSbion þ 2πiϵl; Sbion ¼
2m
g2

þ 2ϵ log
ωþm
ω −m

;

ð19Þ

where we have ignored the vacuum value of the action.
The imaginary part 2πiϵl is related to the so-called hidden
topological angle [39] and the integer l is zero or the
greatest common divisor of p and 2q depending on the
value of Imτc. We see that the integer p is the number of
bions, and that the nth kink and antikink are located at τþn
and τ−n , with

τ�n ¼ τc þ
n − 1

ωp
ðωβ − 2πiqÞ � 1

2ω
log

4ω2

ω2 −m2
: ð20Þ

There are p bions (pairs of kink-antikink) equally spaced
on S1. In Fig. 1, we depict the profile of the complexified
height function

Σ ¼ ð1 − φ ~φÞ
ð1þ φ ~φÞ ð21Þ

FIG. 1. Multibion solution: Kink profile of ΣðτÞ ¼ ð1 − φ ~φÞ=
ð1þ φ ~φÞ for ðp; qÞ ¼ ð3; 1Þ, ϵ ¼ 1, m ¼ 1, g ¼ 1=200, β ¼ 100
and τc ¼ 0. Σ ¼ �1 (dashed lines) correspond to north and
south poles (global and local minima) of CP1.
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of the ðp; qÞ ¼ ð3; 1Þ solution. It illustrates that general
ðp; qÞ solutions are intrinsically complex, and are not a
mere repetition of single (real or complex) bions. In Fig. 2
we depict other solutions [ðp; qÞ ¼ ð2; 0Þ and ðp; qÞ ¼
ð2; 1Þ] in terms of θ ¼ −2 arctan jφj, which visualizes
patterns of transition between the (metastable) vacua.
Although our solutions are not solutions of the SUSY
theory with fermions, they are composite configurations of
instantons and anti-instantons which are typically non-
BPS. This fact implies that the non-BPS configurations
play a vital role in the semiclassics in the path integral
formalism of quantum theories.

IV. MULTIBION CONTRIBUTIONS

The contributions from the p-bion solutions can be
calculated by performing the Lefschetz thimble integral
associated with the saddle points. In the weak-coupling
limit g → 0, we can use the Gaussian approximation for the
fluctuation modes from the saddle points, except for the
nearly massless modes parametrized by the quasimoduli
parameters ðτi;ϕiÞ. Thus, we can simplify the Lefschetz
thimble analysis by reducing the degrees of freedom onto
the quasimoduli space.

The leading-order contributions come from the region
around the saddle points, where all the kinks are well
separated in the weak-coupling limit. Therefore, the effec-
tive potential can be approximated by that for well-
separated kinks,

SE → Veff ¼ −mϵβ þ
X2p
i¼1

�
m
g2

þ Vi

�
; ð22Þ

where Vi is the asymptotic interaction potential between
neighboring kink-antikink pairs [34],

Vi

m
¼ ϵiðτi − τi−1Þ −

4

g2
e−mðτi−τi−1Þ cosðϕi − ϕi−1Þ; ð23Þ

with τ2n−1 ¼ τ−i , τ2n ¼ τþi , τ0 ¼ τ2p − β, ϕ0 ¼ ϕ2p

ðmod 2πÞ, ϵ2n−1 ¼ 0, and ϵ2n ¼ 2ϵ. We find that the saddle
points of Veff are consistent with τ�n in Eq. (20) for large β
and small g. We introduce a Lagrange multiplier σ to
impose the periodicity as

2πδ

�X
i

τi − β

�
¼ m

Z
dσ exp

�
imσ

�X
i

τi − β

��
:

ð24Þ

By generalizing the Lefschetz thimble analysis in Ref. [25]
to the multibion contribution

Zp ∝
Z Y2p

i¼1

dτidϕi; expð−VeffÞ; ð25Þ

we obtain the following p-bion contribution to the
partition function (see Appendix C for the details of the
calculations):

Zp

Z0

≈ −
2imβ

p
e
−2pm

g2 Res
σ¼0

�
e−imβσ

Y2p
i¼1

Ii

�
; ð26Þ

with

Ii ¼
2m
g2

�
2m
g2

e�πi
2

�
iσ−ϵi Γððϵi − iσÞ=2Þ

Γð1 − ðϵi − iσÞ=2Þ : ð27Þ

The sign � is associated with arg½g2� ¼ �0. This gives a
polynomial of β, whose leading term is of order βp,

Zp

Z0

≈
1

p!

�
2mβΓðϵÞ
Γð1 − ϵÞ e

−2m
g2
∓πiϵ

�
2m
g2

�
2ð1−ϵÞ�p

; ð28Þ

consistent with the dilute gas approximation: Zp=Z0 ¼
ðZ1=Z0Þp=p!þOðβp−1Þ. From the p-bion contribution
(26) and the perturbative contribution (p ¼ 0), the
ground-state energyE ¼ −limβ→∞

1
β logZ can beobtained as

FIG. 2. Multibion solution: θ ¼ −2 arctan jφj for ðp; qÞ ¼
ð2; 0Þ (top) and for ðp; qÞ ¼ ð2; 1Þ (bottom). The other param-
eters are the same as those in Fig. 1. θ ¼ 0; 2π;… and θ ¼
π; 3π;… correspond to north and south poles of CP1.
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E ¼ E0 − lim
β→∞

1

β
log

�
1þ

X∞
p¼1

Zp

Z0

�
: ð29Þ

By taking the logarithm, contributions of high powers of β
such as βp for p > 1 should be canceled, and the ground-
state energy is obtained from the remaining contributions of
order β. Fortunately, most of these contributions with high
powers of β disappear near the SUSY case thanks to the zero
in 1=Γð1 − ðϵi − iσÞ=2Þ. As a result, we find that the first
derivative is proportional to β and gives the near-SUSY
ground-state energy Eð1Þ,

Eð1Þ
p ¼ −e

2pm

g2 lim
ϵ→1

lim
β→∞

1

β

∂
∂ϵ

Zp

Z0

¼ −2m; ð30Þ

verifying the exact result (10). The second derivative in ϵ
turns out to be quadratic in β, and

Eð2Þ
p ¼ −

e
2pm

g2

2
lim
ϵ→1

lim
β→∞

1

β

�
∂2
ϵ
Zp

Z0

−
Xp−1
i¼1

∂ϵ
Zp−i

Z0

∂ϵ
Zi

Z0

�
ð31Þ

is calculated as

Eð2Þ
p ¼ 4mp2

�
γ þ log

2m
g2

� πi
2

�
; ð32Þ

in complete agreement with the exact result (12). We have
obtained the classical contributions to all orders of multi-
bions, which provide all of the terms needed for the full
resurgence structure of our model, although it is difficult to
check the divergent perturbation series on the p-bion back-
ground directly, except for the trivial vacuum (p ¼ 0).

V. PERTURBATION SERIES ON THE
TRIVIAL VACUUM

We obtain the perturbation series on the trivial back-
ground (p ¼ 0) by using the Bender-Wu method [26,69].
We first expand the energy and the wave function as

E ¼ m
X
l

Alη
2l; Ψ ¼ expð−x2Þ

X
l;k

Bl;kη
2lx2k; ð33Þ

with jφj ¼ ηx and η2 ¼ g2=m. Then, the Schrödinger
equation reduces to a (Bender-Wu) recursive equation
for Al and Bl;k, which gives the leading asymptotic
behavior (see Appendix D for the details of the calcula-
tions) as

Al ∼ −
Γðlþ 2ð1 − ϵÞÞ
2l−1Γð1 − ϵÞ2 ðfor large lÞ: ð34Þ

Since the coefficients Al grow factorially for large l, we
obtain the perturbative part of the ground-state energy by
using the Borel resummation

E0 ∼
2m

Γð1 − ϵÞ2
Z

∞

0

dte−tt2ð1−ϵÞ
�
t −

2m
g2

�
−1
: ð35Þ

The Borel resummation gives a finite result with the
imaginary ambiguity

ImE0 ¼∓ 2πm
Γð1 − ϵÞ2

�
g2

2m

�
2ðϵ−1Þ

e
−2m

g2 ; ð36Þ

with − (þ) on the right-hand side for Img2 ¼ þ0 (−0).
This imaginary ambiguity of the perturbation series in the
trivial vacuum (p ¼ 0) cancels that of the single-bion sector
[Eq. (28) with p ¼ 1]. Therefore, combining these two
contributions gives an unambiguous real result. This result
explicitly verifies the resurgence for arbitrary values of ϵ
including the non-SUSY case, although only to the leading
order of the nonperturbative exponential.
For the near-SUSY case, we can obtain the perturbation

series on the trivial vacuum exactly to all orders in g2, by
exactly solving the Bender-Wu recursion relation to the
second order of δϵ as

E0 ¼ ðg2 −mÞδϵ − 2m
X∞
l¼2

ΓðlÞ
�
g2

2m

�
l

δϵ2 þ � � � : ð37Þ

This agrees completely with the exact results Eð1Þ
0 in

Eq. (10) and Eð2Þ
0 in Eq. (11) after Borel resummation.

VI. SUMMARY AND DISCUSSION

In conclusion:
(i) We have derived the exact expansion coefficients of

the ground-state energy to the second order of the
SUSY-breaking deformation parameter δϵ. The re-
sult shows a resurgent trans-series structure to all
orders of the nonperturbative exponential.

(ii) We have derived nonperturbative multibion contri-
butions with imaginary ambiguities in the weak-
coupling limit and found that they agree with the
corresponding parts in the exact result.

(iii) At least for near-SUSY CP1 QM, by assuming the
cancellation of imaginary ambiguities (resurgence
structure) and an even function of m=g2, we have
recovered the entire trans-series which agrees with
the exact result of the near-SUSY case.

(iv) With the Bender-Wu recursion relation, we have
obtained the perturbation series on the zero-bion
vacuum to all orders, which gives an imaginary
ambiguity when Borel-resummed, and have verified
the cancellation with that of the single-bion sector
for a general deformation parameter ϵ including the
non-SUSY case.

The exact result in Eq. (12) shows that the imaginary
ambiguities have no g2 corrections in CP1 QM. This fact
enabled us to recover the entire trans-series from the
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semiclassical multibion contributions only. In other models
such as sine-Gordon QM, imaginary ambiguities from the
multibion contribution have perturbative corrections in
powers of g2 [20]. Then these perturbative corrections
are needed in order to recover the full resurgent trans-series.
The same resurgence structure exists in CPN−1 models

with N > 2. Similarly to N ¼ 2, we obtain a Oðδϵ2Þ
perturbative contribution with the imaginary ambiguity

ImEð2Þ
0 ¼∓ N2π

2

XN−1

i¼1

miAie
−2mi

g2 ; ð38Þ

where Ai ¼
Q

N−1
j¼1;j≠i

mj

mj−mi
and the mass parameters mi are

reduced from the two-dimensional CPN−1 model with
twisted boundary conditions. We also calculate the
Oðδϵ2Þ single-bion contribution

Eð2Þ
1 ¼

XN−1

i¼1

N2miAie
−2mi

g2

�
γ þ log

2mi

g2
� πi

2

�
: ð39Þ

The imaginary ambiguities cancel each other. As for the
convergence of the δϵ expansion, we observe that each of
the p-bion semiclassical contributions has a convergent
expansion for any p.
Focusing on the near-SUSY regime can be extended to the

solvable models (including localizable SUSY theories
[49,53] and quasi-solvable models [28]) by softly breaking
the solvable condition and expanding the physical quantities
with respect to the deformation parameter. This is because
these models have a similar resurgence property as the
presentCP1 model, where the resurgence structure becomes
trivial without cancellation of the imaginary ambiguity at
localization-applicable or quasi-exactly-solvable regimes.
We also notice that the localization technique is applicable in
CPN−1 QM to compute the first-order ground-state energy
Eð1Þ but not the second order. Recent results on volume
independence [41] should be useful in extending our study
to QFT, which may also require a more refined thimble
analysis, as has been studied intensively [64–68].
Regarding non-SUSY gauge theories, complex instanton

solutions were discussed in gauge theories with complexi-
fied gauge groups decades ago [70,71]. It would be
important to discuss contributions from these complex
solutions in terms of resurgence theory.
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APPENDIX A: EXACT GROUND-STATE ENERGY

In this appendix we show details of the calculations in
Sec. II. The leading-order correction to the ground-state
wave function and energy for CP1 quantum mechanics in
Eqs. (1)and (3) can be obtained by solving theOðδϵÞ part of
the Schrödinger equation,

Hϵ¼1jδΨi ¼
�
Eð1Þ þm

1 − jφj2
1þ jφj2

�
j0i; ðA1Þ

Eð1Þ ¼ g2 −m coth
m
g2

¼ −mþ g2 −
X∞
p¼1

2me
−2pm

g2 : ðA2Þ

From this expanded form, we can read off the expansion
coefficients in Eq. (10). The above differential equation can
be exactly solved as

hφjδΨi ¼ e
− μ

g2

Z
μ

0

dμ0

μ0ðμ0 −mÞ
�
μ0 −m

1 − e
2μ0
g2

1 − e
2m
g2

�
: ðA3Þ

Then we find the second-order correction to the ground-
state energy as

Eð2Þ ¼ −
hδΨjHϵ¼1jδΨi

h0j0i

¼ g2 − 2m
cosh m

g2

sinh3 m
g2

Z
m

0

dμ
sinh2 μ

g2

μ
: ðA4Þ

Using the hyperbolic cosine integral ChiðzÞ defined by

ChiðzÞ ¼ γ þ log z −
Z

z

0

dt
t
ð1 − cosh tÞ; ðA5Þ

we can rewrite Eð2Þ as

Eð2Þ ¼ g2 −m
cosh m

g2

sinh3 m
g2

�
Chi

�
2m
g2

�
− γ − log

2m
g2

�
: ðA6Þ
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By using the relation

Chi

�
2m
g2

�
¼ −

1

2

Z
∞

0

dte−t
�

e
2m
g2

t − 2m
g2�i0

þ e
−2m

g2

tþ 2m
g2

�
∓ πi

2

ðA7Þ

Eð2Þ can be expanded as

Eð2Þ ¼ g2 þ 2m
Z

∞

0

dte−t
1

t − 2m
g2�i0

þ 4m
X∞
p¼1

e
−2pm

g2

�
p2

�
γ þ log

2m
g2

� πi
2

�

þ 1

2

Z
∞

0

dte−t
�ðpþ 1Þ2
t − 2m

g2�i0

þ ðp − 1Þ2
tþ 2m

g2

��
: ðA8Þ

From this expanded form, we can read off the expansion
coefficients Eqs. (11) and (12).

APPENDIX B: MULTIBION SOLUTIONS

In this appendix we summarize the basic properties of
the multibion solution (14),

φ ¼ eiϕc
fðτ − τcÞ
sin α

;

~φ ¼ e−iϕc
fðτ − τcÞ
sin α

;

fðτÞ ¼ csðΩτ; kÞ; ðB1Þ

where the parameters are related as

k2 ¼ 1 − tan2 α

�
cos2 α −

m2

Ω2

�
;

Ω ¼ ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1þ sec2 αÞ

�
1 −

m2

ω2
sec2 α

�s
; ðB2Þ

with

ω ¼ m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ϵg2

m

r
: ðB3Þ

This is a periodic solution, whose period is given by

β ¼
I

df
∂τf

¼ 1

Ω

I
dfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðf2 þ 1Þðf2 þ 1 − k2Þ
p ; ðB4Þ

where we have used the relation ð∂τfÞ2 ¼ Ω2ðf2 þ 1Þ
ðf2 þ 1 − k2Þ. There are four branch points corresponding
to the turning points ð∂τφ ¼ ∂τ ~φ ¼ 0Þ,

f ¼ �i; �i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2

p
: ðB5Þ

Let us introduce two branch cuts on the lines from �i to
�i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2

p
in the complex f plane. Let CA be the cycle

from Ref ¼ −∞ to Ref ¼ ∞which does not pass through
the branch cuts and let CB be the cycle surrounding the two
branch points �i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2

p
. Their periods are

βA ¼ 2KðkÞ
Ω

; βB ¼ 4iKð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2

p
Þ

Ω
; ðB6Þ

where KðkÞ ¼ Fðπ=2; kÞ is the complete elliptic integral of
the first kind,

Fðx; kÞ ¼
Z

x

0

dθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2 sin2 θ

p : ðB7Þ

The period of the solution winding the cycle pCA þ
qCBðp; q ∈ ZÞ is given by

β ¼ 2pKðkÞ þ 4qiKð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2

p
Þ

Ω
; p; q ∈ Z: ðB8Þ

Solving this equation and Eq. (B3), we can determine the
parameters ðα;Ω; kÞ for each pair of integers ðp; qÞ.
The β → ∞ limit of the ðp; qÞ ¼ ð1; 0Þ solution is given
by the known one-bion solution for an infinite time interval
with

E ¼ mϵ; k ¼ 1; cos α ¼ m
ω
; Ω ¼ ω: ðB9Þ

We need the β → ∞ limit, keeping ðp; qÞ fixed. Expanding
the period with respect to δk ¼ k − 1, we find that

β ¼ 1

ω

�
−p log

�
−
δk
8

�
þ 2πiq

�
þOðδk log δkÞ: ðB10Þ

Therefore, the asymptotic form of δk for large β is

δk ≈ −8e−
ωβ−2πiq

p : ðB11Þ

We can also show that the asymptotic forms of the other
parameters are

δα ≈
�

4m2

ω2 −m2

�3
2

e−
ωβ−2πiq

p ;

δΩ ¼ 8ω
ω2 þm2

ω2 −m2
e−

ωβ−2πiq
p ;

δE ¼ 8ω2

g2
ω2

ω2 −m2
e−

ωβ−2πiq
p : ðB12Þ

We read Eq. (18) from these equations. Note that Eq. (B10)
implies that the solution exists only for 0 ≤ q < p in the
large-β limit.
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The action for this solution is given by

Ssol ¼
Z

β

0

dτLsol ¼ −mϵβ þ Ω
g2

I
dfXðfÞ; ðB13Þ

where the function XðfÞ can be written as

X ¼ −
∂
∂f

�
ω2 −m2

Ω2

�
Fðx; kÞ
cos2α

− tan2αΠðcos2α; x; kÞ
�

þ Eðx; kÞ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 þ 1 − k2

f2 þ 1

s
fcos2α

f2 þ sin2α

�

¼ −i
∂
∂f

�
ω2 −m2

Ω2

�
Fðy; k0Þ − Π

�
1 − k2

sin2α
; y; k0

��

þ Fðy; k0Þ − Eðy; k0Þ þ i
f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðf2 þ 1Þðf2 þ 1 − k2Þ

p
f2 þ sin2α

�
;

ðB14Þ

with x ¼ arcsin
ffiffiffiffiffiffiffiffi
1

f2þ1

q
, y ¼ arcsin

ffiffiffiffiffiffiffiffi
−f2
1−k2

q
, and k0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − k2
p

. Then we obtain

XðfÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðf2 þ 1Þðf2 þ 1 − k2Þ

p �
−
1 − k2

sin2α

þ ðf2 þ 1Þðf2 þ 1 − k2Þ 2sin2α
ðf2 þ sin2αÞ2

�
: ðB15Þ

There are contributions from CA, CB, and the poles at
f ¼ �i sin α (more precisely, integration cycles should be
defined on the torus with two punctures):

S ¼ −mϵβ þ pSA þ qSB þ 2πilSres; l ∈ Z: ðB16Þ

Explicitly, Sres ¼ ϵ and SA and SB are given by

SA ¼ 2Ω
g2

�
ω2 −m2

Ω2

�
KðkÞ
cos2α

− tan2αΠðcos2α; kÞ
�
þ EðkÞ

�
;

SB ¼ 4iΩ
g2

�
ω2 −m2

Ω2

�
Kðk0Þ − Π

�
1 − k2

sin2α
; k0

��

þ Kðk0Þ − Eðk0Þ
�
; ðB17Þ

where EðkÞ ¼ Eðπ
2
; kÞ and Πða; kÞ ¼ Πða; π

2
; kÞ are the

complete elliptic integrals of the second and third kind,

Eðx; kÞ ¼
Z

x

0

dθ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2 sin2 θ

p
;

Πða; x; kÞ ¼
Z

x

0

dθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2 sin2 θ

p 1

1 − a sin2 θ
; ðB18Þ

and k0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2

p
. For large β,

S ≈ −mϵβ þ p

�
2ω

g2
þ 2ϵ log

ωþm
ω −m

�
þ 2πiϵl; ðB19Þ

from which we read Eq. (19). This implies that the integer p
corresponds to the number of bions.
Focusing on the region around

τ ≈
n
p
β ðn ¼ 0; 1;…; p − 1Þ; ðB20Þ

we can approximate the solution for large β as

hðτÞ ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ω2

ω2 −m2

s �
sinh

�
ω

�
τ −

nβ
p

�
þ 2πinq

p

��
−1
;

ðB21Þ

where we have used csðx; 1Þ ¼ 1= sinh x. Therefore,
the solution in this region looks like the single-bion
configuration,

φ ≈ ðeωðτ−yþn Þ þ e−ωðτþ~y−n ÞÞ−1;
~φ ≈ ðeωðτ−~yþn Þ þ e−ωðτþy−n ÞÞ−1; ðB22Þ

with

ωy�n ¼ ωτc þ iϕc þ
n
p
ωβ −

2πinq
p

� log

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ω2

ω2 −m2

s

ðmod 2πiÞ; ðB23Þ

ω~y�n ¼ ωτc − iϕc þ
n
p
ωβ −

2πinq
p

� log

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ω2

ω2 −m2

s

ðmod 2πiÞ: ðB24Þ

From this asymptotic form, we can read off the positions
τ�n ¼ ðy�n−1 þ ~y�n−1Þ=2 and phases ϕ�

n ¼ ðy�n−1 − ~y�n−1Þ=2i
of the component kinks. The nth kink (þ) and antikink (−)
locations [Eq. (20)] are given by

τ�n ¼ τc þ
n − 1

ωp
ðωβ − 2πiqÞ � 1

2ω
log

4ω2

ω2 −m2
: ðB25Þ

The poles of the Lagrangian are located at

ωτpole;n� ≈ ωτc þ
n
p
ωβ −

2πinq
p

� arccosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

ω2 −m2

s
þ πi

2
ðmod πiÞ:

ðB26Þ
These poles pass through the real τ axis for certain values of
Imτ0, at which the value of the action jumps discontinu-
ously. When one of the poles—for example, τpole;nþ—is on
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the real τ axis, then τpole;n0þ with n0 ¼ nþ kp= gcdðp; 2qÞ
½k ¼ 0;…; gcdðp; 2qÞ − 1� are also on the real τ axis,
where gcdðp; 2qÞ is the greatest common divisor of p
and 2q. Therefore, the discontinuity of the action when the
poles pass through the real τ axis is

ΔS ¼ �2πiϵ gcdðp; 2qÞ: ðB27Þ

APPENDIX C: MULTIBION CONTRIBUTIONS

In this appendix we explicitly evaluate the quasimoduli
integral for the chain of p kinks and p antikinks alternately
aligned on S1 with period β. The effective potential consists
of the nearest-neighbor interactions

Veff ¼ −mϵβ þ
X2p
i¼1

�
m
g2

þ Vi

�
; ðC1Þ

where Vi is the interaction potential

Vi ¼ mϵiðτi − τi−1Þ −
4m
g2

e−mðτi−τi−1Þ cosðϕi − ϕi−1Þ;

ðC2Þ
where ðτi;ϕiÞ are quasimoduli parameters corresponding to
the position and phase of the ith (anti)kink ðτ0 ¼ τ2p −
β;ϕ0 ¼ ϕ2p mod 2πÞ and

ϵi ¼
�
2ϵ for i ∈ 2Z;

0 for i ∈ 2Zþ 1:
ðC3Þ

It is convenient to redefine the relative quasimoduli
parameters as

zi ¼ mðτi − τi−1Þ þ iðϕi − ϕi−1Þ;
~zi ¼ mðτi − τi−1Þ − iðϕi − ϕi−1Þ: ðC4Þ

Note that the imaginary parts of zi and ~zi are phases defined
modulo 2π. The complex variables zi and ~zi are subject to
the constraints

X2p
i¼1

zi þ ~zi
2

¼ mβ;
X2p
i¼1

zi − ~zi
2i

¼ 0 ðmod 2πÞ;

ðC5Þ
which are expressed by the integral forms of delta functions
as functions of σ and s,

δ

�X2p
i¼1

zi þ ~zi
2

−mβ

�

¼
Z

dσ
2π

exp

�
iσ

�X2p
i¼1

zi þ ~zi
2

−mβ

��
;

×
X∞
n¼−∞

δ

�X2p
i¼1

zi − ~zi
2i

− 2πn

�

¼ 1

2π

X∞
s¼−∞

exp

�
s
zi − ~zi

2

�
: ðC6Þ

The saddle points ðq ¼ 0; 1;…; p − 1Þ which give non-
trivial contributions to the ground-state energy are
located at

zi ¼

8>><
>>:

− log

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðϵg2
4mÞ

2 þ e−
mβ−2πiq

p

q
þ ϵg2

4m

�
≈ log 2m

ϵg2 ðfor i ∈ 2ZÞ;

− log

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðϵg2
4mÞ

2 þ e−
mβ−2πiq

p

q
− ϵg2

4m

�
≈ − log 2m

ϵg2 þ mβ−2πiq
p ðfor i ∈ 2Zþ 1Þ:

ðC7Þ

We note that the Lagrange multiplier σ is expressed in
terms of the other parameters on the saddle points. This is
consistent with the weak-coupling limit g2 → 0 of Eq. (20)
with z2n=ω ¼ τþn − τ−n and z2nþ1=ω ¼ τ−nþ1 − τþn .
The p-bion contribution to the partition function is

given by

Zp

Z0

¼ 1

p

Z Y2p
i¼1

�
dτi ∧ dϕi

2m2

πg2
exp

�
−
m
g2

− Vi

��
; ðC8Þ

where the factor 2m2

πg2 is the one-loop determinant from the

massive modes around each kink and the factor 1=p is
inserted since the bions are indistinguishable. The integra-
tion measure can be rewritten as

Y2p
i¼1

dτi ∧ dϕi ¼ mdτc ∧ dϕc ∧
�Y2p

i¼1

i
2m

dzi ∧ d~zi

�

× δ

�X2p
i¼1

zi þ ~zi
2

−mβ

�

× δ

�X2p
i¼1

zi − ~zi
2i

− 2πn

�
; ðC9Þ

where τc and ϕc are the overall moduli parameters. We can
rewrite the p-bion contribution as

Zp

Z0

¼ 2πmβ

p
e
−2pm

g2
X∞
s¼−∞

1

4π2

Z
dσe−imβσ

Y2p
i¼1

Ii; ðC10Þ
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where

Ii ¼
im
πg2

Z
dzi ∧ d~zi expð−ViÞ expð− ~ViÞ; ðC11Þ

with

Vi ¼ −
2m
g2

e−zi þ 1

2
ðϵi − s − iσÞzi;

~Vi ¼ −
2m
g2

e−~zi þ 1

2
ðϵi þ s − iσÞ~zi: ðC12Þ

We can show that the p-bion contribution satisfies the
following differential equation:

�Y2p
i¼1

s2 − ðϵi − iσ̂Þ2
4

−
�
2m
g2

�
4p
e−2mβ

��
1

β

Zp

Z0

�
¼ 0;

σ̂ ¼ i
m

∂
∂β : ðC13Þ

There are 4p linearly independent solutions, whose asymp-
totic forms for large β are given by

1

β

Zp

Z0

≈ βqe−ð2ϵ�sÞmβ or βqe�smβ

ðq ¼ 0;…; p − 1Þ: ðC14Þ
Since the leading behavior of the p-bion contribution for
large β should be Zp=Z0 ≈ βp, the above asymptotic
solutions imply that the term with s ¼ 0 gives the leading
contribution for large β. In the following, we only consider
the term with s ¼ 0. For fixed values of σ, the saddle points
of Vi and ~Vi are

zi ¼ log

�
4m
g2

1

ϵi − iσ

�
þ πið2li − 1Þ;

~zi ¼ log

�
4m
g2

1

ϵi − iσ

�
þ πið2~li − 1Þ; ðC15Þ

where li; ~li are integers labeling the saddle points. It is
convenient to shift the integration contour for σ so that
Reðϵi − iσÞ > 0 for all i. Then, the integration over the
thimble J li;~li

associated with the saddle point labeled by

ðli; ~liÞ givesZ
J li;~li

dzi ∧ d~zie−Vi− ~Vi

¼
�
2m
g2

eπiðliþ~li−1Þ
�

iσ−ϵi
Γ
�
ϵi − iσ

2

�
2

: ðC16Þ

The saddle points which contribute to the partition function
can be determined by the Lefschetz thimble method.

In Ref. [25], we have shown that when ϵi − iσ is a positive
real number, the thimbles which contribute to the partition
function are

CR ¼
�
J 1;1 − J 1;0 Img2 ¼ þ0;

J 0;1 − J 0;0 Img2 ¼ −0.
ðC17Þ

As long as Reðϵi − iσÞ > 0, we can show that the same
thimbles provide contributions to the partition function.
Thus, we obtain

Ii ¼
2m
g2

�
2m
g2

e�πi
2

�
iσ−ϵi Γðϵi−iσ

2
Þ

Γð1 − ϵi−iσ
2
Þ ; ðC18Þ

where we have used the reflection formula for the gamma
function

sinðπxÞΓðxÞ ¼ π

Γð1 − xÞ : ðC19Þ

Then, the contour integral for the p-bion contribution

Zp

Z0

≈
mβ

p
e
−2pm

g2

Z
dσ
2π

e−iσmβ
Y2p
i¼1

Iijs¼0 ðC20Þ

can be evaluated by picking up the poles at σ ¼ −2ik
and σ ¼ −2iðϵþ kÞ (k ∈ Z≥0). In the β → ∞ limit, the
pth-order pole at σ ¼ 0 gives the leading-order term (26),

Zp

Z0

≈ −
imβ

p
e
−2pm

g2 Res
σ¼0

�
e−imσβ

Y2p
i¼1

Iijs¼0

�

¼ −
imβ

p!
e
−2pm

g2 lim
σ→0

� ∂
∂σ

�
p−1

×

�
8im2

g4
e−

iσmβ
p

�
2m
g2

e�πi
2

�
2ðiσ−ϵÞ

×
Γðϵ − iσ

2
Þ

Γð1 − ϵþ iσ
2
Þ
Γð1 − iσ

2
Þ

Γð1þ iσ
2
Þ
�
p
: ðC21Þ

The leading-order term (28) is

Zp

Z0

≈
1

p!

�
2mβΓðϵÞ
Γð1 − ϵÞ e

−2m
g2
∓πiϵ

�
2m
g2

�
2ð1−ϵÞ�p

: ðC22Þ

This is consistent with the dilute gas approximation. In the
supersymmetric case ϵ ¼ 1, Zp=Z0 vanishes due to the
factor 1=Γð1 − ϵÞ. In the near-SUSY case, we obtain

lim
ϵ→1

∂
∂ϵ

Zp

Z0

≈ 2mβe
−2pm

g2 ; ðC23Þ

where we have used
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lim
x→0

∂x
1

ΓðxÞ ¼ 1: ðC24Þ

Then we obtain

lim
ϵ→1

∂ϵE ¼ lim
ϵ→1

∂ϵ

�
Epert − lim

β→∞

1

β
log

�
1þ

X∞
p¼1

Zp

Z0

��

¼ lim
ϵ→1

∂ϵEpert −
X∞
p¼1

e
−2pm

g2 ð2mþOðg2ÞÞ: ðC25Þ

This is consistent with the exact result. Using the
relation

1

p!
lim
ϵ→1

∂2
ϵ lim
σ→0

∂p−1
σ

�
X

Γð1 − ϵþ iσ
2
Þ
�
p

¼ lim
ϵ→1

lim
σ→0

p

�
i
2
X

�
p−1

½ðpþ 1Þγ − 2ðp − 1Þi∂σ − 2∂ϵ�X;

ðC26Þ

we can show that

1

2
lim
ϵ→1

∂2
ϵ
Zp

Z0

≈ −2mβe
−2pm

g2

�
2p2

�
γ þ log

2m
g2

� πi
2

�

− ðp − 1Þmβ

�
: ðC27Þ

Therefore, the second-order coefficient of the ground-state
energy in Eq. (20) is given by

1

2
lim
ϵ→1

∂2
ϵE ¼ 1

2
lim
ϵ→1

lim
β→∞

�
−
1

β

Z∂2
ϵZ − ð∂ϵZÞ2

Z2

�

¼
X
p

4me
−2pm

g2 p2

�
γ þ log

2m
g2

� πi
2
þOðg2Þ

�
:

ðC28Þ

APPENDIX D: PERTURBATION SERIES ON
THE TRIVIAL VACUUM

In this appendix we derive the perturbative part of the
ground-state energy by using the Bender-Wu method.
Since the ground state is invariant under the phase rotation
φ → eibφ, the corresponding wave function Ψ is a function
of jφj. By redefining the wave function and the coordinate
as

Ψ ¼ e−x
2

ψðxÞ; jφj ¼ ηx; η≡ gffiffiffiffi
m

p ; ðD1Þ

the Schrödinger equation can be rewritten as

m

�
−
1

4
ð1þ η2x2Þ2

� ∂2

∂x2 þ ð1 − 4x2Þ 1
x
∂
∂x

�

þ VðxÞ
�
ψ ¼ Eψ ; ðD2Þ

where the potential is

VðxÞ ¼ ð1 − x2Þð1þ η2x2Þ2 þ x2

ð1þ η2x2Þ2 − ϵ
1 − η2x2

1þ η2x2
:

ðD3Þ

Let us expand the energy and the wave function with
respect to η:

E
m

¼
X∞
l¼0

Alη
2l; ψ ¼

X∞
l¼0

ψ lðxÞη2l: ðD4Þ

Then, the Schrödinger equation ð ~H − EÞψ ¼ 0 can be
expanded as

0 ¼ 1

4

X4
i¼0

�
4

i

�
x2i

�
ψ 00
l−i þ ð1 − 4x2Þ 1

x
ψ 0
l−i

− 4ð1 − x2Þψ l−i

�

þ
Xl

i¼0

Alðψ l−i þ 2x2ψ l−i−1 þ x4ψ l−i−2Þ

þ ðϵ − x2Þψ l − x4ϵψ l−2; ðD5Þ

where ψ l ¼ 0 for l < 0. Setting ψ0 ¼ 1, we can solve these
equations order by order. It is not difficult to show that ψ l
are polynomials of the form

FIG. 3. The asymptotic behavior of the ratio Al=

½ 1
2l−1

Γðlþ2ð1−ϵÞÞ
Γð1−ϵÞ2 �ðl ≤ 100Þ for 0 ≤ ϵ ≤ 2 (ϵ ¼ n=5; n ¼ 0;…; 10).

δ is a regularization parameter (δ ¼ 10−10).
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ψ l ¼
X2l
k¼0

Bl;kx2k: ðD6Þ

We can always fix the normalization of the wave function
as Ψðx ¼ 0Þ ¼ 1, i.e., B0;0 ¼ 1, Bl;0 ¼ 0ðl ≠ 0Þ. The
Schrödinger equation reduces to

0 ¼
X4
i¼0

�
4

i

�
½ðk − iþ 1Þ2Bl−i;k−iþ1

− ð2k − 2iþ 1ÞBl−i;k−i þ Bl−i;k−i−1�

þ
Xl

i¼1

AiðBl−i;k þ 2Bl−i−1;k−1 þ Bl−i−2;k−2Þ

− Bl;k−1 þ ϵðBl;k − Bl−2;k−2Þ; ðD7Þ

where Bl;k ¼ 0 if l < 0, k < 0, k > 2l. As shown in Fig. 3,
the asymptotic behavior (34) for 0 < ϵ < 2 is consistent
with

Al ∼ −
1

2l−1
Γðlþ 2ð1 − ϵÞÞ

Γð1 − ϵÞ2 : ðD8Þ

The Borel resummation of the right-hand side gives

−m
X∞
l¼1

1

2l−1
Γðlþ 2ð1 − ϵÞÞ

Γð1 − ϵÞ2 η2l

¼Borel − g2

Γð1 − ϵÞ2
Z

∞

0

dte−t
X∞
l¼0

t2ð1−ϵÞ
�
η2

2
t

�
l

¼ 2m
Γð1 − ϵÞ2

Z
∞

0

dte−t
t2ð1−ϵÞ

t − 2m
g2
: ðD9Þ

Therefore, the imaginary ambiguity [Eq. (22)] from the
perturbative part is

ImE0 ¼∓ 2πm
Γð1 − ϵÞ2

�
g2

2m

�
2ðϵ−1Þ

e
−2m

g2 : ðD10Þ
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