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Starting from the generalized pp waves that are exact vacuum solutions of general relativity with a
cosmological constant, we construct a new family of exact vacuum solutions of Poincaré gauge theory, the
generalized p p waves with torsion. The ansatz for torsion is chosen in accordance with the wave nature of
the solutions. For a subfamily of these solutions, the metric is dynamically determined by the torsion.
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I. INTRODUCTION

The principle of gauge symmetry was born in the work
of Weyl [1], where he obtained the electromagnetic field by
assuming local U(1) invariance of the Dirac Lagrangian.
Three decades later, the Poincaré gauge theory (PGT) was
formulated by Kibble and Sciama [2]; it is nowadays a
well-established gauge approach to gravity, representing a
natural extension of general relativity (GR) to the gauge
theory of the Poincaré group [3,4]. Basic dynamical
variables in PGT are the tetrad field »' and the Lorentz
connection 0" = —@/' (1-forms), and the associated field
strengths are the torsion 7' = db' + w'; A b* and the
curvature RV = dw'/ + o', A " (2-forms). By construc-
tion, PGT is characterized by a Riemann-Cartan geometry
of spacetime, and its physical content is directly related to
the existence of mass and spin as basic characteristics of
matter at the microscopic level. An up-to-date status of
PGT can be found in a recent reader with reprints and
comments [5].

General PGT Lagrangian L is at most quadratic in the
field strengths. The number of independent (parity invari-
ant) terms in L is nine, which makes the corresponding
dynamical structure rather complicated. As is well known
from the studies of GR, exact solutions have an essential
role in revealing and understanding basic features of the
gravitational dynamics [6-9]. This is also true for PGT,
where exact solutions allow us, among other things, to
study the interplay between dynamical and geometric
aspects of torsion [5].

In the context of GR, one of the best known families of
exact solutions is the family of pp waves: it describes
plane-fronted waves with parallel rays propagating on the
Minkowski background M,; see, for instance, Ehlers and
Kundt [6]. There is an important generalization of this
family, consisting of the exact vacuum solutions of GR with
a cosmological constant (GR,) such that for A — 0, they
reduce to the pp waves in M,. We will refer to this family
as the generalized pp waves, or just pp, waves for short.
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In contrast to the pp waves in M,, the wave surfaces
of the pp, waves have constant curvature proportional to
A. The family of the pp, waves belongs to a more general
family, known as the Kundt class of type N, labeled
KN(A). Details on the KN(A) spacetimes can be found
in the monograph by Griffiths and Podolsky [9]; see also
Refs. [10-12]. In this paper, we start from the Riemannian
ppa waves in GR,, and construct a new family of the pp,
waves with torsion, representing a new class of exact
vacuum solutions of PGT. The torsion is introduced relying
on the approach used in our previous paper [13]. The
present work is motivated by earlier studies of the exact
wave solutions in PGT [14], and is regarded as a comple-
ment to them.

The paper is organized as follows. In Sec. II, we give a
short account of the Riemannian pp, waves, including the
relevant geometric and dynamical aspects, as a basis for
their extension to pp, waves with torsion. In Sec. III, we
first introduce an ansatz for the new, Riemann-Cartan (RC)
connection, the structure of which complies with the wave
nature of a RC spacetime. The ansatz is parametrized by a
specific 1-form K living on the wave surface, and the
related torsion has only one, tensorial irreducible compo-
nent. Then, we use the PGT field equations to show that the
dynamical content of K is described by two torsion modes
with the spin-parity values J” = 2% and 2. In Sec. IV, we
find solutions for both the metric function H and the torsion
function K, in the spin-2* sector and for 1 > 0, < 0 and
= 0. It is shown that K has a decisive influence on the
solution for H, and consequently, on the resulting metric. In
Sec. V, we shortly discuss solutions in the spin-2~ sector,
which are found to be much less interesting. Section VI
concludes the exposition with a few remarks on some
issues not covered in the main text, and the Appendices are
devoted to certain technical details.

Our conventions are as follows. The latin indices
(i,j,...) refer to the local Lorentz (co)frame and run
over (0, 1, 2, 3), b is the tetrad (I1-form), and A; is the
dual basis (frame), such that &;b* = 5;'(. The volume 4-form
is & = b% A b' A b? A b3, the Hodge dual of a form a is
*a, with *1 = ¢, and the totally antisymmetric tensor is
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defined by *(b; A b; A by A b,,) = €;jx,, and normalized
to €y123 = +1. The exterior product of forms is implicit,
except in Appendix B.

II. RIEMANNIAN pp, WAVES

In this section, we give an overview of Riemannian pp,
waves using the tetrad formalism [15], necessary for the
transition to PGT.

A. Geometry

The family of pp, waves is a specific subclass of the
Kundt spacetimes KN(A), labeled by KN(A)[a=1,8=0];
for the full classification of the KN(A) spacetimes, see
Refs. [9,10]. In suitable local coordinates x* = (u, v, y, z)
(see Appendix A), the metric of the pp, waves can be
written as

2 1
ds* = 2(%) du(Sdu + dv) — ?(a'y2 +dz?), (2.1a)

where

p
p=1+70"+2).

A
=1-=-2(y? 172
1 q 4(y + z%),

A
S = ——vz—l—ﬂH(u,y,z),

2.1b

with 4 being a suitably normalized cosmological constant,
and the unknown metric function H is to be determined
by the field equations. The coordinate » is an affine
parameter along the null geodesics x* = x*(v), and u is
retarded time such that u = const are the spacelike
surfaces parametrized by x* = (y,z). Since the null
vector & = &(u)d, is orthogonal to these surfaces, they
are regarded as wave surfaces, and ¢ is the null direction
(ray) of the wave propagation. The vector £ is not
covariantly constant, and consequently, the wave rays
are not parallel and the wave surfaces are not flat. For
A — 0, the metric (2.1) reduces to the metric of pp waves
on the M, background, which explains the term gener-
alized pp waves, or pp, waves.

Next, we choose the tetrad field (coframe) in the form

(2.2a)

so that ds®=un;b' ® b/, where n;; is the half-null
Minkowski metric:
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The corresponding dual frame A; is given by

2
ho =0, —S9,,  hy = (g) a,,

I’lz = pay, h3 = paz (22b)

For the coordinates x* = (y,z) on the wave surface, we
have

1
Xt = bcaxa = ;(y! Z)’ 80 = hcaaa = p(ay’az)’

where ¢ = 2, 3.
Starting from the general formula for the Riemannian
connection 1-form,

@' = =2 |\h']db = W] db' — (h']h7]db*)by |,

one can find its explicit form; for i < j, it reads

1 i A
" = Jwb® == (Ayb? +4zbY), @2 ="2p0, o =Z2p0,
q q q
i 2 iz, ¢
w2 =2p1 Ly sp0, @3 =Zp - Lo 510,
q p q p
1
w® == (Azb* = Ayb?). (2.3a)

2

Introducing the notation i = (A, a), where A =0, 1 and
a = (2,3), one can rewrite @"/ in a more compact form:

2
o’ = Jvb' ——(b°0,p),
qp

2 7
a)A“:——bAGCp+kA—2b08"S,
qp p

1
0P = > (b23p — B*0*p), (2.3b)

where k' = (0, 1,0, 0) is a null propagation vector, k* = 0.
The above connection defines the Riemannian curvature
RV = dw' + o',,@"; for i < j, it is given by

for (i,7) = (1,¢)

_ 1kl 17,0 e
R"-/':{ Ab' b + k' b°Q°,
otherwise,

o 2.4a
—Ab'b/, ( )

where Q¢ is a 1-form introduced by Obukhov [15],
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s3]+ (1 2)

and d = dx“0, is the exterior derivative on the wave
surface. In more details

0 — % 2gp0,,S + (g — 4)Ay0,S — qAz0.S|b?

+ g 2q0,.S — 420,S — Ayd.S]b?,
0° = % 2qp0..S + (q — 4)420.8 — qAyd,S|b°
q
+5 240,,S — Az0,S — Ay0_S|b*.

As a consequence, RY can be represented more

compactly as

R = —Ab'b/ 4 2 Kl Q. (2.4b)
The Ricci 1-form Ric' = h,, |Ric™ is given by
Ric' = =32b" + bk’ Q,
. qp 24
Q=h|0 = > OyH + 0. .H + PH . (25)
and the scalar curvature R := h;|Ric' reads
R = —-12A. (2.6)

B. Dynamics

1. pps waves in GR,

Starting with the action Iy = — [ d*x(agR + 2A,), one
can derive the GR, field equations in vacuum,

2a9G"; — 2Ao5" = 0, (2.7a)

where G"; is the Einstein tensor. The trace and the traceless
piece of these equations read

S .
Ay = 3apl, Ric' — ZRb’ =b'%kQ=0. (2.7b)

As a consequence, the metric function H must obey

24
OyyH + 0, H + ?H =0. (2.8)
There is a simple solution of these equations,
1
Hc = ; (A(Lt)q + Baxa)f(u)’ (29)

for which Q¢ vanishes. This solution is trivial (or pure
gauge), since the associated curvature takes the background
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form, RV = —1b'b/; moreover, it is conformally flat, since
its Weyl curvature vanishes. The nontrivial vacuum sol-
utions are characterized by Q =0, but Q¢ #0; their
general form can be found in [10].

2. pp, waves in PGT

To better understand the relation between GR, and PGT,
it is interesting to examine whether pp, waves satisfying
the GR, field equations in vacuum are also a vacuum
solution of PGT. It turns out that a more general version of
the problem has been already solved by Obukhov [4].
Studying the PGT field equations for torsion-free configu-
rations, he proved the following important theorem:

T1. In the absence of matter, any solution of GR, is a
torsion-free solution of PGT.

It is interesting to note that the inverse statement, that any
torsion-free vacuum solution of PGT is also a vacuum
solution of GR,, is also true, except for three specific
choices of the PGT coupling constants.

IIL. pp, WAVES WITH TORSION

In this section, we extend the pp, waves that are
vacuum solutions of GR, to a new family of the exact
vacuum solutions of PGT, characterized by the existence of
torsion.

A. Ansatz

The main step in constructing the pp, waves with
torsion is to find an ansatz for torsion that is compatible
with the wave nature of the solutions. This is achieved by
introducing torsion at the level of connection.

Looking at the Riemannian connection (2.3), one can
notice that its radiation piece appears only in the w'¢
components:

7
(wlc)R == (h““aaS)bO.
p

This motivates us to construct a new connection by
applying the rule

0eS — 9,8 + K, K,=K,(u,y,2), (3.1a)
where K, is the component of the 1-form K = K, dx* on
the wave surface. Thus, the new form of (w/)R reads

2
()R = ki T hee(9,8 + K,)b°, (3.1b)
P

whereas all the other nonradiation pieces retain their
Riemannian form (2.3).

The geometric content of the new connection is found by
calculating the torsion:
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2
T = Vb + o', b" = K L0(12K, + bK,)
p

q2

= ki?bObCKc. (3.2)

The only nonvanishing irreducible piece of 7% is (VT".
The new connection modifies also the curvature, so that
its radiation piece becomes

(Rlc>R = k'p0Qc, Q¢ := Q° + O°, (338.)

where the term ©¢ that represents the contribution of
torsion is given by

0’ = % [(2gpd,K, — pK Ay — qK Az)b*
+ (—2qpd.K, + pK Az — qK Ay)b?],
e’ = % [(2qpd.K, — pK Az — gK ,Ay)b®
+ (-2gpd,K . + pK Ay — qK,Az)b?].
The covariant form of the curvature reads

RYU = —Ab'b/ + 2b0kliQ/, (3.3b)

and the Ricci curvature takes the form

Ricl = =31b' + B°kiQ,  Q:=h,]Q¢ = 0 +©. (3.3¢)

The torsion has no influence on the scalar curvature:

R=-12i (3.3d)

Thus, our ansatz defines a RC geometry of spacetime.

|
AO = 3610/1,

(1ST)

(2ND)

where Ay = ag + (by + bg)A and A; = a; — (bg — by)A [16].
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B. PGT field equations

Having adopted the ansatz for torsion defined in
Eq. (3.1), we now wish to find explicit form of the PGT
field equations and use them to determine dynamical
content of our ansatz.

As shown in Appendices B and C, the field equations
depend on the structure of the irreducible components of
the field strengths. For torsion, we already know that the
only nonvanishing irreducible component is ()7, = T,
defined in Eq. (3.2). As for the curvature, we note that our
ansatz yields X = 0 and b Ric,, = 0, where X is defined in
(B2b). Then, the irreducible decomposition of the curvature
implies (see Appendix B)

GIR

GIR, =0, 0, (3.4)

ij =

whereas the remaining pieces "R are defined by their
nonvanishing components as

@) pRle — *(lec), (@) Rle — ((I)lbc),

N[ =

ORI — —apipi, (Rl = po( Qee)

T N D=

1
— R
X )be,

(3.5a)

where the 1-forms ® and ¥/ are given by
i _ 1ip0 _ q q
D' =k'b°(Q +0), @-qp{@(;l(},)—l—@(EKZ)],

W= X = kT, T =gp {az (ﬁKy) -0, (QKZ)].
P P

Having found (VT; and <”)R,~j, we apply the procedure
described in Appendix C to obtain the following form of
the two PGT field Egs. (C3):

Leaving (1ST) as is, (2ND) can be given a more clear structure as follows:
(i) use (1ST) to express ®' = b°(Q + O) in the form ®' = (a,/A,)b"O;

(ii) multiply (2ND) by Ay/q.

As a result, the previous two components of (2ND) transform into

Ag(by + b1)0.(pZ/q) + a;(bs + b1)0y(p©/q) + 24(A; — ag)(q/p)K, =0,

a0 —Ay(Q+0)=0, (3.6a)

= (by + b)) (VE)D? = (by + b)) (VOB —2(ag — AT = 0,
—(by + b)) (VEYD? + (by + by ) (VOB + 2(ay — A})T'b* = 0, (3.6b)
(3.7a)
(3.7b)

—Ao(by + b1)0y(PZ/q) + ai(by + b1)0.(pO/q) + 240(A) — ap)(q/p)K, = 0.
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Then, calculating 0,(3.7a) + 0,(3.7b) and 0,(3.7a) —
0,(3.7b) yields the final form of (2ND):

(8, +0..)(p®/q) — m2. pi (00/q) = 0.

, _24A4(ag—Ay)

T (b + by) 3.8
"2 ay (b1 + b4) ( a)
1
(8yy +0..)(pZ/q) - m%, ?(pz,/q) =0,
2(610 _Al)
2 =0
T T T, (3.8b)

The parameters m%i have a simple physical interpretation.
In the limit 1 — 0, they represent masses of the spin-2*
torsion modes with respect to the M, background [17],

2 —
m2. = ag(ag — a;) m3 =

ay(by +by)

2(ap — ay)
b+ by ’

whereas for finite A, m%i are associated to the torsion modes

with respect to the (anti)de Sitter [(A)dS] background.

In M, the physical torsion modes are required to satisfy
the conditions of no ghosts (positive energy) and no
tachyons (positive m?) [17,18]. However, for spin-2*
and spin-2~ modes, the requirements for the absence of
ghosts, given by the conditions b;+ b, <0 and
by + b, > 0, do not allow for both m? to be positive.
Hence, only one of the two modes can exist as a
propagating mode (with finite mass), whereas the other
one must be “frozen” (infinite mass). Although these
conditions refer to the M, background, we assume their
validity also for the (A)dS background, in order to have a
smooth limit when 1 — 0.

One should note that the two spin-2 sectors have quite
different dynamical structures.

(i) In the spin-2~ sector, the infinite mass of the spin-2"

mode implies ® =0, whereupon (1ST) yields
Q =0, which is exactly the GR, field equation
for metric. Thus, the existence of torsion has no
influence on the metric.

(ii) In the spin-27 sector, the infinite mass of the spin-2~
mode implies X = 0, whereas (1ST) yields that Q is
proportional to ®, with ® # 0. Thus, the torsion
function © has a decisive dynamical influence on the
form of the metric.

In the next section, we focus our attention on the spin-2+

sector, where the metric appears to be a genuine dynamical
effect of PGT.

IV. SOLUTIONS IN THE SPIN-2* SECTOR

In this section, we first find solutions of Eq. (3.8a) for the
spin-2" mode V = (p/q)®, and then use that V to find
the metric function H and the torsion functions K,, the
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quantities that completely define the geometry of the pp,
waves with torsion.

A. Solutions for V=(p/q)®

The field equation for the spin-2" sector can be written
in a slightly simpler form as

2

m
(8yy+8ZZ)V—?V:0, (4.1)

where V = (p/q)® and m> =m3,. We have seen in
Appendix A that local coordinates (y, z) are well defined
in the region where p and ¢ do not vanish, which is an
open disk of finite radius, y* + z* < 4|A|~". Since (4.1)
is a differential equation with circular symmetry, it is
convenient to introduce polar coordinates, y = pcos @,
7 = psing, in which Eq. (4.1) takes the form

V =0.

! 32> _m_2 (4.2a)

(82 +1 0 i
op*  pdp  p* o p*
Looking for a solution of V in the form of a Fourier
expansion,
V=3 Vilp)(c,e +2,em),
n=0
we obtain

1 n?2  m?
VZ—G—;V’,, — <[?~I—?>Vn =0,

(4.2b)

where prime denotes d/dp.

1.A/4=¢72>0

Let us first consider solutions of the dS type, using a
convenient notation:

1
X == u=mc, 525(1—&— 1—;42).

The general solutions of (4.2b) for n =0 and n > 0 are
given by
Vo=ci(1+x)5,F (1= & 1= &2(1 = &) =[1 +x%))
+ep(1+27)5F (6,628 —[1 + 2%)), (4.3a)
Vi =ci(2)"2(1+ )5 F (£.6+ni 1 +n,—x%)
+ e ()2 (1 + x2)6,F (6= n; 1 — n, —x?),
(4.3b)

where ¢, =c,(u)(n=1,2) and ,F(a,b,c,z) is the
hypergeometric function [19].
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2.0/4=-¢2<2
In the AdS sector, using

Zs:%(l+\/1+/ﬂ),

the solutions for n = 0 and n > 0 take the following forms:

Vo—Cl(l—x)15 ( é_f 52(1—5); 2)
+ (1l —x ) V(& E28 11 = X2)), (4.4a)
V,=c,(2)2(x2 = 1), F (EE4 ny 1+ n,x%)
+ o ()2 (2 = 1) F (B E— ;1 —n,x2).
(4.4b)

These solutions are essentially an analytic continuation by
¢ — it of those in Eq. (4.3).
3. A=0

The general solution of Eq. (4.2b) has the form
V, = cJ,(=imp) + ¢, Y n=0,1,2,...

(4.5)

n(_imp)’

where J,, and Y, are Bessel functions of the first and second
kind, respectively.

B. Solutions for the metric function H

For a given O, the first PGT field equation

AgQ = (a; — Ap)®, with Q defined in (2.5), represents a
differential equation for the metric function H:
22 2(611 —Ao) 1
Oy +0,. ) H+—H=—-———=5V. (4.6
( yy + zz) + pz AO P2 ( )

This is a second order, linear nonhomogeneous differential
equation, and its general solution can be written as

H=H"+HP,

where H" is the general solution of the homogeneous
equation, and H?” a particular solution of (4.6). By
comparing Eq. (4.6) to Eq. (4.1), one finds a simple
particular solution for H:

_ 2(a; = Ay)

HP = oV, = I %)
’ (24 + m?)A,

(4.7a)

On the other hand, H" coincides with the general vacuum
solution of GR,; see (2.8). Since our idea is to focus on the
genuine torsion effect on the metric, we choose H h'— 0 and
adopt H? as the most interesting PGT solution for the
metric function H. Thus, we have

PHYSICAL REVIEW D 95, 104018 (2017)

H,=0V,. (4.7b)

C. Solutions for the torsion functions K,
In the spin-2" sector, the torsion functions K, can be
determined from Eq. (3.7), combined with the condition
=0

249

K, =0, 24
p

p

0,V +m 0.V+m=K.,=0. (4.8)

Going over to polar coordinates,
sin ¢,

K, : K,
Ky:K/,cos¢—7 KZ:Kﬂ51n(p+7c05(p,

the previous equations are transformed into

1 1 p
k,=-—Lov, k,=-—Lo,v. (49)
m? g m? q
or equivalently, in terms of the Fourier modes,
_1r lLp
Klm = m qa Vn, Kgan = —WEnV,,, (49b)
where K, = >°% | (d,e™ + d,e~™") with d, = —ic,, and

similarly for K,

D. Graphical illustrations

Here, we illustrate graphical forms of two specific
solutions by giving plots of their metric functions H and
the typical torsion component T,

H=oV,
. 4
'y :?Kz = ;Ky =—-—4q(9,Vcosp—p 'K ,sing).

(4.10)

For A # 0, it is convenient to use the units in which £ = 1.

In the dS sector (Fig. 1), the zero modes of both H and
T'y,(¢ = 0) are regular functions with a clear-cut wavelike
behavior in the region 0 < x < 1. The plots correspond to
the pp, geometry for fixed u, and as u increases, the

T
10 15
1.0
0.5
4 O _05
-1.0

-1.5

FIG. 1. The plots of a solution in the sector A > 0, in units

=1, for n=0,uy=100,c; =1,c0 =0,0 =1. Left: H,.
nght T102 (gﬂ = 0)
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Hy T1.02
5 02704 0608 10"
4 )
3 -3
2 —4
9204 06 08 10 -5

FIG. 2. The plots of a solution in the sector A < 0, in units
=1, for n=0,u= \/g,cl =0.1,c, = 0. Left: Hy. Right:
Ty (e = 0).

pictures change. In the AdS sector (Fig. 2), the solution is
singular at x = 1, or equivalently at p = 0, and it does not
have a typical wavelike shape. For a discussion of the
singularity at p = 0, see Ref. [11]. We also examined a zero
mode solution (n = 0) in the M, sector (4 = 0); its shape is
similar to what we have in Fig. 2, but it remains finite
at x = 1.

V. SOLUTIONS IN THE SPIN-2- SECTOR

As we noted at the end of Sec. III, the spin-2~ sector is
characterized by ® = 0 and, as a consequence of (1ST), by
Q = 0. Equation (3.8b) for X reads

2

m
(O +0:)U =5 U =0, (5.1)

where U = (p/q)X and m?> = m3-. Clearly, the solutions
for U coincide with the solutions for V = (p/q)® in
Sec. IVA. Furthermore, the metric function H, defined
by O =0, has the GR, form, and the solutions for the
torsion functions K, follow from the two equations

(5.2)

o,Uu+mik =0 ou+mik, =o
p p

the counterparts of those in (4.8).

The fact that the metric of the spin-2~ sector is
independent of torsion makes this sector, in general, much
less interesting. There is, however, one solution in this
sector that should be mentioned: it is the solution with
H = 0 for which the metric takes the (A)dS/M, form, and
the complete dynamics is carried solely by the torsion. We
skip discussing details of this case, as they can be easily
reconstructed from the results given in the previous section,
following the procedure outlined above.

VI. CONCLUDING REMARKS

In this paper, we found a new family of the exact vacuum
solutions of PGT, the family of the pp, waves with torsion.
Here, we wish to clarify a few issues that have not been
properly covered in the main text.

The essential step in our construction is the ansatz for the
RC connection (3.1), which modifies only the radiation
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piece of the corresponding Riemannian connection (2.3). A
characteristic feature of the resulting solution is the
presence of the null vector k' = (0, 1,0, 0) in the spacetime
geometry. The vector field k'0; = (p/q)*d, is orthogonal
to the spatial surfaces u = const, and is interpreted as the
propagation vector of the p p, wave with torsion. Is such an
interpretation justifiable?

Although gravitational waves belong to one of the
best known families of exact solutions in GR,, a unique
covariant criterion for their precise identification is still
missing. One of the early criteria of this type was
formulated by Lichnerowicz, based on an analogy with
methods used to determine electromagnetic radiation;
see Zakharov [7]. This criterion can be formulated as a
requirement that the radiation piece of the curvature,
S = RU 4 )b, satisfies the radiation conditions:

k'S;; =0, ek, Sy, = 0. (6.1a)
However, when applied to a RC geometry, the
Lichnerowicz criterion can be naturally extended to include
the torsion 2-form:

K'T; =0, giimn T, = 0. (6.1b)
A direct calculation based on the expressions (3.2) and
(3.3b) shows that both sets of the radiation conditions are
satisfied. This result gives a strong support to interpreting
the pp, waves with torsion as proper wave solutions
of PGT.

Looking at the explicit solutions for the pp, waves with
torsion, one should note that, in general, the hypergeo-
metric function ,F(a, b, ¢, x) is singular at x = 1 (p = )
[19]; moreover, local coordinates we are using are singular
atboth x = 1 and x = 0 (Appendix A). To test the nature of
these singularities, we calculated the following torsion and
curvature invariants:

T AT, =0,
R=—122, RU*R;; =121%,

RijkIRklm,,R””T,-j = —4823, (6.2)
the fourth order invariant is 964*, and so on. All these
invariants are well behaved at x = 1, 0, which might be a
signal that the singularities in question are just the
coordinate singularities. However, according to Wald
[20], the geometric singularities are not always visible in
the field strength invariants. This issue deserves further
clarification.

If the curvature R" is replaced by its radiation piece S/,
all the invariants in (6.2) are found to vanish. According to
Bell’s second criterion [7], we have here another result that
supports the wave interpretation of our pp, solutions.
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In GR,, the pp, waves are algebraically special sol-
utions of Petrov type N; this property can be formulated as
an algebraic condition on the Weyl curvature: W;;,,, k™ = 0
[9,21]. However, one cannot use the same criterion for
classifying the solutions of PGT, since W;j,, is not an
irreducible part of the RC curvature. The problem can be
overcome by replacing W;;,, with (1)Rijmn, which is a
genuine PGT generalization of W;;,, [4]. Using the
expression for (1>R,-jm,, from Eq. (3.5), one can directly
prove the relation

(6.3)

which is a natural PGT generalization of the Riemannian
condition. The condition (6.3) can be considered as a well-
founded criterion for a family of PGT solutions to be of
type N.

Finally, we wish to stress that a subfamily of the
solutions in the spin-2* sector reveals an unexpected
dynamical aspect of torsion. Namely, although torsion is
introduced by a minor modification of the Riemannian
connection [see (3.1)], the metric function H in (4.7) is
determined solely by the torsion, and consequently, the
related metric is a genuine dynamical effect of PGT. More
detailed information could be obtained by analyzing the
motion of test particles/fields in the RC spacetimes asso-
ciated to the pp, waves with torsion.
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APPENDIX A: ON HYPERBOLIC GEOMETRIES

(A)dS space can be simply represented as a 4D hyper-
boloid H, embedded in a 5D Minkowski space M5 with
metric nyy = (+,—,—, —,0),

Hy: X3 — X3 — X5 — X3 — 0X: = —o??, (Ala)
where 6 = +1 for a dS space and 6 = —1 for an AdS space
[9,23]. The metric on H, reads

ds* = dX} — dX? — dX3 — dX3 — odX2, (Alb)
and its scalar curvature is R = —12¢/¢>. The group of

isometries of the dS/AdS spaces is SO(1,4)/5S0(2,3), and
the corresponding topologies are R x S° for the dS space,
and S' x R® for the AdS space (or R* for its universal
covering).

Going now back to the generalized p p wave metric (2.1),
we note that in the limit H = 0, it describes the background
(A)dS geometry:

2 1
ds*> =2 <Q) du(=2Av*du + dv) — — (dy* + dz?),
P P

p=1+A0*+22), q=1-A0*+2%). (A2)

As we shall see below, A is related to # by 46A = 1/£7;
moreover, A > 0 for dS and A < 0 for AdS. The two forms
of the metric associated to the hyperboloid H, are related to
each other by a coordinate transformation [11],

Xs = \/=o(XG - X} - oX})

q
X0:5(M+U+Auzv), u =20t Xo X, ,
Xo—X
Xlzi(u—zH—Auzv), V= 0“1 ,
2p 46\ /0(X3 - X3 - 0X3)
y z 20X
X ==, X3 =—, y= 2 22 N
P P £+ —o(X2+X3)
1 g 20X,
Xs = = (1 4+ 2Auv), 7= . A3
S ovenp ) £+ —o(X2+X3) (A3)

Indeed, the coordinates X, in M, describe the hyperboloid H,,

(X5 — Xt —0X3) = X3 - X3 =

and the corresponding metric (Alb), followed by the rescaling » — 2v, coincides with (A2).
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Since local coordinates x* = (u, v, x,y) are introduced
by the parametrization (A3), they are well defined for
1 2
X2 - X3 —oX2 = _H% > 0.
The limiting value ¢ = 0 is not allowed, as it represents the
singularity of the local coordinate system (u, v, y, z); this
singularity is visible only for A > 0. The same conclusion
follows from the fact that the determinant of the metric (A2)
vanishes for ¢ = 0. Furthermore, an inspection of Eq. (A3)
reveals the existence of another singularity, located at
p = 05 it is visible only for A < 0. Thus, local coordinates
(u,v,y,z) are restricted to the region where ¢ and/or p do
not vanish: y? + z2 < |A|~!. More on the geometric inter-

pretation of these singularities can be found in Ref. [11].

APPENDIX B: IRREDUCIBLE DECOMPOSITION
OF THE FIELD STRENGTHS

We present here formulas for the irreducible decom-
position of the PGT field strengths in a 4D Riemann-Cartan
spacetime [4,24].

The torsion 2-form has three irreducible pieces:

A
(Z)Tl :gbl A (hmJTm),

1
OTi = ST A by),
Wi =7 - @7 — )T, (B1)

The RC curvature 2-form can be decomposed into six
irreducible pieces:
@RI =*(bli AW, @RI = pli A @],

o1 o T
CIRY = —X*(b' A b/), ORI = oAb,

12
(5) Rl :lb[i AR (" AF,), DRV :Rij_i:(a)Rij’
2 a=2
(B2a)
where
F':= h,, |R™ = Ric', F:=h]F' =R,
X' = *(R* A by), X = ;| XY, (B2b)
and
®,; := F; —lbiF—lhiJ(bm AF,,),
4 2
R S TP S

The above formulas differ from those in Refs. [4,24] in
two minor details: the definitions of F? and X' are taken

PHYSICAL REVIEW D 95, 104018 (2017)

with an additional minus sign, but at the same time, the
overall signs of all the irreducible curvature parts are also
changed.

APPENDIX C: CALCULATING THE PGT
FIELD EQUATIONS

The gravitational dynamics of PGT is determined
by a Lagrangian L; = Lg(b', T, RV) (4-form), which is
assumed to be at most quadratic in the field strengths
(quadratic PGT) and parity invariant [24]. The form of L
can be conveniently represented as

1 _. |
Lo =—"(aoR +2A) + 5 T'H; + o RVH};. - (C)

4 0’
where H; := OL;/OT' (the covariant momentum) and H' ;
define the quadratic terms in Lg:

6
Hi=2) (0,7, Hjj=2)"(b,"R,).

n=1 n=1

(C2a)

Varying L with respect to b’ and "/ yields the PGT field
equations in vacuum. After introducing the complete
covariant momentum H;; := OL/OR" by

H.

ij —

—2ay*(b'b)) + Hj,

(C2b)
these equations can be written in a compact form as [4,24]

where E; and Ej; are the gravitational energy-momentum
and spin currents:

1
E;=h;|Ls— (hiJ Tm>Hm - E (hiJRmn)Hmn’

The above procedure is used in Sec. III B to find the
explicit form of the PGT field equations for the pp, waves
with torsion, with the result displayed in Egs. (3.6), (3.7),
and (3.8). To simplify calculation of the term V*(UR;; in

VH,;;, we used the identity

(C5)

1

EV RU - V (2>le + V (4>Rij7
that follows from the Bianchi identity VRY = 0 and the
double duality properties of the irreducible parts of the
curvature.
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