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Bumblebee models are effective field theories describing a vector field with a nonzero vacuum
expectation value that spontaneously breaks Lorentz invariance. They provide an alternative way of
exploring the similarities between theories with spontaneous Lorentz symmetry breaking and gauge
theories. The equivalence between bumblebee models with suitable conditions and standard electrody-
namics in a nonlinear gauge A,A* + b* = 0 is taken for granted; however, this point is very subtle and has
not yet been fully addressed. The main goal of this paper is to fill in this gap. More precisely, here we study
the relation between a bumblebee model, with a smooth potential of the form V(B,) = V(B,B* + b*), and
standard electrodynamics in the nonlinear gauge A,A* + b? = 0, both at the classical and quantum levels.
Using Dirac’s method we show that after introducing Dirac brackets with suitable initial conditions, the
classical dynamics of the bumblebee model corresponds to that of standard electrodynamics in the
aforementioned nonlinear gauge. In the quantum case we demonstrate that perturbative calculations of
Feynman amplitudes to any physical process in each model are indistinguishable. To do this, we show that
the Feynman rules and propagators of standard electrodynamics in the nonlinear gauge and those

describing the bumblebee model are the same.

DOI: 10.1103/PhysRevD.95.095006

I. INTRODUCTION

Recently, Lorentz violation (LV) has attracted great
attention from both theoretical and experimental sides.
Strong motivation exists to study this subject. On the
theoretical front, some modern approaches suggest that
Lorentz invariance can be broken at high energies; and
from the experimental point of view, since Lorentz sym-
metry plays a fundamental role in our current and successful
theories (such as the Standard Model of particles physics and
general relativity), it must be experimentally tested.
Examples of the former include string field theory [1],
quantum gravity [2], brane-world scenarios [3], noncom-
mutative field theories [4], condensed matter analogues of
“emergent gravity” [5], aether theories [6], four-dimensional
spacetimes with a nontrivial topology [7], varying speed of
light cosmologies [8] and emergent gauge bosons [9], just to
name a few.

Among the schemes considering spontaneous Lorentz
symmetry breaking we can mention the so-called bumble-
bee models [10,11], which are vector field theories. They
have been extensively studied in curved and flat spacetimes
[12—17], including astrophysical and cosmological contexts
[18,19]. Bumblebee models are not gauge invariant and are
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defined from different forms of the kinetic and the potential
terms for the vector field; also the coupling with matter
and gravity can be constructed in different ways [17].
A relevant feature of bumblebee models is that these allow
a detailed description of the spontaneous Lorentz symmetry
breaking, for example, the vacuum condition together with
the Goldstone bosons (GB) can be explicitly determined.
Likewise, the possibility of looking at these Goldstone
bosons in bumblebee models has been studied as an
alternative to photons in a gauge theory [17].

Usually, the origin of massless particles is associated
with gauge symmetry; in particular, the masslessness of the
photon and graviton is explained by the U(1) gauge
invariance and diffeomorphism invariance, respectively.
However, spontaneous symmetry breaking (SSB) can
provide an alternative way to understand massless particles
such as Goldstone bosons. This proposal dates back to the
earliest works of Bjorken and Guralnik [20,21] where the
pion interactions in the nonlinear sigma model were
characterized by spontaneous chiral symmetry breaking.
After these works, Nambu proposed to describe photons as
GB arising from a SSB of Lorentz invariance [22].
Bumblebee models also provide an alternative way of
exploring the similarities between theories with sponta-
neous Lorentz symmetry breaking and gauge theories. The
main challenge posed by this setting is to show the
conditions under which the violations of Lorentz symmetry,
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arising from a SSB, are unobservable, such that the
Goldstone bosons that appear can be interpreted as the
gauge particles of a standard gauge theory. In other words,
one tries to determine the conditions under which the
corresponding Lorentz-violating model is equivalent to a
standard gauge theory.

In this regard, the conditions for the equivalence between
Nambu models and standard electrodynamics, Yang-Mills
theory or gravitation have been studied in Refs. [23-25].
Conversely, the equivalence between bumblebee models
and gauge theories has not been fully addressed. In
Ref. [17] the authors performed a classical Hamiltonian
analysis of bumblebee models to study their stability,
equations of motion, degrees of freedom and constraints.
They also studied the relation between these models and
standard electrodynamics (ED) in a nonlinear gauge when
the phase space for the former is restricted to suitable initial
conditions. However, even at the classical level, some
issues should be addressed in order to prove the equiv-
alence. Particularly, in Ref. [17] the standard electrody-
namics in the proposed nonlinear gauge was not studied.
One of the main points requiring a further discussion is
related to the character of the conditions in both models; on
the one hand we will find a gauge-fixing condition in
standard electrodynamics, while on the other hand, in the
bumblebee model we will find a suitable initial condition
which preserves, via the bumblebee dynamics, its value for
all time. Since these conditions are of a different nature,
even when they have the same form, they are treated in
different ways; therefore, it is not straightforward to
establish that the contributions arising from these condi-
tions are the same in both models. Mainly, the consistency
in both theories has to be verified. The equivalence at the
quantum level, which was not explored in Ref. [17],
requires a similar analysis on the conditions in both models.

Unlike electrodynamics, the introduction of a potential
term in the bumblebee models drastically modifies the
structure and dynamics of the theory, so that the equiv-
alence between these theories cannot be established in a
simple way. A few significant differences between a
particular bumblebee model with the smooth quadratic
potential V(B,) = %(B,B* + b*)* and standard electrody-
namics are (i) the bumblebee model only has second-class
constraints (there is no gauge invariance); (ii) the number of
degrees of freedom (d.o.f.) in the bumblebee model is 3,
while ED has only 2 d.o.f.; (iii) the equations of motion do
not match; and (iv) the current density conservation does
not hold in the bumblebee model.

The main goal of this paper is to study the relation
between a bumblebee model, with a smooth potential of the
form V(B,) = V(B,B" + b?), and standard electrodynam-
ics in the nonlinear gauge A,A* + b* =0, both at the
classical and quantum levels. The novel feature of this
work, with respect to that in Ref. [17], is that we complete
the classical Hamiltonian analysis for the bumblebee model
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and perform the study of standard electrodynamics in the
aforementioned nonlinear gauge. We also extend the results
for more general bumblebee potentials and study the
equivalence from the quantum approach.

We follow the usual Dirac method [26] to analyze both
theories classically. Imposing suitable initial conditions on
the bumblebee model, we construct the Dirac brackets to
demonstrate that it is consistent with standard electrody-
namics in a nonlinear gauge. The equivalence between
these models at the quantum level is more subtle. Here we
demonstrate that it is accomplished using a perturbative
approach. Once the required conditions for the bumblebee
model are introduced, we show that the propagators and
Feynman amplitudes for physical processes arising from
the bumblebee model and those stemming from the gauge-
fixed standard electrodynamics are the same. Therefore,
perturbative calculations of any physical process in each
model can be seen to be indistinguishable, proving in this
way their equivalence.

The outline of this work is as follows. In Sec. II the
bumblebee model is introduced and some of its main
properties are reviewed. We also discuss the conditions
which guarantee the equivalence between these bumblebee
models and standard electrodynamics in the nonlinear
gauge. In Sec. III we first work out their relation at the
classic level, while their equivalence at the quantum level is
studied in Sec. IV. Our summary and conclusions are
contained in Sec. V.

Here, Lorentz-Heaviside units are assumed (72 = ¢ = 1);
the metric signature will be taken as (+,—, —, —); and we
use the conventions of greek indices y, v =0, 1, 2, 3 and
latin indices i, j = 1, 2, 3.

II. THE BUMBLEBEE MODEL
The bumblebee Lagrange density is defined by

Lo(B,) =~ BuB” =5V =B, (1)
where &= B,B* + b?, with b* a positive constant with
dimensions of [mass|?, B,, = 9,B, — 9,B,, k a dimension-
less positive constant and J# an external current. Gauge
invariance is lost due to the potential term.

The equations of motion arising from the Lagrangian
density (1) are

0,B" —xV'(£)B* = J°, (2)

where the prime denotes derivative with respect to £&. From
the above equation we can see that in the bumblebee model
the conservation of the current J* does not follow as a
consistency condition from the equations of motion, as
happens in standard electrodynamics.

Hereafter we only consider potentials satisfying
the condition V(£ =0)=0. We also assume that the
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potential V(£) has a degenerate minimum with respect to its
argument, ie. V/(6=0)=0. This implies that the
potential is constrained to be zero by the relation
(B,B* 4 b*)| i, = 0 in its minimum. This condition is
satisfied when the bumblebee field has a nonzero vacuum
expectation value (VEV)

<BM> = B/v (3)
where B, B = —b?. This corresponds to the spacelike case
where we can write B, = n,b with n,n* = —1. Usually the
bumblebee potentials are taken to be of the form

(BB, + b?)"
V(B,) = —F——,

n

n>?2, (4)
where n = 2 is the case most frequently used. Clearly the
potential (4) satisfies the required conditions V(¢ = 0) =
V(£ = 0) = 0. More general potentials can also be con-
sidered provided that the aforementioned conditions are
satisfied, for example, any potential which can be written as
a polynomial in powers of Eq. (4).

Notice that the vector B, in Eq. (3) defines a preferred
direction in spacetime, yielding to the spontaneous sym-
metry breaking of Lorentz invariance. The Goldstone
theorem [27] predicts the appearance of massless particles.
However, due to the bumblebee potential, which implies
the lack of gauge invariance, massive particles can also
arise in these models [17]. We can find the Goldstone
bosons from those Lorentz generators G,* that do not leave
the vacuum invariant 638, = G,*B, # 0. Massive modes
should oscillate perpendicularly to these GB.

Given a basis of Lorentz transformation generators G =
{G;} with i = 1,2, ...,6, it may happen that the number
of G; satisfying the relation 6 B, # 0 is different depend-
ing of the chosen vacuum. For a nonzero Bﬂ, from the
calculation of {¢;} = {658, &i=1,....,6} we can
expect to find one to six nonzero four-vectors; however,
it can be proved that the dimension of the spanned space by
the set {¢;} is 3. This agrees with the particular cases in
Ref. [28] when the spontaneous Lorentz symmetry break-
ing is performed from the six-dimensional space SO(1, 3)
to the three-dimensional subspaces SO(3) and SO(1,2),
corresponding to B, timelike and spacelike, respectively,
and where the standard generators of Lorentz symmetry
have been considered to calculate {;}.

The above reasoning implies that the number of GB
contained in the bumblebee model is 3. Notice that,
considering Lorentz invariance as a symmetry of the
Lagrange density, this result is valid for any model in
which the basic variable is a four-vector field with a
nonzero vacuum expectation value, which is the case for
most of the bumblebee models in flat spacetime.

It is worth mentioning that there is not a continuous limit
of this model to standard electrodynamics taking x — O.
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For any k # 0 the canonical structure and dynamics of the
bumblebee model differ from those of ED.

Next we review the main properties of the bumblebee
model and point out the similarities and differences
with standard electrodynamics. Since the potential in the
Lagrange density Eq. (1) does not involve velocities, the
standard canonical momenta are unaffected:

0Ly _ o

9Ly OLp _
OB 3.

’

J
The canonical bumblebee Hamiltonian density HZ =

BIl — Ly is

HE = 202 4 1 (B = Bo@)IT — ) +5 V(&) + B,
(6)

with the canonical algebra given by the Poisson brackets

N =

(BB} =0, {I, T} =0, {B,IF}=4".

(7)

Following Dirac’s method for systems with constraints, two
second-class constraints are identified:
¢ =10, (8)
The above implies that the number of d.o.f. of the bumblebee
model is 3. Here we recall that the number of degrees of
freedom 7 is given by n = (np — e — 2n4) /2, Where ny,
is the number of variables in the phase space, and ny,. and
ng.. are the number of first- and second-class constraints,
respectively. In the bumblebee model we have n,, =8,
ne. = 2 and ny,. = 0, which produces n = 3. This number
is larger than that of the corresponding standard electrody-
namics, which can be understood as a consequence of the
lost gauge invariance. The equivalence between both theo-
ries requires at least specifying an additional condition in the
bumblebee model to cut this extra degree of freedom.
To analyze the stability of the model, we rewrite the
canonical Hamiltonian density (6) with J' = 0 in the form

¢2 = 3]H1 - KB()V/(é) - JO.

1

HE =3 (0P + 5 (B)? = kB3V'(&) +5V(E). (9)

N =

which is not positive definite over the full phase space due
to the terms involving the potential.
The time evolution of the canonical variables B, and IT,

with J/ # 0, is given by

IV = 0,0,B; — 8;0,B, +KB;V'(&) = /I, (10)
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: 1
By = (B;V'
" kv@ 2B )
+ 2KB()B1'V”((§) [Hl + aiB()] —_ aﬂjﬂ],
Iy = 9,1V — kB, V' (&) = JO. (11)

Up to here, we can numerate significant differences
between the bumblebee model and standard electrodynam-
ics: (i) the number of d.o.f. is different, (ii) the equations of
motion do not match and (iii) there is no gauge invariance
or current conservation in the bumblebee model.

Naively, under the condition (B, (x,1)B*(x,1)+b*)=0,
which implies V(&(x,¢)) = V(0) =0 and V'(&(x,1)) =
V’(0) = 0, it can be seen that (i) the canonical Hamiltonian
density in Eq. (9) is positive definite and turns out to be the
corresponding canonical Hamiltonian density of standard
electrodynamics with the Gauss law strongly equal to zero,
(i1) the constraint ¢, in Eq. (8) becomes the standard Gauss
law and (iii) the time evolution of B; and Il in Eq. (10) is the
same as the one in ED. The authors in Ref. [17] noted these
particularities. Using the potential V ~ (B,B* + b*)?, they
analyzed at the classical level the bumblebee model and
proved that under the initial conditions (B,B* + b*)|, =0
and 9,J#|, =0 the quantity (B,(x,1)B*(x,1) + b?)
remains zero all time. They concluded that if the phase
space is restricted to those solutions satisfying the initial
condition (B,B* 4 b*)|, =0 together with current con-
servation, then the bumblebee model reproduces standard
electrodynamics in a nonlinear gauge (A,A* + b*) =0.
However, the equivalence between bumblebee models and
ED is more subtle, and here we fill in this gap.

Our main goal here is to work on some issues about this
statement and we prove it for more general potentials and in
a more formal way. In particular, we clarify the following:
(a) At the classical level, in Ref. [17] standard electrody-
namics in a nonlinear gauge (A,A* 4+ b*) =0 was not
discussed. Fixing the gauge in the Hamiltonian approach,
following Dirac’s method, means imposing as many
suitable gauge constraints “by hand” as there are first-class
constraints (in this case we have 2); these gauge constraints
have to be admissible and convert the first-class constraints
into second-class constraints, and then we can introduce
Dirac brackets to study the dynamics of the model. In such
a way, to prove the equivalence between the bumblebee
model and standard electrodynamics, first it is necessary to
study the electrodynamics in the nonlinear gauge (A,A* +
b*) = 0 by finding the corresponding Dirac brackets, and
then to verify the compatibility of this procedure with the
bumblebee model when the initial condition (B,B* +
b?) = 0 is chosen. (b) At the quantum level the equivalence
has not been explored and requires making clear some
points. Fixing the gauge in any gauge theory requires the
introduction of ghost particles (via the Becchi-Rouet-Stora-
Tyutin (BRST) method [29], for example), which play a
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fundamental role as internal particles when physical proc-
esses are calculated. Therefore, to prove the proposed
equivalence one should study their contributions. In this
case, a possible decoupling of such ghosts is by no means
clear, especially due to the nonlinear character of the
proposed gauge A,A* + b* = 0. If the ghosts have con-
tributions to physical processes in standard electrodynam-
ics when the nonlinear gauge A,A* + b* = 0 is used, then
the equivalence with the bumblebee model cannot be
accomplished. Since the bumblebee model is not gauge
invariant, ghosts’ contributions arising from the gauge-
fixing process will not be present. Also, for the bumblebee
model, it should be analyzed how to introduce the condition
(B,B" 4 b*) = 0 on the solutions in a consistent manner.
Likewise, the contributions arising from the potential V(£)
have to be studied (this is not present in standard
electrodynamics).

III. EQUIVALENCE AT CLASSICAL LEVEL

Before embarking into the bumblebee model, we first
discuss the Hamiltonian formulation of standard electro-
dynamics in the nonlinear gauge A,A* + b* = 0. The
Lagrange density of standard electrodynamics is given by

1
Lep(A,) = _ZFWFW —-AJ", (12)

where F,, = 9,A, — 0,A,. The canonical momenta are

—= =M, =0 — =T, = 0pA; — 0;A
0 ED ’ ED 041 Jj0»
0A 0A;
(13)
which satisfy the nonzero Poisson brackets
{Au(x), Tip (y)} = 6,°6(x —y). (14)
The canonical Hamiltonian density can be written as
ep_ Lo 2y ! 2 i 0 i
He? =5 Mgp)* + 7 (F)® = Ao(0lTgp = J7) + AJ".
(15)
Two first-class constraints (FCC) are present:
b = I, by = Ol — Jo. (16)

Applying Dirac’s algorithm, the number of d.o.f. is 2. The cor-
responding gauge transformations generated from the FCC
are 8A,(x) = {A,(x), [(=A()$1(y) + A(y)g2(v))dy} =
—0,A(x).

FCC imply unphysical degrees of freedom, which
must be removed to obtain the reduced phase space. To
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this end we introduce Dirac brackets after imposing the
gauge-fixing constraints. In our case, one of the gauge-
fixing constraints is ¢; = A,A* + b>. This has to be
complemented with another suitable gauge-fixing con-
straint. We choose (}54 = Ay. It can be verified that the
set of constraints {c,;ﬁi, i =1,2,3,4} is second-class.

In order to obtain the corresponding Dirac brackets
{A, B}D, we require the matrix constructed with the

Poisson brackets {.A, B} of the constraints q?)i, which is
given by

M;;(x,y) = {&51(")&5]()0}

0 0 —24, -I
0 0 —29A 0

= : 5(x—y).
24, 20.A0 0 0
1 0 0 0

(17)
The inverse matrix (M~');;, such that [d®zM;(x,z)x

(M_l)zj(Z’Y) = 0;;6(x —y), is

0 0 0 1

0 0 Hp —5%
(M), (x.y) = o sk - y)
i\ 0 -5z 0 0 '

-1 ﬁ 0 0
(18)

Dirac brackets are defined as follows:

[AX). B}
— {A(x). B(x)}
- [ dudt v A). @)} (). B
(19)
where ®; denote any of the constraints ¢;, with i = 1, 2, 3,

4. The above allows us to remove the variables (Ag, 1Y)
and work with the algebra for the remaining variables

(A;,TH,5), which is given by
{Ai(x).A;(y)}p =0,
{HfED<X)’H{ED(y)}D =0,

(). T (9)}p = 576(x — y) — I

DA! (¥)

8yi5(x - y) .
(20)

We can set strongly equal to zero the constraints &)i and
describe the dynamics through Dirac brackets with the
Hamiltonian density
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o,
Hp =5 (Mgp)* + 5 (21)

Fi)? +AJL
At this point the Hamiltonian (21) together with the algebra
(20) is sufficient to determine the dynamics of standard
electrodynamics in the nonlinear gauge A,A* + b* = 0.
The time evolution for any quantity can be obtained as:

. . )
Q(A; Tlgp) = {Q. Hp}p + 8_?

(22)
To establish an equivalence at classical level between the
bumblebee model and standard electrodynamics in the
nonlinear gauge A,A* + b* = 0, we have to (i) prove that
from the bumblebee model it is possible to construct an
algebra with brackets alike to those in Eq. (20) and
(ii) obtain the same time evolution when the corresponding
algebra and bumblebee Hamiltonian H?, plus suitable
initial conditions, are used.

Let us explore the time evolution of the quantity
(B,B* + b*) under the dynamics of the bumblebee model.
From Egs. (10)—(12) we obtain

1
2 P2 2\ __
(B = Bi +0°) = e 1oy e)

X [ZKBoal[BlV/(f)} - 2B08ﬂ.]”

—2kV'(€)B;(IV + 9;By)). (23)
This equation together with Eq. (12) reveals that if the initial
conditions By|, =0, (B,B* + b*)|, =0 and 9,J*|, =0
are chosen, then the relations (B,B* + b*)(t) =0 and
By(t) = 0 remain valid for all time. Therefore, with these
particular initial conditions, the dynamics of the bumblebee
model can be restricted, without inconsistencies or extra
conditions, to the set of constraints {¢; = I1°, p, = 0TV —
kByV'(&) = J°, ¢y = B,B* + b*, ¢, = By}. Using ¢ and
¢, together with V/(£ = 0) = 0, we can rewrite the set of
constraints {¢;} as the set {A;}, composed of

A]ZHOIO, Azza]H]—JOZO,

Ay = B,B* 4+ b* =0, Ay =By =0. (24)
Note that these constraints have the same structure as those
that appear in standard electrodynamics in the nonlinear
gauge A AV + b* = 0. We can use Dirac brackets to define
an algebra in which the constraints A; are preserved. This
ensures that the dynamics does not leave the constraint
surface. The construction of these brackets proceeds in the
same way as in Eqgs. (17)—(19). Consequently, the brackets
in Eq. (20) describe the algebra of the bumblebee model
with initial conditions Bo|, =0, (B,B" + b*)|, = 0 and
6”J”|,0 = 0. Certainly all constraints, under Dirac brackets,
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satisfy {A;, B}, = 0 for any quantity 53; in particular, A; =
{A;, HB}, = 0.

We have to point out that in the last procedure the
fundamental property is that, under the aforementioned
initial conditions, the relations By = 0 and (B,B* + b*) =
0 remain valid for all time, which are derived from the
dynamics of the bumblebee model. If this property is not
fulfilled, then Dirac brackets are not well defined, because
in this case we would need more constraints to ensure that
the dynamics does not leave the constraint surface given by
the set {A;}. Dirac brackets constructed with more con-
straints than {A;} would not correspond with those in
Eq. (20). In other words, we have started on a surface of the
phase space where the bumblebee potential does not have
contributions and we have proved that the dynamics of the
bumblebee model by itself evolves just on this surface,
without having to impose extra conditions.

After introducing Dirac brackets together with the
imposition of constraints that are strongly zero (A; = 0),
the bumblebee Hamiltonian density HZ in Eq. (9) reduces
to the Hamiltonian density H of electrodynamics in
Eq. (21).

In this way, the dynamics of the bumblebee model
with initial conditions By|, =0, (B,B* + b*)|, =0 and
9,J*,, = 0, which is derived from the algebra in Eq. (20)
and Hamiltonian in Eq. (21), corresponds to the dynamics
of standard electrodynamics in the nonlinear gauge
(A,A" + b?).

It is worth mentioning that, unlike standard electrody-
namics, the extra degree of freedom appears as a massive
excitation V(& = B,B* + b?) # 0 away from the potential
minimum. The constraint ¢, in Eq. (8) yields to a modified
version of Gauss’s law, showing that the massive mode acts
as a source of charge density. When the particular initial
conditions are chosen the dynamics only evolves over the
surface where (B,B* + b*) = 0; therefore V'(& = B,B* +
bz) = 0 for all time, which guarantees that the massive mode
never appears [17]. Also, the relation By(r) =0 avoids
possible ambiguities such as those mentioned in Ref. [30].

Notice that the subsequent emergence of standard
electrodynamics, after imposing the initial conditions,

'A different option to introduce the condition B,B! + b*=0
can be by means of the term A(B,B* + b*) in the bumblebee
Lagrange density, with 1 being a Lagrange multiplier. The
equation of motion for 4 gives the condition (B,B* + b*) =0
in a natural way; however, to establish the equivalence with the
standard electrodynamics we would need to restrict the model to
values with 4 = 0, which can be done by calculating its time
evolution and taking the suitable initial conditions. Namely, with
the introduction of the Lagrange multiplier it is not necessary to
choose the initial condition B,B" + b* = 0 but it requires the
initial condition 4 =0. It is in this sense that there is no
improvement for our purposes if we introduce the Lagrange
multiplier.
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guarantees current conservation for all time, as a conse-
quence of the equations of motion.

IV. EQUIVALENCE AT QUANTUM LEVEL

In this section we study from a quantum perturbative
perspective both standard electrodynamics and the bumble-
bee model. The aim is to compare the Feynman rules and
propagators of these theories.

A. The quantum approach of standard
electrodynamics in the nonlinear
gauge A, A" +b?

The quantum analysis of standard electrodynamics in the
nonlinear gauge A, A" + b* was recently studied by one of
us in Ref. [25]. In the following we summarize the main
results.

In this case, the BRST quantization formalism [29]
provides an appropriate method to address the gauge-fixing
process in standard electrodynamics. To this end, the

fermionic nilpotent transformation 5is introduced, together
with the fields ¢, ¢ and b, satisfying

Sc=0, bc=ib, 6b=0. (25)

The BRST invariant Lagrange density is written as

1
LBRST(A,) = - 2 Pl = AT

a

+ib [5 ((A,,Aﬂ +b?) + ;)] . (26)

where the gauge-fixing condition (A,A* 4+ b*) =0 is
explicitly introduced. After the & variation and eliminating

b from its equation of motion, the Lagrange density
becomes

1 a
LBBST(A,) = - g FwF" = A =S (AN + b?)?
- 2A%i¢d,c, (27)

which plainly shows the contributions from the fixing term
a(A,A* 4 b*)?/2 and the Faddeev-Popov ghosts ¢ and ¢.

At this stage it is convenient to employ the parametriza-
tion proposed in Ref. [23],

A(a,) =a, - nﬂ(b2 +a*)'/?, (28)

where n, is a unit spacelike vector. An important conse-
quence of this field redefinition is the relation

(AA" + b*)? = 4(n-a)* (b + d?). (29)
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When the parametrization in Eq. (28) is substituted into the
Lagrange density LE5ST(A,) in Eq. (27) we obtain a
complicated nonlinear expression LERST(A,(a,)) in terms
of the a, field; however, this one still corresponds to the
Lagrange density of standard electrodynamics, written in a
very unconventional form. For example, the electromag-
netic stress tensor becomes

|

LE5*M(a,) = Len(Ay(a,)) = 2ab*(n - a)?

—2aa*(n - a)?

PHYSICAL REVIEW D 95, 095006 (2017)
F/w = f/u/ - (nvay - nﬂav)(bz + 612)1/2, (30)

where
fuw = 0,a,—0,a,. (31)

In terms of the a, field we rewrite Eq. (27) as

=2(a" — n*(b* + a®)'/?)icd,c, (32)

where Lgp(A,(a,)) corresponds to the standard Lagrange density of electrodynamics in Eq. (12) rewritten in terms of the

a, field. Expanding Lep(A

Lep(Au(a,)) =

fﬂvfy+ fm/ Daﬂ_nﬂav

o -nan[$(")

|
(

.(a,)) in powers of (a?/b*) < 1 we get

Mz

(7))
JJowr e[S G

l

@..\)| Qto Il

a4 by [i ( 1§ 2) (;7) } , (33)

where in the first three summations we have started the
series from / =1 given that the contribution from [/ =0
produces a constant term, which vanishes with the partial
derivative in the brackets. This shows that the only
quadratic terms in LE35T(a,), that are not coupled to the
ghost or the external current, are given by

Lin,, () = ——f,wf"”

2ab*(n - a)?’. (34)

The remaining terms are cubic and higher orders in powers
of the field a*. Notice that the condition —2ab*(n - a)?
coincides with the choice of an axial gauge in standard
electrodynamics, while —2aa?(n - a)? and the higher order
terms in Eq. (33) can be interpreted as extra Yang-Mills-
type interactions. Namely, the parametrization in Eq. (28)
allows us to interpret the a, field as photons in the gauge
(n - a) = 0 with nonlinear interactions. The propagator in
the axial gauge, which arises from the quadratic terms in
Eq. (34), can be read off from Refs. [25,31] as

—i k,n, + n,k n? 4k
DED k ! N TRk dap? |
o L P Iy Poer
(35)
satisfying

KDEP(k) =0,  wDEP(k) =

kZ: ie {41;(2: k)} 1
(36)

Now we take the so-called pure (homogeneous) axial
gauge, defined by a — co. In this gauge the above
expressions reduce to

—i k,n,+n,k n®
DED (k ! -k, ——],
(k)= K tie | ™ (n-k) o “(n-k)?
KDED(K) =0,  n*DEP (k) =0. (37)

Next we deal with the contributions to physical pro-
cesses arising from the fixing terms —2ab’(n-a)? and
—2aa*(n - a)? in Eq. (32), which do not depend on the
Faddeev-Popov ghosts and are not present in the bumble-
bee model. The proportional term to a*(n - a)? produces a
four-photon vertex V4,

Vg ~ a(1gpn,n, + perm). (38)

When we attach external on-shell photons to Vg, via
the corresponding propagators, the conditions n* D} (k) =
0 = k*DyP (k) lead to a zero contribution to any physical
process. Also, these conditions imply that their polarization
vectors €, (k) must satisfy n*e, (k) = O together with the
transversality condition k*e, (k) = 0 [22,25]. In turn, for

internal photon lines attached to Vg, the vertex has two
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contributions of the type n*D,,,, producing a factor of 1/ o,
with a net result going like 1/a, which is zero in the limit
a — oo. The same argument can be applied to the gauge-
fixing term proportional to (n - @)?. In this way, the terms
involving (n-a) just implement the gauge condition
(n-a)=0.

Consequently the gauge-fixed Lagrange density
LT (a,) for electrodynamics, in the pure axial gauge,
reads

LE5* (a,) = Lep(Au(a,)) + Lonosr (39)

where Lghost corresponds to the contribution involving
the Faddeev-Popov ghosts. One of the main results in
Ref. [25] is precisely to prove that, using the parametriza-
tion (28) and for any physical process, the ghosts decouple
in the nonlinear gauge A, A + b* = 0, or equivalently in
the axial gauge (n-a) =0 plus added nonlinear inter-
actions; therefore, there are no contributions arising from
the ‘CGHOST‘

In this way, the contributions to Feynman ampli-
tudes for any physical process of the gauge-fixed Lagrange
density £BR5T(a,) in Eq. (32) are constructed only from
Lep(A,(a,)). The corresponding Feynman rules for
Lep(A,(a,)) are given in Ref. [23]. Since the free part of
the bumblebee model (1) can be seen as Lgp(A,) supple-
mented with a potential of form (4), the Feynman rules arising
from Lgp(A,) will also emerge in the bumblebee model.

B. The quantum approach of the bumblebee model

Now we switch to the bumblebee model. We are inter-
ested in studying its quantum equivalence with the fixed-
gauge standard electrodynamics analyzed in Sec. IVA. To
this end, we focus on the bumblebee model with solutions
restricted to the condition B, B* + b* = 0. Regarding the
quantization of the unrestricted bumblebee model, the
introduction of the aforementioned condition allows some
simplifications in the quantum approach.

The quantization of the bumblebee model was performed
in Ref. [16] following the Stueckelberg method [32], which
consists of the introduction of a local symmetry in the
Lagrangian density by the enlargement of the field content
to turn second-class constraints to first-class. The quanti-
zation of the resulting theory with first-class constraints
is achieved following the standard methods of gauge
theories, such as the Faddeev-Popov method [33] or
BRST method [29].

Even though the Stueckelberg method allows us to study
the quantization of the bumblebee model, and other proper-
ties as stability, the possible equivalence with standard
electrodynamics is not completely clear under this scheme.
The introduction of auxiliary fields, due to the Stueckelberg
method, and the perturbative approach employed do not
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allow us to establish a direct connection with standard
electrodynamics.

In the present work we apply a different process. The
strategy we follow is to employ the parametrization in
Eqg. (28) and to obtain the ingredients for the construction of
Feynman amplitudes, i.e. the Feynman rules and propaga-
tor. Then we compare these with those stemming from the
fixed-gauge electrodynamics.

We start from the Lagrange density of the bumblebee
model in Eq. (1). With the replacement A, — B, in the
parametrization (28) we can rewrite the bumblebee
Lagrange density as

K

5 V(2(n-a)(b® +d?):),  (40)

Lg (au) = L:Bf(aﬂ)

where the first term Lp f(aﬂ) corresponds to the free part

—4B,,B* —B,J' and the second term to the potential
V = V(B,B* + b*), both rewritten in terms of the a,, field.
To make contact between the parametrization in Eq. (28)
and the nonzero vacuum expectation value of the bumble-
bee model, we can express the VEV, (B,) =B, in

I,{’
Eq. (3) as
B, =n,b. (41)

Under this description n, defines the direction of the
vacuum, and b its magnitude. Notice that the condition
BB = —b? is automatically satisfied.

Next we address the incorporation of the condition
B,,B"—i—b2 = 0. According to Eq. (29), this condition
can be translated to

(n-a)=0, (42)

when the field redefinition (28) is employed. The a, fields,
satisfying the condition in Eq. (42), define the three d.o.f. of
the bumblebee model and they are orthogonal to the
vacuum direction n#, so that they describe the Goldstone
bosons of the model.

The propagator satisfying the condition (42) can be
constructed from the bumblebee Lagrange density with
solutions restricted to (n - a) = 0, which we write as

‘CB’((rm):O) = ‘CB(aﬂ) +ﬂ<nua”)7 (43)

where 1 is a Lagrange multiplier and Lg(a,) is the
Lagrange density in Eq. (40). The additional contribution
with the Lagrange multiplier cannot be interpreted as a
gauge-fixing term (there is no gauge to fix in the bumblebee
model) and only implements the condition (B,B¥ +b*) =0,
or n,a" =0 in terms of the a, fields, in a covariant way.
Note that we do not make (B,B* + b?) strongly equal to
zero at the level of the Lagrange density, which would
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mean considering zero as the bumblebee potential. Instead
we include the condition over the solutions of the model
through the Lagrange multiplier.

To go further we consider potentials as in Eq. (4) and
identify the quadratic terms in the bumblebee Lagrange
density. The relation

(B,B* +b*)"  (=2)"(n-a)"(b* + a*)?

m N m (44)

allows us to classify the cases: (i) m = 2 and (ii) m > 2. For
the case with m = 2, the propagator is defined by the terms

1
ﬁﬁlN - _Zf;tufﬂy+Kb2(n‘a)2 —l—/l(na) —J”a#, (45)

leading to the equations of motion

Of oy + (A4 kb*(n-a))n, =J,, (46)

n-a=0.

After solving for the quantity (A + xb*(n-a)) by multi-
plying the first equation in (46) by n” and inserting the
result into the same equation, we get

14
n a

[8217"7 - (55, - n_z) 8“87} a,=0"a,
n

_ (52 _ n”gla> Jo — .71/,
n

which defines the operator O*” to be inverted. Since we
have n,0*”a, = 0, we must find the bumblebee propagator
D5, in the subspace orthogonal to n, by demanding

(47)

ovrps —

v
5 — n‘n,
7 p 2 )’

where the lhs is the unit in that subspace. Writing the most
general form of Df, as

(48)

i A
Dy, (k) = TR tie {’7}'/) + (n-k) (n,ky + kyny)
B n,n,
+ Pk}’kﬂ +C ;2/} (49)
and imposing the conditions (48) we obtain
i nk,+kn, n’kk
DB k) = — __rp e rP , 50
(k) k* + ie {’77” (n-k) + (n-k)? (50)

which naturally incorporates the condition n7Dfp =0. Trans-
versality on k, on-shell vectors, kVDfp(k) =0, is also fulfilled.

In the case (ii) with m > 2 the potential does not
contribute to the calculation of the propagator; however,
the above process can be applied again, giving the same
propagator as in Eq. (50). Notice that the propagator Df/, (k)
is the same one that appears in Eq. (37) for the fixed-gauge
electrodynamics. Thus, the condition (n-a)=0 is

PHYSICAL REVIEW D 95, 095006 (2017)

implemented in the same way for each model in terms of
the propagator. The requirement (n - @) = 0 holds in both
cases; however, it is for different reasons: it is a gauge
condition in ED, while it corresponds to a restriction,
introduced by a Lagrange multiplier, over the solutions of
the bumblebee model. The transversality condition
k*e,(k) = 0 on k, on-shell photons, derived from the pro-
pagator satisfying k& D2, (k) = 0, implements Gauss’s law in
the bumblebee model a la Dirac upon the initial states. The
current J* is conserved, as itis a Noether current arising from
the gauge invariance derived from Gauss’s law, which is
only valid on the states with the condition (n - a) = 0. Note
that the introduction of the condition (n - @) = 0 through the
Lagrange multiplier in Eq. (43), which leads to the con-
ditions n” DZ, = 0 and k" DZ,(k) = 0 for on-shell photons,
implies that the physical states [¥),,,, of the bumblebee
model are defined by the condition (n - a)|¥) s = 0.
Since the interaction terms k(n - a)"(b? + a*)? in Eq. (40)
produce the vertices \7,143 ~k(n,n,)", \7,242’0,,, ~ k(1 Mg+
perm)?, which are similar to Vs in Eq. (38), the con-
tributions to Feynman amplitudes from the potential in the
bumblebee model cancel out due to the fact that the
conditions n’DJ, =0 and k’DJ,(k) =0 are satisfied.
In this way, the Feynman rules for the bumblebee model,
with solutions restricted to (n - a = 0), arise only from the
free part Ly (a,). Let us emphasize that the Lp (a,) in
Eq. (40) is the same Lagrange density Lgp(A,(a,)) that
defines the fixed-gauge electrodynamics in Eq. (32); there-
fore, Feynman rules, propagators and interactions of the
bumblebee model, restricted to the condition (n-a = 0),
correspond with those in the fixed-gauge standard electro-
dynamics. Also, as we previously mentioned, the condition
(B,B* 4+ b*) =0 rewritten as (n-a) =0 prevents the
emergence of the massive mode in the bumblebee model.

V. SUMMARY

Since many approaches of quantum gravity suggest or
have processes in which Lorentz invariance is broken,
Lorentz violation has become an active and rich line of
research [1-9]. Among the mechanisms to introduce LV in
our current theories, spontaneous symmetry breaking is an
appropriate approach to break Lorentz invariance. For
example, the Standard Model extension (SME) [34], the
most used framework to parametrize deviations of Lorentz
symmetry, arises from this concept. Close to the SME we
find the so-called bumblebee models, which are effective
field vector theories with a nonzero vacuum expectation
value that spontaneously breaks Lorentz symmetry. Due to
the manageability of these models, phenomenological
and theoretical relevant properties of Lorentz violation
and spontaneous symmetry breaking can be analyzed and
disentangled. Also, they have been proposed as an alter-
native to standard electrodynamics where the photons are
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identified as Goldstone bosons arising from the sponta-
neous symmetry breaking of Lorentz invariance. The above
idea was investigated in Ref. [17] for some bumblebee
models at the classical level, and the key point was the
restriction of the phase space to solutions whose dynamics
reproduces the equations of motion of standard electrody-
namics. A Hamiltonian analysis was performed in order to
study such an equivalence; however, there remain some
issues to fully prove it. To complete all the remaining
missing pieces constitutes the main motivation of this work,
particularly at the quantum level and for more general
potentials.

To establish an equivalence between bumblebee models
and standard electrodynamics (ED), first we must find the
conditions under which the effects of Lorentz violation are
unobservable, and second we must verify that dynamics
and calculations of physical processes are identical in
both theories. In the present work, we have analyzed
the bumblebee model with a potential of the form
V(B,) = V(B,B" + b*). The main result was to prove
that after imposing suitable conditions, the resulting theory
is equivalent to standard electrodynamics in a nonlinear
gauge A, A* + b* = 0, both at classical and quantum levels.
We point out that the equivalence is accomplished only
after fixing the gauge in standard electrodynamics and the
choice of suitable conditions in the bumblebee model,
which means that the equivalence is between the electric E;
and magnetic B; = —J¢;; F/* fields of standard electro-
dynamics with their corresponding fields in the bumblebee
model. We emphasize the above because the A, field is not
a physical observable in electrodynamics, while its corre-
sponding B, field in the bumblebee model can be a physical
observable due to the lack of gauge invariance.

We begin by summarizing the fundamental properties of
the bumblebee model and by indicating the differences with
standard electrodynamics, which are (i) the number of
degrees of freedom is different, (ii) the equations of motion
do not match and (iii) there is no gauge invariance or
current conservation in the bumblebee model. According to
Ref. [17] the bumblebee model reproduces standard
electrodynamics when its phase space is restricted to
solutions satisfying the initial condition B,B* + b*=0.
We completed the above statement by studying how to
introduce this condition at both classical and quantum
levels, in a consistent manner and by comparing the
resulting model with standard electrodynamics in a non-
linear gauge A,A* + b* = 0.

At the classical level, we performed a Hamiltonian
analysis to standard electrodynamics in the fixed gauge
A AN + b*> = 0. We constructed the Dirac brackets in
Eq. (20) and wrote down the Hamiltonian in Eq. (21) from
which the dynamics, of ED in the fixed gauge, is derived.
After that, we employed Dirac’s method to study the
bumblebee model. Imposing the initial conditions
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By|,, =0, (B,B* +b*)|, =0 and 9,J¢|, =0 we con-
structed a consistent algebra, in which the condition
B,B" + b* =0 is included and preserved for all times.
This algebra and the restricted Hamiltonian to such initial
conditions correspond to those stemming from the gauge-
fixed standard electrodynamics in Egs. (20)—(21), respec-
tively. Thus, the time evolution, arising from the algebra
and the Hamiltonian, is the same in both theories. We also
verified that there are no inconsistencies or additional
constraints when the required initial conditions in the
bumblebee model are imposed.

To prove the equivalence at the quantum level, the
strategy followed was to prove that, after imposing the
condition B,B" + b* = 0 on the solutions of the bumble-
bee model, the Feynman rules and propagators of standard
electrodynamics in the fixed gauge A,A* +b* =0 and
those describing the bumblebee model are the same. In this
way, perturbative calculations of Feynman amplitudes to
any physical process in each model are indistinguishable.
To this end, we begin by analyzing standard electrody-
namics employing the BRST method to fix the nonlinear
gauge A, A* + b*> = 0. After employing a very convenient
parametrization A, — a, defined in Eq. (28), which allows
us to translate the nonlinear relation A,A* + b* = 0 to the
expression (n - a) = 0, the Feynman rules and propagators
are obtained. In the fixed-gauge Lagrange density of
standard electrodynamics in Eq. (32) we can identify three
different kinds of contributions: (a) those arising from the
free part (—%F wF" — A, J! rewritten in terms of the a,
field redefinition), (b) gauge-fixing terms and (c) the
Faddeev-Popov ghosts. Using the results of Ref. [25], it
can be proved that the contributions from (b) and (c) cancel
out. The above implies that the Feynman amplitudes of
standard electrodynamics in the nonlinear gauge are only
constructed from the Feynman rules derived from the free
part plus the corresponding propagator. Next we turn to the
quantum description of the bumblebee model, in which we
used the same parametrization in Eq. (28). The relation
B,B* +b*> =0 translated to (n-a) =0 allows us to
identify the a, fields as the pure Goldstone bosons of
the model that are orthogonal to the direction n, of the
vacuum inducing the spontaneous Lorentz symmetry
breaking. Also, it allows us to work only with the three
degrees of freedom of the model. The restriction over the
solutions of the bumblebee model satisfying (n-a) = 0 is
effectively incorporated in the calculations through the
propagator D% (k) given in Eq. (50) and satisfying
n*DB (k) =0 together with k*DE, (k) =0 for on-shell
Goldstone bosons. This propagator ny(k) is identical to
the propagator DEP (k) in Eq. (37) of standard electrody-
namics in the nonlinear gauge. The on-shell transversality
of D (k) guarantees that Gauss’s law is imposed, a la
Dirac, upon the physical states [22,25]. Gauge invariance,
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generated by Gauss’s law, is satisfied on the states with
(n-a)=0. The contributions to Feynman amplitudes
arising from the bumblebee potential cancel out under the
aforementioned requirements; in such a way, the Feynman
amplitudes are constructed just from the free part, as it
happens in standard electrodynamics in the nonlinear gauge.
Therefore, standard electrodynamics in the nonlinear gauge
A AN + b* = 0 and the bumblebee model with solutions
restricted to the condition B, B* + b* = 0 are described by
identical Feynman rules and propagators, making both
theories equivalent. Note that the massive mode in the
bumblebee model never appears given that the condition
(B,B* + b*) = 0 over the solutions is satisfied in both the
classical and quantum approaches. It is worth mentioning
that the interpretations of particles and constraints are
different; the masslessness of photons is explained by gauge
symmetry in standard electrodynamics, while in the bumble-
bee model it is derived from the nature of Goldstone bosons
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arising from a spontaneous symmetry breaking of Lorentz
invariance. The constraints A,A* + b* =0 and B,B" +
b? = 0 have the same structure; however, they have different
origins: it is a gauge-fixing condition in standard electro-
dynamics, while in the bumblebee model it is just a
restriction over its solutions.
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