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In this paper, we study the B → K� transition form factors (TFFs) within the QCD light-cone sum rules
(LCSR) approach. Two correlators, i.e., the usual one and the right-handed one, are adopted in the LCSR
calculation. The resultant LCSRs for the B → K� TFFs are arranged according to the twist structure of the
K�-meson light-cone distribution amplitudes (LCDAs), whose twist-2, twist-3, and twist-4 terms behave
quite differently by using different correlators. We observe that the twist-4 LCDAs, though generally small,
shall have sizable contributions to the TFFs A1=2, V, and T1; thus, the twist-4 terms should be kept for a
sound prediction. We also observe that, even though different choices of the correlator lead to different
LCSRs with different twist contributions, the large correlation coefficients for most of the TFFs indicate
that the LCSRs for different correlators are close to each order, not only for their values at the large recoil
point q2 ¼ 0 but also for their ascending trends in the whole q2 region. Such a high degree of correlation is
confirmed by their application to the branching fraction of the semileptonic decay B → K�μþμ−. Thus, a
proper choice of correlator may inversely provide a chance for probing uncertain LCDAs; i.e., the
contributions from those LCDAs can be amplified to a certain degree via a proper choice of correlator, thus
amplifying the sensitivity of the TFFs and, hence, their related observables, to those LCDAs.
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I. INTRODUCTION

The heavy-to-light B-meson decay provides an excellent
platform for testing the CP-violation phenomena and for
seeking new physics beyond the StandardModel (SM). The
heavy-to-light transition form factors (TFFs) are key
components in those studies which, however, are nontrivial
due to the fact that, for practical values of the momentum
transfer and the b-quark mass (mb), the soft contributions
are always numerically important and are often dominant.
The Shifman-Vainshtein-Zakharov (SVZ) sum rules [1,2]

provide an important step forward for studying the non-
perturbative hadron phenomenology. It is a method of
expanding the correlation function (correlator) into the
QCD vacuum condensates with subsequent matching via
dispersion relations. The vacuum condensates are nonper-
turbative but universal, whose contributions follow from the
usual power-counting rules at the largeq2-region and the first
several ones are enough to achieve the required accuracy.
Many successful hadron properties have been achieved since
its invention, and the SVZ sum rules becomes a useful tool
for studying the hadron phenomenology.
Following its strategy, one has to deal with the two-point

correlator for the heavy-to-light transition form factors
(TFFs) [3–5], which however will meet specific problems
such as the breaking of power-counting and the contami-
nation of sum rules by “nondiagonal” transitions [6],

severely restricting the precisions and applicabilities of
the SVZ sum rules.
To avoid the problems of the two-point SVZ sum rules, the

QCD light-cone sum rules (LCSR) has later been suggested
to deal with the heavy-to-light TFFs [7–12]. Its main idea is
to make a partial resummation of the operator product
expansion (OPE) to all orders and reorganize the OPE
expansion in terms of the twists of relevant operators rather
than their dimensions. The vacuum condensates of the SVZ
sumrules are then substituted by the light-meson’s light-cone
distribution amplitudes (LCDAs) of increasing twists. The
LCDA, which relates the matrix elements of the nonlocal
light-ray operators sandwiched between the hadronic state
and the vacuum, has a direct physical significance and
provides the underlying links between the hadronic phenom-
ena at small and large distances.
Generally, contributions from the LCDAs suffer from the

power counting rules basing on the twists; i.e., the high-
twist LCDAs are usually powered suppressed to the lower
twist ones in large Q2-region, and the first several LCDAs
shall usually provide dominant contributions to the LCSR.
Since its invention, the LCSR approach has been widely
adopted for studying the B → light meson decays. In the
paper, we shall concentrate our attention on its application
to the B → K� decays, which is helpful for studying theK�-
meson LCDAs.
How to “design” a proper correlator is a tricky problem

for the LCSR approach. By choosing a proper correlator,
one can not only study the properties of the hadrons but
also simplify the theoretical uncertainties effectively.*wuxg@cqu.edu.cn
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Usually, the correlator is constructed by using the currents
with definite quantum numbers, such as those with definite
JP, where J is the total angular momentum and P is the
parity of the bound state. Such a direct way of constructing
the correlator is not the only choice adopted in the
literature, e.g. the chiral correlator with a chiral current
in between the matrix element has also been suggested so
as to suppress part of the hazy contributions from the
uncertain LCDAs [13–18].
The LCDAs of the K� meson have a much complex

structure than that of the light pseudoscalar mesons. It
contains two leading-twist (or twist-2) LCDAs ϕ⊥

2;K� and

ϕ∥
2;K� , seven twist-3 LCDAs ϕ⊥

3;K� , ψ⊥
3;K� , Φ∥

3;K� , ~Φ∥
3;K� ,

ϕ∥
3;K� , ψ∥

3;K� and Φ⊥
3;K� , and twelve twist-4 LCDAs ϕ⊥

4;K� ,

ψ⊥
4;K� ,Ψ⊥

4;K� , ~Ψ⊥
4;K� ,Φ⊥ð1Þ

4;K� ,Φ⊥ð2Þ
4;K� ,Φ⊥ð3Þ

4;K� ,Φ⊥ð4Þ
4;K� , ϕ∥

4;K� , ψ∥
4;K� ,

~Φ∥
4;K� and ~Ψ∥

4;K� [12]. By taking the usual correlator, we
shall show that at the twist-4 accuracy, the LCSRs of the
B → K� TFFs shall contain almost all of the mentioned
LCDAs, where the twist-3 and twist-4 LCDAs shall have
sizable contributions to the B → K� TFFs. At the present,
some of the high-twist LCDAs have been studied within the
QCD sum rules [19,20], which, however, still are of large
errors and shall produce large errors to the TFFs.
As an attempt, we have suggested to use a chiral

correlator with a right-handed chiral current to deal
with the B → K� TFFs to suppress the uncertainties from
the high-twist LCDA contributions [21]. The resultant
LCSRs derived there show the contributions from most
of the high-twist LCDAs are suppressed by
δ2 ∼ ðm�

K=mbÞ2 ∼ 0.03; thus, uncertainties from high-twist

LCDAs themselves are effectively suppressed. In previous
discussions [21], some of the terms that are proportional to
high-twist LCDAs have been omitted due to the δ-power
counting rule. In the paper, as a sound prediction, we shall
keep all of them in our present calculations; as will be
shown later, those terms shall provide sizable contributions
for certain TFFs.
It is interesting to show whether the LCSRs under

different choices of the correlator are consistent with each
other. In the paper, as a step forward, we shall compare the
LCSRs for the TFFs under the usual correlator and the
right-handed chiral correlator with the help of the corre-
lation coefficient ρXY [22].
The remaining parts of the paper are organized

as follows. In Sec. II, we present the calculation
technology for the B → K� TFFs within the LCSR
approach, where the results for the usual correlator are
presented. The results for the right-handed chiral correlator
are presented in the Appendix. In Sec. III, we make a
comparative study on various LCSRs for the B → K� TFFs,
and their application for the branching fraction dBðB →
K�μþμ−Þ=dq2 is also presented. Sec. IV is reserved for a
summary.

II. THE B → K� TFFS WITHIN THE LCSR
APPROACH

The B → K� TFFs, Vðq2Þ, A0;1;2ðq2Þ and T1;2;3ðq2Þ,
are related with the matrix elements hK�js̄γμbjBi,
hK�js̄γμγ5bjBi, hK�js̄σμνqνbjBi and hK�js̄σμνγ5qνbjBi
via the following way [12],

hK�ðp; λÞj s̄γμð1 − γ5ÞbjBðpþ qÞi ¼ −ie�ðλÞμ ðmB þmK� ÞA1ðq2Þ þ iðe�ðλÞ · qÞ ð2pþ qÞμ
mB þmK�

A2ðq2Þ

þ iqμðe�ðλÞ · qÞ
2mK�

q2
½A3ðq2Þ − A0ðq2Þ� þ ϵμναβe�ðλÞνqαpβ 2Vðq2Þ

mB þmK�
ð1Þ

and

hK�ðp; λÞj s̄σμνqνð1þ γ5ÞbjBðpþ qÞi ¼ 2iϵμναβe�ðλÞνqαpβT1ðq2Þ þ e�ðλÞμ ðm2
B −m2

K� ÞT2ðq2Þ
− ð2pþ qÞμðe�ðλÞ · qÞ ~T3ðq2Þ þ qμðe�ðλÞ · qÞT3ðq2Þ; ð2Þ

where p is the momentum of the K� meson and q ¼
pB − p is the momentum transfer, eðλÞ stands for the K�-
meson polarization vector with λ being its transverse (⊥) or
longitudinal (∥) component, respectively. The following
relations are helpful,

T3ðq2Þ ¼
m2

B −m2
K�

q2
½ ~T3ðq2Þ − T2ðq2Þ�; ð3Þ

A3ðq2Þ ¼
mB þmK�

2mK�
A1ðq2Þ −

mB −mK�

2mK�
A2ðq2Þ; ð4Þ

and A0ð0Þ ¼ A3ð0Þ and T1ð0Þ ¼ T2ð0Þ ¼ ~T3ð0Þ.
To derive the LCSRs for the B → K� TFFs, we introduce

the following correlator,
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ΠI;II
μ ðp; qÞ ¼ −i

Z
d4xeiq·xhK�ðp; λÞjTfjI;IIW ðxÞ; j†Bð0Þgj0i;

ð5Þ

where the currents jIWðxÞ¼ s̄ðxÞγμð1− γ5ÞbðxÞ and JIIWðxÞ ¼
s̄ðxÞσμνqνð1þ γ5ÞbðxÞ. The current j†BðxÞ is usually chosen
as imbb̄ðxÞγ5qðxÞ, which has the same quantum state as the
pseudoscalar B meson with JP ¼ 0−. For simplicity,
we call its corresponding LCSR as LCSR-U. As mentioned
in the Introduction, the current j†BðxÞ can also be chosen
as a chiral current, e.g. the right-handed chiral current
imbb̄ðxÞð1þ γ5ÞqðxÞ. We call its corresponding LCSR as
LCSR-R. The calculation technology for the LCSR are the
same for both cases, and we take j†BðxÞ ¼ imbb̄ðxÞγ5qðxÞ as
an explicit example to show how to derive the LCSRs for the
B → K� TFFs up to twist-4 accuracy.
The correlator (5) is analytic in the whole q2 region. In

the timelike region, one can insert a complete series of the
intermediate hadronic states in the correlator and obtain its
hadronic representation by isolating out the pole term of the
lowest pseudoscalar B meson. More explicitly, the corre-

lator ΠHðIÞ
μ can be written as

ΠHðIÞ
μ ðp;qÞ ¼ hK�js̄γμð1− γ5ÞbjBihBjb̄imbγ5q1j0i

m2
B − ðpþ qÞ2

þ
X
H

hK�js̄γμð1− γ5ÞbjBHihBHjb̄imbγ5q1j0i
m2

BH − ðpþ qÞ2

¼ ΠHðIÞ
1 e�ðλÞμ þΠHðIÞ

2 ðe�ðλÞ · qÞð2pþ qÞμ
þΠHðIÞ

3 ðe�ðλÞ · qÞqμ þ iΠHðIÞ
4 ϵναβμ e�ðλÞν qαpβ;

ð6Þ

where the matrix element hBjb̄imbγ5q1j0i ¼ m2
BfB, where

fB is the B-meson decay constant. By replacing the
contributions from the high resonances and continuum
states with the dispersion relations, the invariant amplitudes
can be written as

ΠHðIÞ
i ¼ m2

BfBðmB þmK� Þ
m2

B − ðpþ qÞ2
~Aiðq2Þ

þ
Z

∞

s0

ρHðIÞi

s − ðpþ qÞ2 dsþ � � � ; ð7Þ

where i ¼ ð1;…; 4Þ, s0 is the threshold parameter, and the
ellipsis stands for the subtraction constant or the finite q2-
polynomial which has no contribution to the final sum
rules. The reduced functions ~Ai are

~A1 ¼ A1;

~A2 ¼
A2

ðmB þmK� Þ2 ;

~A3 ¼
2mK�

q2ðmB þmK� Þ ½A3ðq2Þ − A0ðq2Þ�;

~A4 ¼
2Vðq2Þ

ðmB þmK� Þ2 : ð8Þ

The spectral densities ρHðIÞi ðsÞ are estimated by using the

ansatz of the quark-hadron duality [2], i.e., ρHðIÞi ðsÞ ¼
ρQCDi ðIÞðsÞθðs − s0Þ.
In the spacelike region, the correlator can be calculated

by using the operator production expansion (OPE). With
the help of the b-quark propagator [13],

h0jTfbðxÞb̄ð0Þgj0i

¼ i
Z

d4k
ð2πÞ4 e

−ik·x kþmb

m2
b − k2

− igs

Z
d4k
ð2πÞ4 e

−ik·x
Z

1

0

dv

�
1

2

kþmb

ðm2
b − k2Þ2

× GμνðvxÞσμν þ
1

m2
b − k2

vxμGμνðvxÞγν
�
: ð9Þ

The correlator can be expressed as

ΠOPE
μ ðIÞðp;qÞ

¼
Z

d4xd4k
ð2πÞ4

eiðq−kÞ·x

m2
b−k2

fkνhK�ðp;λÞjTfs̄ðxÞγμγνγ5qð0Þgj0i

þkνhK�ðp;λÞjTfs̄ðxÞγμγνqð0Þgj0i
þmbhK�ðp;λÞjTfs̄ðxÞγμγ5qð0Þgj0i
−mbhK�ðp;λÞjTfs̄ðxÞγμqð0Þgj0iþ �� �g: ð10Þ

The nonlocal matrix elements in the right-hand side of
the above equation can be reexpressed by the LCDAs of
various twists [12,20]. We present the relations for the
nonlocal matrix elements to the LCDAs in the Appendix.
The correlator ΠII

μ ðp; qÞ can be treated via a similar way.
With the help of the analytic property of the correlator in
different q2-region, the LCSRs for the B → K� TFFs are
ready to be derived.
As a further step, we apply the usual Borel trans-

formation to the sum rules, which removes the subtraction
terms in the dispersion relation and effectively suppresses
the contributions from the unknown excited resonances and
continuum states heavier than K� meson. After applying
the Borel transformation, our final LCSRs read
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AU
1 ðq2Þ ¼

mK�mb

fBm2
BðmB þmK� Þ

Z
1

0

dueðm2
B−sðuÞÞ=M2

�
mK�f⊥K�C
2u2m2

K�
Θðcðu; s0ÞÞϕ⊥

2;K� ðuÞ þmK�f⊥K�

2u
Θðcðu; s0ÞÞ

× ψ∥
3;K� ðuÞ þmbf

∥
K�

u
Θðcðu; s0ÞÞϕ⊥

3;K�ðuÞ −mK�f⊥K�

�
m2

bC
8u4M4

~~Θðcðu; s0ÞÞ þ
C − 2m2

b

8u3M2
~Θðcðu; s0ÞÞ

−
1

8u2
Θðcðu; s0ÞÞ

�
ϕ⊥
4;K� ðuÞ −mbm2

K�f∥K�

u2M2
~Θðcðu; s0ÞÞCK� ðuÞ −mK�f⊥K�

�
C

u3M2
~Θðcðu; s0ÞÞ −

1

u2

× Θðcðu; s0ÞÞ
�
ILðuÞ −mK�f⊥K�

�
2m2

b

2u2M2
~Θðcðu; s0ÞÞ þ

1

2u
Θðcðu; s0ÞÞ

�
H3ðuÞ

�
þ
Z

1

0

dv
Z

1

0

du
Z

1

0

dD

× eðm2
B−sðuÞÞ=M2

~Θðcðu; s0ÞÞ
u2M2

mbm2
K�

12fBm2
BðmB þmK� Þ ff

⊥
K� ½ ~Ψ⊥

4;K� ðαÞ − 12ðΨ⊥
4;K� ðαÞ − 2vΨ⊥

4;K� ðαÞ

þ 2Φ⊥ð1Þ
4;K� ðαÞ − 2Φ⊥ð2Þ

4;K� ðαÞ þ 4vΦ⊥ð2Þ
4;K� ðαÞÞ�ðm2

B −m2
K� þ 2um2

K� Þ þ 2mbmK�f∥K�ð ~Φ∥
3;K� ðαÞ

þ 12Φ∥
3;K� ðαÞÞg; ð11Þ

AU
2 ðq2Þ ¼

mK�mbðmB þmK�Þ
2fBm2

B

Z
1

0

dueðm2
B−sðuÞÞ=M2

�
mK�f⊥K�

um2
K�

Θðcðu; s0ÞÞϕ⊥
2;K� ðuÞ −mbf⊥K�

uM2
~Θðcðu; s0ÞÞ

× ψ∥
3;K�ðuÞ −mK�f⊥K�

4

�
m2

b

u3M4

~~Θðcðu; s0ÞÞ þ
1

u2M2
~Θðcðu; s0ÞÞ

�
ϕ⊥
4;K�ðuÞ þ 2mbf

∥
K�

u2M2
~Θðcðu; s0ÞÞ

× AK� ðuÞ −m2
K�m3

bf
∥
K�

2u4M6

~~~Θðcðu; s0ÞÞBK� ðuÞ þ 2mbm2
K�f∥K�

u2M4

~~Θðcðu; s0ÞÞCK� ðuÞ þ 2mK�f⊥K�

×

�
C − 2m2

b

u3M4

~~Θðcðu; s0ÞÞ −
1

u2M2
~Θðcðu; s0ÞÞ

�
ILðuÞ −

mK�f⊥K�

uM2
~Θðcðu; s0ÞÞH3ðuÞ

�
þ
Z

1

0

dv
Z

1

0

du

×
Z

1

0

dDeðm2
B−sðuÞÞ=M2 mbm2

K�f⊥K�

12fBm2
B

mB þmK�

u2M2
~Θðcðu; s0ÞÞ½ ~Ψ⊥

4;K� ðαÞ þ 12ð2vΨ⊥
4;K�ðαÞ

−Ψ⊥
4;K� ðαÞ þ ð4v − 2ÞΦ⊥ð1Þ

4;K� ðαÞ þ 2Φ⊥ð2Þ
4;K� ðαÞÞ�; ð12Þ

AU
3 ðq2Þ−AU

0 ðq2Þ ¼
mbq2

2fBm2
B

Z
1

0

dueðm2
B−sðuÞÞ=M2

�
−

f⊥K�

2umK�
Θðcðu; s0ÞÞϕ⊥

2;K� ðuÞ− ð2− uÞmK�f⊥K�

2u2M2
~Θðcðu; s0ÞÞ

× ψ∥
3;K�ðuÞ þmK�f⊥K�

8

�
m2

b

u3M4

~~Θðcðu; s0ÞÞ þ
1

u2M2
~Θðcðu; s0ÞÞ

�
ϕ⊥
4;K� ðuÞ− mbf

∥
K�

mK�u2M2
~Θðcðu; s0ÞÞAK� ðuÞ

þmK�m3
bf

∥
K�

u4M6

~~~Θðcðu; s0ÞÞBK� ðuÞ þmbmK�f∥K� ð2− uÞ
u3M4

~~Θðcðu; s0ÞÞCK� ðuÞ þmK�f⊥K�

�
ð4− 2uÞ

×

�
C

2u4M4

~~Θðcðu; s0ÞÞ−
1

u3M2
~Θðcðu; s0ÞÞ

�
þ
�
2m2

b

u3M4

~~Θðcðu; s0ÞÞ þ
1

u2M2
~Θðcðu; s0ÞÞ

��
ILðuÞ

−
mK� ð2− uÞf⊥K�

2u2M2
~Θðcðu; s0ÞÞH3ðuÞ

�
−
Z

1

0

dv
Z

1

0

du
Z

1

0

dDeðm2
B−sðuÞÞ=M2 mbq2f⊥K�

24fBm2
B

~Θðcðu; s0ÞÞ
u2M2

× ½12ð2vΨ⊥
4;K� ðαÞ−Ψ⊥

4;K� ðαÞ þ ð4v− 2ÞΦ⊥ð1Þ
4;K� ðαÞ þ 2Φ⊥ð2Þ

4;K� ðαÞÞ þ ~Ψ⊥
4;K� ðαÞ�; ð13Þ
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TU
1 ðq2Þ ¼

mbmK�

2m2
BfB

Z
1

0

dueðm2
B−sðuÞÞ=M2

�
mbmK�f⊥K�

um2
K�

Θðcðu; s0ÞÞϕ⊥
2;K� ðuÞ þ f∥K�

�
E

4u2M2
~Θðcðu; s0ÞÞ þ

1

4u

× Θðcðu; s0ÞÞ
�
ψ⊥
3;K� ðuÞ −mK�m3

bf
⊥
K�

4u3M4

~~Θðcðu; s0ÞÞϕ⊥
4;K�ðuÞ þ f∥K�Θðcðu; s0ÞÞϕ⊥

3;K� ðuÞ þ f∥K�

u

× Θðcðu; s0ÞÞAK� ðuÞ −
�

1

4u2M2
~Θðcðu; s0ÞÞ þ

m2
b

4u3M4

~~Θðcðu; s0ÞÞ
�
m2

K�f∥K�BK� ðuÞ − 2mbmK�f⊥K�

u2M2

× ~Θðcðu; s0ÞÞILðuÞ −
mbmK�f⊥K�

uM2
~Θðcðu; s0ÞÞH3ðuÞ

�
þ
Z

1

0

dv
Z

1

0

du
Z

1

0

dDeðm2
B−sðuÞÞ=M2 mK�

12fBm2
B

×
~Θðcðu; s0ÞÞ
u2M2

fmK�mbf⊥K� ½ ~Ψ⊥
4;K� ðαÞ − 12ðΨ⊥

4;K� ðαÞ þ 2Φ⊥ð1Þ
4;K� ðαÞ − 2Φ⊥ð2Þ

4;K� ðαÞÞ� þ f∥K� ½um2
K�

× ð12ð1 − 2vÞΦ∥
3;K� ðαÞ þ ~Φ∥

3;K� ðαÞÞ − 2vu ~Φ∥
3;K� ðαÞ þ vð−12Φ∥

3;K�ðαÞ þ ~Φ∥
3;K� ðαÞÞðm2

B −m2
K� Þ�g; ð14Þ

TU
2 ðq2Þ ¼

mbmK�

2m2
BfB

Z
1

0

dueðm2
B−sðuÞÞ=M2

�
mbmK�f⊥K�ð1 −HÞ

um2
K�

Θðcðu; s0ÞÞϕ⊥
2;K� ðuÞ þ f∥K�

�
1þ ð2 − uÞH

u

�

× Θðcðu; s0ÞÞϕ⊥
3;K� ðuÞ þ

�
F ð1 −HÞ − 4um2

K�H
4u2M2

~Θðcðu; s0ÞÞ þ
1 −H
4u

Θðcðu; s0ÞÞ
�
f∥K�ψ⊥

3;K� ðuÞ

−
mK�m3

bf
⊥
K�

4u3M4
ð1 −HÞ ~~Θðcðu; s0ÞÞϕ⊥

4;K� ðuÞ þ f∥K�ð1 −HÞ
u

Θðcðu; s0ÞÞAK� ðuÞ −
�
1 −H
4u2M2

~Θðcðu; s0ÞÞ

þ ð1 −HÞm2
b

4u3M4

~~Θðcðu; s0ÞÞ
�
m2

K�f∥K�BK� ðuÞ − 2mbmK�f⊥K� ð1 −HÞ
u2M2

~Θðcðu; s0ÞÞILðuÞ −
mbmK�f⊥K�

uM2

×

�
1þ

�
2

u
− 1

�
H
�
~Θðcðu; s0ÞÞH3ðuÞ

�
þ
Z

1

0

dv
Z

1

0

du
Z

1

0

dDeðm2
B−sðuÞÞ=M2 mK�

12fBm2
B

~Θðcðu; s0ÞÞ
u2M2

×

�
mK�mbf⊥K� ½ ~Ψ⊥

4;K�ðαÞ − 12ðΨ⊥
4;K�ðαÞ þ 2Φ⊥ð1Þ

4;K� ðαÞ − 2Φ⊥ð2Þ
4;K� ðαÞÞ� þ f∥K�

2ðm2
B −m2

K�Þ
~Θðcðu; s0ÞÞ
u2M2

× ½vð ~Φ∥
3;K� ðαÞ − 12Φ∥

3;K�ðαÞÞðm2
B −m2

K�Þ2 þ um2
K� ð ~Φ∥

3;K�ðαÞ þ 12ð1 − 2vÞΦ∥
3;K�ðαÞÞðmB −m2

K�Þ

þ 2q2m2
K� ð−2v ~Φ∥

3;K� ðαÞ þ ~Φ∥
3;K� ðαÞ þ 12Φ∥

3;K� ðαÞÞ�
�
; ð15Þ

VUðq2Þ ¼ mbðmB þmK� Þ
2fBm2

B

Z
1

0

dueðm2
B−sðuÞÞ=M2

�
f⊥K�Θðcðu; s0ÞÞϕ⊥

2;K� ðuÞ þmK�mbf
∥
K�

2u2M2
~Θðcðu; s0ÞÞ

× ψ⊥
3;K�ðuÞ −

�
m2

b

u2M4

~~Θðcðu; s0ÞÞ þ
1

uM2
~Θðcðu; s0ÞÞ

�
m2

K�f⊥K�

4
ϕ⊥
4;K� ðuÞ

�
þ
Z

1

0

dv
Z

1

0

du

×
Z

1

0

dDeðm2
B−sðuÞÞ=M2 m2

K�f⊥K�

6

~Θðcðu; s0ÞÞ
u2M2

½ð2v − 1Þ ~Ψ⊥
4;K�ðαÞ þ 12ðΨ⊥

4;K� ðαÞ − 2ðv − 1Þ

× ðΦ⊥ð1Þ
4;K� ðαÞ −Φ⊥ð2Þ

4;K� ðαÞÞÞ�; ð16Þ
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TU
3 ðq2Þ ¼

mbmK�

2m2
BfB

Z
1

0

dueðm2
B−sðuÞÞ=M2

�
mbmK�f⊥K�

um2
K�

Θðcðu; s0ÞÞϕ⊥
2;K� ðuÞ þ f∥K�

�
1 −

2

u

�
Θðcðu; s0ÞÞϕ⊥

3;K� ðuÞ

þ f∥K�

�
F þ 4um2

K�

4u2M2
~Θðcðu; s0ÞÞ þ

1

4u
Θðcðu; s0ÞÞ

�
ψ⊥
3;K� ðuÞ −mK�m3

bf
⊥
K�

4u3M4

~~Θðcðu; s0ÞÞϕ⊥
4;K� ðuÞ þ 2f∥K�

×

�
m2

B −m2
K�

u2M2
~Θðcðu; s0ÞÞ þ

1

2u
Θðcðu; s0ÞÞ

�
AK� ðuÞ −

�
1

4u2M2
~Θðcðu; s0ÞÞ þ

2q2 þm2
b þ 2Q

4u3M4

× ~~Θðcðu; s0ÞÞ þ
ðm2

K� þQÞm2
b

2u4M6

~~~Θðcðu; s0ÞÞ
�
m2

K�f∥K�BK� ðuÞ −mbmK�f⊥K�

�
2

u2M2
~Θðcðu; s0ÞÞ

þ 4

u3M4

~~Θðcðu; s0ÞÞðm2
B −m2

K� Þ
�
ILðuÞ þmbmK�f⊥K�

�
2

u2M2
−

1

uM2

�
~Θðcðu; s0ÞÞH3ðuÞ

�

þ
Z

1

0

dv
Z

1

0

du
Z

1

0

dDeðm2
B−sðuÞÞ=M2 mK�

12fBm2
B

~Θðcðu; s0ÞÞ
u2M2

fmK�mbf⊥K� ½ ~Ψ⊥
4;K� ðαÞ − 12ðΨ⊥

4;K� ðαÞ

þ 2Φ⊥ð1Þ
4;K� ðαÞ − 2Φ⊥ð2Þ

4;K� ðαÞÞ� þ f∥K� ½m2
K� ðΦ∥

3;K� ðαÞð4v − u − 2Þ þ 12Φ∥
3;K� ðαÞð2vu − u − 2ÞÞ

− vðm2
B −m2

K� Þð ~Φ∥
3;K� ðαÞ − 12Φ∥

3;K� ðαÞÞ�g; ð17Þ

where the superscript U indicates those LCSRs are for the
usual correlator with j†BðxÞ ¼ imbb̄ðxÞγ5qðxÞ. The LCDAs
are generally scale dependent, and for convenience
we have implicitly omitted the factorization scale μ in
the LCDAs.

R
dD ¼ R dα1dα2dα3δð1 −P3

i¼1 αiÞ. H¼
q2=ðm2

B−m2
K� Þ, E¼m2

b−u2m2
K� þq2, C¼m2

bþu2m2
K�−q2,

Q ¼ m2
B −m2

K� − q2, F ¼ m2
b − u2m2

K� − q2, cðϱ;s0Þ¼
ϱs0−m2

bþϱ̄q2−ϱϱ̄m2
K� and sðϱÞ¼½m2

b−ϱ̄ðq2−ϱm2
K� Þ�=ϱ

(ϱ ¼ u) with ϱ̄ ¼ 1 − ϱ:Θðcðu; s0ÞÞ is the usual step

function. ~Θðcðu; s0ÞÞ and ~~Θðcðu; s0ÞÞ come from the sur-
face terms δðcðu0; s0ÞÞ and Δðcðu0; s0ÞÞ, whose explicit
forms have been given in Ref. [21].
The reduced functions ILðuÞ, H3ðuÞ, AK� ðuÞ, BK�ðuÞ,

and CK� ðuÞ are defined as

ILðuÞ ¼
Z

u

0

dv
Z

v

0

dw

�
ϕ∥
3;K� ðwÞ − 1

2
ϕ⊥
2;K� ðwÞ

−
1

2
ψ⊥
4;K� ðwÞ

�
; ð18Þ

H3ðuÞ ¼
Z

u

0

dv½ψ⊥
4;K� ðvÞ − ϕ⊥

2;K� ðvÞ�; ð19Þ

AK� ðuÞ ¼
Z

u

0

dv½ϕ∥
2;K�ðvÞ − ϕ⊥

3;K� ðvÞ�; ð20Þ

BK� ðuÞ ¼
Z

u

0

dvϕ∥
4;K�ðvÞ; ð21Þ

CK� ðuÞ ¼
Z

u

0

dv
Z

v

0

dw½ψ∥
4;K� ðwÞ þ ϕ∥

2;K� ðwÞ

−2ϕ⊥
3;K� ðwÞ�: ð22Þ

By using the same correlator and keeping only the first
term of the b-quark propagator (9), Ref. [11] calculated the
LCSRs for the B → ρ TFFs A1, A2 and V, and Ref. [23]
calculated the LCSRs for the B → K� TFFs A1, A2,
A3 − A0, V, T1, T2 and T3. All those LCSRs are given
up to twist-3 accuracy..1 As a cross-check, we find if
keeping the terms up to the same twist-3 accuracy and
transforming to the same definitions for the form factors,
we return to the same expressions listed in Refs. [11,23].
Up to twist-4 accuracy, we present the required K�-

meson LCDAs in Table I. All of those LCDAs are emerged
in the LCSRs (11), (12), (13), (14), (15), (16), (17). The
accuracy of the LCSRs thus depend heavily on how well
we know those LCDAs.
In general cases, the contributions from the twist-4 terms

are numerically small, thus the uncertainties from the twist-
4 LCDAs themselves are highly suppressed. We shall
directly adopt the twist-4 LCDAs derived by applying
the conformal expansion of the matrix element [20] to do
the numerical calculation.
The twist-3 contributions are generally suppressed by

certain δ-powers (δ ¼ mK�=mb ∼ 0.17) and 1=M2-powers
to the leading twist-2 terms. For example, the twist-3
contributions from the LCDAs ϕ⊥

3;K� , ψ⊥
3;K� , Φ∥

3;K� and

1In those two references the surface terms have not be taken
into consideration, and because only the 2-particle terms have
been kept in the matrix elements, the twist-3 LCDAs involving
3-particle contributions have also been missed in the LCSRs.
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~Φ∥
3;K� are suppressed by δ1 and the twist-3 contributions

from the LCDAs ϕ∥
3;K� , ψ∥

3;K� and Φ⊥
3;K� are suppressed by

δ2. However, the twist-3 contributions are sizable and
important in certain kinematic region, a special effect
should be paid for a precise prediction.
On the one hand, one may use more accurate twist-2

LCDAs to predict the twist-3 contributions. This can be
achieved by applying the relations among the twist-2 and
twist-3 LCDAs. For example, under the Wandzura-Wilczek
approximation [24], the 2-particle twist-3 LCDAs ψ⊥

3;K� ,

ϕ⊥
3;K� , ψ∥

3;K� and ϕ∥
3;K� can be related to the twist-2 LCDAs

ϕ∥
2;K� and ϕ⊥

2;K� via the following relations [11]

ψ⊥
3;K�ðuÞ ¼ 2

�
ū
Z

u

0

dv
ϕ∥
2;K� ðvÞ
v̄

þ u
Z

1

u
dv

ϕ∥
2;K� ðvÞ
v

�
;

ϕ⊥
3;K�ðuÞ ¼ 1

2

�Z
u

0

dv
ϕ∥
2;K�ðvÞ
v̄

þ
Z

1

u
dv

ϕ∥
2;K� ðvÞ
v

�
;

ψ∥
3;K�ðuÞ ¼ 2

�
ū
Z

u

0

dv
ϕ⊥
2;K� ðvÞ
v̄

þ u
Z

1

u
dv

ϕ⊥
2;K� ðvÞ
v

�
;

ϕ∥
3;K�ðuÞ ¼ ð1 − 2ūÞ

�Z
u

0

dv
ϕ⊥
2;K� ðvÞ
v̄

−
Z

1

u
dv

ϕ⊥
2;K� ðvÞ
v

�
;

where ū ¼ 1 − u and v̄ ¼ 1 − v. The contributions from
the remaining three 3-particle twist-3 LCDAs to the
B → K� TFFs are numerically small, thus as the same as
the twist-4 LCDAs, we shall directly take them as the ones
from Ref. [20].
On the other hand, it has been suggested that by using the

improved LCSR approach [13,14] and by taking a chiral
correlator, the less certain high-twist contributions could be
highly suppressed. Ref. [21] has shown that by taking a
right-handed correlator with j†BðxÞ ¼ imbb̄ðxÞð1þ γ5ÞqðxÞ,
the twist-3 LCDAs, ϕ⊥

3;K� , ψ⊥
3;K� , Φ∥

3;K� , ~Φ∥
3;K� , and even the

twist-2 LCDA ϕ∥
2;K� disappear in the LCSRs. Thus the

uncertain twist-3 contributions can be highly suppressed.
Following the standard LCSR procedures, and by

keeping all the terms that contribute to the LCSRs up to
twist-4 accuracy, we recalculate the B → K� TFFs for the

right-handed chiral correlator. Our final LCSRs are pre-
sented in the Appendix.
The hadronic representation of the chiral correlator

contains an extra resonance JP ¼ 0þ in addition to the
usual one with JP ¼ 0−, introducing extra uncertainty to
the LCSR-R. The LCSR-R eliminates the large uncertain-
ties from the twist-2 and twist-3 structures which are at the
δ1-order and we can also suppress its pollution by a proper
choice of continuum threshold s0, thus it is worthwhile to
use a chiral correlator. Numerically, we confirm our
previous observation that the final LCSRs have slight s0
dependence [21], thus the uncertainties from JP ¼ 0þ
resonance are small.

III. NUMERICAL ANALYSIS

A. Basic inputs

In doing the numerical calculation, we take the
K�-meson decay constants f⊥K� ¼ 0.185ð9Þ GeV and
f∥K� ¼ 0.220ð5Þ GeV [20], the b-quark mass mb ¼ 4.80�
0.05 GeV, the K�-meson mass mK� ¼ 0.892 GeV, the
B-meson mass mB ¼ 5.279 GeV [22], and the B-meson
decay constant fB ¼ 0.160� 0.019 GeV [25]. The fac-
torization scale μ is set as typical momentum of the heavy
b-quark, i.e., μ≃ ðm2

B −m2
bÞ1=2 ∼ 2.2 GeV [26,27], and

we predict its error by taking Δμ ¼ �1.0 GeV.
The choices of twist-3 and twist-4 LCDAs have been

explained in the last subsection. As for the twist-2 LCDAs,
we adopt the model, following the idea of Wu-Huang
model for the pion LCDA [28], to do the calculation [21]

ϕλ
2;K� ðxÞ¼ Aλ

2;K�
ffiffiffiffiffiffiffiffi
3xx̄

p
Y

8π3=2 ~fλK�bλ2;K�
½1þBλ

2;K�C3=2
1 ðξÞþCλ

2;K�C3=2
2 ðξÞ�

×exp

�
−bλ22;K�

x̄m2
s þxm2

q−Y2

xx̄

�

×

"
Erf

 
bλ2;K�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ20þY2

xx̄

r !
−Erf

 
bλ2;K�

ffiffiffiffiffi
Y2

xx̄

r !#
;

ð23Þ

where λ ¼ ∥ or ⊥, ~f⊥K� ¼ f⊥K�=
ffiffiffi
3

p
and ~f∥K� ¼ f∥K�=

ffiffiffi
5

p
are

reduced decay constants, ξ ¼ 2x − 1, Y ¼ x̄ms þ xmq, the

error function, ErfðxÞ ¼ 2ffiffi
π

p
R
x
0 e

−t2dt. The model cooper-

ates the transverse momentum dependence with the longi-
tudinal one under the Brodsky-Huang-Lepage prescription
[29] and the Wigner-Melosh rotation [30–32]. Such a
cooperation of transverse effect in the light meson wave
function is helpful for an effective suppression of the end-
point singularity for high-energy processes involving light
mesons, cf. a review [33].
The model parameters Aλ

2;K� , Bλ
2;K� , Cλ

2;K� and bλ2;K� can
be fixed by applying the following criteria,

TABLE I. Following the idea of Ref. [12], we rewrite the K�-
meson LCDAs with different Γ-structures in the nonperturbative
hadronic matrix elements.

Twist-2 Twist-3 Twist-4

γ5; σμν ϕ⊥
2;K� ϕ∥

3;K� , ψ∥
3;K� ϕ⊥

4;K� , ψ⊥
4;K� , Ψ⊥

4;K�

Φ⊥
3;K� ~Ψ⊥

4;K� , Φ⊥ð1Þ
4;K� , Φ⊥ð2Þ

4;K�

Φ⊥ð3Þ
4;K� , Φ⊥ð4Þ

4;K�

γμ, γμγ5 ϕ∥
2;K� ϕ⊥

3;K� , ψ⊥
3;K� ϕ∥

4;K� , ψ∥
4;K�

Φ∥
3;K� , ~Φ∥

3;K� ~Φ∥
4;K� , ~Ψ∥

4;K�
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(i) The normalization condition of the twist-2 LCDA,
i.e.,

R
ϕλ
2;K�ðxÞdx ¼ 1;

(ii) As shown by Ref. [21], the average of the squared
transverse momentum hk2⊥i1=2K� could be determined
from the light-cone wave function which is related to
the LCDA by integrating out its transverse momen-
tum dependence. To fix the parameter, we adopt
hk2⊥i1=2K� ¼ 0.37ð2Þ GeV [28,34].

(iii) Generally, the twist-2 LCDA can be expanded as a
Gegenbauer polynomial,

ϕλ
2;K� ðxÞ ¼ 6xx̄

�
1þ

X
n¼1;2;���

aλnC
3=2
n ðξÞ

�
; ð24Þ

whose Gegenbauer moment aλn can be calculated via
the following way due to the orthogonality of the
Gegenbauer functions, i.e.,

aλn ¼
R
1
0 dxϕ

λ
2;K� ðxÞC3=2

n ðξÞR
1
0 6xx̄½C3=2

n ðξÞ�2
: ð25Þ

Generally, the behavior of the twist-2 LCDA is
dominated by its first several terms. We adopt the
first two Gegenbauer moments derived from the
QCD sum rules [20] to fix the parameters, i.e.,
a⊥1 ð1GeVÞ¼ 0.04ð3Þ and a⊥2 ð1GeVÞ¼0.10ð8Þ for
ϕ⊥
2;K� , and a∥1ð1GeVÞ¼0.03ð2Þ and a∥2ð1 GeVÞ ¼

0.11ð9Þ for ϕ∥
2;K�.

This way, we get the LCDA at the scale of 1 GeV, and its
behavior at any other scale can be achieved via the
renormalization group evolution [35].
The parameters of ϕ⊥

2;K� for a⊥1 ð1 GeVÞ ¼ 0.04ð3Þ and
a⊥2 ð1 GeVÞ ¼ 0.10ð8Þ have been given in Ref. [21]. We
present the parameters of ϕ∥

2;K� for a∥1ð1 GeVÞ ¼ 0.03ð2Þ
and a∥2ð1 GeVÞ ¼ 0.11ð9Þ in Table II, and the correspond-
ing LCDA behavior in Fig. 1.

B. Criteria for the LCSRs

The Borel parameterM2 and the continuum threshold s0
are determined by the following criteria:

(i) The continuum contribution, which is the part of the
dispersive integral from s0 to ∞, should not be too

large. We take it to be less than 50% of the total
LCSR,

R
∝
s0
dsρtotðsÞe−s=M2R∝

m2
b
dsρtotðsÞe−s=M2 ≤ 50%:

(ii) All high-twist LCDAs’ contributions are less than
35% of the total LCSR, qualitatively ensuring the
usual power counting of twist contributions.

(iii) The derivatives of the TFFs with respect to 1=M2

give the LCSRs for mB. We require all predicted B-
meson masses to be fulfilled with high accuracy,
e.g. jmLCSR

B −mexp
B j=mexp

B ≤ 0.1%.
The determined continuum threshold s0 and the Borel
parameter M2 for various B → K� TFFs at the large recoil
point q2 ¼ 0 are listed in Table III.

C. Properties of the LCSRs

We present the sum rules for the B → K� TFFs
T1;2;3ðq2Þ, A0;1;2ðq2Þ and Vðq2Þ for the right-handed
chiral correlator (LCSR-R) and for the usual correlator
(LCSR-U) in Figs. (2, 3), in which the solid line stands
for its central value and the shaded band is the theore-
tical error. The error is squared average of errors
caused by all the mentioned error sources, e.g. we

FIG. 1. The twist-2 LCDA ϕ∥
2;K� ðxÞ at the scale 1 GeV.

TABLE II. Parameters of the twist-2 LCDA ϕ∥
2;K� determined

for a∥1ð1 GeVÞ ¼ 0.03ð2Þ and a∥2ð1 GeVÞ ¼ 0.11ð9Þ.

a∥1 a∥2 B∥
2;K� C∥

2;K� A∥
2;K� b∥2;K�

0.03 0.11 −0.007 0.178 26.645 0.629
0.01 0.11 −0.029 0.180 26.777 0.630
0.05 0.11 −0.014 0.176 26.519 0.628
0.03 0.20 −0.008 0.275 24.256 0.599
0.03 0.02 −0.001 0.078 27.530 0.642

TABLE III. The Borel parameter M2 and the continuum
threshold s0 (in units: GeV2) for the B → K�μþμ− TFFs at
q2 ¼ 0. The subscripts R and U stand for the cases of the right-
handed and the usual correlators, respectively.

A1 A2 A3−0 V T1 T3

M2
R 6.0 4.5 5.0 4.5 3.0 8.5

s0R 36.0 33.0 30.0 32.0 33.0 34.0
M2

U 25.0 24.0 25.0 4.5 32.0 28.0
s0U 38.0 37.0 39.0 37.0 37.0 37.0
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adopt ΔM2
R=U ¼ �0.5 GeV2 and Δs0;R=U ¼ �0.5 GeV22

Figures 2 and 3 indicate that all the TFFs increase with the
increment of q2. We present the LCSRs together with their
errors at the large recoil region q2 → 0 in Table IV. As a
comparison, the Ball and Zwicky (BZ) prediction [12], the
AdS/QCD prediction [37], and the LCSR prediction [38]
are also presented. Those TFFs are consistent with each
other within errors.
A smaller Borel parameter indicates a largerM2 depend-

ance due to a weaker convergence over 1=M2, and a larger

M2-uncertainty could be observed. This explains why a
larger M2-uncertainty than our present one is observed in
Ref. [38], whose Borel parameter is taken as M2 ¼ 1.00�
0.25 GeV2 by using a rough scaling relation,M2 ∼ 2mbτ ∼
1 GeV [1,2,39], which is much smaller than the M2-values
shown by Table III.
We present the contributions from the K�-meson LCDAs

up to twist-4 in Table V. For the LCSR-U of the usual
correlator, the relative importance among different twist
LCDAs follows the trends, twist-2 > twist-3 > twist-4;
For the LCSR-R of the right-handed chiral correlator, we
have, twist- 2 ≫ twist- 3∼ twist-4. The dominance of the
twist-2 term indicates a more convergent twist expansion
could be achieved by using the chiral correlator. In Table V, a
somewhat larger twist-4 contribution is observed for AR=U
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FIG. 2. The B → K� TFFs T1;2;3ðq2Þ for the right-handed chiral correlator (lower ones) and the usual correlator (upper ones),
respectively. The solid lines are central values and the shaded bands are their errors.
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FIG. 3. The B → K� axial-vector and vector TFFs A0;1;2ðq2Þ and Vðq2Þ for the right-handed chiral correlator (Lower ones) and the
usual correlator (Upper ones), respectively. The solid lines are central values and the shaded bands are their errors.

2The TFFs changes very slightly by taking ΔM2
R=U¼�0.5GeV2, which is still ∼3% by setting ΔM2

R=U¼�1.0GeV2.
Thus our predictions are consistent with the usual flatness criterion
for determining the Borel window [36].
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and TR=U
1 , which comes from the twist-4 LCDA ψ⊥

4;K� in the
reduced functionH3 ¼

R
u
0 dv½ψ⊥

4;K� ðvÞ − ϕ⊥
2;K� ðvÞ�; because

of large suppression from the twist-2 LCDA ϕ⊥
2;K� , the net

contribution ofH3 is small, which is about 0.5% of the twist-
2 ones.Except forH3, the remaining twist-4 contributions are
still about 10% of the twist-2 ones forAR=U

1=2 ,VR=U and TR=U
1 ,

thus the twist-4 terms are important and should be kept for a
sound prediction.
As shown by Table VI, the factorization scale depend-

ence is small for all the B → K� TFFs, e.g. less than 3% by

taking μ ¼ ð2.2� 1.0Þ GeV. Table VI shows when setting
μ > 2.2 GeV, TFFs are almost unchanged. This negligible
dependence for larger scale value is consistent with the fact
that the K� LCDAs change slightly when running from
2.2 GeV to higher value via the renormalization group
evolution [35].

D. An extrapolation of the TFFs and the correlation
coefficient ρXY for the two LCSRs

The LCSRs are valid when the K�-meson energy has
large energy in the rest-system of the B-meson,
EK� > ΛQCD; using the relation, q2 ¼ m2

B − 2mBEK� , one
usually adopts 0 ≤ q2 ≤ 14 GeV2. We adopt the simplified
series expansion (SSE) to extrapolate the TFFs to all
physically allowable q2-region; i.e., the TFFs Fiðq2Þ are
expanded as [40]

Fiðq2Þ ¼
1

1 − q2=m2
R;i

X
k¼0;1;2

aik½zðq2Þ − zð0Þ�k; ð26Þ

where Fi stands for A0;1;2ðq2Þ, Vðq2Þ and T1;2;3ðq2Þ,
respectively. The function

zðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

pffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

p ; ð27Þ

with t� ¼ ðmB �mK�Þ2 and t0 ¼ tþð1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − t−=tþ

p Þ.
The resonance masses mR;i have been given in
Ref. [40]. The coefficients ai0 ¼ Fið0Þ, ai1 and ai2 are
determined such that the quality of fit (Δ) is around several
percents. The quality of fit is defined as [22]

Δ ¼
P

tjFiðtÞ − Ffit
i ðtÞjP

tjFiðtÞj
× 100; ð28Þ

where t ∈ ½0; 1
2
;…; 27

2
; 14� GeV2. We put the determined

parameters ai1;2 in Table VII, in which all the LCSR
parameters are set to be their central values.
We present the extrapolated B → K� TFFs in Fig.(4) and

Fig.(5), where the AdS/QCD prediction [37] and the Lattice
QCD prediction [41] are also given as a comparison.
Figs.(4, 5) show the sum rules of LCSR-R and LCSR-U
are close in shape. We adopt the correlation coefficient ρXY

TABLE IV. The B → K� TFFs at q2 ¼ 0. As a comparison, the Ball and Zwicky (BZ) prediction [12], the AdS/QCD prediction [37],
and the LCSR prediction [38] are also presented. μ ¼ 2.2 GeV.

A1ð0Þ A2ð0Þ Vð0Þ T1ð0Þ½T2ð0Þ; ~T3ð0Þ� T3ð0Þ
LCSR-R 0.310þ0.030

−0.037 0.260þ0.055
−0.058 0.332þ0.051

−0.051 0.254þ0.046
−0.049 0.152þ0.039

−0.043
LCSR-U 0.308þ0.032

−0.028 0.257þ0.028
−0.026 0.307þ0.024

−0.023 0.251þ0.028
−0.024 0.145þ0.020

−0.020
LCSR [38] 0.25þ0.16

−0.10 0.23þ0.19
−0.10 0.36þ0.23

−0.12 0.31þ0.18
−0.10 0.22þ0.17

−0.10
BZ [12] 0.292� 0.028 0.259� 0.027 0.411� 0.033 0.333� 0.028 0.202� 0.018
AdS [37] 0.249 0.235 0.277 0.255 0.155

TABLE V. Different twist contributions for the B → K� TFFs.
The results for LCSR-R and LCSR-U are presented.

Twist-2 Twist-3 Twist-4 Total

AR
1

1.607 −0.029 −1.267 0.310
AU
1

0.433 0.088 −0.214 0.308
AR
2

0.810 −0.634 0.084 0.260
AU
2

0.404 −0.137 −0.010 0.257
VR 0.359 0 −0.027 0.332
VU 0.207 0.119 −0.019 0.307
TR
1 ½TR

2 ; ~T
R
3 � 0.505 −0.127 −0.124 0.254

TU
1 ½TU

2 ; ~T
U
3 � 0.253 0.002 −0.004 0.251

TR
3

0.384 −0.275 0.043 0.152
TU
3

0.339 −0.199 0.005 0.145

TABLE VI. The factorization scale dependence of the B → K�
TFFs at large recoil region. μ ¼ ð2.2� 1.0Þ GeV.

μ ¼ 1.2 GeV μ ¼ 2.2 GeV μ ¼ 3.2 GeV

AR
1

0.307 0.310 0.310
AU
1

0.301 0.308 0.308
AR
2

0.266 0.260 0.260
AU
2

0.253 0.257 0.257
VR 0.329 0.332 0.332
VU 0.302 0.307 0.307
TR
1 ½TR

2 ; ~T
R
3 � 0.254 0.254 0.254

TU
1 ½TU

2 ; ~T
U
3 � 0.247 0.251 0.252

TR
3

0.152 0.152 0.153
TU
3

0.142 0.145 0.145
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to show to what degree those LCSRs are correlated. The
correlation coefficient is defined as [22]

ρXY ¼ CovðX; YÞ
σXσY

: ð29Þ
X and Y stand for the LCSR-R and LCSR-U sum rules for
the TFFs, respectively. The covariance CovðX; YÞ ¼
E½ðX − EðXÞÞðY − EðYÞÞ� ¼ EðXYÞ − EðXÞEðYÞ with E
being the expectation value of a function. σX and σY are
standard deviations of X and Y. The rang of jρX;Y j is 0 ∼ 1,
a larger jρX;Y j indicates a higher consistency among X and
Y. The correlation coefficients for various TFFs are listed in

TABLE VII. The fitted parameters aif1;2g;fR;Ug for the B → K�
TFFs, where all the LCSR parameters are set to be their central
values. ΔR and ΔU are the qualities of fits for the right-handed
correlator and the usual correlator, respectively.

A1 A2 V A0 T1 T2 T3

ai1;R 1.058 −0.382 −1.025 1.477 −0.900 0.730 −0.714
ai2;R 0.130 −5.008 0.318 14.238 −3.330 −0.399 −3.715
ΔR 0.9 1.0 0.03 1.5 0.4 2.8 2.2
ai1;U 1.059 −0.275 −0.531 −0.019 −0.136 0.719 −0.294
ai2;U 1.031 −1.339 −0.115 −0.169 −0.708 −0.205 −1.144
ΔU 0.1 0.2 0.3 1.2 0.2 0.3 0.1
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FIG. 4. The extrapolated B → K� tensor TFFs T1;2;3ðq2Þ. The left and right figures stand for LCSR with the usual and right current,
respectively. The solid lines are central values and the shaded bands are their errors. As a comparison, the AdS/QCD [37] and the lattice
QCD [41] and predictions are presented.
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FIG. 5. The extrapolated B → K� axial-vector and vector TFFs A0;1;2ðq2Þ and Vðq2Þ. The Upper and Lower figures stand for LCSRs
with the usual and right-handed correlators, respectively. The solid lines are central values and the shaded bands are their errors. As a
comparison, the AdS/QCD [37] and the lattice QCD [41] predictions are presented.
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Table VIII. The magnitudes of the covariance for most of
the TFFs are larger than 0.5, implying those TFFs are
consistent with each other, or significantly correlated, even
though they are calculated by using different correlators. In
the LCSRs, the twist-2, the twist-3, and the twist-4 terms
behave differently for different correlators. A larger ρX
shows the net contributions for LCSR-R and LCSR-U from
various twists are close to each order, not only for their
values at the large recoil point q2 ¼ 0 but also for their
ascending trends in whole q2-region.

E. The branching fraction of B → K�μ+ μ−
As an application, we adopt the present TFFs to calculate

the branching fraction of the semi-leptonic decay
B → K�μþμ−. We adopt the differential branching fraction
derived in Ref. [23] as our starting point, where the relations
among the coefficients to the TFFs have also been presented.
We present the branching fraction dB=dq2 of the semi-

leptonic decayB → K�μþμ− in Fig. (6), where theBelle data

[42] and the LHCb data [43–45] are presented. The branch-
ing fractions for Bþ → K�þμþμ− (Bþ-type) and B0 →
K�0μþμ− (B0-type) are shown separately. Fig.(6) shows
the differential branching fractions from LCSR-U and
LCSR-R are close in shape, both of which are consistent
with the LHCb data. Numerically, we find the correlation
coefficient for the branching fractions for the channelsBþ →
K�μþμ− and B0 → K�0μþμ− by using the LCSR-U and the
LCSR-R are the same, both of which have a significant
covariance with ρXY ¼ 0.64. This is due to the fact that the
TFFs A1 and A2 dominate the branching fraction, whose
correlation coefficients, as shown by Table VIII, are large.

IV. SUMMARY

In this paper, we have studied theB → K� TFFs under the
LCSR approach by applying two correlators, i.e., the usual
one with j†BðxÞ ¼ imbb̄ðxÞγ5qðxÞ and the right-handed
chiral one with j†BðxÞ ¼ imbb̄ðxÞð1þ γ5ÞqðxÞ, which lead
to different light-cone sum rules for the TFFs, i.e., LCSR-U
and LCSR-R, respectively. The LCSRs for the B → K�
TFFs are arranged according to the twist structure of theK�-
meson LCDA, whose twist-2, twist-3 and twist-4 terms
behave quite differently by using different correlators.
The 2-particle and 3-particle LCDAs up to twist-4 accu-

racy have been kept explicitly in the LCSRs. For the LCSR-
U, almost all of the LCDAs come into the contribution, and

TABLE VIII. The correlation coefficient ρXY for the sum rules
LCSR-R and LCSR-U.

A1 A0 T2 A2 V T3 T1

ρXY 0.89 0.79 0.71 0.59 0.54 0.49 0.37
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FIG. 6. Differential branching fraction dB=dq2 as a function of q2. The upper figures are for the Bþ type and the lower ones are for the
B0 type. The solid lines are central values and the shaded bands are their errors. The AdS/QCD prediction [37], the Belle data [42], and
the LHCb data [43–45] are presented as a comparison.
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the relative importance among different twists follows the
usual trends, twist-2 > twist-3 > twist-4. For the LCSR-R,
only part of the LCDAs are emerged in the TFF, the
uncertainty from the unknown high-twist LCDAs are thus
greatly suppressed;Moreover, the relative importance among
different twists changes to twist- 2 ≫ twist- 3∼ twist-4. The
dominance of the twist-2 term indicates a more convergent
twist expansion couldbe achievedbyusing a chiral correlator.
Two exceptions for the power counting rule over twists are
caused by the twist-4 LCDA ψ⊥

4;K� ; however it contributes to
the TFFs via the reduced function H3 ¼

R
u
0 dv½ψ⊥

4;K�ðvÞ−
ϕ⊥
2;K�ðvÞ�, whose net contribution is negligible. Except for

H3, the remaining twist-4 contributions are about 10% of the
twist-2 ones for the TFFsAR=U

1=2 ,V andTR=U
1 ; thus, the twist-4

terms should be kept for a sound prediction.
We have observed that different LCSRs for the B → K�

TFFs, i.e., LCSR-U and LCSR-R, are consistent with each
other even though they have been calculated by using
different correlators. As shown by Table VIII, large
correlation coefficients for most of the TFFs show the

net twist contributions for LCSR-R and LCSR-U are close
to each order, not only for their values at the large recoil
point q2 ¼ 0 but also for their ascending trends in the
whole q2-region. The high correlation of those LCSRs is
further confirmed by their application to the branching
fraction of the semi-leptonic decay B → K�μþμ−; i.e., they
are significantly correlated with ρXY ¼ 0.64.
The K�-meson LCDAs contribute differently in the

LCSRs by using different correlators. The consistency of
different LCSRs inversely provide a suitable platform for
probing unknown or uncertain LCDAs; i.e., the contribu-
tions from those LCDAs to the TFFs can be amplified to a
certain degree via a proper choice of correlator, thus
amplifying the sensitivity of the TFFs, and hence their
related observables, to those LCDAs.
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APPENDIX A: THE RELATIONS BETWEEN THE LCDAs AND THE NONLOCAL MATRIX ELEMENTS

The nonlocal matrix elements in the right-hand side of the above equation can be reexpressed by the LCDAs of various
twists [12,20], i.e.,

hK�ðp; λÞjs̄ðxÞq1ð0Þj0i ¼ −
i
2
f⊥K� ðe�ðλÞ · xÞm2

K�

Z
1

0

dueiup·xψ∥
3;K� ðuÞ; ðA1Þ

hK�ðp; λÞjs̄ðxÞγβγ5q1ð0Þj0i ¼
1

4
ε�ðλÞβ mK�f∥K�

Z
1

0

dueiup·xψ⊥
3;K� ðxÞ; ðA2Þ

hK�ðp; λÞjs̄ðxÞγβq1ð0Þj0i ¼ mK�f∥K�

Z
1

0

dueiuðp·xÞ
�
e�ðλÞ · x
p · x

pβ½ϕ∥
2;K� ðuÞ − ϕ⊥

3;K� ðuÞ� þ e�ðλÞ · x
p · x

pβ
m2

ρx2

16
ϕ∥
4;K� ðuÞ

þ e�ðλÞβ ϕ⊥
3;K� ðuÞ − 1

2
xβ

e�ðλÞ · x
ðp · xÞ2m

2
K� ½ψ∥

4;K� ðuÞ þ ϕ∥
2;K�ðuÞ − 2ϕ⊥

3;K� ðuÞ�
�
; ðA3Þ

hK�ðp; λÞjs̄ðxÞσμνq1ð0Þj0i ¼ −if⊥K�

Z
1

0

dueiuðp·xÞ
�
ðe�ðλÞμ pν − e�ðλÞν pμÞ

�
ϕ⊥
2;K� ðuÞ þm2

K�x2

16
ϕ⊥
4;K� ðuÞ

�

þ ðpμxν − pνxμÞ
e�ðλÞ · x
ðp · xÞ2m

2
K�

�
ϕ∥
3;K� ðuÞ − 1

2
ϕ⊥
2;K� ðuÞ − 1

2
ψ⊥
4;K� ðuÞ

�

þ 1

2
ðe�ðλÞμ xν − e�ðλÞν xμÞ

m2
K�

p · x
½ψ⊥

4;K� ðuÞ − ϕ⊥
2;K� ðuÞ�

�
: ðA4Þ

h0jq̄ð0ÞgGμνðvxÞsð−xÞjK�ðP; λÞi ¼ if⊥K�m2
K� ½eðλÞ⊥μpν − eðλÞ⊥νpμ�Ψ⊥

4;K� ðv; pxÞ ðA5Þ

h0jq̄ð0Þig ~GμνðvxÞγ5sð−xÞjK�ðP; λÞi ¼ if⊥K�m2
K� ½eðλÞ⊥μpν − eðλÞ⊥νpμ� ~Ψ⊥

4;K� ðv; pxÞ ðA6Þ
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h0jq̄ðxÞγμγ5g ~GαβðvxÞsð−xÞjK�ðP;λÞi

¼pμðeðλÞ⊥αpβ−eðλÞ⊥βpαÞf∥K�mK� ~Φ∥
3;K� ðv;pxÞþðpαg⊥βμ−pβg⊥αμÞ

eðλÞx
px

f∥K�m3
K� ~Φ∥

4;K�ðv;pxÞ

þpμðpαxβ−pβxαÞ
eðλÞx
ðpzÞ2f

∥
K�m3

K� ~Ψ∥
4;K� ðv;pxÞ ðA7Þ

h0jq̄ðxÞiγμgGαβðvxÞsð−xÞjK�ðP; λÞi

¼ pμðeðλÞ⊥αpβ − eðλÞ⊥βpαÞf∥K�mK�Φ∥
3;K� ðv; pxÞ þ ðpαg⊥βμ − pβg⊥αμÞ

eðλÞx
px

f∥K�m3
K�Φ∥

4;K� ðv; pxÞ

þ pμðpαxβ − pβxαÞ
eðλÞx
ðpxÞ2 f

∥
K�m3

K�Ψ∥
4;K� ðv; pxÞ ðA8Þ

h0jq̄ðxÞσαβgGμνðvxÞsð−xÞjK�ðP;λÞi¼ f⊥K�m2
K�

eðλÞ ·x
2ðp ·xÞ ½pαpμg⊥βν−pβpμg⊥αν−pαpνg⊥βμþpβpνg⊥αμ�Φ⊥

3;K� ðv;pxÞ

þf⊥K�m2
K� ½pαe

ðλÞ
⊥μg

⊥
βν−pβe

ðλÞ
⊥μg

⊥
αν−pαe

ðλÞ
⊥νg

⊥
βμþpβe

ðλÞ
⊥νg

⊥
αμ�Φ⊥ð1Þ

4;K� ðv;pxÞ
þf⊥K�m2

K� ½pμe
ðλÞ
⊥αg

⊥
βν−pμe

ðλÞ
⊥βg

⊥
αν−pνe

ðλÞ
⊥αg

⊥
βμþpνe

ðλÞ
⊥βg

⊥
αμ�Φ⊥ð2Þ

4;K� ðv;pxÞ

þf⊥K�m2
K�

p ·x
½pαpμe

ðλÞ
⊥βxν−pβpμe

ðλÞ
⊥αxν−pαpνe

ðλÞ
⊥βxνþpβpνe

ðλÞ
⊥αxν�Φ⊥ð3Þ

4;K� ðv;pxÞ

þf⊥K�m2
K�

p ·x
½pαpμe

ðλÞ
⊥νxβ−pβpμe

ðλÞ
⊥νxα−pαpνe

ðλÞ
⊥μxβþpβpνe

ðλÞ
⊥νxα�Φ⊥ð4Þ

4;K� ðv;pxÞ ðA9Þ

h0jq̄ðxÞiσαβg ~GμνðvxÞsð−xÞjK�ðP; λÞi ¼ f⊥K�m2
K�

eðλÞ · x
2ðp · xÞ ½pαpμg⊥βν − pβpμg⊥αν − pαpνg⊥βμ þ pβpνg⊥αμ�Φ⊥

3;K� ðv; pxÞ

þ f⊥K�m2
K� ½pαe

ðλÞ
⊥μg

⊥
βν − pβe

ðλÞ
⊥μg

⊥
αν − pαe

ðλÞ
⊥νg

⊥
βμ þ pβe

ðλÞ
⊥νg

⊥
αμ� ~Φ⊥ð1Þ

4;K� ðv; pxÞ
þ f⊥K�m2

K� ½pμe
ðλÞ
⊥αg

⊥
βν − pμe

ðλÞ
⊥βg

⊥
αν − pνe

ðλÞ
⊥αg

⊥
βμ þ pνe

ðλÞ
⊥βg

⊥
αμ� ~Φ⊥ð2Þ

4;K� ðv; pxÞ

þ f⊥K�m2
K�

p · x
½pαpμe

ðλÞ
⊥βxν − pβpμe

ðλÞ
⊥αxν − pαpνe

ðλÞ
⊥βxν þ pβpνe

ðλÞ
⊥αxν� ~Φ⊥ð3Þ

4;K� ðv; pxÞ

þ f⊥K�m2
K�

p · x
½pαpμe

ðλÞ
⊥νxβ − pβpμe

ðλÞ
⊥νxα − pαpνe

ðλÞ
⊥μxβ þ pβpνe

ðλÞ
⊥νxα� ~Φ⊥ð4Þ

4;K� ðv; pxÞ

ðA10Þ

Here, f⊥K� and f∥K� are K�-meson decay constants, which are defined as hK�ðP; λÞjs̄ð0Þγμqð0Þj0i ¼ f∥K�mK�e�ðλÞμ

and hK�ðP; λÞjs̄ð0Þσμνqð0Þj0i ¼ if⊥K� ðe�ðλÞμ pν − e�ðλÞν pμÞ.

APPENDIX B: LCSRs FOR THE B → K� TFFs BY USING THE RIGHT-HANDED CHIRAL CORRELATOR

We list the LCSRs for the B → K� TFFs by using the right-handed chiral correlator in the following:

AR
1 ðq2Þ¼

mbm2
K�f⊥K�

fBm2
BðmBþmK� Þ

�Z
1

0

du
u
eðm2

B−sðuÞÞ=M2

�
C

um2
K�
Θðcðu;s0ÞÞϕ⊥

2;K� ðu;μÞþΘðcðu;s0ÞÞðuÞψ∥
3;K�−

1

4

�
m2

bC
u3M4

~~Θðcðu;s0ÞÞ

þC−2m2
b

u2M2
~Θðcðu;s0ÞÞ−

1

u
Θðcðu;s0ÞÞ

�
ϕ⊥
4;K� ðuÞ−2

�
C

u2M2
~Θðcðu;s0ÞÞ−

1

u
Θðcðu;s0ÞÞ

�
ILðuÞ

−
�
2m2

b

uM2
~Θðcðu;s0ÞÞþΘðcðu;s0ÞÞ

�
H3ðuÞ

�
þ
Z

1

0

dv
Z

1

0

du
Z

1

0

dDeðm2
B−sðuÞÞ=M2 f⊥K�mbm2

K�

12fBm2
BðmBþmK� Þ

~Θðcðu;s0ÞÞ
u2M2

× ½ ~Ψ⊥
4;K�ðαÞ−12ð4vΦ⊥ð2Þ

4;K� ðαÞ−2vΨ⊥
4;K� ðαÞþ2Φ⊥ð1Þ

4;K� ðαÞ−2Φ⊥ð2Þ
4;K� ðαÞþΨ⊥

4;K� ðαÞÞ�ðm2
B−m2

K� þ2um2
K� Þ; ðB1Þ
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AR
2 ðq2Þ ¼

mbðmB þmK� Þm2
K�f⊥K�

fBm2
B

�Z
1

0

du
u
eðm2

B−sðuÞÞ=M2

�
1

m2
K�

Θðcðu; s0ÞÞϕ⊥
2;K� ðu; μÞ − 1

M2

× ~Θðcðu; s0ÞÞψ∥
3;K�ðuÞ − 1

4

�
m2

b

u2M4

~~Θðcðu; s0ÞÞ þ
1

uM2
~Θðcðu; s0ÞÞ

�
ϕ⊥
4;K� ðuÞ þ 2

�
C − 2m2

b

u2M4

× ~~Θðcðu; s0ÞÞ −
1

uM2
~Θðcðu; s0ÞÞ

�
ILðuÞ −

1

M2
~Θðcðu; s0ÞÞH3ðuÞ

�
þ
Z

1

0

dv
Z

1

0

du
Z

1

0

dD

× eðm2
B−sðuÞÞ=M2 f⊥K�mbm2

K�

12fBm2
B

mB þmK�

u2M2
~Θðcðu; s0ÞÞ½ ~Ψ⊥

4;K� ðαÞ þ 12ðð4v − 2ÞΦ⊥ð1Þ
4;K� ðαÞ

þ 2vΨ⊥
4;K�ðαÞ þ 2Φ⊥ð2Þ

4;K� ðαÞ − Ψ⊥
4;K� ðαÞÞ�; ðB2Þ

AR
3 ðq2Þ − AR

0 ðq2Þ ¼
mbmK�f⊥K�q2

2fBm2
B

�Z
1

0

du
u
eðm2

B−sðuÞÞ=M2

�
−

1

m2
K�

Θðcðu; s0ÞÞϕ⊥
2;K� ðuÞ − 2 − u

uM2

× ~Θðcðu; s0ÞÞψ∥
3;K� ðu; μÞ þ 1

4

�
m2

b

u2M4

~~Θðcðu; s0ÞÞ þ
1

uM2
~Θðcðu; s0ÞÞ

�
ϕ⊥
4;K� ðuÞ þ ½ð4 − 2uÞ

×

�
C

u3M4

~~Θðcðu; s0ÞÞ −
2

u2M2
~Θðcðu; s0ÞÞ

�
þ
�
4m2

b

u2M4

~~Θðcðu; s0ÞÞ þ
2

uM2
~Θðcðu; s0ÞÞ

��
ILðuÞ

−
2 − u
uM2

~Θðcðu; s0ÞÞH3ðuÞ
�
−
Z

1

0

dv
Z

1

0

du
Z

1

0

dDeðm2
B−sðuÞÞ=M2 mbq2f⊥K�

24fBm2
B

~Θðcðu; s0ÞÞ
u2M2

½ ~Ψ⊥
4;K� ðαÞ

þ 12ðð4v − 2ÞΦ⊥ð1Þ
4;K� ðαÞ þ 2vΨ⊥

4;K� ðαÞ þ 2Φ⊥ð2Þ
4;K� ðαÞ − Ψ⊥

4;K� ðαÞÞ�; ðB3Þ

TR
1 ðq2Þ ¼

m2
bm

2
K�f⊥K�

m2
BfB

Z
1

0

du
u
eðm2

B−sðuÞÞ=M2

�
1

m2
K�

Θðcðu; s0ÞÞϕ⊥
2;K� ðuÞ − m2

b

4u2M4

~~Θðcðu; s0ÞÞϕ⊥
4;K�ðuÞ

−
2

uM2
~Θðcðu; s0ÞÞILðuÞ −

1

M2
~Θðcðu; s0ÞÞH3ðuÞ

�
þ
Z

1

0

dv
Z

1

0

du
Z

1

0

dDeðm2
B−sðuÞÞ=M2

~Θðcðu; s0ÞÞ
u2M2

×
f⊥K�m2

K�mb

12fBm2
B

½ ~Ψ⊥
4;K� ðαÞ − 12ð2Φ⊥ð1Þ

4;K� ðαÞ − 2Φ⊥ð2Þ
4;K� ðαÞ þΨ⊥

4;K�ðαÞÞ�; ðB4Þ

TR
2 ðq2Þ¼

m2
bf

⊥
K�m2

K�

m2
BfB

Z
1

0

du
u
eðm2

B−sðuÞÞ=M2

�
1−H
m2

K�
Θðcðu;s0ÞÞϕ⊥

2;K� ðuÞ− m2
b

4u2M4
ð1−HÞ ~~Θðcðu;s0ÞÞ

×ϕ⊥
4;K� ðuÞ−2ð1−HÞ

uM2
~Θðcðu;s0ÞÞILðuÞ−

1

M2

�
1þ
�
2

u
−1

�
H
�
~Θðcðu;s0ÞÞH3ðuÞ

�
þ
Z

1

0

dv

×
Z

1

0

du
Z

1

0

dDeðm2
B−sðuÞÞ=M2 f⊥K�m2

K�mb

12fBm2
B

~Θðcðu;s0ÞÞ
u2M2

½ ~Ψ⊥
4;K�ðαÞ−12ð2Φ⊥ð1Þ

4;K� ðαÞ−2Φ⊥ð2Þ
4;K� ðαÞþΨ⊥

4;K� ðαÞÞ�; ðB5Þ

TR
3 ðq2Þ ¼

m2
bf

⊥
K�m2

K�

m2
BfB

Z
1

0

du
u
eðm2

B−sðuÞÞ=M2

�
1

m2
K�

Θðcðu; s0ÞÞϕ⊥
2;K� ðuÞ − m2

b

4u2M4

~~Θðcðu; s0ÞÞϕ⊥
4;K� ðuÞ

−
�

2

uM2
~Θðcðu; s0ÞÞ þ

4

u2M4

~~Θðcðu; s0ÞÞðm2
B −m2

K� Þ
�
ILðuÞ þ

�
2

uM2
−

1

M2

�
~Θðcðu; s0ÞÞH3ðuÞ

�

þ
Z

1

0

dv
Z

1

0

du
Z

1

0

dDeðm2
B−sðuÞÞ=M2 f⊥K�m2

K�mb

12fBm2
Bu

2M2
~Θðcðu; s0ÞÞ½ ~Ψ⊥

4;K� ðαÞ − 12ð2Φ⊥ð1Þ
4;K� ðαÞ

− 2Φ⊥ð2Þ
4;K� ðαÞ þ Ψ⊥

4;K� ðαÞÞ�; ðB6Þ
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VRðq2Þ ¼ mbðmB þmK� Þf⊥K�

fBm2
B

Z
1

0

du
u
eðm2

B−sðuÞÞ=M2

�
Θðcðu; s0ÞÞϕ⊥

2;K� ðu; μÞ −
�

m2
b

u2M4

~~Θðcðu; s0ÞÞ

þ 1

uM2
~Θðcðu; s0ÞÞ

�
m2

K�

4
ϕ⊥
4;K�ðuÞ

�
þ
Z

1

0

dv
Z

1

0

du
Z

1

0

dDeðm2
B−sðuÞÞ=M2 f⊥K�m2

K�

6u2M2
~Θðcðu; s0ÞÞ

× ½ð2v − 1Þ ~Ψ⊥
4;K�ðαÞ þ 12ðΨ⊥

4;K� ðαÞ − 2ðv − 1ÞðΦ⊥ð1Þ
4;K� ðαÞ −Φ⊥ð2Þ

4;K� ðαÞÞÞ�: ðB7Þ

To compare with previous LCSRs given by Ref. [21], in the above formulas, we keep all the three-particle, twist-4 terms
in the LCSRs.
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