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We consider exclusive multiperipheral production of four charged pions in proton-proton collisions
at high energies with simultaneous exchange of three Pomerons/Reggeons. The amplitude(s) for the
genuine 2 → 6 process are written in the Regge approach. The calculation is performed with the help
of the GenEx Monte Carlo code. Some corrections at low invariant masses in the two-body subsystems
are necessary for application of the Regge formalism. We estimate the corresponding cross section
and present differential distributions in rapidity, transverse momenta and two- and four-pion invariant
masses. The cross section and the distributions depend on the value of the cutoff parameter of a form
factor correcting amplitudes for off-shellness of t-channel pions. A rather large cross section is found
for the whole phase space (σ ∼ 1–5 μb, including absorption corrections). Relatively large four-pion
invariant masses are populated in the considered diffractive mechanism compared to other mechanisms
discussed so far in the context of four-pion production. We investigate whether the triple Regge exchange
processes could be identified with the existing LHC detectors. We consider the case of ATLAS and
ALICE cuts. The ATLAS (or CMS) has a better chance to identify the process in the region of large
invariant masses M4π > 10 GeV. In the case of the ALICE experiment the considered mechanism
competes with other mechanisms (production of σσ, ρρ pairs or single resonances) and cannot be
unambiguously identified.
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I. INTRODUCTION

In the present paper, we study the exclusive 2 → 6
process,

pp → ppπþπ−πþπ−: ð1:1Þ
In general, the number of possible mechanisms is rather
large. Here we shall focus on the triple Regge exchange
processes. According to our knowledge such processes
have not been discussed quantitatively in the literature, and
estimation of their importance becomes timely in the light
of studies being performed by the STAR, ATLAS, CMS
and ALICE collaborations. At the LHC the energy is so
high that there is enough rapidity span for such processes to
occur, at least from the theoretical point of view.
In this study we present an extension of the Regge-

inspired Lebiedowicz-Szczurek approach used for the
reactions pp → ppπþπ− [1,2], pp → nnπþπþ [3] and
pp → ppKþK− [4]. The number of diagrams for the

six-body reactions is bigger than for the four-body reaction
and we have to carefully write the corresponding ampli-
tudes using simplified Regge rules for πp and ππ
interactions.
We shall try to use the same model parameters as for the

pp → ppπþπ− process whenever possible. This should
allow for an approximate estimation of the cross section
and some differential distributions. The calculation pre-
sented here is performed with the help of the GenEx
Monte Carlo event generator [5].
We wish to concentrate on the four-charged-pion con-

tinuum production mechanism which, in addition, is a
background for studies of central exclusive production of
resonances discussed recently in [6]. The production of
glueball states is expected to be enhanced in gluon-rich
Pomeron-Pomeron interactions. Identification of diffrac-
tively produced glueball states is still an experimental
challenge at the LHC. For the experimental point of view
at lower energies see e.g. [7]. This requires calculation or
estimation of the four-pion background from different
sources, see e.g. [8].

II. AMPLITUDE FOR THE FOUR-PION
CONTINUUM PRODUCTION

The general situation for the pp → ppπþπ−πþπ−
process is sketched in Fig. 1. The full amplitude,
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including different permutations of outgoing pion pairs,
can be written as1

M ¼ 1

2
ðMf3456g þMf5436g þMf3654g þMf5634gÞ

þ 1

2
ðMf4356g þMf4536g þMf6354g þMf6534gÞ

þ 1

2
ðMf3465g þMf5463g þMf3645g þMf5643gÞ

þ 1

2
ðMf4365g þMf4563g þMf6345g þMf6543gÞ;

ð2:1Þ

where the factor 1
2
is the symmetry factor for two identical

pions.2

In the formulas below the subsystem energies squared is

sij ¼ M2
ij ¼ ðpi þ pjÞ2; ð2:2Þ

where pi and pj are respective four-vectors, and the
formulas of four-momentum transfers squared are3

t1 ¼ ðpa − p1Þ2;
t2 ¼ ðpb − p2Þ2;
t34 ¼ ðpa − p1 − p3Þ2;
t43 ¼ ðpa − p1 − p4Þ2;
t45 ¼ t35 ¼ t46 ¼ t36 ¼ ðpa − p1 − p3 − p4Þ2

¼ ðpb − p2 − p6 − p5Þ2;
t56 ¼ ðpb − p2 − p6Þ2;
t65 ¼ ðpb − p2 − p5Þ2: ð2:3Þ

We write the amplitude for each group in Eq. (2.1),

Mf3456g ¼ Aπpðs13; t1Þ
Fπðt34Þ
t34 −m2

π
Aππðs45; t45Þ

×
Fπðt56Þ
t56 −m2

π
Aπpðs26; t2Þ; ð2:4Þ

Mf4356g ¼ Aπpðs14; t1Þ
Fπðt43Þ
t43 −m2

π
Aππðs35; t35Þ

×
Fπðt56Þ
t56 −m2

π
Aπpðs26; t2Þ; ð2:5Þ

Mf3465g ¼ Aπpðs13; t1Þ
Fπðt34Þ
t34 −m2

π
Aππðs46; t46Þ

×
Fπðt65Þ
t65 −m2

π
Aπpðs25; t2Þ; ð2:6Þ

Mf4365g ¼ Aπpðs14; t1Þ
Fπðt43Þ
t43 −m2

π
Aππðs36; t36Þ

×
Fπðt65Þ
t65 −m2

π
Aπpðs25; t2Þ: ð2:7Þ

The subprocess amplitudes with the Regge exchanges are
given as

Aπpðs; tÞ ¼
X

j¼P;f2R

ηjsC
j
πp

�
s
s0

�
αjðtÞ−1

Fj
πpðtÞ; ð2:8Þ

Aππðs; tÞ ¼
X

j¼P;f2R

ηjsC
j
ππ

�
s
s0

�
αjðtÞ−1

Fj
ππðtÞ; ð2:9Þ

where the signature factors at t ¼ 0 are ηP ¼ i and
ηf2R ¼ i − 0.86 [1]. The interaction strength parameters
are assumed to fulfill the Regge factorization relation

Cj
ppC

j
ππ ¼ Cj

πpC
j
πp; ð2:10Þ

where j ¼ P; f2R. In our calculations we use the following
numerical parameters:

FIG. 1. A diagram for exclusive diffractive production of
πþπ−πþπ− continuum with three Pomeron/Reggeon exchanges
in proton-proton collisions. Here R denotes the f2R or ρR
Reggeon exchanges. The four-momentum transfers squared are
shown explicitly.

1Here we introduce a shorthand notation that corresponds
to the four-momenta of outgoing pions; e.g. f3456g means
that the index 3 is for πþðp3Þ, index 4 is for π−ðp4Þ, index 5
is for another πþðp5Þ, and index 6 is for another π−ðp6Þ, see
the diagram in Fig. 1.

2The symmetry factor is artificially written here instead of the
factor 1

2!2!
in the cross-section formula.

3Here p1, p2, p3, p4, p5, p6 should be treated as outgoing.
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CP
pp¼21.70mb; CP

πp¼13.63mb; CP
ππ ¼8.56mb;

ð2:11Þ

Cf2R
pp ¼75.4875mb; Cf2R

πp ¼31.79mb; Cf2R
ππ ¼13.39mb:

ð2:12Þ

We parametrize the t-dependences of subprocess ampli-
tudes in the exponential form

Fj
πpðtÞ ¼ exp

�
Bj
πp

2
t

�
; ð2:13Þ

Fj
ππðtÞ ¼ exp

�
Bj
ππ

2
t

�
; ð2:14Þ

where the slope parameters are taken as BP
πp ¼ 5.5 GeV−2,

BP
ππ ¼ 4 GeV−2, Bf2R

πp ¼ 4 GeV−2 and Bf2R
ππ ¼ 4 GeV−2

(see [1]).
The small-t dependence, see Eqs. (2.8), (2.9) and (2.13),

(2.14), is known to deviate from purely exponential
dependence. This was discussed in the context of elastic
scattering in [9] but also for the pp → ppπþπ− reaction
in [6]. We leave this point for our pp → ppπþπ−πþπ−
process for future studies. Explicit inclusion of absorption
would dynamically generate deviations from exponential
form but this goes far beyond the scope of our
present paper.
The Regge trajectories αjðtÞ are assumed to be of the

standard linear form [10],

αjðtÞ ¼ αjð0Þ þ α0jt; ð2:15Þ

αPð0Þ ¼ 1.0808; α0P ¼ 0.25 GeV−2; ð2:16Þ

αf2Rð0Þ ¼ 0.5475; α0f2R ¼ 0.9 GeV−2: ð2:17Þ

Above, f2R means a f2 Reggeon. The parameters of f2R in
Eq. (2.17) were extracted from [1] based on Donnachie-
Landshoff fits [10] but must be considered as effective.
The off-shellness of t-channel pions in the diagrams is

included via multiplication of corresponding amplitudes by
the extra form factor,

FπðtÞ ¼ exp

�
t −m2

π

Λ2
off;E

�
¼ exp

�
t −m2

π

2Λ2
off;E

�
exp

�
t −m2

π

2Λ2
off;E

�
:

ð2:18Þ

In fact the off-shell effects are related to vertices and
they always go in pairs for our process. The form factor
is normalized to unity when meson is on-mass-shell
Fπðm2

πÞ ¼ 1. The parameter of the off-shell form factor
is in principle a free parameter. In the present paper we shall

useΛoff;E ¼ 1 GeV (lower limit) and use Λoff;E ¼ 1.5 GeV
(upper limit). These values correspond to ~Λoff;E ¼
1.41 GeV and ~Λoff;E ¼ 2.12 GeV in the convention used
in [1].
The amplitudes (2.8) and (2.9) have to be corrected for

low ffiffiffiffiffisij
p ¼ Wij as the Regge theory is valid only above a

lower subenergy limit. In our analysis here mainly a smooth
cutoff function will be used, as in [1], e.g.,

fcontðWijÞ ¼
exp ððWij −W0Þ=aÞ

1þ exp ððWij −W0Þ=aÞ
; ð2:19Þ

with a ¼ 0.2 GeV and W0 ¼ 2 GeV, which cuts off
sij ≲ 4 GeV2 smoothly.
Another cutoff function which we use is the Heaviside

theta function,

fdiscontðWijÞ ¼ θðWij −WcutÞ; ð2:20Þ

where Wcut is a parameter to be adjusted to future precise
data. We will show that both functions, see (2.19) and
(2.19), give similar results for the integrated cross section;
however, they give somewhat different distributions in
some special variables.

III. FEASIBILITY STUDY FOR THE
MEASUREMENT OF THE TRIPLE REGGE

EXCHANGE PROCESS AT CURRENT
LHC EXPERIMENTS

In this section we show some predictions for the
considered process. We will select

ffiffiffi
s

p ¼ 7 TeV collision
energy as a representative example. The collision energy
dependence of the cross section is rather weak (see
Sec. IV E).
Presentation of our results is divided into three parts:
(A) calculation for the full six-body phase space,
(B) calculation relevant for the ATLAS main tracker,
(C) calculation relevant for the ALICE main tracker.
In a separate section we discuss some general specific

aspects of the mechanism discussed here.
Some technical details related to the Monte Carlo

integration are described in the Appendix.

A. Results for the full phase space

In this subsection we present some results for cross-
section calculation which we call “full phase space,”
meaning that only minimal cuts are imposed for purely
technical reasons, namely

pt;p <2GeV; jy4πj<6; M4π<30GeV: ð3:1Þ

These cuts can be easily placed in experimental analyses
and do not change the shape of the resulting distributions.
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The condition M4π < 30 GeV cuts off less than a few
percent of the cross section.
In Table I we present numerical results for the cross

section integrated over the so-defined full phase space. In
the table, “No symmetrization” means that we take only
one arbitrarily chosen term for the matrix element and
omit the symmetrization factor; that is, M ¼ Mf3456g in
Eq. (2.4).
In Figs. 2, 3, 4 and 7 the general features of the

investigated process are presented while Figs. 5 and 6
illustrate relative contributions of the Pomeron and

subleading Reggeon trajectories to the calculated cross
sections.
The distribution in four-pion invariant mass, see Fig. 3,

extends in relatively broad range, compared e.g. to dipion
invariant mass distribution for the pp → ppπþπ− reaction.
The four-momentum transfer from both protons to the 4π
system is restricted by the peripherality of the process
which results in relatively narrow distribution of (4.2)
shown in Fig. 21.
At

ffiffiffi
s

p ¼ 7 TeV the outgoing protons are produced at
y ≈�9 (see Fig. 4). The pions are produced between
protons. The pion rapidity distribution illustrates well the
role of subleading f2R Reggeons. In Fig. 5 we compare
distributions for ðPþ f2RÞ × ðPþ f2RÞ × ðPþ f2RÞ and
P × P × P exchanges. Here the notation corresponds to
external × internal × external exchanges (see Fig. 1).
Adding f2R exchange not only enhances the cross section
but also modifies the shape of the distribution. One can

TABLE I. Full phase space cross sections in μb. No absorption
effects are included here.

Λoff;E (GeV) σ (μb)

Symmetrization 1.0 7.21
No symmetrization 1.0 0.82
Symmetrization 1.5 42.86
No symmetrization 1.5 4.30

FIG. 3. Four-pion invariant mass distribution for the full phase
space for two different values of Λoff;E ¼ 1, 1.5 GeV.

FIG. 4. Rapidity distribution of protons (external peaks) and
pions (internal bumps) for the full phase space for two different
values of Λoff;E ¼ 1, 1.5 GeV.

FIG. 2. Distributions in transverse momentum of the four-
pion system and for the transverse momenta of individual
particles (protons and pions) for two different values of
Λoff;E ¼ 1, 1.5 GeV.
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observe now clear enhancements at y ≈�6 that
correspond to the external exchanges of f2R Reggeons.
This figure reminds us of a similar figure for the pp →
ppπþπ− reaction, where a camel-like distribution was
obtained [1]. There the peaks at large rapidities corre-
spond to f2R Reggeon exchanges. Here (for the pp →
ppπþπ−πþπ− reaction) three peaks can be observed. In
addition, we plot ðPþ f2RÞ × f2R × ðPþ f2RÞ when in
the middle only f2R is present. The cross section is
significantly smaller, which means that P in the middle
of the diagram is responsible for the cross section
enhancement. There is a qualitative hydromechanical
analogy in which all outgoing particles in diagrams
(shown schematically in Fig. 1) are represented as liquid
layers which move with parallel velocities and protons
are the top and bottom layers. Then the coupling/friction
between layers is given by the parameters of the Pomeron/
Reggeon exchanges. In Fig. 6, M4π distributions for
ðPþ f2RÞ × ðPþ f2RÞ × ðPþ f2RÞ, P × P × P and
ðPþ f2RÞ × f2R × ðPþ f2RÞ are plotted. We can see that
at Λoff;E ¼ 1.5 GeV and M4π ≈ 8 GeV the triple Pomeron

exchange contributes ≈1=3 of the cross section, reaching
≈1=2 at 30 GeV. These ratios are even smaller for
Λoff;E ¼ 1 GeV.
In Fig. 7 we discuss distribution in dipion invariant mass

separately for the opposite-sign pions (left panel) and for
the same-sign pions (right panel). To improve statistics and
reduce fluctuations, the distributions for different combi-
nations of indices (34, 56, 36, 45 for the opposite-sign
pions or 35, 46 for the same-sign pions) were averaged in
all figures of this type. The distributions for the opposite-
sign pions have a large component at low (Mππ < 3 GeV)
dipion invariant mass, similarly to the dipion mass dis-
tribution for the exclusive dipion production (see e.g. [6]).
The distribution for the same-sign pions is clearly broader
than that for the opposite-sign pions and has a maximum
at larger invariant masses. This is due to the possible
presence of the rapidity gap between the two πþπ− pairs, as
illustrated in Figs. 23 and 24, where we plot the dif-
ferential cross section for the ðþ−Þðþ−Þ þ ð−þÞð−þÞ,
ðþ−Þð−þÞ þ ð−þÞð−þÞ and ðþþÞð−−Þ þ ð−−ÞðþþÞ
configurations of ordered in rapidity pions as a function

FIG. 5. Rapidity distribution of pions for ðPþ f2RÞ × ðPþ
f2RÞ × ðPþ f2RÞ (upper curve), P × P × P (middle curve) and
ðPþ f2RÞ × f2R × ðPþ f2RÞ (lower curve) exchanges for two
different values of Λoff;E ¼ 1, 1.5 GeV.

FIG. 6. 4π invariant mass distribution for ðPþ f2RÞ × ðPþ
f2RÞ × ðPþ f2RÞ (upper curve), P × P × P (middle curve) and
ðPþ f2RÞ × f2R × ðPþ f2RÞ (lower curve) exchanges for two
different values of Λoff;E ¼ 1, 1.5 GeV.
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of the central rapidity gap width. It is clear that the
same-sign pion pairs are often formed across the large
rapidity gap, what is reflected by the width of their invariant
mass distribution, Fig. 7. This is also related to the
somewhat arbitrary cutoff approach to the region where
the Regge formalism (2.9) does not apply. The higher
invariant dipion masses are only weakly dependent on the
cutoff of the low masses of the two pions across the
Pomeron/Reggeon exchange. It is not clear to us how to
correctly include this region.
The shapes of the distributions in dipion invariant

masses only slightly depend on the value of the cutoff
parameter of the off-shell form factor (2.18). The position
of the maximum for the same-sign pions at Mππ ∼ 3 GeV
seems to be related to the point inMππ where we gradually
screen off the Regge amplitude [see Eq. (2.18)]. The
position of the transition from the Regge to non-Regge
physics have been taken here (somewhat arbitrarily) to
be 3 GeV. Therefore our predictions are valid above
Mππ > 3 GeV. What happens below Mππ ¼ 3 GeV is
rather a matter of future measurements. Clearly our
approach is not valid in this region and therefore has
no predictive power there.
For illustration in Fig. 8 we show dependence of the

integrated cross section on the sharp cutoff parameter Wcut
[see Eq. (2.20)]. One can observe a powerlike dependence
of the cross section as a function ofWcut. The extra crosses
in the figure show the value of W0 and the corresponding
cross section in the smooth cutoff approach [see
Eq. (2.19)]. Such a value ofW0 was used in the description
of the pp → ppπþπ− process (see [1]). As it is seen the
cross section for W0 ¼ 2 GeV (smooth cutoff) is very
much the same as the cross section for Wcut ∼ 2–2.5 GeV
(sharp cutoff).

FIG. 7. Dipion invariant mass distributions for the opposite-sign (left) and for the same-sign (right) pions for two different values of
Λoff;E ¼ 1 GeV (lower curve) and Λoff;E ¼ 1.5 GeV (upper curve).

FIG. 8. Integrated cross section for different values ofWcut for a
sharp (Heaviside-like) cutoff function. The extra (red) cross
represents the cross section for the smooth cutoff function with
W0 ¼ 2 GeV and a ¼ 0.2 GeV as taken from [1]. The upper plot
is for Λoff;E ¼ 1 GeV and the lower one for Λoff;E ¼ 1.5 GeV.
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Finally, in Fig. 9 we show how the choice ofWcut (sharp
cutoff) influences the distributions. As an example we
consider dipion mass spectra, where the effect of the cutoff
function is the most visible. In this calculation we fixed
Λoff;E ¼ 1.5 GeV and we show results for three different
values of Wcut. The sharp cutoff leads to characteristic
sudden increase of the cross section. The large part of the
dipion distributions is only weakly dependent on the value
ofWcut, but some visible effect survives (see the location of
the dips in Fig. 9). This means that the different dipion
subsystems are to some extent correlated. The study
performed here was only to illustrate the possible uncer-
tainties of our predictions. However, we believe that our
default smooth cutoff is the optimal choice at present. We
feel one should return to the problem when corresponding
experimental data will be available.

B. Results for ATLAS cuts

In this subsection we present results relevant for the
ATLAS experimental cuts. The following kinematical
conditions are imposed:

jt1j;jt2j<1GeV2; jyπj<2.5; pt;π >0.5GeV: ð3:2Þ

In addition, the above-mentioned technical cut M4π <
30 GeV is imposed.
The corresponding integrated cross sections for different

values of the cutoff parameter are collected in Table II. In
this case the dependence on Λoff;E is even stronger than for
the full phase space case. This means that precise prediction
of the cross section is not simple. Similar to the full phase
space case, we present several differential distributions in
Figs. 10, 11, 12 and 13.
The transverse momentum distribution of the four-pion

system is shown in Fig. 10. The shape of the distribution is
practically the same as for the full phase space case. It
should be noted that the distribution of the longitudinal
momentum of the four-pion system after rapidity cuts
related to the ATLAS central tracker acceptance (right side
of Fig. 21) is very narrow in comparison to full phase
space histogram shown in the same figure on the left side.
The four-pion invariant mass distribution extends from
M4π ≈ 3 GeV to the upper cut at M4π ¼ 30 GeV. This
means that the ATLAS experiment has a potential to
investigate the mechanism discussed here.
The rapidity distributions of pions (middle bump) and

protons (external peaks) are shown in Fig. 12. Here the
rapidity coverage of the main tracker is clearly visible. The
rapidity gaps between protons with y ≈�9 and pions are
now set by the experimental cuts and are bigger than 4.5
rapidity units. However, we have to ensure, in addition, the
existence of a rapidity gap within the four-pion system

FIG. 9. Dipion invariant mass distributions for the opposite-sign (left) and the same-sign (right) pions for different values of Wcut for
sharp cutoff function (2.20) and Λoff;E ¼ 1.5 GeV.

TABLE II. Integrated cross sections in nb with the ATLAS cuts
(3.2) for different values of the cutoff parameter Λoff;E. No
absorption effects are included here.

Λoff;E (GeV) σ (nb)

ATLAS 1.0 6.91
ATLAS 1.5 141.43
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confined now to jyπj < 2.5. Then the maximal rapidity gap
is clearly confined from above to only five rapidity units.
In Fig. 13 we show the dipion invariant mass distribution

for the opposite-sign (left panel) and the same-sign (right
panel) pions for two different values of Λoff;E.
One major weakness of the discussed model is a rather

simplistic treatment of the low dipion and πp invariant
masses, i.e. the non-Regge region. These region can be
removed from the data imposing the additional cut
Mij > Mij;cut ≈ 2–4 GeV. Imposing such cuts leads to
the cross sections collected in Table III. The rate of the
reduction of cross section depends on the value of the cutoff
parameter and the way that amplitudes are modified in the
difficult-to-control non-Regge region.
These experimental cuts remove influence of the details

of the cutoff function on Mππ plots, see Fig. 14. These
additional cuts (Mij:cut ¼ 2 GeV) practically do not change
the distributions shown in Fig. 13. The same can be seen by
comparison of the first two rows of Table III.

C. Results for ALICE cuts

For the ALICE experiment we take the following cuts:

pt;p <2GeV; pt;π>0.17GeV; jηπj<0.9; ð3:3Þ

and the technical M4π < 30 GeV cut. Corresponding
numerical values for the integrated cross sections are
presented in Table IV. They are rather small compared
to the ATLAS case.
Several differential distributions are presented below

in Figs. 16, 17 and 18. The distribution in transverse
momentum of the four-pion system (Fig. 15) is here very
similar as those for the full phase space and for the ATLAS
cuts. In contrast, the distribution in four-pion invariant mass
drops faster than its counterpart for the ATLAS case. The
irregular structures are due to the narrow rapidity coverage
of the ALICE detector and/or the cuts on each exchange of
the Pomeron or Reggeon. The cross section for the triple

FIG. 10. Distributions in transverse momentum of the four-pion
system and for the transverse momenta of individual particles
(protons or pions) with the ATLAS cuts (3.2).

FIG. 11. Four-pion invariant mass distribution (M4π) with
the ATLAS cuts (3.2) for Λoff;E ¼ 1 GeV (lower curve) and
Λoff;E ¼ 1.5 GeV (upper curve).

FIG. 12. Distribution in rapidity of pions and protons for the
ATLAS cuts (3.2).
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Regge mechanism is very small for the ALICE fiducial
volume, see Table IV. In addition, other mechanisms (see
[8]) may be important in this region. We conclude that
the ALICE detector is not well suited for the studies of
processes with three Pomeron/Reggeon exchanges.

IV. DISCUSSION OF SOME ADDITIONAL
ASPECTS OF THE TRIPLE REGGE

EXCHANGE MODEL

Here we discuss in more detail some aspects of the model
only mentioned in the previous section.

A. M4π distribution and energy transfer
to the 4π system

Here we wish to discuss some kinematic properties of the
4π system. In particular, we wish to understand how much

energy can be transferred to the four-pion system. In our
opinion, this is determined by the fact that the scattered
protons take almost all energy, leaving only a small amount
of available energy which is distributed among the all
centrally produced final pions. This can be traced back to
specific propagators of Pomerons/Reggeons that couple
to protons. In this subsection we shall try to justify this
hypothetical statement.
In order to better understand this effect we first plot the

distribution in energy of one of outgoing protons in Fig. 19.
The distribution quickly drops towards energies smaller
than

ffiffiffi
s

p
=2, which in our example is 3.5 TeV. For the case of

the ATLAS cuts (3.2) the drop is much faster.
Summing energies of both outgoing protons we obtain

total energy taken by protons. In Fig. 20 we show the
distribution in the energy left for pions, which is the total
energy minus the energy taken away by protons. The
energies left for pions are much smaller than those taken
away by protons. Kinematics dictates the following
inequality:

M4π <
ffiffiffi
s

p
− E1 − E2: ð4:1Þ

For our process the dynamics imposes much more severe
cuts, which means the restriction (4.1) is not really important.
In general, the whole four-pion system does not need to

be at rest in the overall center-of-mass system. Let us define
the quantity

P4π;z ¼ p3;z þ p4;z þ p5;z þ p6;z: ð4:2Þ

FIG. 13. Dipion invariant mass distribution for the opposite-sign (left) and same-sign (right) pions with the ATLAS cuts (3.2) for
different values of Λoff;E.

TABLE III. The integrated cross sections in nb for the ATLAS
cuts (3.2) with the extra limitations on ππ and pπ invariant
masses. The “Smooth” columns show the resulting cross sections
for the cutoff function of (2.19). The “Sharp” columns show
results obtained for the cutoff function of (2.20) with
Wcut ¼ 2 GeV. No absorption effects are included here.

Λoff;E ¼ 1.0 GeV Λoff;E ¼ 1.5 GeV

Smooth Sharp Smooth Sharp

No extra cut on Mij 7.35 6.91 148.83 141.43
Mij;cut ¼ 2 GeV 7.35 6.90 146.92 141.33
Mij;cut ¼ 3 GeV 6.66 6.31 138.79 134.10
Mij;cut ¼ 4 GeV 5.15 4.82 116.54 113.73
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In Fig. 21 we show the distribution of the P4π;z variable.
We observe a much narrower distribution in the case of
the ATLAS fiducial volume compared to the full phase
space case. In the case of full phase space (upper plot) the
four-pion system is created with relatively large longi-
tudinal momenta. For the ATLAS cuts (lower plot) the
four-pion system is almost at rest and the whole available
energy is transferred to the excitation of the four-pion
system.

FIG. 14. Dipion invariant mass distributions for the opposite-sign (left) and the same-sign (right) pions for the ATLAS experimental
cuts (3.2) with the extra limitations on Mij > Mij;cut. The upper plots are for Λoff;E ¼ 1 GeV and the lower ones for Λoff;E ¼ 1.5 GeV.
“Smooth” means the cutoff (2.19) with W0 ¼ 2 GeV and “Sharp” means the cutoff (2.20) with Wcut ¼ 2 GeV.

TABLE IV. Integrated cross sections in pb for the ALICE cuts
(3.3) for the smooth cutoff function and for different values of
Λoff;E. No absorption effects are included here.

Λoff;E (GeV) σ (pb)

ALICE 1.0 4.2
ALICE 1.5 37.7
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B. Interference effect

In this subsection we investigate interference between
graphs in the whole amplitude. In order to quantify this
effect we propose to compare the cross section for the full
amplitude of (2.1), with the cross section obtained by
adding matrix element squared of individual diagrams, i.e.,

jMno interferencej2 ¼
1

4
ðjMf3456gj2 þ jMf5436gj2

þ jMf3654gj2 þ jMf5634gj2Þ þ…:

ð4:3Þ

The plots for the full phase space are presented in Fig. 22.
The amount of the interference can be considered as a
measure of rapidity ordering characteristic for high-energy
multiperipheral processes. For fully ordered events, i.e.
with large rapidity gaps between all particles, the interfer-
ence effect is small because identical particles occupy
different regions of phase space and the amplitude with
reversed order is damped by the factor responsible for the
peripherality of the process. In our case the identical pions
are often spaced by the large rapidity gap (see Figs. 23
and 24), however, the low rapidity gap spacing component
is also strong. As a result, the interference effect contributes
to ∼1=2 of the cross section as seen in Fig. 22.

C. Rapidity ordering of pions and the gap
between two-pion systems

In this subsection the rapidity gap between different
orderings in the rapidity of pions will be presented. This
variable can well distinguish different central particles,
however, any other variable that separates pions can be
used. The procedure can be used in experiment to
characterize the triple Pomeron/Reggeon exchange proc-
ess. The idea is as follows. The pions will be ordered with
respect to their rapidities. Assume that the rapidities of

FIG. 15. Distributions in transverse momentum of the 4π
system and in transverse momenta of individual pions or protons
for the ALICE cuts (3.3) and for the two values of Λoff;E specified
in the figure legends.

FIG. 16. Four-pion invariant mass distribution for the ALICE
cuts (3.3) and for Λoff;E ¼ 1 GeV (lower curve) and Λoff;E ¼
1.5 GeV (upper curve).

FIG. 17. Distribution in rapidity of pions (middle bump) and of
protons (external peaks) for the ALICE cuts for two different
values of Λoff;E.
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FIG. 18. Dipion invariant mass distribution for the opposite-sign (left) and the same-sign (right) pions for the ALICE cuts (3.3).

FIG. 19. Proton energy distributions for the full phase space
(upper plot) and for the ATLAS cuts (3.2) (lower plot). Here we
take Λoff;E ¼ 1.5 GeV as an example.

FIG. 20. Distributions in the energy left for pions for the full
phase space (upper plot) and for the ATLAS cuts (3.2) (lower
plot). Here we take Λoff;E ¼ 1.5 GeV. For the full phase space
case a sharp break above 1500 GeV is visible, indicating a
numerical accuracy limit.

KYCIA, LEBIEDOWICZ, SZCZUREK, and TURNAU PHYSICAL REVIEW D 95, 094020 (2017)

094020-12



pions are ordered in the following way: y1 < y2 <
y3 < y4. The distribution in rapidity difference between
pions 2 and 3 will be presented. Three different classes
of the ordering of pion charges are possible in general;
specifically, the class A,

(i) πþðy1Þ, π−ðy2Þ, πþðy3Þ, π−ðy4Þ,
(ii) π−ðy1Þ, πþðy2Þ, π−ðy3Þ, πþðy4Þ,

the class B,
(i) π−ðy1Þ, πþðy2Þ, πþðy3Þ, π−ðy4Þ,
(ii) πþðy1Þ, π−ðy2Þ, π−ðy3Þ, πþðy4Þ,

and the class C,
(i) πþðy1Þ, πþðy2Þ, π−ðy3Þ, π−ðy4Þ,
(ii) π−ðy1Þ, π−ðy2Þ, πþðy3Þ, πþðy4Þ.

In Figs. 23 and 24 we present distributions in rapidity
difference between the second and the third pion for the
full phase space and for the ATLAS kinematical cuts (3.2).
These plots show the characteristics of the triple Regge
process which can be verified experimentally. As can be
seen from the figures, the events for class C happens much
more rarely than the events for classes A or B. In addition,
the gap for class C is much smaller than for classes A
and B. This is because pion exchange is responsible for

the gap for the class C versus Pomeron exchange for
classes A and B.

D. Comparison with 2σ production

The pp → ppσσ process recently discussed in [8], due
to the decay σ → πþπ−, produces the same final state as the
triple Regge pp → pp4π process.
The Born-level results for the continuum mechanism

including ATLAS cuts (3.2) for
ffiffiffi
s

p ¼ 7 and 13 TeV, see
Table V, should be compared to 750.56 nb and 847.46 nb,
respectively, from the sequential pp → ppðσσ → 4πÞ
process discussed in [8] (please note that slightly different
cuts were used there). Note that these values of cross
sections are smaller than in Table I of [8], where pt;π >
0.1 GeV was imposed in the calculations. The cross
sections for the σσ mechanism were obtained with the
coupling constants given by (2.12) of [8] and the off-shell
t-channel σ meson form factor (2.13) of [8] with
Λoff;E ¼ 1.6 GeV.
These two mechanisms are complementary as can be

seen in Fig. 25, as they occupy different range of M4π .

FIG. 21. Distributions in the longitudinal momentum of the
pion center of mass for the full phase space (upper plot) and for
the ATLAS cuts (3.2) (lower plot). Here we take Λoff;E ¼
1.5 GeV as an example.

FIG. 22. Four-pion invariant mass distribution for the full phase
space for two different values of Λoff;E.

TRIPLE REGGE EXCHANGE MECHANISMS OF FOUR-PION … PHYSICAL REVIEW D 95, 094020 (2017)

094020-13



In addition, in the range 2 GeV < M4π < 4 GeV the σσ
mechanism dominates with a rather sharp peak at M4π ∼
3 GeV and the triple Regge contribution dominates above
8 GeV. These characteristics could be very useful when
trying experimental distinctions of these two processes.

E. Predictions for LHC at 13 TeV

In this subsection we wish to provide the first predictions
for current runs at the LHC at

ffiffiffi
s

p ¼ 13 TeV. A more
detailed analysis, including technical details of experi-
ments, will be postponed to a separate paper.
In Table V numerical values of the cross section are

given and compared to our previous results. The table
shows that the transfer of energy to the system is slowly
varying with the collision energy. Therefore all plots
presented in the previous sections do not differ dramatically
for the case of

ffiffiffi
s

p ¼ 13 TeV. The only sizable difference is
that in the rapidity plots the protons are a bit further from
y ¼ 0. Summing up, the model cross section is only weakly
dependent on the center-of-mass energy.

V. CONCLUSIONS

The triple Regge exchange model was proposed for
the production of four-pions in the pp → ppπþπ−πþπ−
exclusive reaction. The amplitudes of the process were
parametrized in the Regge formalism with coupling
constants fixed to describe the total nucleon-nucleon and
pion-nucleon cross sections. Some care must be taken
how to “remove” the low dipion invariant mass regions
(Mππ < 2 GeV) that are not described by Regge
amplitudes.
In the considered process two of the pions are off-mass-

shell already in the Born amplitude(s). The off-shell effects
are parametrized in terms of corresponding form factors.
The same objects (form factors) were discussed recently in
the context of the pp → ppπþπ− reaction considered both
theoretically as well as measured by the STAR, CDF and
CMS collaborations [11–13]. The cutoff parameter was
fitted then [6] to describe the preliminary data. The present

FIG. 24. Rapidity difference between the second and third pion
for Λoff;E ¼ 1.5 GeV for the ATLAS detector cuts.

FIG. 23. Rapidity difference between the second and third pion
for Λoff;E ¼ 1.5 GeV for the full phase space.

TABLE V. The integrated Born-level (no absorption effects)
cross section for the four-pion continuum production. Results
were calculated for two different values of the cutoff parameter
Λoff;E (2.18).

Λoff;E (GeV) σ@
ffiffiffi
s

p ¼ 7 TeV σ@
ffiffiffi
s

p ¼ 13 TeV

Full PS 1.0 7.21 μb 8.97 μb
Full PS 1.5 42.86 μb 51.78 μb
ATLAS 1.0 6.91 nb 7.48 nb
ATLAS 1.5 141.43 nb 154.19 nb
ALICE 1.0 4.2 pb 4.7 pb
ALICE 1.5 37.7 pb 42 pb

FIG. 25. Four-pion invariant mass distribution (M4π) with the
ATLAS kinematical cuts (3.2) for

ffiffiffi
s

p ¼ 7 TeV. The results
correspond to the Born-level calculations. The dotted line
represents the triple Regge exchange mechanism obtained for
Λoff;E ¼ 1.5 GeV. The solid line represents the contribution from
σσ mechanism discussed in [8].
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dipion data do not allow for a precise extraction of the
model parameter but do allow us to obtain a reasonable
range of the cutoff parameter Λoff;E ¼ 1–1.5 GeV. Here we
have assumed exponential dependence of the form factors
on the pion virtualities. Then the model has almost only
one free parameter (called here the cutoff parameter), which
can be taken in the range known from the four-body
(pp → ppπþπ−) reaction studied in the literature. In
comparison to the four-body reaction the dependence on
the cutoff parameter is much stronger because two pions,
instead of one for the pp → ppπþπ− process, are off-
mass-shell.
We have made first predictions for the six-body proc-

esses. Both total cross sections (integrated over the
six-body phase space) as well as several differential
distributions were calculated and presented. Compared to
the σσ and ρρmechanisms considered recently by two of us
[8], the mechanism considered here populates final states
with much larger dipion and four-pion invariant masses. We
get total cross section 7.21− 42.86 μb (see Table V) in the
whole phase space (neglecting absorption effects!). The
absorption effects are expected to diminish the cross section
by an order of magnitude. Our preliminary studies here
have been done at the Born level and the absorption can be
included only in the form of the multiplicative gap survival
factor. One expects it to be of the order of 0.1. The full-
fledged calculation of absorption effects, and in particular
its dependence on kinematical variables, is not simple
(see e.g. [14] for detailed studies for the pp → ppπþπ−
reaction).
The integrated full phase space cross section, however,

cannot be measured due to limited coverage of the LHC
detectors. We have therefore made predictions for the
kinematical cuts characteristic for the ATLAS and ALICE
detectors. The latter detector can identify pions down to very
small transverse momenta of pt;π ¼ 0.1 GeV. However, the
rapidity coverage of the ALICE tracker is very (too) limited.
This does not allow us to observe the large four-pion
invariant masses, the genuine feature of the considered
diffractive triple Regge mechanism. In contrast, the
ATLAS detector allows us to measure cases with large 4π
invariant masses. We expect that the considered multidif-
fractive process dominates over the contributions of other
mechanisms for four-pion invariant masses M4π > 10 GeV.
We have discussed, in addition, how much energy can be

transferred from protons to the excitation of the four-pion
system. We have demonstrated that the model amplitude
gives natural limitations for such a transfer. A specific
ordering of pion charges in rapidity has been found to be an
interesting and representative characteristic of the discussed
process.
To ensure exclusivity of the process, not only charged

pions but also forward/backward protons should be mea-
sured. The ALFA detectors are natural candidates for this
purpose in the case of the ATLAS experiments. Similarly,

the CMS Collaboration together with the TOTEM
Collaboration could perform similar studies.
In summary, the observation of counts/events at large

four-pion invariant masses should be a clear signal of
observing the three-Pomeron exchange processes discussed
here, which have not been identified so far experimentally.
In the present studies we have considered only the

four-pion continuum. In principle, the Pomeron-Pomeron
fusion may lead to a production of mesonic resonances
(see e.g. [15,16]). Then, intermediate states with
mesonic resonances, such as πþπ−ðR → πþπ−Þ or
R1ð→ πþπ−ÞR2ð→ πþπ−Þ, also have to be considered,
and then σ; f0ð980Þ; f2ð1270Þ; f0ð1500Þ and others have
to be included. In order to remove such resonances one can
impose lower cuts on all combinations of πþπ− invariant
masses.
If the measurement is not able to guarantee full exclu-

sivity (no measurement of forward protons) then excitations
of one or both protons have to be considered in addition.
Some works on this subject have been started only recently
[17,18]. We expect that such processes could lead to
increase of the cross section by 20%–40%.
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APPENDIX: PERIPHERAL REACTION WITH
THE DECAY OF THE CENTRAL SYSTEM

In this appendix we present the recipe for generating
phase space of the reaction which treats all final pions in
the same way and therefore it is suitable for the case
when including complicated interferences of contributing
amplitudes. The considered reaction is of the form
pðpaÞ þ pðpbÞ → pðp1Þ þ pðp2Þ þ CMðP4πÞ, and then
CMðP4πÞ → πþðp3Þ þ π−ðp4Þ þ πþðp5Þ þ π−ðp6Þ. The
formula for the cross section can be written in the standard
form,

σ ¼
Z

ð2πÞ4 jMj2
2s

δð4Þ
�
P −

X6
i¼1

pi

�Y6
i¼1

d3pi

ð2πÞ32Ei
; ðA1Þ

whereM is a matrix element for the six-body reaction and
P ¼ pa þ pb is a total four-momentum in the initial (and
final) system.
Starting from (A1) the phase space is factorized as

[see [19], Eq. (9.7)]
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σ ¼
Z

∞

4mπ

dM2
4π

Z
ð2πÞ4δð4ÞðP − p1 − p2 − P4πÞ

×
d3p1

ð2πÞ32E1

d3p2

ð2πÞ32E2

d3P4π

ð2πÞ32E4π

×
1

2π

Z
ð2πÞ4δð4Þ

�
P4π −

X6
i¼3

pi

�Y6
i¼3

d3pi

ð2πÞ32Ei

jMj2
2s

;

ðA2Þ

where the integration over the M4π variable extends from
the threshold for the 4π production to the infinity (in our
case to the technical cut M4π < 30 GeV). The second
decay of the central system P4π into four particles can

be calculated using a slightly modified sequence of
decays of the GENBOD CERN library (currently the
TGenPhaseSpace class from ROOT package [20]). For a
description of the algorithm of the generation see [21].
This modification will be described elsewhere.
This prescription is the best choice for matrix elements

with permutation of identical particles, as it treats all
centrally produced particles on the same footing.
In our practical realization the phase space available for

the process is fairly large which requires special technical
treatment event for adaptive Monte Carlo generator. The
most efficient solution is to divide the whole range of M4π

into smaller exclusive intervals and add distributions for the
different intervals.
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