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Low-energy effective worldsheet theory of a non-Abelian vortex
in high-density QCD revisited: A regular gauge construction
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Color symmetry is spontaneously broken in quark matter at high density as a consequence of di-quark
condensations with exhibiting color superconductivity. Non-Abelian vortices or color magnetic flux tubes
stably exist in the color-flavor locked phase at asymptotically high density. The effective worldsheet theory
of a single non-Abelian vortex was previously calculated in the singular gauge to obtain the CP?> model
[1,2]. Here, we reconstruct the effective theory in a regular gauge without taking a singular gauge,
confirming the previous results in the singular gauge. As a byproduct of our analysis, we find that
non-Abelian vortices in high-density QCD do not suffer from any obstruction for the global definition of a

symmetry breaking.
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I. INTRODUCTION

Quark matter at high temperature and/or high density is
one of the important subjects in both the theoretical and
experimental points of view. At high density, quark matter
are expected to condensate by constituting Cooper pairs.
Then, color symmetry is spontaneously broken, with
exhibiting color superconductivity [3,4]; see Refs. [5,6]
as a review. The two-flavor pairing may occur in the two-
SC phase in which up and down quarks participate in
condensations at intermediate density. At asymptotically
high densities, if we can neglect the strange quark mass, the
system possesses an SU(3) global flavor symmetry. In that
region, it may be possible to have a three-flavor pairing
state, which is known as the “color-flavor locked (CFL)”
phase, in which up, down, and strange quarks participate in
condensations. The Ginzburg-Landau (GL) free energy
[7-9] shows that in the CFL ground state the baryon
number U(1)g, color SU(3)c, and flavor SU(3) sym-
metries are spontaneously broken down to the diagonal
subgroup SU(3)c, . In particular, U(1)g and color sym-
metry breakings lead to superfluidity and color super-
conductivity, respectively. Therefore, when the CFL
medium rotates, U(1)g superfluid vortices with the quan-
tized circulations are created along the rotation axis
[7,8,10] as in the case of helium superfluids and ultracold
atomic gases. Compared to the quantized unit circulation of
U(1)g superfluid vortices, vortices with smaller circula-
tions (1/3 quantized circulations) exist, which also carry
color magnetic fluxes. They are non-Abelian vortices or
color magnetic flux tubes [11-14]; see Ref. [15] for a
review. It was conjectured that one U(1)g superfluid vortex
is energetically split into a set of three color flux tubes with
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total color cancelled out [12], which has been recently
confirmed numerically [16].

One non-Abelian vortex breaks the color-flavor sym-
metry SU(3)c, g further into its subgroup in the vicinity of
the core, generating Nambu-Goldstone modes (or collective
coordinates) which parametrize a complex projective space
CP? = SU(3)c.¢/[SU(2) x U(1)]. These CP? modes are
localized around the vortex core and propagate along the
vortex line as gapless excitations [1,2]. A lot of rich physics
were obtained from these C P> modes. When the coupling of
the CP? target space to electromagnetic fields is introduced
[17], it implies that a vortex lattice system behaves as a
polarizer [18]. It also shows the Aharanov-Bohm scattering
of charged particles such as electrons and muons [19]. The
quantum mechanically induced gap shows the confinement
of monopoles in the CFL phase; that is, quark condensations
lead monopole confinement [20,21], which gives evidence
of hadron-quark duality to the confinement phase in which
quark confinement is expected to occur due to monopole
condensations. Vortices interact with gluons by a topologi-
cal interaction [22], implying that in the system of multiple
vortices such as a vortex lattice, CP? modes in individual
vortices are aligned by the interaction, exhibiting color
ferromagnetism [23]. Even with such discoveries of rich
physics, there remains one technical problem in the deri-
vation of the effective Lagrangian in Refs. [1,2]; in these
references, a singular gauge was taken to construct the
effective CP? model. It is well known that, in general, one
needs a careful treatment in the singular gauge. For instance,
in the Abelian-Higgs model relevant for conventional
metallic superconductors, a magnetic flux of a vortex is
unphysically removed by taking the singular gauge.
Therefore, one needs carefully to check whether the results
in Refs. [1,2] for the effective action are correct and whether
or not any additional term exists.

© 2017 American Physical Society


https://doi.org/10.1103/PhysRevD.95.085013
https://doi.org/10.1103/PhysRevD.95.085013
https://doi.org/10.1103/PhysRevD.95.085013
https://doi.org/10.1103/PhysRevD.95.085013

CHANDRASEKHAR CHATTERJEE and MUNETO NITTA

In this paper, we construct the effective Lagrangian of a
single non-Abelian vortex in a regular gauge without taking
a singular gauge and confirm that the result of the effective
Lagrangian calculated in the singular gauge in Refs. [1,2] is
correct and no further term exists. To do this, we generalize
the ansatz for the gauge field used in the singular gauge
because it does not solve the Gauss-law constraint in the
regular gauge. We introduce two different profile functions
that depend on both the radial coordinate r and the
azimuthal angle 6, in contrast to the singular gauge for
which the profile function depends only on r. The profile
functions of the zero modes are expanded in terms of partial
waves, and we check the asymptotic behaviors of all the
partial wave modes. By inserting the solutions of the partial
wave modes into the original GL action, we derive the
effective action of the vortex as the CP? action living on
the vortex worldsheet. The mode previously found in the
singular gauge comes out as a normalizable mode among
the partial wave modes discussed in this paper. By showing
that the rest of the partial modes are all non-normalizable,
we prove that the previous result on the effective theory on
the vortex is correct.

This paper is organized as follows. In Sec. II, we review
the GL effective theory, a non-Abelian vortex solution and
its properties. In Sec. III, we construct the effective theory
of a single vortex in a regular gauge. Section IV is devoted
to a summary and discussion.

II. THE GINZBURG-LANDAU DESCRIPTION
OF DENSE QCD AND A NON-ABELIAN
VORTEX

A. Ginzburg-Landau effective theory
We start with the time-dependent GL Lagrangian for the
CFL order parameters @; and ®r which are defined as
di-quark condensates,

A ABC ,, B C
q)Ra ~ €upc€ qu CqRC )

(1)

where g g stand for left- and right-handed quarks with
a, b, ¢ as fundamental color (SU(3)c), A, B, C as
fundamental flavor (SU(3); /g) indices and C is the charge
conjugation operator. Since at a high-density region a
perturbative calculation shows mixing terms between @
and @y are negligible, we simply assume ®; = —®p = @
and fix their relative phase to unity. The transformation
properties of the field @ can be written as

A ABC ,, B C
q)La ~ €upc€ qu CqLc ’

Q' = B UDUE',
Uc € SU(3)c,

e% e U(1)g,
Ug € SU(3)E. (2)

Here SU(3)p is defined as the diagonal subgroup
(SU(3);,g) of the full flavor group SU(3); x SU(3)g.
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There is a redundancy of the discrete symmetries, and the
actual symmetry group is given by

_ SUBB)exSUB)px U(l)g

G
Z3XZ3

(3)

The Lagrangian has been obtained as a low-energy
effective theory of the high-density QCD in the CFL phase
[7-9,24]'

) 1
[:GL =Tr —€3F0iFOl _—

FiF;j+ KoVo@'V,@
25

—KV,0'V,0— V(D).

V(p) = —m*®T® + B[(Tr[@ ®])> + Tr{(d'®)?}]

3m*

+@7

(4)

where F,, = 9,A, — 0,A, —ig,[A,.A,],V, = 0, — ig,A,,
u=0,1,2, 3 is the space-time index, {i, j} = {1,2,3} are
spatial indices, 43 is a magnetic permeability and e3 is a
dielectric constant for gluons. Here we ignore the strange
quark mass. The static GL free energy functional can be
defined as

1 .
3

The coefficients in the expression above may be calculated
directly from the QCD Lagrangian using perturbative
techniques. We quote here the standard results obtained
in the literature [7-9] through perturbative calculations in

QCD as =Bl N(u), Ky =28, Ko=3Ks, m?=

8(aT,)*
/ 2
_4N(M) log TLE’ gs = 2721401;;//\’ T.~

2
N(u) =15
U EXP (—%), where p is the chemical potential, A the

QCD scale and T the critical temperature.
The vacuum expectation value of ®@ can be computed by
minimizing the potential defined at Eq. (4) as

m2

<(D> = Acr1s, A%FL = @ . (6)

In the ground state [Eq. (6)], the full symmetry group G is

% and the order

spontaneously broken down to H = ;

parameter space becomes

SU(3) x
Z3

u(1)

G/H = =U(3). (7)

'In this paper, we are ignoring the first-order time derivative
term for simplicity since it makes the vortex dyonic.
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Masses of gauge bosons and scalars are given by the

followmg [14], m} = g3 A¢p K3ls, mc 2”’ mf = %K}CFL,

w = 0, where ¢ is the massless Nambu- Goldstone boson
related to the breaking of U(1)y symmetry, and ¢ and y are,
respectively, the trace and traceless part of ®.

The static equations of motion can also be directly found
from the free energy in Eq. (5), and they read as

. ¥ .1
ViFij = lgSK3/13 {qu)(b' - <D(VJCI))' - §Tr(vj(1>qﬂ

~o(v,0))].

Vi = Ki [-m? 4 2{ QD" + Tr(®'®)}|®. (8)
3

B. Non-Abelian vortex or color magnetic flux tube

Let us first briefly review a few primary features of the
non-Abelian vortices in the CFL phase in the absence of the
electromagnetic interaction. It can be easily noticed from
Eq. (7) that #;(G/H) = Z. This nonzero fundamental
group implies the existing vortices. Since the broken
U(1)g is a global symmetry, the vortices are global vortices
or superfluid vortices [11]. The structure of these vortices
can be understood by the orientation and winding of the
configuration of the condensed scalar field @ in the far
away from vortex core. We place a vortex along the z
direction and use the cylindrical coordinates in this paper.
One can write down the ansatz as [11-14]

e f(r) 0 0
O(r,0) = AcpL 0 for) 0 |,
0 0 fz(”)
2 0 0
Ai(r) = —ée";fjA(r) 0 -1 0 |, i={1,2),
S O _1
)

where f1, f», and A(r) are the profile functions. The GL
free energy can be written by inserting the ansatz into
Eq. (4) as

2
=2 A)?
&L ”/ rdr [3%/137 (0,A)

2
+ KBA(ZZFL{ (0:f1)* +2(0,12)° + f_ 5(3-24)°
r2lia gl -pp

+ 208k [T +2f3 - 3]2”-
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The form of the profiles f, f», and A(r) can be calculated
numerically with the boundary condition,

f1(0) =0, 0rf2(r)]y =0,
fi(0) = fr(e0) =1,  A(oc0) =1. (11)

The vortex configuration in Eq. (9) breaks the unbroken
color-flavor diagonal SU(3)c,p symmetry as
SUB)e,r — SU2) x U(L). (12)

showing the existence of degenerate solutions. This degen-
eracy is due to the existence of Nambu-Goldstone modes

sosu = CP?[12]. The low-
energy excitation and interaction of these zero modes can be
calculated by the effective CP? sigma model action [1].
Generic solutions on the CP? space can be found by just

applying a global transformation by a reducing matrix [25],

1 /1 ¢
vig)= \/_<¢ XzY“)
X=1+¢¢p. Y =15+ ¢¢",

parametrizing a coset space

(13)

where ¢ = {¢,, ¢,} are inhomogeneous coordinates of the
CP?. The vortex solution with a generic orientation takes the
form

e fi(r) 0 0
(

O(r,0) = AcrLU(9) 0 fa(r) 0 U'(¢).
00 £
2 0 0
A = =35 ANU@) [0 =1 0 ()
0 0 -1
(14)

III. THE CONSTRUCTION OF THE EFFECTIVE
ACTION OF A NON-ABELIAN VORTEX

The effective action can be computed by prompting the
moduli parameter ¢ to fields fluctuating on the vortex
worldsheet in the #-z plane, which is known as the moduli
approximation [26] (see also Refs. [27,28]). So when one
inserts the rotated solution in Eq. (14) into the free energy,
the static energy part is separated out from the rest. The
other terms which would be relevant for small fluctuations
can be written as

‘Ceff = anTr[FiaF? + Kal 2]7 (15)

a

where a = {0, 3} is the worldsheet index, i ={1,2},

cp=¢€3, C3 = —3 and «, = “. The raising and lowering
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of the index a are done by the Minkowski signature (+, —)
for {0, 3}. So the equations of motion for zero (the Gauss’s
law) and the third component can be expressed as

D,Fi* = —igk, TOTr[® T*D*® — (D*®) Te®].  (16)

These equations are generated due to the fluctuation of the
zero mode along the vortex. The ansatz for the generated
gauge fields which solve the above Eq. (16) can be
expressed as [29]

Aa :pa(r76>Wa+7]a(r’6)Va7 a=0,3, (17)
where p, and 7, are profile functions which are to be
determined by minimizing the action or by solving Eq. (16)
and

W, =id,TT,
T =UTUT,

V,=0,T,
T = diag(1,-1,-1), (18)

where U(¢) is defined in the last section Eq. (13). These
satisfy the commutation relations: [W,,T]=2iV,, [V,.T]=
-2iwW,, Ttw ,W* =TrV, Ve TrW,V* = 0. Here, we can
see that W, and V, are orthogonal to each other. W, and V,
are also orthogonal to the direction of A; defined in
Eq. (14). We can see this if we expand all three matrices as

| 2 0 0 L
_ _ il — -7
U5 0 -1 0 U@ = 1+5T.
0 0 -1
W, = i[d,UUt — TO,UU'T],
V, = —ilio,UU",T]. (19)

W, is the Delduc-Valent projection on CP? [25] and was
used in singular gauge computation. Here we introduce V,,
as a new component in the ansatz (17) to solve Gauss’s law,
getting A, orthogonal to the A; direction indicating the
fluctuation of the Nambu-Goldstone mode in the orthogo-
nal direction of the background field, which is true because
the Nambu-Goldstone bosons are generated by broken
generators.

To compute the effective action, we have to insert the
ansatz in Eq. (17) into the action in Eq. (15). Before we do
so, let us compute the field strength of the gauge field and
matter coupling separately. The first term of the field
strength(F';, = 9;A, — D,A;) can be written as

€

X; ijx/
0iA, = _8rpa(r’ 9) ) aepa(r’ 9) W,
r r

€;

A
) 8911,1(7', 9) Va' (20)

r

+ <% arn(z(r7 9) -
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The second term becomes
DaAi = aaAi - i.gs [AavAi}

€ijxi
= ]2 A(r){”a(r’ H)Wa -
7

ou(r 0)Ve}. (21)

where we have defined 2¢g,6, = 1 + 2¢,p,. So, we can
insert the field strength,

Fi, = 0;A, —D,A,;
= (% 0rPa = e%f] (Dopa + Am)) W,
) LY
into the kinetic term of the gauge field in Eq. (15) to yield
TtF; F} = [(arpa)z + (9,12)* + % (Dppa + Ang)?
n % (g — Aa,,)z] TrV, Ve (23)

From the covariant derivative of the matter field @,

D,® = 9,0 — ig, AP

f1e~f o fief S
= ACFL [%2 (1 + gsp(l) - lgsﬂal#z va
[’ =fr . fie’+f
_gsACFL(na : ) 2+l,0a ! ) 2 Wa’

(24)
we compute the |D,®|* as

D@ 1
Pa®F _ 111 4 2gope + 2622 (2 + 13)
ACF‘L 4

+205ma(f1 + f3) = (1 + 295p4)2f 1/ cos 6

- 4gsflf27]a sin H]TrVaVa- (25)

By changing the variables from p, to 6, = sz%, Eq. (25)
can be simplified as

AD,® [
A%FL 2

(T +13) + 203 (o0 + ) (f1 + f2)
—4g,f1f2(0,c080 +n,sin0)|TrV,V,. (26)

Let us define here a complex scalar field as

Wa(r,0) = 04(r,0) + ing(r.0), (27)
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and we can rewrite the action in terms of these fields.
Equation (23) becomes

1
TrFiaF;'l = Z |:|arlpa|2 + ﬁ |D9lpa|2 TI'W(IW“, (28)

a

where Dy = 0y —
ten as

iA(r). Equation (26) can also be rewrit-

D, 1
A%FL 4

1
ST+ 2R+

=29, f1f2(Pee™ + ‘Pf,eie)} Tw, W (29)
The effective Lagrangian in Eq. (15) can be written as

Lo = ZC /dszr FioF% + k,|D*®|?]

= ZZaTrWaW“, (30)

where Z,, are the coefficients of the CP? action, defined by

1
I,=c, / rdrd9{|8,‘l’a|2 + = |Dp¥,
r

A(ZZIF’LK(,!
4

- 29&flf2<lpae_i9 + \P;eie) }:| .

1
2 [0 (4 1)+ 2P+ 1)

(31)

The effective Lagrangian can be written explicitly as the
form of the CP? model,

Ley = To{n"n + (n'n)(n"i)}

-Z:{0.n"0.n + (n"9.n)(n*0.n)}, (32)

where n are the homogeneous coordinates of the CP?
space, which can be written in terms of the inhomogeneous
coordinates as

(33)

“rale)

If we rescale the z coordinate as

then the effective Lagrangian becomes

Leii = Zo[0,n"0°n + (n70,n)(n"0°n)].  (35)
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By expanding the field ¥, in terms of partial waves as
Yy = Z\Pm(’.)eimﬂ’
m

7T, can be written in terms of the partial wave modes as

Ty = COZ/rdrdH[ (0,%,,) wqf%ﬂ

(36)

Az K
+%0{5(f%+f§)+2g?q’%(f%+f%)

—4g,f1f2P,, cos(m — 1)9}] . (37)

It is easy to check that the last term of Eq. (37) vanishes
after the theta integration unless m = 1. So we write Z, as

Z2ﬂc0 / rdr[ (0,%¥,,)* + (;71—7/2\@))2‘{‘2’”

r

AZp Kk
+CZL0{2(f’f‘+f§) + 2635, (f1 + £3)

- 4gsf1f2‘Pm5ml }:| . (38)

We minimize the above integral by solving the equations
for the modes,

_ 2
L rapw, - (LA,
r r?
AL Koy
_ CFLTOQ (7 +13)9 % = f1fa). (39)
_ 2
larrar‘l—’m - M‘Pm
r r
AL Kog?
:%ﬂg(fﬂfg)wm, m#1.  (40)

These equations can also be derived directly from the
equations of motion in Eq. (16).

One should notice that Eq. (39) for m = 1 was derived in
the singular gauge in Ref. [1] (for K, = K3) but the rest,
where m # 1, were absent in the singular gauge. The
solution of Eq. (39) is normalizable (m = 1) and can be
solved [1] numerically with the boundary condition
¥(0) =0 and ¥;(o0) = 5. Large distance behavior of

the solution can be expressed as

1 1
1 Zro00 2 e_f’ (41)

2, VE

and it is easy to show that the large distance value of
¥, = QL transforms the ansatz A, in Eq. (17) into a pure
gJ’

gauge form as

085013-5



CHANDRASEKHAR CHATTERJEE and MUNETO NITTA

A, = L g'0,g, where g = ¢7Ts,
Ys
: 2 0 0
Tg = 3 U)o -1 0 U’ (). (42)
0 -1

The coefficient Zy(m = 1) can be written in terms of
the solution of the equations of motion derived in the
above,

2 2
I(m _ 1) _ 71'87”300
Gs

/ rdrlfd + f3 - 41 fag W), (43)

where m} = g?A2p, ko. The integrand vanishes at large
distances, so the integral is finite.

All other modes (m # 1) are non-normalizable divergent
modes. In this work, we do not solve these equations
numerically. However, one can understand the behavior
of the solutions once we analyze the asymptotic forms
of the solutions. For the case m # 1, Eq. (40) can be
expressed as

(m— A(r))2 A%FLKOQ%
r2 2

(T +13)| P

(44)

1
-0,r0¥,, =
.

The right-hand side of the above equation is positive
definite (by assuming ¥,, is positive). So the solution
cannot have a local maximum. At large distances, the
equation becomes the modified Bessel equation,

52‘1% + g‘P/m - [(m - 1)2 + 52]\Pm =0 (45)

where & = mr. The solution is ¥,, ~ ﬁei?

At small distances near the origin (r = 0), where
f1(r) =0, Eq. (44) reduces to

1 m?
<a§ +Ea§> ¥, = ?l}'m. (46)

The solution is ¥,, ~ &£ for m # 0, 1. So ¥,,(0) = 0 for
m # 0, 1 and we may conclude that the solution diverges as

%e‘f at large distances since it does not have any local

maximum. For m = 0, near the origin the solution could be
written as either log & or Cy + £2C,, where C, and C, are
constants and C, is found to be positive. So the solution
diverges at large distances even if we set the value as
constant at the origin.

IV. SUMMARY AND DISCUSSION

In this paper, we have analyzed the orientational CP?
zero modes of a single non-Abelian vortex in high-density
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QCD. To do so, we have followed the standard procedure of
zero-mode analysis and have written the effective action, as
was done in the singular gauge case. In order to solve the
Gauss’s law constraint in the regular gauge, we have
generalized the ansatz of the gauge field (used in the
singular gauge) to A, = p(r, )W, + n(r,0)V, by intro-
ducing a profile function 5 together with a matrix V,
orthogonal to W, neither of which exists in the singular
gauge. In the regular gauge, the two profile functions (p, 1)
do not only depend on the radial coordinate r but also on
the azimuthal angle 6. These two profile functions can be
combined to the real and imaginary components of a single
complex profile function W(r,d). The insertion of A,
together with vortex profile functions into the action gives
the CP? effective action on the -z plane with a front
coefficient depending on the complex profile function
W¥(r,0). The front coefficient has been determined by
inserting W(r,0) after solving the equations of motion.
We have expanded the complex profile function ¥ in the
partial wave basis as ¥ = >, ¥,,(r)e"? and have ana-
lyzed the asymptotic behaviors of all the modes. We have
found that only one mode ¥, is normalizable, which is
identical to what was found in the singular gauge analysis.
We have shown that all the other modes diverge exponen-
tially at large distances. Finally, we have concluded that our
regular gauge analysis established the previously known
result of the existence of normalizable zero mode derived in
singular gauge and that the previously constructed effective
CP? Lagrangian of the single vortex is correct.

Here let us discuss some points which may shed light on
the interesting features of the regular gauge. In this
analysis, we have introduced a complex profile function
which does not depend only on r but also on the azimuthal
angle 0. This azimuthal angle dependence of a zero mode
makes the system complicated. The CP? Nambu-
Goldstone zero modes arise as a consequence of the
unbroken color-flavor group SU(3)c, g in the bulk, further
broken as SU(3)c p = U(1) x SU(2) inside the vortex
core. The system restores SU(3)c,r symmetry at large
distances from the vortex core, where the unbroken
SU(3)c,r group elements commute with the order param-
eter. However, the presence of vortex makes the order-
parameter position dependent at large distances. So the
embedding of color-flavor diagonal group SU(3) p inside
the original symmetry group becomes space dependent.
The generators of the SU(3),p changes along a path
around the vortex by the action of holonomy. The space
dependence is true only for the few generators which
belong to the CP? subspace of SU(3) and others remain
unaffected. The azimuthal angle dependence of CP? gen-
erators actually makes the zero-mode analysis complicated.
So when we fluctuate the zero modes, the generated gauge
field A, depends on the angle in a complicated way.
In general, the generators may not return back to their
own after a complete rotation along an encircled path

085013-6



LOW-ENERGY EFFECTIVE WORLDSHEET THEORY OF A ...

around the vortex. In this case, it is said that there is the so-
called obstruction, for which the profile functions in
general diverges as r¢ at large distances with a constant
¢ [29-32]. In our case, after expanding our complex profile
function in the partial wave basis, we have found that the
profile functions corresponding to different partial wave
modes diverge exponentially except for one normalizable
mode (m = 1). Therefore, as a byproduct of our analysis,
we have shown that non-Abelian vortices in high-density
QCD do not suffer from any obstruction.

There is an alternative way to show the absence of
normalizable modes other than the CP? modes and trans-
lational modes, that is, the index theorem. Fermionic zero
modes around a single non-Abelian vortex [33,34] were
studied by the index theorem applied to the Bogoliubov—de
Gennes equation [35]. The index theorem applied to
bosonic modes should be studied in the framework of
the GL theory.
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