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Dirac states of an electron in a circular intense magnetic field
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Neutron-star magnetospheres are structured by very intense magnetic fields extending from 100 to
10° km traveled by very energetic electrons and positrons with Lorentz factors up to ~107. In this context,
particles are forced to travel almost along the magnetic field with very small gyromotion, potentially
reaching the quantified regime. We describe the state of Dirac particles in a locally uniform, constant, and
curved magnetic field in the approximation that the Larmor radius is very small compared to the radius of
curvature of the magnetic field lines. We obtain a result that admits the usual relativistic Landau states as a
limit of null curvature. We will describe the radiation of these states, which we call quantum curvature or
synchrocurvature radiation, in an upcoming paper.
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I. INTRODUCTION

Electron and positron states with very low momentum
perpendicular to the magnetic field have been of interest in
the field of rotating neutron-star magnetospheres almost
since their discovery in 1968 [1]. Indeed, the community
soon realized that the extremely intense rotating magnetic
fields of these magnetospheres, ranging from ~10* Teslas
at the surface of old millisecond pulsars to ~10'" Teslas at
the surface of some magnetars with a typical ~108 Teslas
[2], could generate extremely large electric-potential gaps
along the open magnetic-field lines (see, e.g., [3] for a
review), which in turn accelerate charged particles to
energies only limited by radiation reaction. It is believed
that these magnetospheres are mostly filled with electrons
and positrons resulting from a cascade of pair creations:
pairs are created by quantum-electrodynamics processes
involving gamma rays and in turn radiate their kinetic
energy in gamma rays that make other pairs. The process of
radiation is that of an accelerated charge that inspirals
around a curved magnetic field. Because the magnetic field

B is so intense, the gyrofrequence @ = % of an electron of

charge —e, mass m, and Lorentz factor y is so large that the
momentum perpendicular to the local field is dissipated to
very low values almost instantaneously because of syn-
chrotron radiation reaction. It follows that electrons and
positrons are believed to remain mostly very close to
the local field line, radiating mostly because of their
motion along the curved field line rather than perpendicular
to it. Such motion and radiation are described either by
the synchrocurvature regime (see, e.g., [4-8]) or the
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curvature regime [9], depending on whether the residual
perpendicular motion is taken into account or neglected.
With basic energetic arguments, one then realizes that this
can lead the particle to fall down in the quantified regime
both because radiation is efficient and because the energy
levels are large in intense magnetic fields. This led the
community to study transitions between low-lying Landau
levels; see, in particular, the work of [10]. However, Landau
levels are defined as the states of an electron in a constant
uniform magnetic field and therefore are unable to produce
transitions of momentum along the magnetic field, no more
than they can explain a curved trajectory of the particle.
Additionally, one will notice that the case of curvature
radiation corresponds to an unphysical motion: a particle of
charge e with a velocity v aligned with the local magnetic

field B cannot undergo the Lorentz force ¢?AB and
therefore cannot follow the magnetic-field line.

Therefore, in this paper our purpose is to generalize the
quantum motion of electrons and positrons to the motion in
a locally uniform, circular, and constant magnetic field,
within the assumption that the radius of curvature is large
compared to the Larmor radius. We found precious help in
previous work about the motion of an electron in a constant
uniform magnetic field, including [11,12], and particularly
[13]. Based on the present paper, we will be able to derive
in an upcoming article the radiation of an electron on its
lowest perpendicular levels, which could be called quantum
synchrocurvature radiation.

We shall start by setting up the symmetries of the
problem in Sec. II, before deriving the solutions for a
Klein-Gordon particle and more generally for the second-
order Dirac’s equation in Sec. III. Based on those results we
derive the full set of Dirac’s Hamiltonian proper states in
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Sec. IV. Finally, in Sec. V we propose an interpretation of
the obtained states.

II. SYMMETRIES

We consider a particle along a circular magnetic field
line of radius p and of axis X, which we call in the following
the main circle.

Further, we assume that the characteristic extension Ar
of the wave function perpendicular to the magnetic field is
very small compared to the radius of curvature. This, of
course, must be checked a posteriori. In this case one may
consider that the magnetic field is locally homogeneous
upon an error of N%B.

Within these assumptions we have, locally, three sym-
metries of the system: one rotation around X, one rotation
around the magnetic-field line, and one radial translation
from the magnetic-field line. This generates a solid torus
around the field line. According to Noether’s theorem, there
will be three corresponding conserved quantities, and so
three quantum numbers characterizing the proper states of a
particle in such a field, to which one has to add one for the
spin symmetry:

(a) s, which quantizes the orthogonal translation,

(b) 1, which quantizes the rotation around the field line,
(c) I}, which quantizes the rotation around X,

(d) £, which accounts for the spin orientation.

The only difference with the assumptions prevailing in
the computation of regular Landau states is that the
invariance by translation along the magnetic field is
replaced by a rotation around the X axis.

III. SECOND-ORDER AND KLEIN-GORDON
SOLUTIONS

In this paper, except otherwise stated, we always assume
summation over repeated indices: Latin indices for space
components and Greek for space-time with a metric of
signature (+ — ——).

We start from Dirac’s Hamiltonian for an electron of
charge —e with minimal coupling to a classical magnetic

field given by a potential A

A

H=aP; + pmc?, (1)

where i = {x,y,z} and the generalized impulsion is
given by

B, = —in (ai + i%Ai). 2)

Dirac’s matrices o are given in standard representation
(e.g., Eq. (20) of [14]§ 21)
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where the ¢ are the Pauli matrices

-(02) o (1) #-(5)

We need a coordinate system that makes explicit both the
assumed rotation invariance around axis X and the part
orthogonal to the magnetic field. Such a system is given by
the “toroidal” coordinates, represented in Fig. 1. Toroidal
coordinates are related to the Cartesian system (x,y, z) by
the homeomorphism

X =rcos¢
y=cosO(p+rsing) |, (5)
z =sinf(p + rsing)

T: (r,0,¢) —

where @ represents the direct angle with respect to the y axis
in the (y, 7) plane, ¢ represents the direct angle with respect
to x in the plane (X, y’) of the local frame (X, y’, iy) image
of (x,,2) by arotation of € around X, and r represents the
distance to the main circle. In particular we will need

ity = (0, —sin@,cos 0) 557 (6)

In order to write Dirac’s equation in this system of
coordinates, we need to use the Jacobian of T, J, given by
Eq. (A2) in Appendix A.

Y

FIG. 1. Representation of a circular magnetic-field line (green)
of radius p, which we call in this paper the main circle. The blue
shadow around the line represents the wave function of a ground-
orthogonal level with a characteristic extent 4. The relation
between the toroidal coordinates (r,6,¢) and the Cartesian
coordinates (x,y, z) is also shown.
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Then, the covariant quantities and, in particular, the
impulsion operators transform as follow:

ﬁj = (J;l)ijiji’v (7)

where i = {r,0,¢}.

It can be shown that Dirac’s Hamiltonian keeps the same
shape as in Eq. (1) if we express it with Dirac’s matrices
transformed in a “contravariant” way (see Appendix A 3),
namely

o = “j(Jfl)i/f (8)
It follows that Dirac’s Hamiltonian reads
H=d'P; + pmc?. (9)

We define a suited expression for the magnetic potential
A in toroidal coordinates. Since the magnetic field is along
0y, A, or A, are its only nonzero components. Since we

impose rotation invariance, A does not depend on 6, and the
local quasiuniformity hypothesis implies the dependency in
r and ¢ should be negligible as long as r < p, and more
precisely on the scale of the wave function Ar. From the
expression of the rotational in toroidal coordinates given by
(A19)in A, a simple potential yielding a constant magnetic
field to lowest order in r/p along 0y is

1
AT=0.  A’=0. Al=-2B. (10
Using the metric gy [Eq. (A10)], we obtain the covariant
component

A¢ = = r2B. (1 1)
This corresponds to a magnetic field
B = Biiy + O(r/p). (12)

Let us remark that this is compatible with the uniform
homogeneous field when p — oo, as required, since the
toroidal coordinates then tend to the cylindrical system.

Following the procedure described in [14], we seek a
second-order equation of which solutions include Dirac’s
equation solutions by taking the covariant form of Dirac’s
equation,

DY =04 (cy'P, — mc?)¥ = 0, (13)

and applying to it the operator C= (cy”ﬁﬂ + mc?). One
obtains what we call here the second-order Dirac equation

CDY =0&n°02Y = H,Y, (14)
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where H, is the second-order “Hamiltonian” which for the
magnetic potential given in (10) is explicitely given by

1 cos ¢ 1
Hy = (he)* |0} +-0, + ———— 0, + - 0>
» = (hc) [a,+ra,+p+rcos¢a,+rzaz

_r(pjh;fosgb)a(b —2i%A¢a¢ +;;A4,A¢

i e e

_gg.i_m;f], o)
where £ = ((g g) are the spin § rotation generators in

standard representation. The full derivation of Eq. (15) is
given in Appendix B.

Now we notice that the interaction between the magnetic
field and the state of the electron involves the characteristic
magnetic length scale

2h\ 1/2
A= (eB) . (16)

Anticipating the result, we shall consider that 1 defines
the characteristic perpendicular extent of the wave function
for low-perpendicular-momentum states. This is backed by
the fact that the same magnetic length scale plays a similar
role in the uniform-magnetic-field case (see, e.g., [13],
where 472 is denoted 7).

We can define a dimensionless coordinate x = 7 and the
parameter € = ;1—) Following our primary assumptions, we
shall consider that ¢ < 1. One can check that this is
particularly well verified in the case of a typical pulsar
magnetic field of intensity B ~ 10® Teslas and curvature
radius p ~ 10* meters

e~ 107168 p7t, (17)

where p, = p/10* and Bg = B/10%. Notice it could also be
true in large particle accelerators because of the soft
(square-root) dependence on the magnetic-field intensity.
We can now give a quantitative meaning to the
assumption of low perpendicular momentum, that is

Oy~ 0, e, (18)

The longitudinal momentum can be larger. However, we
assume that

Dy < €732 (19)
and justify this approximation at the end of this section,

where Eq. (46) translates in terms of maximum Lorentz
factor the above approximation.
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We now rewrite H, (15) in terms of x, e, and A keeping
only the lowest-order terms in e,

N he\?[,, 1 1, .

2&2

— 2+ R, =25y T -1 +O(e). (20)

Compared to Eq. (15) the rightmost term of the two first
lines have vanished and we used the fact that p+r—5m¢
¢+ O(e?) to simplify the others. The eigen problem of
operator Eq. (20) is separable, which would not have been
the case if we had considered 0, > ¢~/2 since we would
have to take into account an additional 2e3x cos ¢8§2. Itis
also worth noticing that, as expected, this equation is very
similar to the one found when solving the uniform field
problem in cylindrical coordinates (see [13]).

Our symmetry requirements impose that the sought
states be proper states not only of the Dirac Hamiltonian
but also of two rotation generators

: h. ¢
= —lfla(/, + 5149 . 2, (21)
i h
Jx = —lhag + EZX, (22)

where J, is the angular-momentum operator around the
magnetic field centered on the main circle, and J, is the
angular-momentum operator around the axis of the main
circle. These operators commute exactly, while commuta-
tion with the Dirac Hamiltonian is ensured to order ¢,

[Jo.0.] =0, (23)

[f1.7.] = Ofe). (24)
This leads to consider proper states of both operators
which are of the form

X1y, (0. ) = - eI +i%h
e‘§(blez + bze‘%) - e%;(ble'z’ - bze‘%)
e 2 (b1e¥ + bye™?) + ¥ (b e —bye )
e‘§(b3e% + b4e‘%) - e%y(b3e% - b4e‘%) ’
e 3 (bye? + bye™?) + ¥ (bye — bye?)
(25)

where by, by, b;, b, are constants of ¢ and 8, and 7j, and

hl, are the proper values of Jo and J, respectively. [, and

; : 3 113,
J1 are half-integers - -+ —35,—5,5,5 -

[\)
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We seek a solution to the eigen problem
H,Y = E*Y, (26)

where one can show that +F are also proper energies of the

Dirac Hamiltonian A. We seek a solution of the problem of
Eq. (26) with the help of the ansatz

=2(6,¢)D(x).

Inserting this ansatz into Eq. (26), one gets for y an eigen
problem of the form

¥(x.0.9) (27)

(€20, —iig- D)z(6.¢) = —Cox(9).  (28)
where Cy is a constant. As expected, the operator on the
left-hand side of Eq. (28) commutes with J, and J,.
Therefore, y is necessarily a combination of y; ; .
Moreover, it can be shown that the operator in Eq. (28)
is degenerate with respect to j, but not to /;. Therefore, we

have that

(29)

20.9) =) 01,;.(0.9).

where each iy has a different set of unknowns
(b;) = (b*), i ranging from 1 to 4.

However, we notice that a solution of Eq. (28) can be
found with a combination of only two states, y(6, ) =
Xiyj.-1 T X1, if for a given j, one takes by" = byt =

by~ = bj! =0, giving

B k) = -0

_i¢ -1 j i@y ji—1
0.0) = eilifpil ¢ ¢ g(bh —|—b’2i)+eg(b{i )
X( ,¢)—€ ¢ —i¢ (711 Jiy _ il il JL
e by by ) —e(by T - byt)
e_lg(b]l_l—l—bf&)-f—ei%(bél_l bli)

(30)

where we define /| =j, — % With this choice, /| is no
longer the exact angular momentum; it will, however,
simplify upcoming calculations and allow a direct com-
parison with the uniform case as presented in [13]. We will
give its exact meaning in Sec. V.

Then, y is a solution provided that the remaining free
coefficients satisfy the following systems, obtained after
inserting Eq. (30) back into Eq. (28):

bh
M”( ]_Zi‘l ) =0,
bl,l3

where M, is defined by the matrix coefficients

(31)
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Mgy = —€*(2L + 1) —4(2 - Cy),
Mgy, = (21 + 1)%¢* —4(2 + Cy),
Mgy = —(1=21))%* —4(2 - Cy),
My = —(1=21))%® +4(Cy + 2). (32)

This system has a nontrivial solution only if

1
C=1 (4lﬁ€2 +e*+ 0"4\/@), (33)

which leads to the solution coefficients

bé,i% =c, (2 - l“e2 + O'\/W), (34)
b{,l3_lg = C(1F.2 (—2 - l||€2 + 0\/2%4—4’—4) > (35)

where ¢; and ¢, are for now arbitrary constants describing
the two proper spaces found for (b1, b/*™") (two first lines

of y) and (b}, b}*™") (two last lines of y), respectively. The
number ¢ = =£1 distinguishes two classes of solutions that
we shall denote © = +1 and | = —1 for reasons that will
become obvious when we see its physical meaning in
Sec. V.

Let us now solve the equation for @(x). After inserting
our ansatz Eq. (27), including the previously found
expression for y, we get the equation

2
(aﬁz + %ax - % -x? - 2&) O(x) = —C,@(x), (36)
X

where C, is a constant to be determined. We give the
detailed resolution of this equation in Appendix C, where
we find that

®(x) = xle S LI (x?) (37)

Cx:4<n+%>, (38)

where L’ is a generalized Laguerre polynomial of degree s
as defined in [15] (§ 18.5) by

He =3 D )

(s —i)l!

where (a), =T(a+ n)/T'(a) is a Pochhammer’s symbol.

In addition, n = s+ [, is the primary perpendicular
quantum number, s iS a positive integer, and the
perpendicular angular momentum must be positive or null
[, > 0 to ensure that the wave function vanishes at infinity
and is square-integrable. We will come back later to the
interpretation of these quantum numbers. Notice that we
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use the same notations as in [13] for the uniform-magnetic-
field case, where the radial dependency has exactly the
same form but is expressed with a different coordinate
system. Notice as well that Eq. (37) is proportional to a
normalization constant that we dropped here for simplicity.
Normalization will be determined later on.

Putting the whole ¥ back into the main equation (26), we
get the proper energies

2 2.4 nc? o
E-=m"c +7(CX+C9), (40)

which develops as

ho. (| 1\ | ho,
E = £mc? [1 +2 <n+§> +o 14 (@)

(@)

where w, = % is the cyclotron pulsation and Q = 19) is the

pulsation of the circular trajectory.

Proper functions ¥ and proper values E” are the exact
solutions of the eigen problem of the approximated
operator H, (20). However, our approximations do not
allow us to take meaningfully into account terms of order e
and higher. At this order, the complete solutions of the
second-order eigen problem, Eq. (26), is explicitly given by

c‘{(ae"g + e"%)
S (ce 5 — ')
3(2 . . —
W, (x,0,¢) =4xlr e TLi (x2) el | 71T
c(ce™1+en)
c§(oe~—e™)

ho, l+o hQ\ 2

where in such a development, one has to remember that / I
can be of order ¢!, In this limit we obtain degenerate
states; indeed, states with n, c = +1 have the same energy
as states with numbers n 4+ 1, 0 = —1. The only exception
is for what we will from now on call the perpendicular
fundamental state: n = 0, 6 = —1, which is nondegenerate.

Before going farther, let us note that we have already
obtained the solution to the Klein-Gordon equation for an
electron in a circular magnetic field. Indeed, 1:12 corre-
sponds to the Klein-Gordon “Hamiltonian” plus a spin term
Ug-Z. Neglecting this term, it comes that y(0,¢) =
ei%¢i1.¢ and the proper states of energy (43) are given by
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Wi (x, 0, ) = efellidyls eTLY (x?). (44)

We now justify a posteriori approximation (19).
Assuming as in typical pulsar magnetospheres that the
motion is dominated by the momentum along the field and
that particles are ultrarelativistic with a classical Lorentz
factor y > 1, we obtain, using Eq. (43),

E =ymc® = hQlj + O<ll> (45)
Il

This allows us to translate the approximation Eq. (19) in
terms of a limit on the Lorentz factor

y < 6-10%)*BY*, (46)

compatible with a variety of pulsar-magnetosphere situa-
tions. We briefly come back to the interpretation in terms of
possible drifts at the end of Sec. V.

IV. DIRAC’S EQUATION SOLUTIONS

A. General solution

It is can be shown from the derivation of the second-
order Eq. (14) that from any second-order solution a first-
order solution can be obtained by applying the C operator
to it, as in

W(x,0,p) = Ce W) (x,0, ). (47)

This is the approach suggested in [14]. However, naively
following this procedure leads to obtaining as many first-
order solutions as second-order solutions while there
should be half as many. One can check that we now
have 4 independent second-order solutions for each triplet
(n,1,.1)), two for each value of 5, as shown in Eqs. (34)
and (35). Moreover, one can check that the obtained
second-order solutions are neither directly solutions of C
or of D, which implies that proper states for a given energy
must be linear combinations of the second-order solutions.

We are going to show that such solutions can be obtained
using the combination

Y= e_i%l(lPZZl—l,o'=+l + %20, 6=-1) (48)

E = :I:mcz\/ he <hQ> lz (49)
mc? mc?

The state ¥ above is thus defined by the superposition of
two states having the same quantum number s. The proper
energy, Eq. (49), can be equivalently defined as E? [ =1,0=+1
or E? 1, o——1- We chose the second option in Eq. (49). Note
that as such, ¥ is undefined for [/, = 0. Prescribing that
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W5, ——1 = 0, we find the perpendicular fundamental state
as the particular case W,_¢; —.

One can show that solving the equation DWW =0
amounts to solving the linear problem

¢y
MD + = 0 (50)
¢y

Calculations to obtain the matrix M, are lengthy but appeal

to relatively simple operations for which a formal calcu-

lation engine can be helpful. We consider that the details of

it would be of little interest to the reader; for this reason, we

give here only the main steps. It goes as follows:

(a) Divide by the following common factor to isolate the
“spinor part” of the equation

S = DY/ (el xli o5 ):0. (51)

(b) The remaining function can be expanded on the basis
of the four orthogonal functions: (e“2e), where a =
+1 and b = {0,1}. Taking into account the four
spinor components, labeled by j hereafter, this gives
us 16 coefficients depending on the four unknowns

(ct.cl. cI, cl) that we call Sjap- It follows that the
equation D¥ = 0 reduces to a linear system of 16
equations
Vj, Ya, Vb, s;.,=0. (52)
Notice that, at this stage, the coefficients still depend
on functions of x.

(c) A lot of these equations are actually equivalent. The
coefficients with a = 41 are proportional to coeffi-
cients with a = —1 for any given doublet (j, b). Also,
notice that the components of the spinor are related
two by two: §1 ., 55, and s3,, & 84, for all a
and b. Finally, there are only four a priori independent
equations. To fix ideas, we will go on with the system

s110=0
#1a1=0, (53)
s110=0
5310=0

(d) Using the two relations
LéL+1(x2) Lli+1( 2)+LIL( ) (54)

(14 1)L (02) =2
(s+1.+1)

1,+2
L)

H?) =

085002-6
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which can be derived from the Laguerre-polynomial
recurrence relations given in [15] § 18.9, one shows
that 51 ;; and s3;; are proportional to XLt while
s1.10 and s3 o are proportional to Lk,

(e) It follows from the previous point that after dividing
each equation by its respective x polynomial as well as
2hc /A (to make it dimensionless), the system Eq. (53)
gives Eq. (50) with

2

el —Eme 20
MD - . E—mc?
0 —21(1 +I’l) fic/a —€l||
2i(1 + n) 0 oy -G

(56)

The determinant of M is null, which means, as
expected, that the kernel of M, is not empty. One finds
two independent solutions given by

{ E+mc? i 0
D) () and [T) = 2n< , ) (57)
¢z el ¢} :
(cf) <—el||> 4 (c?) 5 <z> (58)
= g, ) an =2n .
o el c} 0

Notice that the perpendicular fundamental state comes
out naturally from the two solutions, Eqgs. (57) and (58).
Indeed, for n = 0 the 6 = 1 coefficients vanish, and the

energy becomes E =mc?y/1+ (2%)2[k. Then the two

solutions are proportional, as expected from the nondege-

neracy of the perpendicular fundamental, since one finds
E—mc?

Eq. (58) by simply multiplying Eq. (57) by —=- i The

two solutions, Egs. (57) and (58), correspond to two spin
states that we shall respectively label by { = —1 and
¢ = +1. Some more details will be given in Sec. V.

B. Normalization

We now have obtained the three parts of the wave
function. We still need to impose normalization with

4
/ EE> WY =1 (59)
i=1

We need the Jacobian determinant of the toroidal
coordinates

d3x = |r(p + rsin¢)|drdode. (60)

Expressing it as a function of the dimensionless variable x,

PHYSICAL REVIEW D 95, 085002 (2017)
d3x = 22p|x(1 + ex sin ¢)|dxdOd¢p, (61)
it becomes obvious that the sin¢ term can be removed at

lowest order in e.
For the integration over x the following integral [15]

+oo [)!
/ . e L (x?)Pxdx = (s;;‘) (62)
is useful.
We get the normalization
n— DN 4 (ely)2n + 202
N:M\/Mz( MG +lfnrad)

C. Complete proper states

Eventually, the proper states of a particle of energy E,
Eq. (49), in a toroidal magnetic field can be explicitly
given by

1 Xz i [ -
Y v 6-72ell||"e’(lf%)‘/’(e"gxlf]lzéL l(xz))(g (9)
+ el Ll () (0). (64)

The two x¢ spinors are explicitly given by

1 mc? 1- —i¢ 2

(%{%—Tfsdn)(—e 2+ )

HC E+me? _ 1=¢ e 2

. (T hefi —Teln)(—e 2 -eh)
Xe = . (65)

1 1-{ E—mc? —i¢ il
(‘%Gln + )(—e Fte)

1+ 1-¢ E—mc? —it 0
(- 4ot + 555 ) (et - e

xb = 2ni

)
)

: 66
: (66)
)

One can see that the constant uniform-magnetic-field
case can be recovered by taking the limit p — oo in Eq. (64)
after having performed the replacements: 6 — z/p,
Iy — pk?, where Z is the axis along the magnetic field
and k* is the associated wave number.

V. INTERPRETATION OF THE
QUANTUM NUMBERS

In this section we consider an electron state (positive
energy) to simplify the discussion without any loss of
generality.

085002-7



VOISIN, BONAZZOLA, and MOTTEZ

The parallel quantum number /; quantifies, by construc-
tion, the angular momentum around the X axis. From the
expression of the proper energy we can also interpret Q[
as the “component” of the energy corresponding to the
motion along the magnetic field.

We move on to interpreting the perpendicular motion.
Our treatment is similar to that of [13]. The energy of the
motion perpendicular to the magnetic field is quantified by
the quantum number n = s + [ . It can be interpreted as the
quantification of the square of the radius of the trajectory of
the electron since the classical gyroradius can be expressed
as r, = p, /(mw,.) with p, the perpendicular momentum
and, in the case of a purely perpendicular motion,
E? = p? + m%c*. We see below that this assertion can
be very quickly proven in the classical limit in the particular
casen =1[,.

As we saw in the previous section, the wave function is
not defined for a strictly negative /| . From a classical point
of view this is easily understandable since /; quantifies the
angular momentum around the local axis of the magnetic
field. Therefore, [, > 0 corresponds to a rotation in the
direct sense, which is the orientation that an electron takes

under the action of the classical Lorentz force 17/\73, where
v is the speed of the electron.

Going a little bit deeper, one can show that the solution
Eq. (64) is a proper state of the angular momentum around
the magnetic field J, of proper value (I, —1/2). This
means that the perpendicular fundamental has a negative
angular momentum of —#/2. However, it does not mean
that the electron classically turns backwards around the
magnetic field, but rather that the spin is oriented backward,
while the orbital angular momentum is zero. Indeed, one
can show that the spinors y7 are proper states of the
operator of projection of the spin onto the main circle of the
magnetic field, %ﬁg 3 (the spin part of Jy), with proper
values 7i6/2. We here justify the notation 1 or |, foro = £1
as meaning that the spin is aligned or antialigned with the
magnetic field. The perpendicular fundamental state is thus
the only purely antialigned state, as we will see. Since it has
no orbital momentum, one cannot interpret the trajectory of
the particle following the magnetic field as the result of the
classical Lorentz force but rather as a strictly quantum
phenomenon of the interaction between spin and magnetic
field. States with n > 0 (i.e., [, >0 or s > 0) are in a
superposed spin state, both aligned and antialigned with the
magnetic field, which results into a degeneracy into two
states parametrized by £. It is in theory possible to find
measurable quantities, hermitian operators that commute
with the Hamiltonian, such that this degeneracy would be
lifted and the spin orientation fixed (see, e.g., [13] or [16]
for possibilities in the case of a uniform homogeneous
magnetic field). However, it is usually impossible to
determine the state of the spin, in particular in astrophysics.
We therefore prefer to consider the most general case in
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which a state of energy FE is the superposition of the two ¢
states of Eq. (64) combined through a mixing angle #,

¥ = cos(17)W—_; + sin(n)Pe_y;. (67)

Parametrization by such an angle takes into account the
constraint of having a norm of the final state that is still one.
Notice that it is impossible to form a purely aligned or
antialigned state for any value of the mixing angle, as we
previously stated.

We now explain the role of the quantum numbers s
and /, and why their role in the energy is degenerated.
First, consider an electron with s = 0, then the radial part

of the wave function Eq. (64) is merely e~ x2, where
p =1, —1 for the antialigned term and p =1/, for the
aligned term. Now, this function is peaked at x, = |/p with
an amplitude at the peak of p”. This means that, apart from
the perpendicular fundamental, the electron always has a
double orbit: one of aligned spin and, a bit further, one of
antialigned spin, as shown in Fig. 2.

Considering a high value of the perpendicular angular
momentum, one can quickly recover classical results
analogous to the uniform-magnetic-field case. For simplic-
ity we will consider that momentum along the field is zero,
[, = 0. From the previous discussion the particle orbits at a
distance r, = Ay/I,. Expressing [, as a function of the
energy, one gets

E%* — m2c*

I, (68)

" 2mctha,

In the classical limit the numerator simply identifies with
the square of the perpendicular momentum of the particle
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FIG. 2. Left panel: Probability density of detecting an electron
in a state s =1, [, = 1 in a plane orthogonal to the magnetic-
field line of radius p. The color goes from blue (inner part of each
ring), spin aligned with the magnetic field, to red (outer part of
each ring), spin antialigned. Here the parallel motion is small,
Iy S €', such that both spin components are almost equally
important. In the case of a relativistic parallel motion, /; > el
only the antialigned (red) component plays a significant role as
one can see from Egs. (64), (65), and (66). Right panel:
Representation of a family of off-centered classical trajectories
defined by a = 1.5, where a is defined in Eq. (D22).
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p?. Inserting Eq. (68) into r,, we obtain the classical

(relativistic) Larmor radius,

P

fzﬁzfé (69)
This is in agreement with the more general result given
above. Moreover, it confirms that the typical extent of the
wave function can be taken to be the gyroradius, at least for
high enough quantum numbers, and the approximation
Eq. (18) can be written in a more intuitive way,

ry K p. (70)

Similarly, one finds that the group velocity of a wave
packet, v, = %—‘;{’, can be found after identifying w = E/h
and k=1, /r,: v, = r,w./y with y = E/(mc?). We here
recognize the classical relativistic gyrofrequency w,/y of
an electron in a uniform magnetic field.

Now, for a same energy we may as well have states of
lower /| and higher s. This degeneracy also appears, to
some extent, in the classical treatment of this problem.
Since the radial part of the motion is mostly identical to the
uniform-magnetic-field case, we can use the latter to better
understand the former. We developed in Appendix D the
Newtonian solution to the uniform problem based on the
Hamilton-Jacobi formalism which, because of its parenting
with quantum mechanics, allows a formulation in similar
terms. In particular, it is found that there are two terms in
the perpendicular energy: one related to the angular
momentum (noted as p, in the classical case) and the
other to a shift of distance r,, of the center of the trajectory
with respect to the origin of the coordinate. This is
summarized in Eq. (D33), recalled here,

1
E = pow. + Emr(z)a)% (71)

We will follow that guide. If /| obviously corresponds to
the angular-momentum, p, term, we can show that s
corresponds to the second term. The position of the center
of the trajectory given by Eq. (D31) can be generalized as
the operator
JAp

A
>

X

=X+ (72)

(=]

53 0
ma,|J|

where X is the position operator, p the impulsion, and J the
angular momentum with respect to the coordinate origin.

For our set of solutions J = J ¢ and the previous operator
simplifies to the two components

fg=i-L22, (73)
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Vo =y +-25, (74)

mao,

where (x,y’) are the coordinates locally perpendicular to

the magnetic field as defined in Fig. 1. From that, an

operator 72 = %2 +y/ is readily obtained. Using the

dimensionless coordinate x = r/4
72 =21 x* =02 —18 —ia2 + 2i0, (75)
0 x2 X X x2 ¢2 ¢ |

where one recognizes the radial part of the second-order
equation previously solved [see Egs. (36) or (C3)] except
for the 0, term whose sign is reversed. From that
observation it is straightforward to see that the proper
values of 73 are

1
rg::412<s4-5>. (76)

The % term comes from the spin interaction that broadens
the orbits as we saw previously. Now interpreting the
trajectory as an off-centered circle obviously breaks the
assumed rotation invariance around the coordinate center.
This apparent paradox is solved by considering that a
proper wave function is analogous not to a single classical
trajectory but to the set of all the trajectories corresponding
to the invariants of motion defining the proper state: n or
the perpendicular energy and [, or the perpendicular
angular momentum. We see from the expression of the
trajectory Eq. (D20) that this set is classically parametrized
by the constant of integration . This constant is defined
by the initial conditions of the motion, and it sets the
position of the center of trajectory on the circle of radius r
centered on the main circle. Then, it is obvious that this set
is invariant by rotation, as shown in Fig. 2. Thus, we
recover the interpretation of s as characterizing the radial
symmetry assumed in Sec. IL.

One notices that in the present solution, the particle
remains localized around the magnetic-field line, and
therefore there is no drift perpendicular to the line as in
the classical theory, where the drift is due to the centrifugal
force (see, e.g., [8]). This is justified by the fact that we
considered only the lowest perpendicular states and a
“moderate” longitudinal momentum [Eq. (19)] that allows
us to neglect coupling terms between longitudinal motion
(0p terms) and perpendicular motion (x, d,, and d,, terms).
We notice that several works on the classical theory of
synchrocurvature radiation (for example, [4-7]) did not
take this drift into account either, and this approximation is
widely used for lepton trajectories in pulsar magneto-
spheres even with Lorentz factors largely above the limit
given in Eq. (46). Besides, in [8] the authors show that the
effect on radiation of the drift classically results in an
effective radius of curvature.
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VI. CONCLUSION

In this paper we were able to generalize the relativistic
Landau states to the case of a circular magnetic field
[Eq. (64)], in the approximation that the curvature radius is
large compared to the Larmor radius of the particle while
the momentum along the field is not excessively large
[Eq. (18) or Egs. (70) and (19)]. Our main interest is for
applications to the very intense magnetic fields around
rotating neutron stars, pulsars and magnetars, in which
radiation from very low perpendicular-momentum elec-
trons and positrons is believed to be ubiquitous. In an
upcoming paper, we will address the problem of radiation
from transitions between the states derived in the present
paper. We could call this quantum curvature radiation
for transitions involving only the ground perpendicular
state or, more generally, quantum synchrocurvature radia-
tion (see, e.g., [4]).
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APPENDIX A: TOROIDAL COORDINATES
TOOLBOX

The toroidal coordinates are defined by the following
diffeomorphism T’

r X rcos ¢
T O |-y |=|cosOp+rsing) |, (Al)
¢ Z sin@(p + rsing)

such that surfaces of constant r are torii centered on the
circle of radius p > 0.

The primed quantities denote quantities in the basis

(9_T0_Tﬂ)
or*00° )"

1. Jacobian

The Jacobian of this coordinate system is

cos ¢ 0 —rsing
Jr = cosOsingg —sinf(p+ rsing) rcos@cosep |,
sin@singg  cos@(p + rsing)  rsinfcos
(A2)
with determinant detJ; = —r(p + rsin¢), and inverse
cos¢ cosfsing sinfsing
sin @ Y]
It = 0 —oirsng  pirsind (A3)
_sing cos 6 cos ¢ sin 6 cos ¢
r r r
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2. Transformation of covariant quantities

Covariant quantities transform like A; — A’

Al ="JrA 6 Al = (J1) A}, (A4)
A={UA &A= U741 (A9)

Here is an example with the derivation operators,
0, = cos 0, — sh;d) 0 (A6)
0y =cosOsingd, _/) _:lrnjnd) X +COSH:OS¢6¢’ (A7)
8Z:sinesin¢8,+p:(;ssien J 9+Sm9:05¢a¢. (A8)

The Minkowski metric # = (1,—1,—1,—1) transforms
according to

10
wr=(y ) (49)
0 Jg
which gives
10 0 0
Mgty = | O 0 0 (A10)
= HTIERT= 0000 —(p+rsing)? 0
00 0 —?

3. Transformation of contravariant quantities

Contravariant quantities transform like A" — A’l,

A =JFA & AT = (U7, (A1)

A=J;A & A = (JT)ijA’f. (A12)
This is the case, for example, of the magnetic potential or of
the Dirac matrices a (which are not really contravariant, but
we use this type of transformation in the text). In particular,

a” = cos ¢pa* + cos @sin pa’ + sinOsinpa®,  (A13)
-t (—sinfa” + cosba®), (Al4)
p+rsing ’
i Ocos¢p . sinfcosq
a¢:_31n¢ax cos y . ALS
r + r @ r a (A13)

4. Transformation of differential operators
a. Laplacian

The Laplacian is needed for the kinetic part of the
second-order Dirac equation,
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1 .
= 7r|p T rsing) (8,(r|p + rsing|0,)

r |p + rsin¢|
oyt ) (T )

(A16)

2
T

Practically, we always have p 4 rsin¢ > 0 in this paper.
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1
"o T rsing)| (0,([r(p + rsing)|A™)

+ 0y(|r(p + rsin$)[|A"7)
+0y(|r(p + rsing)|A’?)).

VT'A/:

(A17)

c. Rotational of covariant components

We need the rotational of the magnetic covariant vector
which gives the magnetic field

b. Divergence BY = (V7A(A))~, (A13)
The divergence can be used to derive the second-order
Dirac equation and is given by which explicitly reads
|
Bro (sl Gng A 9,a9
r ¢ lp+rsing|
1 1
Bl =————— (-0,A"— (24 10,)A? |,
|p + rsin¢| (r ¢ (2+79,) )
1
BY = o rsingl (=0pA” + (2cos ¢|p + rsing| + |p + rsin ¢|>,)A?). (A19)
[
where
APPENDIX B: SECOND-ORDER DIRAC
EQUATION IN TOROIDAL COORDINATES {r'A,.r"0,} = {r'.v"}A,0, +y'r0,(A,). (BS)
Greek indices are used for Minskowski space-time of
.. . . and where
metric signature (+ — ——), while Latin indices are used for
the spatial part only. 1 TEpresents the Minkowski metric, 1
¢'/* represents the fully antisymetric (Ricci) pseudotensor, 7" 7*0u(A,) = ) 7 0u(A)) + 7 7"0,(A,)]
and 1 represents the identity. 1
We start with the derivation of the second-order Dirac =3 r'r*(0,A, = 0,A,) +2n"0,A,].  (B6)
equation in Cartesian coordinates and then turn it into
toroidal coordinates. We take into account the coupling of Using the identities
an electron of charge —e to a classical electromagnetic field
defined by a four-potential (A#) = (®/c,A) through the {y*, 7"} = 211, (B7)
covariant derivative defined as o
; r'y! = —5ij - i€ijk2k7 (B8)
DY = (8” + geAﬂ) Y. (B1) o l_
vy =a, (B9)
For convenience we use the natural units such that
7 = ¢ = 1. Then, the Dirac equation reads and recognizing the electromagnetic field tensor,
(iy*D, —mc)¥ = 0, (B2) F,,=0,A,—0A, (B10)

on which we apply the “squaring” operator (iy#D, + mc).
The second-order Dirac equation then takes the form

_((7ﬂDu)(7uDv> + m2>lP =0. <B3)
Developing the kinetic part, one finds
(rD,)(r*D,) = ("0, + (ie)*A*A, ) +ie{y"A,.r*0,}.
(B4)

from which we get the contravariant components of the
electric and magnetic fields (see, e.g., [17])

Ei :W]ijFOj:—FOi, (Bll)
Bl = ¢kF ), (B12)

we get
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r'ro,(A,) = —a- E—isk kA + 20 0,A,.
——

The anticommutator Eq. (B5) then becomes

1 I,
{r*A .1+ 0,} :2(Aﬂaﬂ+§aﬂAﬂ> ~a-E—iB-X.
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(B13)

curl(A)*=B*

(B14)

Inserting Eq. (B14) back into Eq. (B4) and reorganizing the terms a little, we obtain

e 1 e? - = - 2
(rD,)(y*D,) = (8"8” + 21'% (A”(?ﬂ + EG”A”) - ﬁA”AM) —iea-E+eB-Z,

(B15)

(9, +iLA,)?

from which we get the same expression for the second-order Dirac equation as in [14] (one will pay attention that in
Cartesian coordinates A, = —A* and that the usual magnetic potential A is defined as a contravariant quantity; with the

metric signature used here: A = ®/c = A),

1 2 2 el e -
(hc)2[<za,+i%cb) -y (ax+ifo> —iia-E+%B-z+mc]\P:0.

xe{x.y.z}

(B16)

We now switch to another spatial coordinate system denoted by primes, with the only assumption that this system is
orthogonal. The Jacobian of the transformation is given by (J¥). In Eq. (B17) we separate the time components from the

space components,

. 1 2 . L = - -
(#D,)(7*D,) = (3, + ie®)? — (A’ - 212 (A“a;. 5V -A’) + %A”A;) —ied-E+eB -3,

where Al = JUA; and A/, V- represent the Laplacian and
the divergence in the primed system of coordinates. We
have used the orthogonality of J;; to eliminate cross terms.

If only spatial coordinates change, the electric field E here
transforms like a covariant vector and « like a contravariant

quantity (as shown in the text) such that a - E=& -E.The
rules of transformation of the magnetic field are less
straightforward, and it might be simpler to just express it
|

1 1
— (hc)? —C—2832+a% +;8, +

sin ¢

cos ¢

The non-negligible (see the text) Laplacian terms are the
first five terms on the first line. The terms involving
the magnetic potential are the three following terms. All
the terms on the second line are neglected in this paper, the
two leftmost terms coming from the Laplacian and the
rightmost term being the divergence.

1
7327+_
(p+rcosg)? ¢ r?
rsin ¢

p+rcosg " r(p+rcosg) ¢_wp+rcos¢

-

(B17)

|
as a function of the primed variables without changing its
basis. That is the choice of this paper.

In the case proposed in this paper, we use the
toroidal coordinates defined in A, with a Laplacian and
a divergence respectively given by Egs. (A16) and (A17).
The magnetic potential is assumed to be only along
the third direction: A’ = (0,0, A?). With all replacements
made, we obtain

- m2c2

2, —2iCatg, + S ava, - B5 -
AP n?

A? | = 0. (B18)

APPENDIX C: RESOLUTION OF THE RADIAL
DIFFERENTIAL EQUATION

In this appendix, we develop the detailed solution of
the differential Eq. (36), giving the radial dependency of
the proper states of Dirac’s equation. Here we recall the
equation
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2 1 1 2 . 2
Ot~ 0,+ 0, 4200y = +C | fx.h) =0, (C1)

where —C 1is the proper value of the equation, to be
determined.
Assuming the following form for f:

flx.§) = eg(x) (€2)
and inserting it into Eq. (C3), we obtain
, 1 & 2
O+ 0= =28 -2+ Cg(x) =0. (C3)
We notice that
Pt 10, ) o) = L (VEa0) + o). ()
X x ¥ ﬁ X 4x2 ’

which once put into Eq. (C3) gives the following form:

i-¢

=204 C) (VRgl) =0, (C9

o (o) +
Here we recognize the differential equation giving
generalized Laguerre functions given in [15], table 18.8.1,

2

1
T—

2 4
(axz + X2

—x?+4s +2a+2>h(x) =0, (Co)

where « is a real parameter strictly larger than —1, s a
positive integer, and the solution 7 is

h(x) = e~ Txet1/2L (x?). (C7)
Identifying a and C in Eq. (CS5), we find
+ if |¢] <1
gl if ¢l > 1
and
_{4s+2(/§j:|§|)+2 if |&] <1 (C9)
ds +2(6+E))+2 if g =1
Finally the solutions of Eq. (C3) are
flx, ) = ettt o5 xe @ (x?). (C10)

In the specific case of this paper we have £=1,.
Therefore, we obtain
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+ 1 oif, =1
a:{ 2 BTy (C11)
|/, | otherwise
and
4s +2 if [, <0
:{ SN (6 )
Ads+1)+2 ifl, >0

APPENDIX D: RESOLUTION OF THE
NEWTONIAN HAMILTON-JACOBI PROBLEM
OF AN ELECTRON IN A CONSTANT
UNIFORM MAGNETIC FIELD

We work out the general solution, without assuming the
center of motion, of the motion of an electron in a uniform
constant magnetic field in polar coordinates using the
Hamilton-Jacobi formalism of Newtonian mechanics.
Although heavy, this way of obtaining a common result
is interesting in view of the comparison with the quantum
mechanical result, given the parenting between Hamilton-
Jacobi formalism and Hamiltonian quantum mechanics.

Without loss of generality we restrict ourselves to a plane
of motion with polar coordinates (r, 8). The position vector

7 and the velocity 7 are then expressed in the polar basis
(Ijlr, Ij‘ﬁ) by

(D1)

> -
r=ru,,

F = iil, + rOig. (D2)
The link with Cartesian coordinates comes with u, =
(cos@,sin@) and iy = (—sin 6, cos ).
We choose to write the magnetic potential giving a field
of flux intensity B orthogonal to the plane of motion in a
symmetric gauge with

- 1 N
A = —rBu,.

> (D3)

Then, the Lagrangian of an electron of charge —e is
given by

1 . 1 .
L=—m(i*+ (r0)*) — EerZQB.

. (D4)

We readily see that 8 is a cyclic coordinate as only its
derivative participates in the Lagrangian. Therefore, its
conjugate momentum is a constant of motion

oL o @
pg—g—mr <9—7>

Notice that p, is actually the angular momentum of the
particle.

(D5)
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We may now define the typical time scale 7" and length

scale 4
eB\ !
J2) =) . D6
@i/ = (50) (06)
2
1= Pe (D7)
mo,
which define an energy scale
e =m(iw,/2)%. (D8)
We switch now to dimensionless coordinates
r-x=r/A, (D9)
t—>r=2¢ t, (D10)
2
and to a dimensionless Lagrangian
~ 1
L:L/e:i(x’z—t—e/(l—kxz))—l—xz, (DI1)

where / denotes the derivation with respect to 7 while ~is
with respect to .
The momentum conjugated to x is simply

oL
Pi=55= X (D12)
The Legendre transform of L gives us the corresponding
Hamiltonian

I:I:pxx’—&—pgé’—i:%(p§+xi2+2+x2>, (D13)
where we made obvious that § was an ignorable coordinate
by using Eq. (D5) to get that @ = 1/x> + 1.

Let us now introduce the Hamilton characteristic
function W (see, e.g., [18]), of which we consider only
the x dependence. We get the following Hamilton-Jacobi
equation

5 A -
(—) +—5+2+x* =2F, (D14)
X

Ox

where E=E /e is the dimensionless energy of the
system. It follows that one gets the following Hamilton

function
[~ 1
W::l:/dx E——2—2—x2.
X

Choosing E as the new momentum we get that its
conjugate coordinate is

(D15)
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wof e
OF 2 E-L-2-x

which integrates as

Op = D16)

1 a—x?
0Oz = :I:—arctan(—
E 2 2ax* —x* -1

), (D17)

where a = E — 1.

The denominator of the arctan argument in Eq. (D17) is
necessarily positive since it is proportional to (‘?)—V;’)2 By
construction we now have Q}E = g—’; = 1. Integrating and
equating to Eq. (D17), one obtains

2

a—x
————==*tan(2r + 0 D18
PR ( o) (DI18)
Solving for x> in Eq. (D18), one obtains
x? =a+Va* - 1sin(2z + 6y)|. (D19)

In order to keep a continuous trajectory, one will switch
from the + to the — solution whenever the sin function
switches as well.

Finally, we use the conservation of angular momentum
[Eqg. (D5)] to obtain the equation for @ and switch back to
the international unit system,

rzﬂ\/a—i— a’ — 1sin (ot + 6p),

6
Gz%t—i—arctan {atan (%t—i——o) +Va® - 1} + nr,

2
(D20)
with
2
Sl (D21)
mw,
E
a=——-1, (D22)
7 Po®¢
and
W, [
Loy 20 __ &
n= g + floor <&> . (D23)
7

Thus, we obtain a solution depending only on the
invariants of motion, E and py, and a constant of integration
0, depending on the initial conditions.

Let us interpret the different trajectories. First, if we
assume that r or 0 is constant, from the expression of py
[Eq. (D5)] we see that the other one is constant as well.
From Eq. (D20) we see that this is allowed only for a = 1.
In this case we find readily that
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r=A (D24)

0 = w,.t. (D25)

Using the relation between the conjugate momentum py
and the orthogonal “kinetic” momentum p | = mr6,

po =rp, —mr’ % (D26)

Replacing r with 1 in the above expression, one obtains
that the radius of the trajectory is the usual Larmor radius

r:&z—pl .

D27
. (D27)

In this configuration the radial momentum is zero, and

E = pyo,. (D28)
In this particular configuration we see that p, is constant
as well.

We see that by construction a > 1. Now, we consider the
solutions for higher energies, i.e., higher values of a. We
see that they are all circles after computing the curvature
radius using the formula

dr2 2\3/2
P (5 + )Y
S oadr2 2 drt
2d9+r v

(D29)

We obtain, after a lengthy but straightforward calcula-
tion, the general formula for the radius of curvature
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_, a+1  |2E
P= 2\ me?

(D30)

Remembering that the magnetic field does not work, we
find that the kinetic energy is constant and therefore these
circles are circulated at constant speed w,p. This allows us
to find the center of each circle 7, by simple geometric
considerations,

Fo=7—— AP0 (D31)

where pj is the vectorial angular momentum, which here is
orthogonal to the plane of motion. The distance of the
center of motion to the origin of coordinates takes a simple

form
- E - pyo.
IFoll = \/p? =22 = [2=———=. (D32)

Put differently, this gives a simple expression for the
energy in terms of

1
E = pyw, + Emr(z)a)%. (D33)

Thus, we find the very intuitive result that, when the
trajectory is centered on the origin of coordinates, all the
energy is stored in the angular momentum. However, we
also see that the energy is “degenerate” with another
invariant of motion, r(z), as in the quantum case. In any
case, according to Eq. (D30), the radius of the trajectory is

proportional to the square root of the full energy.
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