PHYSICAL REVIEW D 95, 082006 (2017)

Locally optimum network detectors of unmodeled gravitational
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The detection of unmodeled gravitational wave transients (bursts) using a network of interferometric
detectors affected by non-Gaussian (glitchy) noise is studied, starting from first principles, for the simplest
case where the source position on the celestial sphere is fiducially known from different (e.g., optical, radio,
or neutrino) observations. Interferometer noise modelling is preliminarily discussed in an operational
perspective. Two alternative, locally optimum detectors are proposed and evaluated in simulated realistic
non-Gaussian (glitchy) noise, together with robust implementations which are tolerant against incomplete
knowledge or fluctuations of the noise features. These detectors outperform those based on the unrealistic
stationary/Gaussian noise assumption, and in principle, do not require preliminary ad hoc data vetoing or
laundering. They are structurally akin to those adopted in current data analysis pipelines, preserving their
correlation structure, and use simple memoryless nonlinearities for data preprocessing, with only a minor

added computational burden.
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I. INTRODUCTION

The first direct detection of gravitational radiation by the
two LIGO detectors [1,2] marks the opening of gravita-
tional wave (GW) astronomy.

This milestone result was largely due to the increased
sensitivity and reliability of advanced LIGO [3,4], that started
operation in the second half of 2015 and observed the first
signal in September 2015, during its 8th engineering run. The
first and second observed GWs were transient signals emitted
during the final inspiral merger and ringdown phases of two
black hole binaries [1,2], for which accurate numerical and
analytical waveforms are available, that helped to reconstruct
the source with remarkable accuracy [5-9].

More general, short transients (bursts) of gravitational
radiation may be emitted by a variety of strong-gravity
cosmic events, including core-collapse supernovae, gamma
ray bursters, compact object mergers, and newborn black
holes (see [10] for a broad overview), forming a substantial
fraction of observable GWs.

For this broader class of GW bursts (henceforth GWBs),
we are facing the problem of detecting transients of
basically unmodeled shape.

As a further complication, spurious transients of instru-
mental and/or environmental origin, known as glitches,
appear frequently in the data channel of interferometric
detectors of gravitational waves. Distinguishing GWBs
from spurious glitches using data from a single detector
is almost hopeless. GWBs should be accordingly sought
using data from several detectors (network detection).
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Remarkably, the data holding the observed GW signals
were clean [11] from glitches, which allowed to claim the
detection with high confidence. More second generation
(advanced) detectors will come into operation soon: includ-
ing Advanced Virgo [12] and the advanced version of
GEO600 [13] in Europe, the large scale cryogenic japanese
detector KAGRA [14] will join in a few years, plans for a
LIGO-sibling observatory in India (IndIGO [15]) have been
officially approved, and new players (Australia, China and
Russia) may join in the mid future. The foundations of
network detection of unmodeled signals were laid out in a
number of seminal papers.

In the era of acoustic GW detectors [16], various
coincidence algorithms based on consistency tests among
candidate events gathered by different detectors were
envisaged [17,18]. These laid the foundations of noncoher-
ent or coincidence-based network data analysis [19-21].

A more effective way [22] to combine data from several
wide-band interferometric detectors is to construct a single
detection statistic (coherent network data analysis) to be
used as a likelihood ratio [23] for classical hypothesis test
[24-41].

The network likelihood ratio can be easily written,
assuming independent noises in the sensors [42], and is
a function of the source location on the celestial sphere
(aka, the direction of arrival, henceforth DOA), and the two
GW polarization components. The DOA uniquely deter-
mines the arrival time of the gravitational wave transients at
the various sensors, and the directional response of each. In
some cases, the DOA can be fiducially estimated from
different (e.g., optical, radio, or neutrino) observations of
the same cosmic events (in this case one speaks of a
triggered search/observation).
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The possibility of reconstructing the waveform directly
from the (noisy) data, in a network of three or more
interferometers by solving an inverse problem was first
discussed by Giirsel and Tinto [25]. They also pointed out
the possibility of identifying the DOA by seeking the
minimum of a certain linear combination of the data
themselves. Such a combination (actually, N —2 such
combinations exist in a network of N nonaligned detectors)
is known as a Sagnac-mode or null-stream [26].

The Maximum Likelihood (ML) principle [23] can also
be invoked, in order to estimate unmodeled GWBs, using
the (unknown) waveform time samples (or projections on a
suitable functional set, e.g., sine-Gaussian waveforms
[38,40,43]) to parameterize the sought signals, and seeking
the supremum of the conditional likelihood ratio in the
related parameter space. The supremum is accordingly used
as a detection statistic, and its coordinates yield an estimate
of the signal possibly hidden in the data. This idea can be
traced back to Flanagan and Hughes [27] in connection
with the detection of unmodeled binary black hole mergers,
and it is known as the standard likelihood approach in the
GW data analysis literature [28,41].

In Gaussian noise, the standard likelihood approach is
equivalent to solving the Giirsel-Tinto problem via a
Moore-Penrose pseudo-inverse [44].

The waveform-reconstruction problem can be unfortu-
nately ill posed, due to source-position dependent rank-
deficiency of the network response matrix, as first emphasized
by Rakhmanov [29]. Ill conditioning entails several pathol-
ogies: the variance of the estimated waveforms may blow up
for some source locations in the sky, and produce widely
different responses in nearly (but not exactly) aligned detectors
(two-detector paradox [30]). Such effects can be mitigated,
using classical (e.g., Tikhonov, [29]) regularization, or
maximum-entropy approaches [31].

Summing up, a well developed general framework for
detecting unmodeled GWBs using a network of interferom-
eters is available, except for the underlying ubiquitous
simplifying assumption that the noise corrupting the data
is stationary and Gaussian. Various ad hoc ideas have been
proposed to deal with nonideal (glitchy) noise for the
important (but special) case of strong glitches, i.e., glitches
that can be individually detected against the (fiducially
stationary and Gaussian) noise floor. At the simplest level,
certain data stretches can be tagged as low quality, and
discarded whenever the presence of transient disturbances of
instrumental/environmental origin is detected [45]. The cut
threshold can be properly tuned for each detector so as to
minimize the estimated background rate of transient noise
glitches [4648].

In addition, the detection statistics appropriate to sta-
tionary Gaussian noise can be redefined taking ad hoc into
account the amount of local transient noise, so as to reduce
the false alarm probability (see e.g. [41]).
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More recently, Cornish and coworkers formulated the
detection problem as a ternary hypothesis test (the three
alternative hypotheses being the observation of Gaussian
noise only, of a noise transient in Gaussian noise, and of a
GW signal in Gaussian noise), in a Bayesian framework
[43,49,50].

This bears some similarity to the abstract approach
pioneered by Kadota for dealing with signals in the presence
of transient noise, according to which sporadic glitches
can be detected, then estimated, using, e.g., a maximum
a posteriori likelihood approach, and then subtracted from
the data before forming the likelihood ratio [51].

Available evidence suggests that in initial, as well as in
advanced, interferometers glitches occur with all ampli-
tudes, their rate of occurrence being higher the smaller their
amplitude (see e.g. [11,45,52]).

The effect of weak glitches is more subtle. Weak glitches
are not individually detectable against the noise floor, and
cannot be removed by vetoing. They occur with time-
varying rates (Cox processes [53]) and are responsible of
making the residual noise distribution non-Gaussian (heavy
tailed) and non stationary. Although the rate of strong
glitches has been reduced in advanced interferometers, the
rate of weak glitches is the same as in the initial LIGO [45].

It is therefore important to study the problem of network
detection of unmodeled transients under the assumption
where the noise in each detector is essentially heavy tailed.
This was long since recognized, as witnessed by the pioneer-
ing papers by Creighton [54], and Allen et al. [55,56], and is
the focus of the present paper. This is no nonsense, given
that, e.g. as shown in particular in [57-59], heavy-tailedness
spoils in a significant measure the performance of (network)
detection algorithms that would be optimal in the Neyman-
Pearson sense for stationary Gaussian noise.

This paper is accordingly focused on the detection (and
reconstruction) of unmodeled GWB using several non co-
located detectors, affected by an essentially non-Gaussian,
wide-sense stationary, glitchy noise. It completes the study
program initiated in [57-59]. The analysis in Sec. IV is
completely new, and the discussions in Sec. II and at the
beginning of Sec. VI add substantially to our previous
results. Hopefully, our results will providing non-obvious
insights, paving the way to deeper understanding of the
subject, useful for next generation data analysis pipelines.

We introduce a non-Gaussian noise model, including the
glitching component, capitalizing on Middleton’s seminal
results on generalized impulsive noise; we derive its
statistical properties, and show how it can be tailored to
model real detector noise, being dependent only on a few
gross glitch parameters, that can be easily estimated from
real data.

Next, we derive appropriate forms of the likelihood ratio
in the so called threshold or locally optimum approximation
[60], following a rigorous approach which makes no ad hoc
assumptions, nor does it rely on heuristic data flagging and
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post-processing checks, and formulate the related detection
and waveform reconstruction problems in general terms.

Finally, we present the results of numerical simulations
aimed at assessing the performance of the proposed locally
optimum detectors in realistic simulated glitchy noise,
whose parameters were fitted on purpose to the LIGO
5th Science Run (S5) data.

The paper is accordingly organized as follows. In Sec. II
we discuss in some detail the various non-Gaussian noise
components, and outline a simple but general, physically
motivated model of the non-Gaussian glitchy component,
whose statistics can be easily computed in principle.

In Sec. III we derive the likelihood ratio for a network of
interferometers, under the reasonable assumption of inde-
pendent noises in the instruments, and introduce the concept
of locally optimum detector in (generic) non-Gaussian noise.

In Sec. IV we extend the formalism to the detection
of unmodeled waveforms, for the simplest case of trig-
gered search (known direction of arrival). Two possible
approaches are worked out in detail, where the sought
unmodeled signal is either estimated from the data them-
selves, or treated as the realization of a random process.

In Sec. V we introduce robust implementations of the
proposed detectors, aimed at handling our incomplete
knowledge of the glitch noise distribution, due, in particu-
lar, to its nonstationary features.

In Sec. VI we present the results of extensive numerical
Monte Carlo simulations, to illustrate the performance of
the proposed detectors, and discuss the simplifying assum-
ptions made.

Conclusions follow under Sec. VII. A few formal devel-
opments ancillary to Sec. IV are collected in the Appendix.

II. INTERFEROMETER NOISE—TOWARD A
PHYSICALLY DRIVEN MODEL

The noise corrupting the data of large baseline inter-
ferometric detectors of gravitational waves exhibits a
number of typical features, which are common to all
instruments presently or planned to be in operation.
These features make the statistical properties of noise
markedly different from those of an ideal Gaussian sta-
tionary process.

The key properties of observed instrumental noise can be
characterized operationally as follows.

As a first nonideal feature, the power spectrum of raw
data contains many narrow band features (see e.g [61]).
Among these, it is expedient to distinguish those due to
coupling to power supply conduits, which occur at integer
multiples of the electric power-line frequency, from those
originating from the high-Q mechanical resonances of the
wire slings hanging the interferometer terminal mirrors.
The former cause substantial deviations of the noise
distribution from the Gaussian assumption. The latter,
known as violin modes, are linear responses to stochastic
excitations of the suspending wires/strips, and hence
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depending on whether such excitations are Gaussian
(Brownian noise) or not (e.g., creep noise due to material
dislocation [62]), they contribute a (narrow band) Gaussian
noise component, or a non-Gaussian one [63]. Efficient
algorithms have been developed for estimating and sub-
tracting from the data all narrow band features of known
origin [64-70].

After removing these features, a look at the data in the
time domain reveals the presence of further nonideal
features, represented by transient disturbances (glitches)
of environmental and/or instrumental origin. As already
mentioned, these are a key issue when it comes to detecting
unmodeled GWBs.

Most of the effort has gone so far into classifying
glitches, and tracing out their origin in the machines,
exploiting correlations of the main strain channel with
the numerous auxiliary channels. Little effort has gone so
far into modeling the impulsive (glitchy) noise component,
understanding the impact of the glitchy component on the
performance of Gaussian-noise tailored detectors, and
designing detectors appropriate to such noise. This paper
is aimed at moving steps in this direction.

A. A Statistical/Physical Model of Glitch Noise

Glitches have been carefully studied, as a major cause of
poor detection efficiency (see e.g. [71,72]). Much work has
been done on identifying generic glitch features, classifying
glitch waveforms [52,73-77], and tracing out their origin
[78-81].

Accumulating evidence suggests that glitches arise from
random transient environmental excitations hitting some
noise-susceptible detector subsystems, and reaching the
data channel through pathways characterized by specific
canonical (impulse) linear responses [82]. This picture is
corroborated by the experimental finding that most glitches
fall into a limited set of typical waveforms [79,83,84]. Its
conceptual foundations may be traced back to [85].

Denote the mentioned canonical responses (aka elemen-
tary glitches) as w;(t), i =1,2,...,L. In general, any
environmental disturbance (assumed for simplicity as
impulsive in time and localized in space) will enter the
instrument through several entry points, with different
strengths and different delays. Correspondingly, in the data
channel we shall observe a superposition of canonical
responses (i.e., a cluster of elementary glitches), viz.

- k k
w(t—tisa;) = ZAS )Wi(f - 91(' >),
i=1

(k)

where 0, = 1;, + Tl(-k), (1)

where t; is the random firing time of the primary disturb-
ance, and Agk) and 75") are the strength and the delay,
whereby this latter couples to the i—th instrument’s entry

point. In (1) g, represents the array of (random) parameters
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{A<.k),r,(-k)|i =1,2,...,L}, which determine the shape of

l
the glitch cluster.

Note that the A§k> in (1) are not independent, being due to
the same environmental disturbance identified by the index

k; the same is true for the r<k) i=1,2,...,L.

Whenever the GSk) in (1) fall in an interval shorter
than the typical time-width 6,, of the individual canonical
responses w;, the individual terms in (1) can not be
resolved by visual inspection. However Prony’s algorithm
86]] (or robust variants thereof [87]), and/or Independent
Component Analysis [88], may be used to single them out.

Glitch noise can be accordingly modeled, following
Middleton [89], as a generalized shot-noise, Viz.:

K]

v(t) = S wlt—t:ay). 2)
k=1

where K[T] is a random variable representing the total
number of primary disturbances occurring in the analysis
window ®, whose duration is denoted by 7, and the #; form
a set of random firing times. Equation (2) was introduced
in [57].

Different terms in Eq. (2) are due to independent
disturbances, so that it is reasonable to assume the f#; in
(2) as being independent and identically distributed (hence-
forth i.i.d.). We shall denote by 4 their expected number per
unit time. Experimental evidence indicates that 4 fluctuates
in time. We shall assume such fluctuations to occur on time
scales > T. Then, according to a theorem by Hurwitz and
Kac [90], the total number of terms in (2) will be ruled by a
nonhomogeneous Poisson process [53], with

_ (’_ITT)Q eXp(—ZTT)

probl(7) = 0] o

(3)

with Ay being the (local) average of A in the analysis
window.

The statistical properties of the glitch noise in (2) depend
notably on the product between A, and the typical time-
width 6,, (assumed < T) of the y functions in (1).

Available data from the LIGO data suggest that glitches
occur typically at rates which depend on their amplitudes,
smaller glitches occurring more frequently than larger ones.
Strong glitches, which are detectable against the noise floor
(using, e.g., a change-detection algorithm [91,92]), occur at
typical rates up to Ay ~ 1 s!, with /_1T9y, < 1.

Pruning the data from narrow band components and
strong glitches, leaves a residual noise floor which
has been pictorially described as an (adiabatically) breath-
ing Gaussian noise [93]. This noise is locally Gaussian
(in the operational sense of passing successfully some
statistical test of Gaussianity [94]) on sufficiently short
timescales (typically ~1 sec); its local variance fluctuates

PHYSICAL REVIEW D 95, 082006 (2017)

adiabatically on longer timescales; and its global 1st-order
distribution is markedly heavy tailed (non-Gaussian).

This may likely be an effect of weak (undetectable)
glitches occurring at relatively high(er) rates. Note that, in
the limit where A6, > 1, it can be shown that the
distribution of (2) becomes Gaussian, by virtue of the
Central Limit Theorem, irrespective of the individual glitch
shapes [89]. Hence, the higher-rate weaker glitches will
likely produce a globally non-Gaussian, but wide-sense
(nonstationary) locally-Gaussian noise component, whose
standard deviation fluctuates on the same time scales as the
underlying glitch rate.

B. Glitch Noise Statistics

The characteristic functions of the glitch noise model (2)
can be computed exactly up to any order [57,89]. For
subsequent developments we will need only the first order
one, which can be written

F (&0 = prob{K[T] = K}F,(E.K).  (4)
K=0

where F (&, t|K) is the conditional characteristic function

K

K) = E{exp[i€Y w(t—tza)l}. (5

k=1

Fy(&.t

The expectation E(-) in (5) is taken with respect to both
the firing times, 7, and the shape parameters, a;. Assuming
the pertinent distributions as time invariant in ®, and
k-independent, Egs. (5) and (4) become, respectively

Fy(&.11K) = B(&.0)*. (6)
and
Fy(&.1) = exp[N(B(£.1) - 1)]. (7)
where
B(&.1) = Efexp[iy (1 — 19; )]} (8)

and N = A, T the expected number of spurious transients in
©. From the characteristic function F (¢, 7) it is straightfor-
ward to compute the (central) moments of the process v,(7),

009F,(&.1)

Q)
= (—1 s

©)

which can be used, e.g., to approximate the PDF of v,(¢)
using Edgeworth expansion [95]. The first four central
moments are explicitly given by
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= E[g(1)] =

uy!) = NE[y(t - 19:3)).
u§) = Elg(1)?) = NE2[y (1 — 16:)) + NEW? (¢t — 16: )],
u§) = Elg(t)’] = N E*y(t — 15:a)]
+ 3N2E[y?(t — to; a)|Ely (t — to; a)]
+ NEA (1 - 15: )],
us) = Elg(n)*] = N*E*[y(t — 15:a)]
+6N3E2 [y (t — ty; @) | E[y? (1 — to; a))
+ 3N2E% [y (t — ty; a)]
+ 4N Ely (1 — 10:@)|E[y(1 - 10: )]
+ NE[* (1 - 15:)]. (10)

where, again, the expectations are taken with respect to
both ¢, and a.

The first order probability density function (henceforth
PDF) of the process v,() can be obtained in principle from
(7) by inverse Fourier transformation. The latter, however,
can be exceedingly difficult to evaluate in analytic form.
In practice, it is expedient to adopt a Gaussian-mixture
approximant [96] to the sought noise PDF, viz.,

flx) = Zﬂi”G(ﬂivdi;X)’ (11)

where v is a N(u;, 0;) density, and _.7; = 1. Gaussian
mixtures are effective in representing a wide class of non-
Gaussian noises [97]. Efficient (ML) algorithms are avail-
able for estimating the mixture parameters from given noise
samples [98,99] based both on frequentistic and Bayesian
[100] arguments. Typically, only a few terms in (11)
are required to reproduce generalized shot noises with
high accuracy (in terms, e.g., of distributional distance)
[101]. In all cases considered hereinafter, three terms were
enough [58].

C. A Realistic Noise Model

Summing up, on the basis of available results, the noise
corrupting the data streams of large baseline interferometric
detectors of gravitational waves presently in operation can
be regarded as consisting of three additive terms:

n(t) = nyp(t) + ny(t) + naoor (1), (12)

representing, respectively, a narrow band component (1),
a strong (detectable) glitchy component (), and a residual
component (nq,,,) Which is still globally non-Gaussian,
while being locally Gaussian (with long-term fluctuating
variance) on short time scales.

Remarkably, none of these terms is described by a
Gaussian stationary distribution, although the first and
last term may include such a component, accounting
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respectively, for the Brownian excitation of the violin
modes, and the pure thermal (Johnson) stationary noise
in the instrument.

While the first term in (12) can be effectively disposed
prior to data analysis, the non-Gaussianity of the remaining
two terms should be properly gauged, and duly taken into
account when designing and evaluating GW detection
algorithms.

On the other hand, most data analysis pipelines currently
in use merely adopt ad hoc data laundering and quality-
based vetoing procedures aimed at identifying and dis-
carding glitchy data, before applying detection/estimation
tools which are designed to work (and are guaranteed to be
optimal) only in Gaussian stationary noise.

D. A Working Toy Model for Glitches

Building a glitch noise simulator based on (1), (2)
requires identifying the elementary glitches (canonical
responses) w;, and estimating the joint probability distri-
butions of the A; and 7; in (1), from real glitchy data. This is
a nontrivial task, but all needed tools are available.

Luckily, such an accurate knowledge and modeling of
glitch noise is not needed for setting up and testing the
locally optimum detectors discussed in Secs. III-V. Indeed,
as we shall see, in order to implement the locally optimum
detectors, discussed in Secs. III-V, only the 1st order noise
PDF is needed, and only a few gross features of this latter
are relevant. These features, as already noted in [57] are
almost independent from the details of the glitch wave-
forms in (2), being basically affected only by the expected
distribution of the glitch amplitudes, and the rate 1 at which
glitches occur.

Hence, we shall make here a simplest modeling
assumption, which is still adequate for our present purposes.

In [57-59] we accordingly used Gabor time-frequency
atoms [102], better known as Sine-Gaussian (SG) wave-
forms in the GWB Literature, to represent the y functions
in (2),

(1 - fo)z}.

207
(13)

Wt = 10:3) = Agsin 2ot — 1) + o] exp [—

Time-frequency atoms [103] are over-complete function
sets, which can be conveniently used to represent generic
transient waveforms [104]. They capture the most relevant
feature of generic glitches, namely their almost compact
time-frequency support. The shape parameters of Gabor
atoms include the glitch amplitude A, center frequency f
and time spread o, [105]. The distribution of these
parameters was estimated in [57] from a bunch of observed
glitches (the LIGO Q-pipeline triggers) of the Sth LIGO
Science Run.
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First order PDF of non-Gaussian glitchy noise model, Eq. (2), superimposed to N(0, 1) white Gaussian noise. Glitches are

modeled as in Eq. (13)—see Sec. II D for details. Top: different values of 4; SNRI(T?;X = 10%. Bottom: different values of SNRfﬂx;
4 =0.5s7". Close-ups in the insets. The shown PDFs are even, and only the x < 0 range is shown.

Figure 1 shows the (Ist order) PDF of the random
process obtained by adding white N (0, 1) Gaussian noise to
the random process in Eq. (2) generated using (13), for
different values of the glitching rate A and of the maximum
SNR of the glitches against the Gaussian floor, henceforth

denoted as SNRSEQX.
In Fig. 1, the glitch SNR is assumed as uniformly

distributed in [0, SNR'%),], the initial phase ¢, as uniformly
distributed in [0, 27], and the distributions of f(, and o, are
the same as in [57].

We checked that the relevant gross features of the 1st
order PDF of the random process (2) are basically the same
when using either Gabor atoms (13), or the typical glitches
from the database in [79], selected randomly according to
their frequency of occurrence, whenever the glitch rate and
SNR distribution are the same.

In Sec. VI we shall accordingly use the above toy model
of glitch noise to test our proposed network detectors of
unmodeled signals in a glitchy background.

III. DETECTION OF KNOWN SIGNALS WITH
MULTIPLE SENSORS

Detection of known signals using multiple sensors is a
well established topic in Engineering Signal Processing,
originally developed in connection with radar surveillance.
Two main data analysis strategies can be envisaged in this
context, known as distributed and centralized. Several
(e.g., tree or serial) fopologies of distributed analysis exist
(see [106] for a broad review), differing basically by the
extent to which local decisions are taken based on the data
collected at each sensor, and the way the data/decisions are

eventually combined in order to construct a final decision
rule. Conversely, in the centralized approach, the data
gathered from all sensors are sent to a central unit which
merges them to form a single statistic, which is used to
reach a global decision.

Coincidence-based (or noncoherent) network data analy-
sis methods can be regarded as a special case of distributed
detection. Coherent methods on the other hand follow a
centralized philosophy.

We consider the general case of D advanced detectors.
The possibility of operating them as a single multisensor
GW observatory is of paramount importance in the per-
spective of GW astronomy, and it is almost mandatory for
detecting unmodeled GW bursts in an impulsive (glitchy)
noise background.

The coherent strategy for detecting a GW signal, using a
network of D interferometers, can be formulated as a binary
decision problem between the alternative hypotheses H,,
and H,; as follows,

d=1,...,D,

{HOZ V,=ny (14)

H:V;=S;+n,

where boldface denotes vectors of N time-samplese.g. V, =

V.V oo sVan Jowith Vi = V(1) .k =1,....Ng;ny

is the additive noise corrupting the data gathered by detector-

d, and S, is the GW signal received by the same detector.
For a plane gravitational wave with transverse traceless

(TT) components h, (7,1) and h, (7, 1),

Ss = F}(Q)h; + F(Q)hX, d=1,...

,D,  (15)
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where F(Q,) and F%(Q,) are the pattern functions
describing the directional response of detector-d, Q =
(8, ) is the location of the emitting source on the
celestial sphere, and h)}” are the linearly polarized TT
wave components at detector-d, whose position is denoted
by ?d'

In the following we restrict to the case of triggered
detection, where the DOA is fiducially known from differ-
ent (e.g. optical, radio, or neutrino) observations [107]. It is
expedient to introduce the quantity

b ={ [ 120+ 01} a0

and define a GW strength parameter € > 0, such that
h)” = 6h;™, and h,, = 1. Also, before the subsequent
processing steps, we assume that the output of detector-d is
time-shifted by the (DOA dependent) delay between the
wavefront arrival times at 7 = 7, and 7 = 0 (taken coinci-
dent with the Earth center), viz.,

7(Q) = ' 7y, (17)

where 71 is the unit wave-vector and c the speed of light in
vacuum.

The noise process n, affecting the output of detector d, is
described by a generic multivariate distribution fy (-),
representing the joint PDF of N, noise time samples. It
is reasonable to assume the noise processes in the data from
different detectors as independent, in view of the large
separation among the instruments. We further assume
throughout this section that the noise process in any
interferometer is stationary on timescales exceeding the
width of the typical analysis window.

The optimum decision rule for the problem in (14) (in
the Neyman-Pearson sense of yielding the minimal
false-dismissal probability at a prescribed false-alarm
probability) is based on computing the Likelihood Ratio
(henceforth LR) test statistic [23], viz.

D (d) _AQ
A = d:lfll (Vd Hsd)’ (18)

12, A2 (Va)

where S, is the response (15) of detector d to i}, hX, and
comparing it to a false-alarm dependent threshold.

We shall henceforth assume that the noise in all
interferometers has been properly whitened so that the
noise time samples at the output of any detector d are i.i.d.,
so that [108]

N.Y
V) = Hfi(zd)(vdk)» (19)
k=1
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where f S,")(-) denotes the PDF of a single noise sample at
the output of detector d. Taking the logarithm of the LR
(18), we accordingly get the equivalent (sufficient [23])
statistic

(g £V g = 068 a] =g £V ]}

D N,
¥ =IgA=
=

1 k=1
(20)

Note that (20) is the sum of the detection statistics of the
individual detectors. For the very special case of Gaussian
noise, a uniformly most powerful hypothesis test exists,
yielding the highest detection probability at a fixed false
alarm probability irrespective of the actual (unknown)
value of 0 > 0, based on the well known (network)
matched filter or linear correlator statistic [23],

D QT
Np=Y Y3 @)
a=1 %d
where o, is the (Gaussian) noise standard deviation in
detector-d.

It is worth noting here that the data analysis tools used in
the first detections are essentially based on the following:
(i) the removal of strong (detectable) glitches using data
quality flags and vetoes [11,45]; (ii) an estimate of the false
trigger rate using the time-slide method [109]. These are
followed for unmodeled signal searches [110], by (iii) the
selection of time-consistent triggers featuring excess power
in the time-frequency plane (cWB [41] and oLIB [40]
pipelines), followed by (iv) a waveform estimation based
on the template-free constrained likelihood (cWB) or
Bayesian inspired sine-Gaussian wavelet reconstruction
(oLIB), and (v) the follow-up analysis (BayesWave
[43,49,50]) of cWB triggers, comparing the marginalized
likelihoods of three alternative hypotheses where the
identified trigger data consist either of Gaussian noise,
or glitch(es) in Gaussian noise, or GW in Gaussian noise.
For modeled signal searches [111], triggers originate
instead from (vi) template-based maximum likelihood
detection and estimation (PyCBC and Gst-LAL pipelines)
[111,112]. While the above framework proved to be
effective in the detection of the (relatively bold) first
event(s), it is not exempt from conceptual limitations,
namely: (i) data vetoing trims a small yet possibly inter-
esting fraction of the data; (ii) the time-slide method, while
being free from strong modeling assumptions about the
noise statistics, is poorly resilient against noise nonstatio-
narities [113]; (iii) all pipelines use detection statistics
appropriate for Gaussian and stationary noise, which is not
realistic, modified ad hoc to discriminate spurious (glitch)
transients. For example, PyCBC and Gst-LAL use suitable
versions of the y? veto introduced in [114], while the cWB
uses a suitably weighted network SNR, emphasizing the
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ratio between the coherent and incoherent (noise) energy in
the data stream [110]; and last, (iv) the ternary hypothesis
test in the Bayes Wave pipeline leaves out the possibility that
a true GW signal might coexist with glitches, and hence be
effectively embedded in non-Gaussian (heavy-tailed) noise.

This paper discusses network detection/estimation sta-
tistics appropriate to an essentially non-Gaussian back-
ground, and tests them using simulated, yet physically
inspired, glitchy noise.

Several studies focused on the effect of essential (i.e.,
nonremovable) non-Gaussianity of the noise floor, which
spoils, in a significant measure [57-59], the performance of
(network) detection algorithms that would be optimal (in
the Neyman-Pearson sense) for stationary Gaussian noise.
In [115] different consistency tests augmenting matched
filter data analysis, aimed at discriminating non-Gaussian
noise artifacts, were tested. In [116] it was shown that
performance degradation due to noise non-Gaussianity is
worse in networks comprising nonaligned detectors, as,
e.g., the LIGO-Virgo. In [117] it was shown that multi-
variate analysis (implemented via a boosted decision tree)
may improve the performance of a network detector
(X-pipeline) in the presence of nonideal noise features.
The importance of proper assessment and modeling of non-
Gaussianity of GW detector noise in the perspective of
detecting low-SNR events has been recently re-emphasized
in [118], where a simple (t-Student distribution based)
measure of heavy tailedness was used to reveal the sta-
tionary and transient deterioration of Gaussianity in the
LIGO data. Numerical simulations in [119] suggest that
for suitably strong signals, parameter estimation may not
be hindered by nonideal (nonstationary, non-Gaussian)
noise features. However, this is certainly not the case for
relatively weak (threshold) signals.

For an arbitrary non-Gaussian noise, a uniformly most
powerful test does not exist in general. One possibility to
overcome this difficulty, in the spirit of the least favorable
case philosophy (see [23]), consistent with our expectations
of dealing with weak GW signals, is to seek weak signal
optimality, by maximizing the slope of the test power at
6 = 0, for a given false alarm rate. The resulting statistic
and detector are called locally most powerful or locally
optimum (henceforth LO) [120].

A. Locally Optimum Network Detector

The locally optimum network statistic for the problem
(14) is given by [120]

ALO) —

e £V, — 65
gf (dk dk>|9:0

g~

= 1=
NERNNE

Sdkg(L‘g(de), (22)

~
I
-
1SS
I

1

where
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7(d)

(@) :—21 @ g __fa' () 23
gLO(x) 90 gfn ( )|9:x fSld)@C) ( )
is a nonlinear function obtained from the (first order) noise
PDFE. The statistic (22) can be recognized as the first

coefficient in the Taylor-MacLaurin expansion of (20) in
powers of 6, i.e.,

D o qeq s
ea=3 3 E [stkd Hoe A1 |.

d=1 g=1 x=V 4

(24)

which yields a simple interpretation of 1g A as a linear
superposition of an infinite number of linear correlators
acting on suitable memoryless nonlinear transformations of
the data. This is known as a threshold expansion [60],
where threshold refers to the limit of detectability. The
locally optimum statistic is defined in general [120] as the
lowest-order nonvanishing term in (24). The LO statistic
can be cast in the following simple form

D
9= g4Vd-Si. (25)
d=1

where a superscript 7" denotes the transpose, and we used
the shorthand

24V = {80 (Va), 6D (Vi) o 9D (Varn )} (26)

Equation (25) is clearly reminiscent of the linear correlator
in Eq. (21), except that in (25) the data are preliminarily
filtered by the static nonlinearity (23). Loosely speaking,
the latter acts by trimming off large data samples likely due
to strong glitches, which make the noise PDF heavy tailed.

For N(0, 6,) stationary white Gaussian noise, gl(fg (x) =
x/o% and Eq. (25) gives back (21).

The locally optimum detector (henceforth LOD) is
obtained by comparing the LO statistic (25) to a threshold
which depends only on the prescribed false alarm proba-
bility. The LOD can be proved to be asymptotically optimal
in the limit where 8 — 0 and N, — oo [120].

To the best of our knowledge, the LOD concept was
introduced in the GW data analysis literature by Creighton
[54], and discussed in considerable depth by Allen ef al. in
[55], and [56], where it was notably stressed that the LOD
structure emerges naturally both in a frequentist and a
Bayesian framework. We applied the LOD concept, per-
haps for the first time, to the problem of detecting
unmodeled GWBs in a network of interferometers affected
by non-Gaussian noise [58,59].

In Fig. 2, the functions g; o(x) obtained via (23) from
the PDFs shown in Fig. 1 are displayed. It is seen that
gro(x) is linear in an interval around x = 0 where the 1st
order noise PDF does not depart significantly from a
Gaussian distribution.
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FIG. 2.

(b)

(a) The function g; o in Eq. (23) computed for the PDFs in Fig. 1. The displayed g; o functions have odd parity, and only the

x > 0 range is shown. (b) Piecewise linear approximations of the function g; o in Eq. (23). Top-left: hard limiter [121]; top-right: noise
blanker [122]; bottom-left: composite [123]; bottom-right: signum [124].

IV. NETWORK DETECTION OF
UNMODELED GWBS

In principle, we could capitalize on a priori available
information about the sought GWB waveforms coming
from general-relativistic numerical simulations [125], to
construct templates of the sought signals to be used in (25).
However, the available numerically computed waveforms,

besides being difficult to parametrize in a physically
meaningful way, apply only to a few specific classes of

sources, so that their use as templates would likely yield
poor detection efficiency. Therefore, it makes more sense to

assume that no information at all concerning the sought
waveforms is available, and to seek detection schemes
which may work well, irrespective of the actual shapes of
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the sought signal. In this perspective, two basic approaches
are possible: (a) estimating a suitable set of parameters
uniquely describing the signal, possibly hidden in the data,
from the data themselves; (b) looking at the sought signals
as realizations of a random process. In the next two
subsections both approaches will be discussed.

A. GWBs as Unknown Deterministic
Signals—Waveform Estimation

Under the assumption of no available a priori informa-
tion, a possible set of parameters uniquely describing the
GWRB signal are the very time samples of its polarization
components, i.e., {h, A}, V k=1,...,N,. This choice
leads to the standard likelihood approach discussed in [28].
For an observational window including N time samples
from D detectors, there are, accordingly, 2 - N, unknowns
to be estimated from D - N time samples. Under the
assumptions made in Sec. 1V, it is readily seen that the
estimation problem breaks up into N (formally identical)
uncoupled problems, each yielding 2 unknowns (/; and
hy) from D data (V,d =1,2,...,D).

The following remark is in order here. The maximum
likelihood estimator is asymptotically optimal (in the
Cramer-Rao sense [23]) when the number of data goes
to infinity. In our case the number of data is D, which is
only a few units. We may thus expect a poor performance of
the standard likelihood estimator, irrespective of whether
the noise is Gaussian or not.

On the other hand, if we had a model (even a phenom-
enological one) for the sought GWBs using only a finite
number P of parameters (e.g., the principal components, as
suggested in [125]), we would face the problem of
retrieving P unknowns from D - N time samples [126].
The estimate would be accordingly accurate for N, large
enough, being asymptotically optimal for Ny — oo, at the
expense of being most likely workable only numerically.

Letting H = {h*, h*} the vector of unknown GW time
samples (at 7 =0), the ML estimator maximizes the
conditional PDF of the data f(x|H) over the space where
H is supposed to lie, x being the actual realization of the
noisy data. The coordinates, ﬁML, of the supremum of the
likelihood ratio in the parameter space provide our estimate
of the signal parameters, and the supremum itself is used as
a detection statistic. In the signal processing literature this is
known as the Generalized Likelihood Ratio (GLR) [23].

The ML estimator of H, under the made assumption of
i.i.d. noise samples, is accordingly given by

~ argmax DN, d
Ay = H [[][A"Va-Sa)
d=1 k=1
argmin D N (d
=-H Y > lefi’(Va—Sa).  (27)
d=1 k=1

PHYSICAL REVIEW D 95, 082006 (2017)

where Sy = Fh; + F%hy. For Gaussian noise, Hy is
obtained by minimizing the following quantity

R ZD: (Var — Sar)? ’ (28)

which is the sum of the oﬁ—weighted squared residuals of
the linear systems

Vi =Fhy, Yk=1,...N, (29)

where
V(k) = (Vlk’ Vzk...VDk)T, (30)
hy = (g hp)". (31)

and F is the D x 2 network response matrix, defined as
follows

Fy Fy
Ff F%

F=| * ? (32)
Fj Fj

In this case, the ML estimator is the weighted least squares
solution of (29), viz.
Vk=1,..

by = (F'F)"'FTZVy, N (33)

where X is the D x D diagonal matrix with £; = 672,
i=12,..D.

If the noise is non-Gaussian, the rhs of Eq. (27) yields a
different (nonquadratic) measure of the residual error of
(29), whose minimization can be quite complicated.

In this case the accuracy of the LS solution (33) is much
too sensitive to the tail behavior in the noise PDF to even be
useful as an approximate solution. Several error metrics
have been proposed for inverting over-determined linear
systems like (29), for the case where the noise in the data is
non-Gaussian, including absolute, truncated quadratic, and
bisquared error metrics [127]. A general framework for
constructing such error metrics, while taking into account
possible ill-conditioning of the problem, has been dis-
cussed in [128], based on the minimization of the Kullback-
Leibler distance (mutual information) between the actual
and estimated noise distribution. In practical cases the
actual non-Gaussian noise distribution will be only loosely
specified, due, e.g., to nonstationarity in time, suggesting
the use of robust estimators [129], which are not too much
sensitive to uncertainty and/or fluctuations of the noise
PDF in a given class.
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Hereafter, in order to have a manageable expression for
the ML estimator, we shall exploit again the weak signal
assumption. Expanding the Likelihood Function to be
maximized in Eq. (27) up to the second order we obtain:

d X [, X
Zgﬁ(%(vdk)(F;!_hz_ + Fihg)

1 d=1
+ (FXhy)? + 2F F3hhy], (34)

where

) 2 (), 2
F(L‘g(x) = led)( = <j:gd) Ex§> : (35)

Setting the partial derivatives of the LR with respect to the
unknown h,f and Ay equal to zero, we obtain a linear
system whose solutions are

le 1gL0 (Va) U Fi =T Fy)
1++1x>< (1+><)2

9
Zd ROV I F =17 F%)
I++1xx (1+><)2

where

D
I =3 T (Va) (F))?

d=1
D
Z o(Va) (F3)?
d=1
I = r£3<vdk>FdFd (37)
d=1

The Eqgs. (36) are Locally Optimum Estimators (hence-
forth LOE) of &;, hj. It can be shown that if the number
of data D in (36) is sufficiently large, and the GW
amplitudes &, h, are sufficiently small (O(D~'/?)), the
LOE is asymptotically normal and efficient, in the Cramer-
Rao sense [130-132].

The Egs. (36) can be written as follows

h) = (FTZF)'Flgk=1....N,,  (38)

where

1 2 D T
g = (L0 (Vie) oo (Vo) oo (Vo) 's (39)
and X is a diagonal D x D matrix, whose nonzero

elements are ZE% = —F%(de). Equation (38) shares the
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same structure as Eq. (33), derived in the Gaussian noise
case, except that here the matrix X depends on the time

sample k, and the data are preliminary filtered through the
(d)

g1.6(+) functions. Whenever the matrices X ;) are negative
semi-definite, the estimator in Eq. (38) minimizes a

generalized weighted squared residual.

For Gaussian noise g\‘) (x) = x/02, and T (x) = —72,

and Eq. (38) gives back Eq. (33). Also, Eq. (33) reduces to
the Moore-Penrose pseudo-inverse based solution [44], viz.

A

h(k) = (FTF)_IFT‘_](](>, V k - 17 "'9NS’ (40)

where
v(k) = (Vu/o1, V2k/0'2-~-VDk/GD>Tv (41)
and
F1+/61 Fi/oy
o | File Fijo @)

FB/UD F§/op

are the noise-weighted counterparts of Egs. (30) and (32).

1. Regularization

The network response matrix can be ill conditioned in
some regions of the celestial sphere [29], and the variance
of the corresponding estimator of h can accordingly blow
up dramatically. Given a general linear system

b:

[11

h, (43)

it is well known that the error Sh in the solution h can be
fairly larger than the error 6b in the data b. The following
upper bound exists

|5h|| = Iob]]
CRIRsaTer) “
where b(© and h() are the noise-free data and solution, and
cond[E] = ||E||||E~"|| is the condition number of matrix E,
given by the ratio between its largest and smallest (absolute)
eigenvalues [133,134]. Thus, even for mild ill conditioning
(condition number ~10), waveform reconstruction via (33)
can be badly inaccurate [135].

Several approaches have been proposed to mitigate this
problem [28,31]. In the simple regularization scheme, 4 la
Tikhonov, one minimizes the following quantity

R + yhQhT, (45)

where R is the (generalized) residual of the linear system in
Eq. (43), and © and y are the so called regulator matrix and
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intensity, respectively. This approach results in adopting a
regularized pseudo-inverse, such that

(B)rg = B'ZE + Q)7 (40)

where X is the diagonal matrix of the nonunitary weights of
the squared residuals. In its eigenvector space E/ £E reads

0
(ﬂl >’ (47)

0
where u;, are the eigenvalues [136], with p; > p,. Il
conditioning occurs when |u;| ~0. Rakhmanov in [29]

proposed using a regulator matrix, which, in the same
vector space, can be written as

<8 (/42:“1)?/2—/.41> (48)

and showed that a judicious choice of y € [0, 1] can make
the condition number of the rhs of (46) as close to unity as
desired. Obviously, some price is paid, represented by a
bias in the waveform estimate (see [29] for a discussion).

Using the regulator (46) in (38), and the resulting
estimate to compute the detection statistic (25), we obtain
the locally optimum (LO) form of the generalized like-
lihood ratio, GLR, viz.

Z Z pk gLO de

k=1 d.d

GLR(O) — D V). (49)

where p¢? is the (d,d')-element of the D xD

matrix P, = F(E) . F.

The generalized likelihood ratio for Gaussian noise,
denoted as GLRg, is obtained by using the regulator
(46) in Eq. (33), and substituting the resulting estimate

in the detection statistic (21).

B. GWBs as Random Signals

The complications affecting the estimation process dis-
cussed in Subsection IV A, can be avoided if the sought
signals are regarded as realizations of a random process.
Adopting a maximum uncertainty attitude, we may con-
sider hj(r) and hj(r) as independent and identically
distributed random processes, with zero mean and impul-
sive autocorrelation, so that

E[S4]=0, Yd=1,....DVk=1,....N
E[Sdkspm]:de5k_m, Vd,p:L,D Vk,n’l:l,,_,,NY
(50)

where
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Rap o (F{F} + FF}), (51)
up to an irrelevant multiplying factor. Under these assump-

tions, the LO form of the LR statistic first derived by
Kassam [137] becomes (see Appendix for details)

D
AL = Z DV 40)
k

d=1 k=1 fn

+22 Z RapgalVdl - gp[V,]". (52)

=1 p=d+1

Y EO (V)
\7

The first term in (52) can be large even if the data consist
only of spurious transients in the output of individual
interferometers. The second term, known as Generalized
Cross-Correlation (henceforth GCC), on the other hand, is
a measure of the correlations between the outputs of
different detectors in the network, and is nonzero only if
the data contain signals of the same astrophysical origin.
Thus, following Kassam, we shall drop the first term in (52)
and keep only the second to form the detection statistic,

D D
GCC =YY" RygiVd-g, V7. (53)
d=1 p=d+1

The structure of (53) is similar to that of (49), differing from
this latter due to the absence of the diagonal terms.
Interestingly, the R, coefficients in (53) display a very
similar dependence on the source position (DOA), as the
off-diagonal coefficients in (49), as shown in Fig. 3.

For Gaussian noise, Eq. (53) becomes a sum of linear
correlators, henceforth denoted as LCC,

LCC = Z Z dea '02' (54)

d=1 p=d+1 d p

Remarkably, computing the GCC statistic requires no
matrix inversion, and accordingly no ill-conditioning path-
ology may occur. On the other hand, the GCC provides no
information about the shape of the detected signal, and as
such it qualifies for pure detection purposes.

V. ROBUST IMPLEMENTATIONS

In Sections IVA and IVB we derived the locally
optimum GLR and GCC detectors assuming the first order
PDF of the noise processes affecting the output of all
antennas as perfectly known. Unfortunately, this is not a
realistic assumption. In practical cases the noise will be
nonstationary in time, and its PDF will be loosely known.

Whenever the noise distributions are not precisely
known, or are varying in time, a workable approach
consists in identifying a functional class where the noise
distributions can be assumed to lie or fluctuate, and
adopting a detector which performs well (in a sense to
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FIG. 3. Left column panels: sky maps of the coefficients p? in Eq. (49); right column panels: sky maps of the coefficients Rgp in
Eq. (53). The top, middle, and bottom row panels correspond to the HI-L1, H1-Virgo, and L1-Virgo indexes, respectively.

be specified below) over the whole class. Clearly, the We shall focus here on the class of noise distributions
coarser the knowledge about the noise, the wider the class (henceforth denoted as C) whose first order PDF can be
to which the noise supposedly belongs. We speak of robust ~ written:

detectors whenever the noise distribution is known to lie in

a neighborhood of some nominal function. Fu(x) = (1—¢)fn(x) + eh(x), (55)
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where fy(x) is N(0, 65), h(-) is a generic zero-median non-
Gaussian probability density, and € € [0, 1] is a mixture
parameter. The noise PDF discussed in Sec. II can be
recognized as a special case of (55), where

€ =1—exp(—4T) (56)
and [see Eq. (7)]

eh(x) = FL {exp(=AT)[exp(ATB()) — 1]} * fu ().
(57)

F being the Fourier transform operator, and * denoting
convolution.

In order to implement a robust detector in C, we follow
the Min-Max strategy, i.e., we use for all noises with PDF in
C the best (LOD) detector corresponding to the worst noise

distribution [129]. The least favorable f,(x) € C is the one
which minimizes the Fisher information [129]

mir) = [Tanw(PE). o

o n(%)

Correspondingly, the detector performance (namely, its
power, at fixed false alarm level) for any other f, € C
will never be worse than that for f - It can be shown that the
least favorable distribution in C has the following explicit
form [138]

~n — exp [_Q('x)] , (59)
GG V 27[
where
& x| < K
gx) =14 ¢ , (60)
L. w2k
G G

and thus consists of a central Gaussian bulge merging, for
|x| > K, into exponential tails. The locally optimum non-
linearity computed from (23) using Egs. (59), (60) is the
hard limiter (henceforth HL) function [121],

BANE
g (x) = —E = {ngn(x),

The corresponding locally optimum coefficient (35)
obtained using (59) and (60) is [139]

<K
x| > K’

(61)

z K 2
Snlx Sn(x _6_2’

FHL(x):~<)_ ~() — G
fu(¥) \fulx) 0,

In (61), sgn(-) is the Dirichlet signum function, and the

parameter K is related to € by [138]:

lx| < K
x| > K’

(62)
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1

2
R R N I

which follows from the obvious unit-area property of f
Equations (63) and (56) can be combined to relate the
parameter K in (60) to the glitch-rate 4,

/_ZfN(x)dx +%fN(K) = exp(4T). (64)

If the glitch rate fluctuates in [0, 4,,,,], and all other relevant
noise parameters are assumed known, the least favorable
distribution is obtained by using the largest admissible A
in (64).

The Min-Max robust implementation of the locally
optimum GLR and GCC network detectors (Eqgs. (49)
and (53), respectively, over the broad class C of noises with
PDF given by (55), is thus obtained using (61) in place of
(23) and (62) in place of (35), with K given by (64).

We mention in passing that other piecewise-linear
approximants of the LO nonlinearity have been proposed
besides the HL, including the so called noise blanker [122],
and composite nonlinearity [123], sketched in Fig. 2(b). All
of these piecewise-linear functions are clearly reminiscent
of the optimal g;o(x) nonlinearities shown in Fig. 2(a).
Heuristic prescriptions for setting the breakpoints, levels,
and slopes in these approximate nonlinearities are dis-
cussed, e.g., in [123].

A rather special role is played by the signum non-
linearity, also sketched in Fig. 2(b). The signum non-
linearity is the locally-optimum one, Eq. (23), for the rather
extreme case of Laplace (double exponential) distributed
noise [140]. The Laplace is the least favorable distribution
in the extremely wide class of PDFs having zero median,
and the signum nonlinearity LOD is accordingly a para-
digm of nonparametric detector [124,141].

The GCC statistic (53) using the signum nonlinearity is a
generalized polarity-coincidence statistic [120].

The GLR statistic, on the other hand, can not be
implemented straightforwardly for Laplace distributed
noise, because the corresponding I'jo(x), Eq. (35), is
identically zero [142]. Remarkably, even the simplest non-
parametric signum-detector, which can be regarded as a
fiducially minimum-performance detector, may outperform
the linear correlator in simulated non-Gaussian noise.

VI. NUMERICAL SIMULATIONS

Before illustrating the results of numerical simulations
aimed at evaluating the performance of the network
detection statistics discussed in the previous section, some
remarks are in order to justify the simplifying assump-
tions made.

The comparative performance of threshold detectors can
be conveniently gauged in terms of their asymptotic
relative efficiency (henceforth ARE), viz. [143,144]
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FIG. 4. Mollweide maps of detection thresholds for a false alarm probability of 1072, Non Gaussian glitchy noise with A = 0.5 s/,
SNRY, = 10%. Top: GLR(M©) detector, Eq. (49); bottom: GCC detector, Eq. (53).

ARE(a,f) = lim 22(@/.0)

, 65
yicrs Ni(a.p) (65)

where N is the number of data samples used by some
reference algorithm (e.g., the linear correlator) to achieve a
false-dismissal probability S, at a prescribed false-alarm
probability a, N, is the number of data samples used by the

f

(a_a)

D

/

FIG. 5.

(b_a

detector under test, and 6, is the signal strength defined in
Sec. III.

The ARE was introduced in [ 145], where it was also proved
that the LOD (25) and the strictly optimal NP detector (20)
have equal AREs, and its use as a synthetic detector
performance index was validated by extensive simulations
[146]. Under thei.i.d. assumption, the ARE with respect to the
linear correlator can be computed in closed form, yielding:

0.8

76

0.6

04 |

(a_b)

(b_b)

(a) Mollweide maps of detection probability at a false alarm level of 1072; linearly (+)-polarized GWB with 8, = 20. Data

corrupted by pure Gaussian noise. Top: Gaussian-noise version (GLR) of generalized likelihood ratio detector, Eq. (49); bottom:
Gaussian-noise version (LCC) of generalized cross-correlation detector, Eq. (53). (b) Mollweide maps of detection probability at a false
alarm level of 1072; linearly (x)-polarized GWB with §;, = 20. Data corrupted by pure Gaussian noise. Top: Gaussian-noise version
(GLRy;) of generalized likelihood ratio detector, Eq. (49); bottom: Gaussian-noise version (LCC) of generalized cross-correlation

detector, Eq. (53).
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(a) Mollweide maps of detection probability at a false alarm level of 1072; linearly (4-)-polarized GWB with §, = 20. Data

,&ﬂx = 10%. Top: Gaussian-noise version (GLR) of generalized

likelihood ratio detector, Eq. (49); bottom: Gaussian-noise version (LCC) of generalized cross-correlation detector, Eq. (53).
(b) Mollweide maps of detection probability at a false alarm level of 1072; linearly (x)-polarized GWB with §;, = 20. Data corrupted by

9)

non-Gaussian glitchy noise, with 4 = 0.5 s7L SNRI(][lax = 102 Top: Gaussian-noise version (GLR) of generalized likelihood ratio
detector, Eq. (49); bottom: Gaussian-noise version (LCC) of generalized cross-correlation detector, Eq. (53).

_ 05 [[ %% dxg(x) f (X))
% dxg? (x) £ (x) = [, dxg(x) fu ()
where f,, and o are the first order noise PDF and the standard

deviation of the Gaussian noise component in (55), respec-
tively, and g(x) is the (nor necessarily LO) nonlinearity used

ARE (66)

to implement the threshold detector. The optimal choice g =
gio = f/f yields the following upper bound for the ARE:

ARE, o = 65 Z1f ). (67)
where Z[f,] is the Fisher information, Eq. (58).

A considerable body of technical literature deals with the
way ARE depends on the features of the noise PDF, and
with the (related) problem of ARE degradation due to the
use of approximate (in particular, robust) implementations
of the nonlinearity g. The main conclusions of these
investigations can be summarized as follows (see, e.g.
[123,143]). In the ideal case where the LOD nonlinearity is
perfectly matched to the noise PDF, only the gross features
of this latter do affect the (asymptotic) detector perfor-
mance, as measured by (67). Loosely speaking, as sug-
gested by (66), what matters here is only the width of the

central (Gaussian) bulge of the 1st order distribution, and
the slope of its heavy tails.

Numerical experiments based on the generalized shot
noise model (2) show that these features depend essentially
on the glitch rate and glitch amplitude distribution, the
glitch shape being almost irrelevant.

Using approximate implementations of the LO non-
linearity also has little effect on the ARE. Miller and
Thomas [123] considered several of them, including the
HL, noise blanker and composite nonlinearities displayed
in Fig. 2(b), and showed that they all yield comparable
performances, provided their relevant parameters (slopes,
breakpoints, and levels) are chosen consistently. Based on
these findings, in our numerical simulations discussed
below, we adopt the toy model for glitchy noise described
in Sec. II D, to generate glitchy-noise instances, in order to
test our LODs [147].

In our numerical experiments, we restrict to the case of
three interferometers network, having in mind the present
generation of advanced detectors. The noise is generated
independently in each detector, and consists of the super-
position of an i.i.d. N(0, 1) Gaussian floor, and a (pure)
glitchy component generated via Eq. (2), using the Gabor
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FIG. 7. (a) Mollweide maps of detection probability at a false alarm level of 1072; linearly (4)-polarized GWB with §, = 20. Data
corrupted by non-Gaussian glitchy noise, with 4 = 0.5 s7!, SNR,(,?;,( = 10%. Top: generalized likelihood ratio detector GLR(-0),
Eq. (49); bottom: generalized cross-correlation detector GCC, Eq. (53). (b) Mollweide maps of detection probability at false alarm level
of 102; linearly (x)-polarized GWB with 3, = 20. Data corrupted by non-Gaussian glitchy noise, with 1 = 0.5 s~!, SNR', = 102.
Top: generalized likelihood ratio detector GLR?), Eq. (49); bottom: generalized cross-correlation detector GCC, Eq. (53).
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FIG.8. (a)ROCs of the locally optimum generalized likelihood ratio detector, GLR?), Eq. (49), and the generalized cross-correlation
(9) _

detector, GCC, Eq. (53), in non-Gaussian glitchy noise with A = 0.5 s~!, SNRY.« = 10? (red markers). The ROCs of the corresponding
Gaussian-noise versions, GLR; and LCC, are also shown for comparison, both in (the same) non-Gaussian glitchy noise (black
markers), and in Gaussian noise (blue markers). Linearly (4)-polarized GWB with 6, = 20; source at 9 = 2.28 rad, ¢ = 1.99 rad.
(b) ROCs of the locally optimum generalized likelihood ratio detector, GLR("?), Eq. (49), and the generalized cross-correlation detector,
GCC, Eq. (53), in non-Gaussian glitchy noise with A= 0.5 s!, SNR,(][LQx = 10? (red markers). The ROCs of the corresponding
Gaussian-noise versions, GLR; and LCC, are also shown for comparison, both in (the same) non-Gaussian glitchy noise (black
markers), and in Gaussian noise (blue markers). Linearly (x)-polarized GWB with §, = 20; source at 9 = 2.28 rad, ¢ = 0.94 rad.
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6, = 20; source at 9 = 2.28 rad, ¢ = 1.99 rad.

(SG) atoms, Eq. (13), to mimic the glitches, whose
parameter distributions are chosen as explained in
Sec. II D. Obviously, the resulting random processes would
not be i.i.d., its correlation spanning a typical number m of
samples of the order of those contained in a single glitch. In
this case, one technically speaks of an m-dependent process

<g)x = 10?; bottom: different values of SNRI(fm

9)

with

(meaning that data samples further than m samples apart are
independent and dependent otherwise).

The resulting process would be similar to what would be
obtained in a real experiment, if raw glitchy data were
(fiducially) whitened using an estimate of the PSD of the
(plain, colored) Gaussian background, obtained from some
fiducially glitch-free data.
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FIG. 10. ROCs of generalized cross-correlation detector GCC, Eq. (53), in non-Gaussian glitchy noise. Top: different values of 4, with

d =2.28 rad, ¢ = 1.99 rad.
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(a) ROCs of locally optimum generalized likelihood ratio detector, GLR1?), Eq. (49), for different values of &,. Non

Gaussian glitchy noise with SNnggx =10?and A =0.5 s7L. Top: linearly (+) polarized GWB, source at § = 2.28 rad, ¢ = 1.99 rad;
bottom: linearly (x)-polarized GWB, source at 9 = 2.28 rad, ¢ = 0.94 rad. (b) ROCs of generalized cross-correlation detector, GCC,
Eq. (53), for different values of ;. Non Gaussian glitchy noise with SNRE&)lX = 10% and 2 = 0.5 s~!. Top: linearly (+) polarized GWB,
source at § = 2.28 rad, ¢ = 1.99 rad; bottom: linearly (x)-polarized GWB, source at § = 2.28 rad, ¢ = 0.94 rad.

The detectors discussed in Secs. III and IV are designed
for i.i.d. noises, and hence, strictly speaking, they are sub
optimal in our m-dependent simulated noise. Our displayed
results will thus give rather conservative estimates of the
performance improvement obtainable using LO detectors
in place of linear correlator based ones.

Before presenting them, we shall briefly discuss here
some possible strategies to design nearly LO detectors in m-
dependent (or more generally colored) non-Gaussian noises.

Locally optimum detection of deterministic signals in
non-Gaussian m-dependent noise was perhaps first dis-
cussed by Poor and coworkers. In [148] it was shown that,

in the usual threshold approximation, the structure of the
LO detector is the same as for the i.i.d. case, except that
now the optimal memoryless nonlinearity ¢;o must be
determined from the 2nd order distribution of the noise
process, using suitable approximations (see, e.g., [149]).
In [150] a lowest order study of the effects of m
dependence was exploited, using a moving-average model
of m-dependent noise, expanding the detector performance
measures in powers of the moving average coefficients, and
retaining only the lowest (first) order terms. Under such
approximation (weak m dependence), it was proved that the
LO memoryless nonlinearity differs from the i.i.d. one by a
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linear term, whose slope depends from the moving-average
coefficients and the Fisher entropy of the generating i.i.d.
process. For the case when this latter is only loosely known,
robust criteria for determining the linear correction exist,
which basically amounts to using the distribution rated as
least-favorable in the i.i.d. case [150].

In a future paper, illustrating results based on real
data, we shall implement our LO detectors using the
spectral samples obtained from the data by discrete
Fourier transform. Indeed, as stressed in [55], in the limit
where the observational window is substantially longer
than the noise correlation time, the (complex) spectral
samples X; obtained by a discrete Fourier transformation of
a non-Gaussian stationary process become uncorrelated.
Neglecting higher order correlations, they can also be
assumed as being independent, so that their (joint) prob-
ability density can be conveniently factorized, allowing to
write the LO statistic in a simple form.

The coefficients in the detection statistics (49), (53)
are direction dependent. Thus, even in the null hypothesis
(no signal), the distribution of these statistics is DOA
dependent, and the detection threshold corresponding to a
fixed false alarm probability is DOA dependent, in turn.
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FIG. 12.
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This is illustrated in Fig. 4, where the detection thresh-
olds for the statistics (49) and (53) are displayed as
functions of the source position on the celestial sphere,
for a false-alarm probability Pp4 = 1072, The threshold
value for each DOA was obtained from a sample of 10*
different noise realizations.

The maps in Figs. 4-7 are computed from a grid of
DOAs [151,152] in the celestial sphere, uniformly sampled
in ¢ and cos 9.

Maps of the detection probability Pp vs DOA for
linearly polarized GWBs at a false-alarm level Ppy =
102 are shown in Figs. 5-7. Also in this case the P
value for each DOA was obtained from a sample of 10*
different noise realizations. In all cases the injected wave-
form was a Sine-Gaussian GWB, whose strength was
gauged by the intrinsic quantity

2h2 1/2
5, = (Z2mss) 68
h (N) (68)

where £, is defined in Eq. (16) and N, is the one-sided
noise power spectral density.
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(a) Mollweide maps of detection probability at a false alarm level of 1072, Data corrupted by non-Gaussian glitchy noise with

SNRI%Q)lx = 10%and A = 0.5 s~'. Linearly (+)-polarized GWB with &, = 20. Top: robust version of GCC detector using the hard-limiter

(HL) nonlinearity; bottom: nonparametric version of GCC detector using the signum nonlinearity. (b) Mollweide maps of detection

probability at a false alarm level of 10~2. Data corrupted by non-Gaussian glitchy noise with SNR'%), = 102 and A = 0.5 s~!. Linearly
(x)-polarized GWB with &, = 20. Top: robust version of GCC detector using the hard-limiter (HL) nonlinearity; bottom: nonparametric
version of GCC detector using the signum nonlinearity.
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(a) ROCs of generalized cross-correlation detector, Eq. (53), for different choices of the nonlinearity. Square markers: GCC

detector (g;o nonlinearity); dot markers: robust implementation GCCy (hard-limiter nonlinearity); cross markers: nonparametric
implementation GCCyp (signum nonlinearity). Non Gaussian noise with SNR,(ggX = 10?and 1 = 0.5 s~!. Linearly (+)-polarized GWB
with §;, = 20; source at 9 = 2.28 rad, ¢ = 1.99 rad. (b) ROCs of generalized cross-correlation detector, Eq. (53), for different choices
of the nonlinearity. Square markers: GCC detector (g; o nonlinearity); dot markers: robust implementation GCCp (hard-limiter

(9) _ 102

nonlinearity); cross markers: nonparametric implementation GCCyp (signum nonlinearity). Non Gaussian noise with SNRyx =
and 1 = 0.5 s~!. Linearly (x)-polarized GWB with &, = 20; source at § = 2.28 rad, ¢ = 0.94 rad.

Note that the choice of the GWB shape is irrelevant
(insofar as the waveform is entirely contained in the
analysis window), in view of the very structure of the
algorithms.

In Fig. 5, the data are corrupted by pure Gaussian noise,
and the Gaussian-noise limiting forms of the (49) and (53)
statistics are considered.

In Fig. 6, the same Gaussian-noise limiting form statistics
are confronted with a glitchy-noise contaminated Gaussian

background, with 1 = 0.5 s~! and SNR&‘Q,{ = 100. A dra-
matic performance deterioration is observed, compared to
Fig. 5. This is not unexpected (see, e.g., [153]).

In Fig. 7, the detection statistics (49) and (53) using the
LO nonlinearity (23) are confronted with the same glitchy-
noise contaminated Gaussian background, showing good
performance recovery, by comparison with Fig. 6.

This is further illustrated in Fig. 8, in terms of receiver
operating characteristics (ROCs, aka P, vs Pgp curves, for
fixed SNR). These curves refer to linearly polarized GWBs
with §, = 20, whose DOA correspond to the positions of
maximum network sensitivity. The blue markers in
Fig. 8 refer to the Gaussian-noise limiting forms of the
detection statistics (49) and (53), and to data corrupted
by pure Gaussian noise. The black markers refer to the same
Gaussian-noise limiting forms of the detection statistics,
confronted with a glitchy-noise contaminated Gaussian

background, with 2 = 0.5 s~! and SNR{% =100. Finally,

the red markers refer to the detection statistics (49) and (53)
using the LO nonlinearity (23), in the same glitchy-noise
contaminated Gaussian background.

The way ROCs are affected by varying the key factors
affecting the glitchy noise component (namely, the glitch

rate A and the maximum signal to noise ratio SNRgg;)lx of the
glitches against the Gaussian floor), and/or the (intrinsic)
signal to noise ratio J,, is illustrated in Fig. 9, and in Figs. 10
and 11. In Figs. 10 and 11 only one GWB polarization is
shown, for brevity.

It is seen that both detection statistics (49) and (53) using
the locally optimum nonlinearity (23) outperform signifi-
cantly their Gaussian limiting forms, when confronted with
data corrupted by glitchy-noise contaminated Gaussian

noise. Note that in the case where A = 1 s~! and SNRI(&)lx =

100 and &, = 20, the GW signal amplitude in LHO and
LLO, falls beyond the knee point of the ¢;o function,
implying a trimming of the signal. Yet, the performance is
still better than that of the linear correlator.

From the practical viewpoint, it is important to note that
robust implementations of the same detectors, based on the
HL nonlinearity discussed in Sec. V, does almost as well as
those based on the exact LO nonlinearity. The signum
nonlinearity, on the other hand, yields a poorer detector
performance compared the LO and robust HL nonlinear-
ities, but still outperforms the Gaussian-noise limiting form
of these detectors.
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This is illustrated in Figs. 12 and 13 (only the GCC is
shown, for brevity).

VII. CONCLUSIONS AND HINTS
FOR FUTURE WORK

Starting from the first principles, and resorting to the
concept of local (weak signal) optimality, we discussed
network detection of unmodeled GWB in non-Gaussian
noise and validated the proposed detection strategies in
simulated physically-inspired glitchy noise, whose param-
eters were obtained from the LIGO S5 data. Two possible
network detectors of unmodeled GWB in non-Gaussian
noise have been discussed, based respectively on the
generalized likelihood ratio (GLR) and the generalized
cross-correlation (GCC) statistics. Both detectors perform
reasonably well in glitchy noise, without requiring ad hoc
vetoing and/or data laundering preprocessing to remove
high-SNR spurious glitches. The GLR and GCC statistics
are straightforward generalizations of the correlators cur-
rently used in the LIGO-Virgo data analysis pipelines based
on the assumption of Gaussian noise, the only difference
being that each data sample should be filtered by a suitable
(static) nonlinearity before computing the detection statis-
tic. This latter retains the form of the usual linear correlator.
The mentioned nonlinear transformations become linear
when the noise is plain Gaussian, and the locally-optimum
detectors merge into the familiar linear correlators.

The implementation of the proposed detectors would
accordingly require minimal changes to the existing pipe-
lines, and negligible added computational burden.

It is worth emphasizing that our approach takes into
account, through the heavy tailedness of the noise distri-
bution, the existence of loud as well as weak (individually
undetectable) glitches, which can occur in conjunction with
a GW signal, without posing a direct challenge of dis-
criminating between instrumental and GW transients.

The GCC statistic, which treats the sought GWB as
random processes, offers a good detection performance and
easier implementation, requiring, at variance of the GLR,
no (generalized) matrix inversion, and thus being exempt
from ill-conditioning problems. On the other hand it
provides no estimate of the detected waveform.

On a broader perspective, we also discussed, in an
operational framework, the main non-Gaussian features
of noise in gravitational wave interferometers, and sug-
gested a physically driven statistical model for the impul-
sive (glitchy) component. Notably, only a few gross
features (namely, the glitch rate and the glitch SNR
distribution) of the glitchy component are relevant in
shaping the first order noise probability density, whose
knowledge is the only modeling information needed to
compute the locally-optimum detectors. When the above
noise features are incompletely specified, robust and/or
nonparametric versions of the proposed detectors can be
implemented, which use suitable approximate forms of the

PHYSICAL REVIEW D 95, 082006 (2017)

required nonlinearities. We discussed in some detail the
Min-Max philosophy for designing locally-optimum detec-
tors which are robust against glitch-rate nonstationarities.
These detectors were compared in performance to those
corresponding to a known noise PDF, and to their limiting
form corresponding to Gaussian noise assumption.

Extensive simulation results have been presented.
Remarkably, not only the ideal, exact locally optimum
detectors, but also their robust (hard-limiter) and nonpara-
metric (signum) implementations, outperform the Gaussian
noise tailored linear correlator in the presence of glitches.

The analysis has been limited here to the triggered case
(fiducially known source location). The more general case
where the source location is unknown and should be
estimated will be the subject of a forthcoming paper.

Tests based on real LIGO/Virgo data are being devel-
oped. Partial preliminary results [154] confirmed the
performance improvement discussed here.
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APPENDIX: DERIVATION OF EQ. (52)

In this Appendix we include a derivation of the gener-
alized cross-correlation statistic (53). We make the follow-
ing working assumptions: (i) the noise samples,
n,(k) =ny(ty), VY k=1,...,Ny, are ii.d., with proba-
bility density function f @ (x) having zero mean and
variance 62; (ii) the GWB linear polarization components,
h, and h,, are random independent process; (iii) the GWB
and noise processes are independent. Accordingly, letting
YV ={Vy,...,Vp} the output data matrix, we may write

Hy: fy(V) =TI 112, SV ae)
H: fy(V|0)=E HkNélng:Ifw(de—gsdk) ,0#0
(A1)

where the expectation E[| is taken with respect to the
random GWB samples. For these latter we assume
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E[S;]=0, Yd=1,...D Vk=1,....N,

E[SuS pm) =Rapp—m>» Yd.p=1,....D Ykm=1,... N,
(A2)
Letting further
N, D d
=TITI /" (Vo = 0Sa0). (A3)
k=1 d=1
we may write:
fy(V)=P0).  fy(VI0) = E[P(0)].  (A4)

The LO detection statistic is obtained by differentiating
fv(:|@) with respect to 8, and evaluating it at @ = 0. To first
order,

—_E{N p()JMSk

k=1 d= POV g = 0S4)
(AS)
which for & = 0 becomes
d AR f <d>(de)
He)| _ =-P(0) E[Sy]=——==. (A6)
a0 =0 = ; SOV )

PHYSICAL REVIEW D 95, 082006 (2017)

which is identically zero in view of Egs. (A2). The LO
detection statistic is accordingly obtained from the second-
order derivative of (A4) evaluated at 8 = 0, viz.

P N, b y
VIOl = PO) > E[S] FOrTE

which, apart for the irrelevant factor P(0) reproduces the
detection statistic (52).
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